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Abstract

We introduce the concept of the multi-channel quantum defect theory (MQDT) and show

the outline of the MQDT newly extended to include the dissociative states. We investigate

some molecular processes relevant to the divertor plasma by using the MQDT: the dissociative

recombination, dissociative excitation, and rotational-vibrational transition in the hydrogen

molecular ion and electron collisions.

1. INTRODUCTION

As the research of fusion plasma is extending to the low temperature plasma like the

detached plasma in the gas divertor, data of molecular processes are required. For example, the

dissociative recombination (DR) process is indispensable in the molecular assisted

recombination in edge plasma. The DR of hydrogen molecular ion is

H2
+(v, N) + e > H(ls) + U(nlm),

where v and JV respectively indicates the vibrational and rotational state and n, I, and m are

sequentially the principal, azimuthal, and magnetic quantum numbers of the electronic states.

The state specific data v, N, n dependent cross section is quite important for the

molecular assisted recombination. [1] Besides the DR, dissociative excitation (DE),

H2
+(y, N) + e > H(ls) + H+ + 2e,

and vibrational-rotational transition by electron impact,

H2
+(v, AO + e > H2

+(i/, N') + e ,

are the processes of molecular ions relevant to the gas divertor. On the molecular species, the

H3
+ is important besides the hydrogen molecular ions. [1]

Since the experimental study of electron and molecular ion collisions are especially difficult

to study compared with neutral molecular case, there had been few reliable data. Recently, the

storage ring experiments have given much reliable and state specific cross-section (cs) of the

DR, although the specific initial state is almost limited to the ground vibrational state [2].

Theoretical calculation is indispensable to compile the state specific data of those molecular

processes besides the DR. It also makes clear those mechanism and systematics of the state-

dependence. In this lecture, we are introducing the method of theoretical calculation, especially

the concept of electron and molecular ion collisions by the multi-channel quantum defect

theory (MQDT). For the theoretical calculation, the three processes listed above depend on
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each other: all three types of channels are coupled together. The DR has been experimentally

investigated most in detail and there are most reliable experimental data on the DR. Thus, we

shall begin to introduce the MQDT for the DR.

2. WHAT IS MQDT

The quantum defect theory enables a unified description on the Rydberg and electronic

continuum states. It gives the relation between the quantum defect (/u) and the phase shift (<5) of

the continuum electron as is 5 - x^i at the zero energy. The quantum defect, of course, presents

the energy of the Rydberg state E.

£ = £ l o n~2(n- )2>

where Eion denotes the energy of the ion, n is the principal quantum number of the Rydberg

state, and we employ atomic units hereafter. The phase shift represents the electron scattering

by the ion core. The reactance matrix (K) is given by K = land.

The essential idea of the quantum defect theory is transformation relation between two good

representations in inner and outer regions. The inner means the region where the strong

Coulombic interaction acts and that electronic state is almost independent of the asymptotic

boundary condition. In the outer region, the state is sensitive to the asymptotic boundary

condition, especially whether the energy of logging electron is negative or positive. There

remains only the one-center Coulombic interaction. Good basis functions for representing the

inner region are two independent Coulombic functions, which are regular and singular

solutions at the Coulombic center. Those of outer region are mutually independent standing

Coulombic wave functions normalized on the energy. The relation of those two basis sets gives

the energy eigen values and the reactance matrix, which are represented by only one invariant

quantity called quantum defect. This quantum defect theory has been extended to multi-

channel system by M. J. Seaton[3] and the MQDT was established formally.

In molecular system, the good basis functions of the inner region are composed of the Bom-

Oppenheimer expansion (adiabatic approximation). Those of the outer region are composed of

the channels expanded by the target states as the close-coupling method[4]. The relation

between the two basis sets is called frame transformation. The frame transformation gives not

only the cross section of vibrational-rotational transition by the electron impact of the

molecular ions but also the autoionization rate of the rotationally-vibrationally excited Rydberg

state.

3. MQDT FOR THE DR

Theoretical study of DR is originated in a model proposed by D. Bates[5], where the DR

starts by the capture of the incident electron into an two-electron excited state of molecules and

it completes with the relaxation of that excited state by dissociation. The dotted curve assigned

by (2pou)
2 in Fig. 1 is the potential energy curve of the lowest two-electron excited state of
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hydrogen molecule. Since the two-

electron excited state is not Rydberg

state, we should take into account the

configuration interaction (CI) between

the two- and one- electron excited states

separately from the MQDT. This was

achieved by the 'two-step method'

proposed by A. Giusti[6]. First, the

basis functions diagonalizing the CI are

generated, and next, those basis

functions are used as the basis of the

inner region of the MQDT. This method

enables to take into account the non-

adiabatic interaction including the

Rydberg states together with the CI.

The flame transformation of the MQDT

enables to represent the rotational

motion of the electron and molecular

ion [7].

The reactance matrix K is given by

the Lippmann-Schwinger equation.
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Fig. 1 Potential energy curves of hydrogen molecule

and scheme of vibrational and discretized dissociative

states' energies.

K, (l)
where V denotes the matrix of the CI and Go is green function for the interaction free. It has

found recently that this equation can be solved stably by applying Chebyshev integral method.

[8-10] . We can get the reactance matrix more easily but approximately if we adopt the first

order perturbation theory, that is the first term of the right hand side of Eqn. 1.

According to the two-step method, we diagonalize the matrix K.

l^a.Ka,p.(Ea,Ea)up.p^-^6a4
jt

(2)

where rja is eigen-pahseshift and Uaa- is the unitary matrix composed of its eigen-vectors.

The frame transformation gives the invariant reactance matrix (R, which smoothly depends on

the energy [7],

/ \JN*A

— Z^ y>*" J {-* (3)
A

where

GJA(N+t) = \2N++lC(tN+J; A - A+, A),
V 2_/ + 1
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H ^ - , A (R) + n?)Mrl (R)\ X
J: (R)) u$a.

/t, (4)

and S is obtained by replacing cos function to sin in the above two eqns. The adiabatic quantum

defect is denoted by ^-^(R) and vibrational wave function is xtJ(R) w i t n the total angular

momentum (AM) J, electronic AM around the molecular axis A, and vibrational state v. The

superscripts + means the quantity of molecular ion or incident electron, and suffix d indicates

the quantity of the dissociative state. In the present case, the mixing matrix M of electronic

partial waves t becomes unit matrix since we consider one partial wave do only. The
reactance matrix R, which satisfies the boundary conditions, are given as the following.

R = 'K — *R I'R + tan wv\ 'R (^\

where we represent the open (closed) channel by the suffix o (c) and the energy of closed state

is measured by the effective quantum number v. The cs a is represented using the S matrix

S = (l-R)"'(l + R), the statistical weight g, and the wave number of incident electrons k.

°d^=^QL^r^Lsjd,^r • ( 6 )

4. MQDT WITH DISSOCIATIVE CHANNELS

In order to represent the dissociation of the Rydberg states, we extend the MQDT including

energy discretized dissociative states [11,12]. In the usual MQDT, only the vibrational wave

functions are used for the nuclear relative motion of the molecular ion. A straightforward

extension of the MQDT is to add dissociative wave functions normalized for each state as the

vibrational functions, which are the energy discretized dissociative states:

where Et denotes the discretized energy with the integer i and A = EM - Et is constant. The

superscripts st denotes the normalization by state and the enr does the normalization by energy.

We show a scheme of vibrational and discretized dissociative states' energies in fig. 1

besides the potential energy curves of hydrogen molecule. In this figure we consider two

electronic states of molecular ion (lsag and 2pau), which contribute to the dynamics at the

collision energies lower than 10 eV. There are two kinds of dissociative states associating with

those two electronic states. Adopting those two discretized dissociative state to the MQDT, we

represent not only the dissociation of the Rydberg states but also the DE. The dissociative

states associated with the electronically excited states represent the dissociation of Rydberg

manifolds of the two-electron excited states. Those highly excited two-electron excited states

play an important role at the collision higher than 1 eV or for the vibrationally excited states.
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The kinetic energy of the dissociating atoms becomes discrete for the definite total energy

because the electronic states are discrete in the DR. The total energy is definite if we identify

the initial target states and the incident energy of the electrons. There are some discretized

dissociative functions which do not satisfy the energy conservation low, since we arbitrarily

discretized the energy. Such unphysical dissociative functions should decay in the outer region,

where the physical boundary condition must be satisfied. We call such functions closed

dissociaitve channels (CDCs). In the inner region, the adiabatic states should be represented by

the complete set of the functions including all bound and continuum functions. The flame

transformation between the two regions is introduced for each discretized channel.

5. CALCULATION AND RESULT

5.1. DRandDE

The CI occurs between the electronic configurations constituted by the ground (Is cr̂ ) and

the lowest excited (2pau) states of the molecular ion. In the configuration of neutral molecule,

the states having the largest CI matrix element V are the states of uUg,
l'Zu^,iTlu, and

^'S.g(2paJ2 according to the result by

Tennyson [13]. We obtained the

reactance matrix R of the lowest two-

electron excited state 'X (2p crj2 by

solving the Lippmann-Schwinger

eauation (Eqn. 1) [7]. For others, the

first order perturbation method was

adopted.

Fig 2 shows the DR and DE of

HD+(v=0), where v is intial vibrational

state and the rotational motion was

neglected. We can see the large effect of

CDC for the DE. A systematic

investigation varying v is found in the

reference [12].

Fig. 3 shows an example of the DR cs

of H2
+ for v=2 and 3. The curves of

smallest cs present the contribution

from the lowest two-electron excited

state. We can see the contribution from

the higher two-electron excited states

even for low v at the low collision

energies. For the v higher than three,

that contribution becomes over one
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Fig. 2 DR and DE cross section of HD+. The solid

curves present the DR and broken one do the DE. The bold

(thin) curves indicate the calculation with (without) CDC.

The experiments are Tanabe et al [14] (DR) and Zaifman

et al [15] (DE).
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Fig. 3 DR cross section of H2
+(v). The bold curve (largest cs) shows the total cs. The thin sold curves

does the contribution from the lowest two-electron excited state. The curves between those two curves

show the contribution of the two-electron excited Rydberg states of «=2, 3, 4, 5, and larger than 5.

order of magnitude. The v dependence of the DR cs is outstanding in both the magnitude and

the energy dependence. The calculated DR cs has sharp resonance structure owing to the

vibrationally excited Rydberg states. This structure is seen at the energies below the

dissociation limit (about 3eV). Very fine resolution about lmeV is necessary in order to read

the calculated cs values on the graph.

One of the hydrogen atoms of the dissociative product is in the ground electronic state, but

another is in the excited state, whose principle quantum number is n > 2.

H2
+(v) + e - > H ( l s ) + H(/i>2)

The product of n = 2 is dominantly produced only for the low vibrational molecular ion and at

low collision energies. If we assume the n of the fragment atom equal to the principal quantum

number of two-electron excited state, Fig. 2 shows the ^-distribution of fragment atom.

5.2 Rotational motion

If only the da partial wave contributes to the DR, the molecular system has strong anisotropy,

which induces rotational transition of molecular ions. Owing to the conservation of the angular

momentum J =N+ + t , change of the rotational quantum number AN+ is restricted to

ZW+=0,±2,±4 for t - 2 [7]. The present calculation shows that the magnitude of the

rotational transition is the same order as the DR.

109



The DR is also affected by the

rotational motion. Fig. 4 shows

the rotational state dependence

of the DR rate coefficient for

H2
+(v=0). The DR is largely

enhanced by the rotational

motion at the energies lower

than 0.2 eV. It sensitively

depends on the initial rotational

state.
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Fig. 4 The rotational motion dependence of the DR rate

coefficient for the H2
+(v=0) + e. The initial rotational state is

indicated by N. Only the lowest two-electron excited state is

included except for the 'No rotation' calculation.

5.3 Vibrational transition

In Fig. 5, we show the cs of

vibrational transition. On the initial

rotational state, we assume the

thermal distribution of 300K. The

magnitude of the cs is as large as the DR. It is worthwhile to point out that the transition with a

large change of vibrational quantum number is not suppressed although the vibrational

transition without electronic resonance is almost restricted within the change of one vibrational

quanta, which is known as the propensity rule.

(a) De-excitation
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Fig. 5 Vibrational transition of H2
+
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6. REMARKS

By introducing discretized dissociatve functions to the MQDT, we can calculate on the

various molecular processes taking into account the higher two-electron excited states, which

play an important role. It is, however, difficult to take into account the (l)rotational motion,

(2)higher order contribution of the CI dynamics, and (3)non-adiabatic transition together with

those highly excited electronic states because we lack the information of those electronic states

as the contributing partial waves and their quantum defects, or the off-the-energy-shell

information of the CI. The dynamics concerning the highly excited electronic states is a

problem in the future.

The state specific molecular data becomes so large that we could not provide them without

electronic data file. The data presented here will be provided through the web site of the NIFS

data base.
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