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Abstract

The non-collinear and collinear descriptions within relativistic density functional
theory is described. We present results of both non-collinear and collinear calcu-
lations for atoms, diatomic molecules, and some surface simulations. We find that
the accuracy of our density functional calculations for the smaller systems is com-
parable to good quantum chemical calculations, and thus this method provides a
sound basis for larger systems where no such comparison is possible.

1 Introduction

An attractive way to describe electronic matter is through density functional theory
(DFT). This method is as old as wave-function based approximations for solving the elec-
tronic Schrodinger or Dirac equation, and originally comes from the simple Thomas-Fermi
model [1, 2], which in early times was the only practical method to describe total elec-
tronic energies and densities within atoms. However, with the ever increasing computer
power and the development of more sophisticated algorithms, the many-particle Dirac
equation can now be treated with relatively high accuracy for small electronic systems.

For atoms the Dirac-Fock-Slater [3], Dirac-Fock and Multiconfiguration Dirac-Fock
[4, 5] approximations have been in use for more than two decades now, and very pre-
cise ab-initio calculations are now possible for many-electron systems in heavy atoms
[6]. Somewhat later the same development began for the solution of molecular systems,
but at that time most quantum chemical methods were restricted to the non-relativistic
framework, and initially relativistic effects were included through the Pauli-Hamiltonian
via perturbation theory (if at all). Because of the importance of spin-orbit coupling
for molecules containing heavy elements, a lot of effort was invested in approximate 2-
component methods which often lead to excellent results even for states with very large
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spin-orbit splittings (some reviews are given in [7, 8, 9]; see also ref. [10] for a collection of
articles concerning the early days of relativistic electronic structure theory). Nevertheless,
such methods have to be considered as approximations to the full four-component Dirac
description. The density functional method has a sound basis in form of the Hohenberg-
Kohn Theorem in 1964 [11] which proved that all electronic matter can be described
exactly by a 3-dimensional density only. (Kohn received the Nobel prize for this in 1998).

In 1973 this theorem was extended to the relativistic domain by Rajagopal and Call-
away [12]. In this case the total energy is a unique functional of the four-current J^. The
problem to find the exact four-current in the relativistic framework analogous to the den-
sity in the non-relativistic case has not yet been solved. Nevertheless, a number of density
functionals have already been proposed [15, 14, 13, 16] and still strong efforts are made
to find the "exact" density functional (see for example Ref. [17, 18]). Four-component
density functional theory for molecules within the non-collinear approach have already
been reported.

2 Non-collinear and collinear Kohn-Sham theory

We briefly discuss Gordon's decomposition [19] to approximate the four-current of the
exact relativistic formulation in the form of a charge and magnetization density in order
to perform actual calculations within the non-collinear formalism for molecules. A general
derivation of this method can be found in Ref. [17] and [20]. Within this approximation
the total energy of a molecular system is given by the following expression

f

with the density p and magnetization density TO which are defined by

= EnitfffWM (2)
t=i

(3)

Here n< are the occupation numbers, f, H, are the electronic and nuclear coordinates
respectively and HB is the Bohr-magneton. The index i runs over all occupied molecular
orbitals M, which in our case are four-component Dirac spinors. The four-component
spin operator E = (Ex, Ev, Ez) is built from the two component Pauli matrices B.

t is the relativistic kinetic energy operator, VN is the nuclear potential, and Exc is the
exchange-correlation energy functional. VH is the electronic Hartree potential, the direct
electric repulsion energy.
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The variation of the energy functional (1) leads to the relativistic Kohn-Sham (KS)
equations in their general form for the molecular Kohn-Sham orbitals V\

It VN VH

This general formulation is called a non-collinear description which allows the magne-
tization density to point in any direction at any point of the system under consideration.
Because often the z component of the magnetization density is physically important, an
approximation of this expression is used which is called the collinear description. For
details we refer here to Ref. [23].

At this point we would like to make a few general but important comments: Although
physically incorrect, people often speak of 'spin up' and 'spin down' components in this
collinear description. Of course the 'spin' has a strong contribution to the magnetization
density. But one has to remember two important facts. First, orbital angular momenta
also contribute to the magnetization density and second, spin as well as orbital angular
momenta have no good quantum numbers anymore in relativistic theory and therefore,
one should speak of magnetization densities only. The total angular momentum J and
the angular momenta j of each electron are the only good quantum numbers in atoms.

In addition we would like to comment on the Kohn-Sham orbitals. They contribute
to the charge resp. the magnetization density according to formulae (2) and (3). Because
these densities are in principle exact, the Kohn-Sham orbitals cannot be compared to
Hartree-Fock wave functions which are usually written in Slater determinants. Rather
the density built from Kohn-Sham orbitals must be compared with a density built from
an infinite sum of Slater determinants in the Hartree-Fock sense.

3 Results

Due to the fact that the practical solution of the Kohn-Sham equations in form of (4)
is hard to achieve (independent of the special functional used), only very few results
have been reported so far. We recently have developed a method to perform this kind of
calculations [21, 23] which allows the magnetic moment to point in any direction at any
point in space. In this non-collinear approximation nearly each electron is treated by its
own wave function with a quantum number j and magnetic quantum number rrij in the
atomic decomposition of the molecular wave function.

Due to the fact that not only the electric but also the magnetic density is included
in the self-consistent iteration, each electron often converges to a non-degenerate energy
eigenvalue and thus depends on the occupation of the Kohn-Sham orbitals with different
total energies. We should mention here that all results which we present in the following
are performed within the Becke 88 (B88) [15] for the exchange and Perdew 86 (P86) [14]
for the correlation functionals. In addition, we compare all these results with the Perdew
Wang 91 (PW91) [16] functionals which often lead to very similar values compared to the
other functionals.
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3.1 Atoms

Molecular dissociation energies depend on the total energy of the molecule as well as the
total energy of the separated fragments or atoms. To be physically correct, all values of
the potential energy curve, including the infinite distance values, have to be calculated
with the same density functional method. In the non-relativistic description one gets the
average of the multiplet, and in the relativistic description the average of the sub-multiplet.
Thus up to now the atomic values had often to be corrected afterwards. In most cases the
non-collinear description automatically reaches the atomic ground state, which means that
one does not need to correct the potential energy curve at larger distances. As an example
we present in Fig. 1 the atomic results of Pt for those levels which can be calculated here
in an unambiguous way. These results are compared to experimental values [26] and
results from Dirac-Fock calculations performed by using the Desclaux code [4]. The non-
collinear DFT values are reasonably good and compare even better with experiment than
the Dirac-Fock values. Of course, deviations are due to the approximations made in the
density functional.
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Figure 1: Level structure of Pt

3.2 Diatomic systems

Here we start with a molecule which has been investigated most intensively during the
last decade using a number of relativistic approximations: Au2- The argument for this
choice is that this system behaves very relativistically, that is scalar relativistic effects are
dominant and spin-orbit contributions are relatively small [22]. In Tab. 1 we present the
results of Au2 and a few other diatomic molecules from our non-collinear calculations. We
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compare them with the collinear approximation and other DFT and quantum chemical
results as well as experiments. Nearly all these systems in Tab. 1 have an even number
of electrons so that there is no resulting magnetic contribution in the molecule. As an
example for an odd number of electrons in the molecule we include the results for the
system NiAu in Tab. 1 with our non-collinear calculations. The molecular ground state
of NiAu is of 2A5/2 symmetry [23].

Molecule

Ag2

AU2

Pt2

NiAu

Re(a.u.)

4.90
4.81
4.81
4.79

4.81
4.73
4.73
4.67

4.42
4.42
4.4087(8)

4.43
4.44
4.443(2)

De (eV)

2.01
1.71
1.71
1.65(3)

2.23
2.30
2.30
2.29(2)

3.28
3.12
3.14(2)

2.49
2.49
2.52(17)

u(cm *)

179
190
190
192

173
192
192
191

225
224
222.46(66)

280
276

Method

DKS (BLYP)
B88/P86 (SP, col)
B88/P86 (SP, n-col)
exp

DKS (BLYP)
B88/P86 (SP, col)
B88/P86 (SP, n-col)
exp

B88/P86 (SP, col)
B88/P86 (SP, n-col)
exp

B88/P86 (SP, col)
B88/P86 (SP, n-col)
exp

Reference

[32]
this work
this work
[33]

[32]
this work
this work
[33]

[21]
[21]
[34]

[23]
[23]
[35]

Table 1: Bond lengths, bond energies, and vibrational frequencies for a number of diatomic
molecules.

As expected, spin-polarization is important for obtaining the right dissociation limit,
however, for a closed-shell system like Au2 the collinear approximation is sufficient. Any-
way, the spin-polarized results agree well with experiment. A significant improvement is,
however, obtained for Pt2, where the non-collinear result for the dissociation energy is
now in excellent agreement with experiment. In Tab. 2 we also present results for two Van
der Waals systems, Hg2 and (112)2. Again, the non-collinear approximation has nearly
no effect on the results, but the resulting binding energy is at least of the right order
of magnitude. Only at this point we see a difference between the B88/P86 and PW91
functionals and the difficulties describing a Van der Waals system like Hg2 by quantum
chemical methods have been addressed intensively in the past (see for example ref.[24]).
We should add that the search of suitable density functionals for describing Van der Waals
systems is still in progress. Examples are refs.[27], [25] and [28].

The results in addition show that for all density functionals which are frequently used
the singlet state remains the ground state although the triplet states splitting is not so
small.
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Mol.

Hg2

(112)2

Re(A)

3.63
3.55
3.63(4)
3.69(1)
3.45
3.39

De (cm"1)

73
385

350(20)
380(25)

315
649

V\ (cm *)

14
24

19.7(5)
19.6(3)

25
30

Method

B88/P86
PW91

exp
exp

B88/P86
PW91

Reference

this work
this work

this work
this work

Table 2: Bond lengths, bond energies, and vibrational frequencies for a number of diatomic
molecules.

3.3 Many atomic molecular systems

There are a few systems which we have calculated with this improved relativistic non-
collinear density functional method. One of these systems were the tetrachlorides of Ti,
Zr, Hf and Rf (element 104) because RfCLa is a molecule which shows up in the chemical
separation of the superheavy element 104 [29]. The second example is the calculation of
the magnetic behavior of three complicated bi-radical systems where our method was able
to identify two as singlet and one as triplet ground state [30].

3.4 Simulation of surfaces

Another broad field to apply the density functional method is the simulation of physical
processes like the adsorption energy of atoms on surfaces. There are two ways to do so:
The first possibility is to calculate a cluster of a given size which is a part of the surface
of a solid with the adatom in a "molecular" calculation. If the calculated value of the
adsorption energy does not change any more with increasing cluster size a final value has
been reached. The second method which leads to a faster convergence with size is to
add additional electrostatic potential of atoms which are outside the cluster. This is the
so-called embedded cluster method. To give a brief survey of one system we present in
Tab. 3 the adsorption energy of Hg resp. 112 on a gold surface.

Molecule

HgAu14

112Aui4
HgAu22

112Au22

Position

top position
top position
hollow position
hollow position

Binding energy (eV)

1.15 eV
0.66 eV
1.26 eV
0.88 eV

Table 3: Adsorption energy of Hg resp. element 112 on a cluster with the embedded atom
method with a GGA (Ref. [14, 15]) functional
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4 Conclusion

Within relativistic density functional theory the non-collinear approximation is the most
sophisticated one currently available. We have given a number of examples which shows its
importance and success. Of course, improvements still have to be made and the search for
even better density functional has not yet come to an end [31]. In addition an improved
handling of the 4-current will one day improve the description.

In terms of a judgement of the non-collinear density functional calculations given in
this paper we can state that the results often compare very well with the experimental
results and show the same quality as the best known quantum chemical calculations
for such systems. Due to the fact that wave function based four-component relativistic
quantum chemical calculations cannot routinely be applied for large systems, this method
seems to be the best available relativistic procedure for larger systems with high predictive
power as demonstrated for the smaller systems.
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