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Abstract 

This thesis is composed of seven scientific publications written in the period 2001-2004. 
The focus has been set on Rydberg atoms of hydrogen and lithium in relatively weak 
electromagnetic fields. Such atoms have been studied extensively during many years, 
both experimentally and theoretically. They are relatively easy to handle in the labora-
tory. Their willingness to react to conventional field sources and their long lifetimes, are 
two reasons for this. Much new insight into fundamental quantum mechanics has been 
extracted from such studies. 

By exciting a non-hvdrogenic ground state atom or molecule into a highly excited 
state, many properties of atomic hydrogen are adopted. In many cases the dynamics of 
such systems can be accurately described by the hydrogenic theory, or alternatively by 
some slightly modified version like quantum defect theory. In such theories the Rydberg 
electron(s) of the non-hydrogenic Rydberg system is treated like it is confined in a modified 
Coulomb potential, which arises from the non-hydrogenic core, defined by the non-excited 
electrons and the nucleus. The more heavily bound core electrons are less influenced from 
external perturbations than the excited electrons, giving rise to the so-called frozen-core 
approximation, where the total effect of the core electrons is put into a modified Coulomb 
potential. 

A major part of this thesis has been allocated to the study of core effects in highly 
excited states of lithium. In collaboration with the experimental group of Erik Horsdal-
Pedersen at Aarhus University, we have considered several hydrogenic and non-hydrogenic 
aspects of such states, when exposed to weak slowly varying electromagnetic fields. The 
dynamics was restricted to one principal shell (intrashell). Two general features were ob-
served, either the hydrogenic theory applied or alternatively, in case of massive deviation, 
the dynamics was accurately described by quantum defect theory, clearly demonstrating 
the usefulness of such theories. The deviations were local in the sense that they appeared 
at a certain range of field parameters and for specific states. 

The intershell dynamics of lithium where different manifolds meet and interact was 
studied in a separate theoretical work. This kind of dynamics is especially important due 
to its prevalence in the selective field ionization (SFI) technique. We considered it from 
two different theoretical models, including a close coupling integration of the Schrodinger 
equation and an analytical multichannel Landau-Zener-Stueckelberg model. Results from 
such studies are decisive in order to uncover experimental opportunities and limitations. 

The ability for extensive simplification of the theoretical treatment of intrashell dy-
namics of pure hydrogenic systems opens for many potential analytical models. Such 
dynamics is effectively described by two independent two-level systems, which is a dra-
matic simplification of the problem. This also put some constraints on the range of 
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variety of the dynamics. The ability of quantum control in transitions are restricted, 
since the number of free variables becomes very limited. These are some of the aspects 
we have looked into. We have also considered highly non-linear processes like multipho-
ton intrashell resonances in linearly and circularly polarized fields, with emphasis on the 
dependence of broadening and resonance shift on the field strength. Analytical formulas 
for resonance positions and widths were obtained, based on an analytical two-level model. 

In the last period of time we have looked in some detail into the dynamics of lower 
lying hvdrogenic states in intense ultrashort laser pulses, with emphasis on the ionization 
process. Different features like atomic stabilization, and its dependence on the orientation 
of the field with respect to the symmetry axis of the atomic states, were considered. 
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Chapter 1 

Introduct ion 

In many respects the foundation of modern atomic physics and quantum mechanics 
started with Max Planck, and his discovery of the famous formula for blackbody ra-
diation in October, 1900. In order to fit to available experimental data Planck was 
obliged to introduce the concept of quantization of energy. In 1905 Einstein postulated 
the existence of light quanta [1]. The driving force for the creation of quantum mechanics 
was the need to understand the structure of atoms. The Bohr model of 1913 [2] was 
a first attempt on the way toward a complete quantum theory of atoms and molecules. 
Bohr introduced the concept of stationary states in atomic systems, an idea completely 
incompatible with traditional physics. Further progress by Bohr, Sommerfelt, de Broglie, 
Heisenberg, Schrodinger, Born and others ultimately led to the fundamental equation 
of modern atomic physics; i.e. the Schrodinger equation [3, 4]. When Dirac published 
the relativistic version of the equation in 1928 [5], the foundation of basic quantum me-
chanics as we know it today was completed. And with the discovery of the last nuclear 
constituent, the neutron, in 1932, the scene of modern atomic physics was set. 

Although there have been many new contributions to the theory also in the time 
after, e.g. the creation of the relativistic theory of quantum electrodynamics (QED) by J. 
Schwinger and R. P. Fevnman, the major concept for the quantum mechanical description 
of nature has remained unchanged since that time. Instead much effort have been spent 
to gain insight into the new theory. It has proved to have numerous from beforehand 
unknown experimental and theoretical predictions, and has also led to a significant change 
in our understanding of reality. Many implications of the theory have been and still are 
a subject to deep controversies. An outstanding example was the famous EPR paradox, 
published by Einstein, Podolsky and Rosen in 1935 [6]. They sustained the traditional 
picture of reality, a hypothesis one had to leave after the experimental verification of the 
Bell inequalities in 1982 [7, 8]. 

Based on elementary ideas from quantum mechanics the development of new exper-
imental methods as well as several technological inventions characterize the second half 
part of the twentieth century. Two of the most important inventions in this period are 
the maser and the laser, which were first demonstrated by Townes et al in 1954 [9] and 
Maiman in 1960 [10], respectively. The laser has proved to become verv important both 
in the scientific world and in our daily life. It is today one of the principal tools of modern 
atomic physics and has revolutionized the concept of spectroscopy. With it many new ar-
eas of research have opened, e.g. quantum optics, quantum control, quantum information 
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and low temperature physics. The development of laser cooling techniques and ion traps 
ultimately leading to Bose-Einstein condensation in atoms, are some of the great achieve-
ments in the last part of the 20:th century. The evolution of more and more intense laser 
pulses with field intensities comparable to internal atomic electric fields or even higher, 
and with frequencies varying from the infrared to the ultraviolet spectrum, has led to 
the observation of highly nonlinear phenomena such as above threshold ionization and 
high-order harmonic generation [11]. 

Parallel to the technological and experimental revolution much effort has been put 
into the development of refined theories and models for the description of the interaction 
between the electromagnetic field and matter. Simple analytical models are desired, but 
most often not obtainable. Great advance in the development of numerical algorithms 
parallel to an enormous increase in obtainable computer capacity, opens undoubtedly 
many new opportunities for the scientist. But again, the value of simple models are 
decisive for a full understanding of the quantum world of atoms and molecules. 

The development of ultrashort strong laser pulses has a potential to further revo-
lutionize the ability of scientists to study atoms and molecules. Theoretical studies of 
ionization processes of atomic systems in such intense laser fields have been object of 
intensive research the last two decades [11]. Advanced Floquet models as well as many 
other simplified models are developed and go hand in hand with exact numerical calcu-
lations, based on either direct solutions of the time-dependent Schrodinger equation on a 
grid or alternatively by large-scale basis expansions. From such studies a rather counter-
intuitive effect involving an overall decrease of the ionization probability with increasing 
intensity of the laser field, has been predicted to occur under special circumstances. It 
has been shown that, under the condition that the frequency of the laser field becomes 
high compared to the binding energy of the ground state in the field, then the lifetime of 
the ionizing state may reach a minimum as a function of increasing intensity. After the 
minimum the lifetime is seen to increase and the atoms become stabilized. The effect has 
been demonstrated experimentally for circular Rydberg states, but is at the moment not 
yet realizable for ground state hydrogen. For a topical review on the progress within the 
field, atomic stabilization in intense laser fields, see Gavrila (2002) [11], 

It is not a coincidence that multiphoton ionization of hydrogenic systems first was 
realized from Rvdberg states in microwave fields [12]. The early access to reliable mi-
crowave sources and the fact that excited states are much more heavily influenced by 
microwave fields than the more strongly bound ground state, are some reasons for this. 
Another very important aspect is the long lifetimes of highly excited Rydberg states. On 
an atomic scale they may live almost forever, a fact experimentalists have taken great 
advantage of. 

The extension of Rydberg atoms or molecules can become rather extreme on the 
atomic scale, with radii several thousand times larger than the stretching of the ground 
states. The development of refined experimental tools, such as the invention of the dye 
laser in 1965 [13], had great impact on the ability to excite high number of atoms into 
Rydberg states. By engineering high angular momentum states, such as the circular state 
[14] or the more general coherent elliptic state (CES) [15], both with well defined classical 
properties, the quantum mechanical behavior of atoms and molecules are squeezed into 
the classical limit. It is generally accepted that quantum theory and classical theory 
should agree as the difference between quantized energy levels becomes very small, e.g. 
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for mesoscopic Rydberg systems. This is the famous correspondence principle proposed 
by Bohr [16]: In the limit of large orbits and large energies, quantum calculations must 
agree with classical calculations. 

The possibility for quantum controlled transitions between Rydberg states opened for 
a new era of research within quantum electrodynamics. In the early 1980s cavity QED 
effects were observed with Rydberg atoms in cavities. Outstanding examples are the 
one-atom maser [17] and the entanglement of atoms and photons [18]. 

The possibility for direct comparison of experiment and theory at the very same 
level of accuracy is always desirable. The Selective Field Ionization (SFI) technique [12] 
has played a major role in the experimental detection of Rydberg states. In principle 
an unknown mixture of quantum states in an arbitrary Rydberg wavepacket could be 
dissolved by SFI. It was recently important in connection with the observation of cold 
anti-hydrogen [19]. The ability to control a system at the quantum level, as well as 
maintaining the experimental accuracy at the same level of precision as pure quantum 
calculations, are decisive for future applications of complex quantum systems in high-
precision technology. 

This thesis offers a brief introduction to the theory, and to the numerical and analytical 
models which have been developed and used in the enclosed papers. We have focused on 
the dynamics of highly excited Rydberg states of either hydrogen or lithium in electric and 
magnetic fields. In addition we have analyzed the ionization dynamics of the hydrogenic 
Is state in intense laser fields. Chapter 2 gives a short introduction to the quantum 
theory of the hydrogenic one-electron atom interacting with the classical electromagnetic 
field, and to the applied numerical methods for solving the time-dependent Schrodinger 
equation. In section 2.4 the Landau-Zener-Stueckelberg model for the two-level atom is 
presented. This is followed by theory for the spin 1/2 description of the dynamics within 
one single n-shell of hydrogen (chapter 3). In chapter 4 different aspects of the ionization 
dynamics of atomic hydrogen in laser fields is discussed, including multiphoton ionization 
and stabilization. A short introduction to the scientific papers which contain the principal 
results is presented in chapter 5, followed by summary and outlook in chapter 6. 

Atomic units (e = me = ft = 1) have been used, unless otherwise explicitly stated. 
Here e is the elementary charge, me is the electron mass, and ft is the unit of angular 
momentum. 

3 



4 



Chapter 2 

Theory and models 

2.1 The hydrogen atom in external fields 
The simplest system in atomic physics consists of one single electron in a central potential. 
Atomic hydrogen belongs to this group. In 1913 Niels Bohr [2] derived approximative 
formulas for the energy spectrum of hydrogen from simple ideas of quantization. When 
Erwin Schrodinger laid the foundation of wave-mechanics in 1926 both the eigenenergies 
and the stationary states of atomic hydrogen could be derived. The relatively simple 
theory of the hydrogen atom is an attractive starting point in order to get insight into 
more complex systems. In r-space the hydrogenic Schrodinger equation takes the form, 

with the Hamiltonian, 

H = £ - - (2.2) 
2 r 

and with p = —«V. In hydrogen the relativistic effects are minor and can most often be 
ignored. 

For a proper analysis of the interaction between the electromagnetic field and matter, 
the radiation field itself must be considered to consist of quantized particles, i.e. photons. 
Effectively the Hamiltonian of the fully system can be separated into three parts, 

where Hatom and Hfu M are the Hamiltonians of the isolated atom and radiation field, re-
spectively, and Hatom-j ieid represents the interaction between the atom and the field. The 
aim of quantum electrodynamics (QED) [20] is to solve the time-dependent Schrodinger 
equation (or the Dirac equation) with the Hamiltonian (Eq. 2.3). This problem very fast 
becomes an extremely difficult task to handle as the number of accessible atom-photon 
states increases. The number can become so high that it is simply impossible to solve the 
enormous set of differential equations. 

In the interaction between a single quantum system and a classical environment there 
will be an exchange of energy. If the exchanged energy is small compared to the total 
energy of the environment, then the dynamics can be described by the semi-classical 

r\ 

(2-1) 

(2-3) 
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Schrodinger equation [21]. It is possible to construct specific wavepackets of photon 
states in the radiation field that share classical properties in the high photon number 
limit [22]. These are the so-called coherent states which can approximate the action of 
a laser. Hence, the electromagnetic field may ultimately be described by the classical 
equations of Maxwell. The semi-classical Hamiltonian for atomic hydrogen interacting 
with the classical electric (F) and magnetic (B) fields is given by, 

Hl — Hq + F(r, t) • r + t) • L (2.4) 

with H0 = p2/2—1/r the Hamiltonian of the. unperturbed hydrogenic atom, and L = r x p 
the angular momentum operator. The analysis is considerably simplified if the fields 
are spatial independent. Let us assume the electric field has the form of a continuous 
traveling wave in the positive x-direction with polarization direction along the z-axis, 
i.e. F(x,<) = Fosm(uit — kx)ez. Then the dipole approximation, F(x,t) ~ F(t), applies 
as long as the criterion \kx\ < kr <C 1 is fulfilled. For the case of a laser the dipole 
approximation is expected to be valid as long as, 

c 137 
r « - ~ 

ui UJ 

where c is the speed of light and ui the angular frequency of the laser light. This is 
equivalent to say that the field is approximately constant over the spatial extension of 
the interacting states. Here we will assume the dipole approximation to be valid if not 
otherwise explicitly stated. 

For hydrogen the eigenstates are known analytically and the propagation in time 
is trivial in the absence of external fields. Once time-dependent fields (electric and/or 
magnetic) are present the possibility for transitions between states opens. Sometimes 
analytical models are sufficient to describe the resulting dynamics, but one is frequently 
forced to solve the time-dependent Schrodinger equation numerically. There are many 
different methods for propagating the equation in time given some initial conditions. The 
difficulty is often to approximate accurately the action of the different operators on the 
wavefunction. 

When the wavefunction is expanded in a global basis set of analytical functions, then 
the effect of differential operators acting on the wavefunction is trivial. The remaining task 
is to solve the system of coupled differential equations. Alternatively, in the B-spline tech-
nique [23] the wavefunction is expanded in non-orthogonal polynomials (splines) which 
are defined locally, i.e. the differential operations are again well-defined. 

Common for grid methods is that the wavefunction is defined at a finite set of grid 
points in space. By using local approximations the action of operators is obtained. There 
are many different techniques to approximate the effect of a differential operator. Exam-
ples of such methods are the finite difference method [24], the discrete variable represen-
tation (DVR) [25] and the spectral method [26, 27]. The split-operator method [28] and 
the Crank-Nicholson method [24] are two different schemes for propagating the wavefunc-
tion in time. These methods are in particular efficient for cases where the corresponding 
global basis expansion on eigenstates of the bare atom requires a very large basis set. 
Their disadvantage is that the eigenstates may not be precisely described. 
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2.2 Basis expansion 

In order to solve the time-dependent Schrodinger equation with the Hamiltonian (Eq. 
2.4) the problem can be reformulated in any complete basis set which span the space 
of possible solutions. The eigenstates of the bare atom [29] or alternatively Sturmian 
functions [30] are possible choices of basis sets. All couplings between states are calculated 
in advance and put into a coupling matrix. The advantage of the method is that the the 
eigenstates are directly obtained from diagonalization of the coupling matrix. The natural 
choice of basis set depends on the internal degree of symmetry hidden in the specific 
problem. For the hydrogen atom in a magnetic field the set of hydrogenic eigenstates is 
convenient, whereas for the case of an electric field a basis set consisting of parabolic states 
is often preferred due to the axial symmetry of the problem. For mixed dynamics with 
both magnetic and electric fields present we will take as a starting point the hydrogenic 
stationary states. One advantage with this set is that all coupling elements are easily 
derived from analytical formulas. 

Since in this thesis we are primarily interested in the dynamics of highly excited states 
of atomic lithium, we add an extra potential term into the Hamiltonian to take account for 
the presence of the inner-electrons, which together with the nucleus define the core. We 
assume that the much more tightly bound core-electrons are unaffected by the external 
fields. This gives rise to the so-called frozen-core approximation, where the total effect 
of the core-electrons is put into a slightly modified Coulomb potential. The Hamiltonian 
then becomes, 

H = Hl + Vc(r) (2.6) 

where the core potential Vc(r) is the difference between the Li potential and the pure 
Coulomb potential, —1/r. Also in lithium the spin-orbits effects are small and can fre-
quently be ignored [12, 31]. Assuming that the dynamics is restricted to quasi-bound 
states onlv. a suitable basis set is the infinite set of discrete hvdrogenic eigenstates 
{jn/m}}-

At any time, the state vector can be obtained from the expansion in the orthonormal 
spherical state vectors, 

|®> = $>m ( t ) |n /m> (2.7) 
lm 

Then the evolution is described by the set of linearly coupled equations for the expansion 
coefficients: 

iClm(t) = Y. Hlm.l'm>(t)Ci'm>(t) (2.8) 
I'm' 

The matrix elements Him.i>m'(t) can be evaluated in closed form and the equations in-
tegrated numerically. The coupling matrix is sparse with all non-zero matrix elements 
known analytically [12, 32, 33, 34]. A numerical algorithm to solve the set of coupled 
equations was developed in relation with the numerical results for lithium presented in 
paper 1, 2 and 4. 
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2.3 The split-operator spectral method in spherical 
coordinates 

The split-operator method is based on the fact that the Hamiltonian can be written as a 
sum of terms which are diagonal in different basis sets. Assume H — T + V. where T and 
V are the kinetic and potential energy operators, respectively. Then the propagation At 
in time for the operator e~tHM can be approximated by any split version of the operator, 
e.g. 

e-iHM ^ e-iVAt/2e-iTA.te-iVAt/2 (2.9) 

where the error of this particular choice of splitting is of the order At3. The advantage 
with such a splitting is that the operations T and V become diagonal in Fourier and 
configuration spaces, respectively. 

It is most often advantageous to choose numerical methods that effectively exploits the 
internal degrees of symmetry of the specific system. For spherical symmetric potentials 
like the Coulomb potential the system of spherical coordinates are the natural choice of 
reference frame. The split-operator spectral method in spherical coordinates [27, 35] is 
an efficient way of propagating the time-dependent Schrodinger equation on a grid of dis-
cretized spherical coordinates (ri; Oj, tpk)- The Schrodinger equation with the Hamiltonian 
(Eq. 2.4) in spherical polar coordinates becomes 

with $ = r ^ . the reduced wavefunction, and 

W(r, t) = F(r, t) • r + ^B(r, t) • L (2.11) 

The scaled wavefunction $ is expanded in spherical harmonics at a finite number of grid 
points (ri,6i,<pi), 

Lmax 

$(r,-, 6j, åk-, t) = £ fim(ri, t)Ylm(9j, 4>k) (2.12) 
Irn 

where the summation is truncated at I = Lmax. The approximative solution after one 
time step At (from the time t to the time t + At) becomes 

$(r, t + At) ~ e-,HA<$(r, t) (2.13) 

where the error is of order At2 for time-dependent potentials. Eq. 2.13 can be further 
approximated by the split-operator expression [27], 

$(r, t + At) ~ e-^tA/2e^AtB/2e-iAtW(rA)e-iAtB/2e-,AtA/2^ (2 J 4 ) 

with A = - i ^ r and B = £ -
By successive transformations between the Fourier and configuration space each term 

in the split operator become diagonal in their respective spaces, i.e. the operations on 
the wavefunction effectively reduce to simple multiplications by constant factors. The 
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propagation from the time t to the time t + At is explicitly performed in the following 
systematic way: 

Step 1: The radial function fim(r,,t) is derived for all r,, 

f i m M = J2™3kYl
k
m(6j,4>k)<*>(rt,ej,<pk,t) (2.15) 

jk 

where the weights Wjk ensure that standard orthogonality properties of the spherical 
harmonics are fulfilled. 

Step 2: fim{ri,t) is rewritten as a Fourier series, 

fim(n,t) = '52gfm(t)e"'kri/Ro (2 .16) 
k 

where Ro is the radial extension of the grid. 
Step 3: The first operation e~ l M A / 2 , reduces to multiplication by a constant factor 

onto each Fourier coefficient, 

g k m ^ e - t ^ , i R l g k m ( 2 1 7 ) 

Step 4: The inverse Fourier transform (Eq. 2.16) is employed to obtain the new set 
of radial functions fim(ri,t). 

Step 5: The effect of the second operation e l M B i2 reduces to another multiplication 
by a constant factor, 

e->AtB/2flm(r„ t) e-^W^M-mr,}/jm(r. t) (218) 

Step 6: The total wavefunction $(r i ; 6j, 4>k, t) is reconstructed as in Eq. 2.12, and 
the effect of the external potential is evaluated, i.e. 

3>(r.i.fl^fc.i) e - ^ M ^ S f a d j ^ t ) (2.19) 

Step 7: The wavefunction is re-expanded and the steps 5, 2, 3 and 1 are repeated in 
the appropriate order to complete the cycle. 

In paper 7 the ionization dynamics of hydrogenic atoms in strong laser fields was 
studied by means of this split-operator propagation scheme. 

2.4 The Landau-Zener-Stueckelberg model for the 
two-level atom 

In 1932 Landau, Zener and Stueckelberg [36, 37, 38] published, independent of each 
other, analytical solutions to the time-dependent Schrodinger equation ic = He, for the 
two-state Hamiltonian with real diagonal energies Hn = —if22 = at/2 and complex 
coupling H12 — H = d. In Fig. 2.1 the constants a and d, which we will assume to be 
positive and real, have a plain graphical interpretation. The two-level system is easily 
solved numerically, but sometimes it is desirable to derive explicitly the dependence of 
the transition probability on the parameters in the system. 
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Figure 2.1: Schematic drawing of the LZS energies for the two-level crossing in the diabatic 
(full curves) and adiabatic (dashed curves) basis, respectively. The LZS parameters a and d are 
indicated. 

This model is sometimes termed the linear model corresponding to the f-dependence 
of the diagonal energies, and for this Hamiltonian the coupled equations can be solved 
exactly to yield the transition probabilities between the states. The LZS Hamiltonian has 
proved to be applicable to a large class of problems and is in many cases the only existing 
realizable model, due to its simplicity. Since the diagonal energies cross exactly at t — 0 it 
is often referred to as the LZS model in the diabatic basis. The amplitudes cL2 are termed 
the diabatic coefficients. For many applications it can be useful to rewrite the model in the 
less known adiabatic basis. The eigenvalue equation, H(t)A(t) = E(t)A(t), defines the 
eigenvalues/energies Ei${t) and the adiabatic basis states {>li,2(i)}, respectively. When 
transforming to the new basis the Schrodinger equation implies a coupling, ±iAidAz/dt, 
between the adiabatic states. The Hamiltonian Had in this basis becomes, 

For a single LZS crossing one is free to choose the sign (+ or —) on the non-adiabatic 
couplings. However, the ± sign is important when many LZS crossings follow successively, 
i.e. in the so-called multichannel Landau-Zener-Stueckelberg (MLZS) model. The new 
diagonal energies do not cross, but show so-called avoided crossings. The correspondence 
between the diabatic and adiabatic basis sets are illustrated in Fig. 2.1. The adiabatic 
transition probability p for a transition from an initial adiabatic state [1 0] at t — —oc to 
the final adiabatic state [0 1] at t = oc is given by the formula, [37] 

If a multilevel system exists in which couplings are between pairs of states, and each 

(2.20) 

V ( 2 . 2 1 ) 
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Figure 2.2: An example of an energy spectrum representing the eigenenergies of two adiabatic 
states (full curve), and the corresponding Landau-Zener-Stueckelberg approximation (dashed 
curves). The arrow indicates that the spectrum may include further crossings. There are 
avoided crossings at 1,2 and 3 etc. 

pseudo-crossing is isolated (separated) from the others, then the system can be represented 
as a series of coupled two-level systems. [39, 40]. 

For the sake of simplicity we will only consider the case with two states here. An 
example of such a MLZS system (including only two states) is shown in Fig. 2.2. The 
adiabatic eigenenergv spectrum contains many identical avoided crossings between the 
two adiabatic states at the points 1, 2, 3 etc. To each crossing one can identify a two-
state LZS transition probability Pi (i — 1,2.3,...). Here we simply assume px = p2 — 
p-i = .... = p. The probability for a state-to-state transition after many cycles does not 
only include the transition probability associated with each LZS crossing. In addition the 
phase accumulation on the states between the crossings plays a crucial role in order to 
take proper account for interference effects. Let a, and a[ (i — 1,2) be the amplitudes on 
the adiabatic state Ai before and after a crossing point is passed, respectively. Then the 
coherent MLZS model gives [41], 

VI - Pe JFVP \ / ai \ = / ox 
a', I \ y/T=péa ) \ a 2 j ~ V a2 

S± 1 ( 2 . 2 2 ) 

where Q! is the change of the state's phase between the crossings at 1 and 2, 2 and 3, etc. 
in Fig. 2.2. The sign-shift can be directly associated with the sign-shift in Eq. (2.20). It 
is straightforward to expand Eq. (2.22) to take into account crossings between more than 
two states. In the LZS model the phase fi' contains two parts, i.e. Q! = Q, + with Q, 
the ordinary dynamical (adiabatic) phase accumulation between each LZS crossing, 

Q. •• f lE^Wldt (2.23) 
JT 

where T is the time separation between the crossings, and £12^) are the eigenenergies. 
Furthermore $5, the Stokes phase [41], is a measure of the relative phase accumulation 
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induced by the coupling, 

^ * d2 A r^f , d2 
= ln 1 - a r g r 1 + i -4 a \ a J \ a 

(2.24) 

In most physical applications of the MLZS model the Stokes phase has either been ne-
glected completely or it has been treated as a fitting parameter. 

For the special situation with only two levels (Fig. 2.2) the probability Pad to remain 
in the initial adiabatic state [ai a2] = [1 0] after K cycles (avoided crossings) is given by, 

Pad{u,K) = (s±y (2.25) 

By the notation ( S ± ) K we mean a multiplication of totally K S+ or S matrices, where 
the order (e.g. S+S'S+SS+S+SS-..., S+S+S+S+l, etc.) depends on the specific 
physical problem. The result (Eq. 2.25) is exact if p and Q' are precisely determined. 

The Landau-Zener-Stueckelberg model was employed in paper 1, 4-6. 
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Chapter 3 

The hydrogen atom in weak 
low-frequency fields 

Under the condition that the electric and magnetic fields are sufficiently weak and the 
time variation of the fields slow, an electron initially excited into an arbitrary Rydberg 
n-shell has no way to escape, since ionization/excitation requires a prohibitively large 
number of photons. We then assume that radiative decay like spontaneous emission can 
be ignored. Although it remains captured within the n-manifold, there might possibly 
be much dynamics within the shell, i.e. intrashell dynamics. The criteria to keep the 
dynamics intrashell can be formulated as follows: The maximal Stark and Zeeman en-
ergy splittings must be much smaller than the field-free energy separation between the 
manifold in question and the closest neighbor n-shell, i.e. 3n2F <C 1/n3 and nB <C 1/n3. 
Moreover, any intrinsic frequency lo of the fields must be much lower than the character-
istic frequency between the neighboring manifolds, i.e uj -C 1/n3. 

Whenever the dynamics is restricted to a single hydrogenic n-shell the Pauli's operator 
replacement [42, 43, 44, 45], 

r = ^nA (3.1) 

applies. Here A is the quantum mechanical counterpart to the classical Runge-Lenz 
vector, 

A = 1 

We define two general spins (pseudospins) by 

1 r 
- ( p x L - L x p ) - - (3.2) 

J+ = ^(L + A) (3.3) 

J_ = i ( L - A ) (3.4) 

With the energy replacement, H0 = —1/2n2, the Hamiltonian for the intrashell dynamics 
becomes, 

H = • J + + w _ • J_ (3.5) 
with 

= lB + lnE (3"6) 
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3 „ 
= - B - - r iE 2 2 (3.7) 

The constant energy term —1/2n2 has been omitted due to a redefinition of the zero 
energy level. J ± obey ordinary commutation relations for angular momentum operators 
[42, 44, 45]. They play the role of two independent spins, 3\\j±m±) — j ( j + 1)|j±m±) 
w îth j = (n — l)/2, rotating in the effective 'magnetic fields' u±, respectively. The 
eigenenergies of the Hamiltonian becomes, 

E = m + |w + | + m„|w_j (3-8) 

m± = — (n - l)/2, -(7i - l)/2 + 1. , (n — l)/2 — 1, (n - l)/2. The eigenstates are 
uniquely defined by the quantum numbers n, m+ and ?«_. In the strong magnetic field 
limit (Zeeman limit) the quantum numbers are related to the magnetic quantum number 
m by m = m+ + m_, and in the strong electric field limit (Stark limit) to the Stark 
quantum numbers k and m by k — TO+ + m_ and m = m+ — m_, respectively. 

It was pointed out by Kazansky and Ostrovsky (1996) [46] that the solution of the 
Schrodinger equation with the Hamiltonian (3.5) could be obtained from two independent 
spin 1/2 systems. This is a tremendous reduction of the initial problem. The idea is 
simple and based on the so-called Majorana reduction of a general spin system [47, 48]. 
Majorana showed that there is a one-to-one correspondence between the solution of the 
spin j system in the field and 2j identical spin 1/2 systems rotating in the verv same field. 
Formally the spin operators J ± become sums of spin 1/2 operators S±, 

J± = £ s , (3.9) 

Separation of the Schrodinger equation into two sets of independent two-state systems 
is then straightforward. Assume the Schrodinger equation is expanded in the basis set 
{(n, m+, m_)} of eigenstates. Assume further that the state (n, m'+,m'_) is populated at 
some initial time t0. Then the probability P(t) for a transition from the initial state to 
some final state (n, 7n+,iri-) after the time t becomes [49], 

with, 

(3.10) 

Qn 
m.m' \ - + m')\ 

bn ,(t) = "m.m' \LJ 
m E (-i)^-'"'- . ? 

j=Jmi„ V J 

[ci(t)]'"'-,"+-' X [ci(t)]J x [c2(t)\ i 
r! 

^ + m' 
^ + m - j 1 X (3 .H) 

The index "±" has been omitted to keep the notation short. Here = max{0, m± — 
m'±} and jrnax = m i n { 7 n ± + ^f^-, ^ ~ and c(t) = [ c i ( i ) C 2 ( < ) ] is the corresponding 
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solution of the spin 1/2 system. 

J " * . w
 W± c (3.12) 

1 ( 4 2 ) «4X) - w£y) 

2 ^ w£*> + - J / -

with initial condition [1 0] and u>± = [w^, u ± \ ui^}. Note that the ± sign always 
refers to the m± quantum numbers, and that the total solution within the n manifold 
includes the solutions of two independent spin 1 /2 systems. The two-level systems can 
easily be solved numerically. In some cases approximative or exact analytical solutions 
are obtainable. One such analytical model was discussed in section 2.4. 

The rather complex expression for the transition probability simplifies considerably if 
e.g. the population is in the uppermost eigenenergy state initially [46], 

p - (
 n ~ l V n_1 

(1 -p + ) 2 Hr 1 - m +p? + m + ( l - p _ ) 2 r 1 - m - p ! f i + m - (3.13) 

with p+(t) — |c^(t)|2 and p-(t) = | ( i ) | 2 , the diabatic transition probabilities of the 
corresponding spin 1/2 systems. Eq. 3.13 could, alternatively, be derived from purely 
combinatorial considerations. 

The fact that the intrashell dynamics of hydrogenic systems in weak electromagnetic 
fields effectively reduces into two independent spin 1/2 problems was exploited in paper 
1-3. 5 and 6. 

15 



Figure 3.1: Equisurface plot of the electron density of a linear and circular Rydberg state for 
n = 20. The color indicate the phase of the wavefunction at the surface. The circular state is 
the doughnut which has a radius of 1000 a.u. 
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Chapter 4 

The hydrogen atom in intense 
high-frequency laser fields 

The interaction of atoms and molecules with intense laser pulses of the same order of 
magnitude as internal atomic electric fields leads to highly non-linear phenomena such 
as multiphoton ionization and high-order harmonic generation. The atoms are "shocked 
to the core" by such fields, leading to very complex dynamical processes. In the strong 
field limit perturbation theories frequently fail, and one is obliged to use non-perturbative 
methods. Simplified models are most often not sufficient for a complete understanding of 
the process. In some limits analytical relations can be obtained from e.g. Floquet theory 
and Born approximations. One significant complication in the strong field limit is that 
one needs to take proper account for the continuum, which often can be ignored in weak 
fields, like e.g. for the intrashell dynamics of Rydberg states. 

Here we simply assume the laser field is linearly polarized, 

F(t) = F0f(t) s i n M + 0)up (4.1) 

where F0 is the field amplitude, up the polarization direction, and f(t), the carrier, defines 
the specific shape of the laser pulse. The less important magnetic field component of the 
laser field has been ignored. The phase <j> is adjusted to assure that the pulse satisfies the 
condition of a real physical pulse, i.e. /0

Tp"'" F(t')dt' = 0, with Tvuise the duration of the 
pulse. Recall that the semi-classical Schrodinger equation of atomic hydrogen interacting 
with the classical time-dependent electric field reads 

.d 
WL (4.2) 

The subscript "L" on the wavefunction indicates that the equation is represented in the 
so-called length gauge. By unitary transformations the Schrodinger equation can be trans-
formed from one representation to another. For the specific case of a local phase-factor 
transformation in configuration space it is called a gauge transformation. Common for 
them all is that the physics remains unchanged, i.e. the predicted values of all observ-
ables are the same. The choice of the most suitable gauge depends of the specific physical 
problem. The length gauge corresponds to a reference frame at rest with respect to the 
nucleus. Then the canonical momentum p essentially represents the velocity of a free elec-
tron. The velocity gauge is another commonly used gauge. In this gauge the Schrodinger 
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equation becomes 

where 

• d T 
l d t * v ;(P + A(*))2 

A(t) = - f F(t')dt' 
Jo 

(4.3) 

(4.4) 

is the electromagnetic vector potential. The two gauges are related by the transformation 
= exp[—ir • A(f)jvIV- The term containing A2 can be removed by a simple phase-

factor transformation. Also here the reference frame is the same, but now the momentum 
is equal the momentum in length gauge subtracted the momentum of the free electron. A 
third "gauge-like" reference frame is the so-called Kramers-Henneberger frame (oscillating 
frame). This is the frame of reference of a free classical electron oscillating in the field, 
i.e. r r + a, so that [50, 51, 52, 53] 

.d 1 2 1 
2 P \r + a(t)\ 

where a represents the quiver motion of the free electron, 

a(i)= f A{t')dt' 
Jo 

(4.5) 

(4.6) 

It is obtained from the velocity gauge by unitary transformation = exp [— ip • a^)]^,-, 
but it is not a gauge transformation. Nevertheless, it is often called the acceleration gauge. 

From the modeling point of view, various physical processes are expressed in different 
gauges. The split-operator propagation method presented in section 2.3 is based on an 
expansion in spherical harmonics, i.e. the computation time strongly depends on the 
maximum angular momentum populated through the dynamics. The scheme allows for 
direct implementation in both the length and acceleration gauge. Since we intend to 
study the ionization dynamics of hydrogenic atoms in intense laser fields, the electron 
becomes strongly polarized by the field. This implies that very high angular momentum 
states are populated during the duration of the pulse in the length gauge, and a very large 
basis set is required to obtain converged results. On the other hand, in the acceleration 
gauge the frame of reference follows the motion of the electron, resulting in a considerable 
reduction of the maximum angular momentum populated through the pulse. Hence the 
required cpu time is appreciable reduced. 

4.1 Stabilization dynamics in intense laser fields 
A new concept called atomic stabilization was established about a decade ago [54, 55]. It 
was pointed out that multiphoton ionization of atoms in laser fields could be suppressed 
under special conditions. The occurrence of stabilization is characterized by a decrease 
of the ionization probability with increasing intensity of the laser field, or alternatively 
the ionization probability saturates at a value less than one. The phenomenon is rather 
counter-intuitive from the perspective of perturbation theory. Extensive theoretical re-
search during the last 10 years has revealed many aspects of this peculiar phenomenon [11], 
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The occurrence of stabilization in the high frequency limit was first understood within 
the framework of high-frequency Floquet theory in the Kramers-Henneberger frame. 

We summarize briefly the method of approach. The starting point is the Schrodinger 
equation in Eq. 4.5 with the laser pulse from Eq. 4.1. For the sake of simplicity we assume 
f(t) = 1, i.e. the pulse has the form of a square pulse. Then the Hamiltonian becomes 
perfectly periodic and Floquet theory applies [56, 57, 58, 59]. From Floquet's theorem a 
complete set of complex time-dependent eigenfunctions (quasi-stationary states) of the 
Hamiltonian can be constructed as follows, 

oo 

^ (r, t) = e-,EMt £ (r)e-"^ (4.7) 
n=0 

where E ^ is the complex "quasi-energy" of these states. The potential in the Kramers-
Henneberger frame is rewritten as a Fourier series, 

oo 

V(r + a(t)) = £ V„(a0, r)e-™u( (4.8) 
n=0 

Vn(a0, r) = 1 f e'n^V(r + a(t))dt (4.9) 
1 Jo 

with ao = Eq/uj2 and T = 27r/u>. Insertion of these equations into the Schrodinger 
equation leads to an infinite set of time-independent coupled differential equations for the 
components (r) and the complex eigenvalues E ^ ; 

/I \ 00 

( V - (E™ - nw)) = - £ Vm<j>%> (4.10) 
V Z ' m=0 

Note that only terms with n > 0 contribute to multiphoton ionization. From high-
frequency Floquet theory it can be shown that only the term with n = 0 survives in the 
high-frequency limit uj —> oc [11, 56], i.e. the set of Floquet equations reduces to a single 
one; 

+ (4.11) 

with Io(ori. r) the time-average of the potential over one period of the field. The quasi-
stationary states of the Hamiltonian (Eq. 4.5), then becomes 

(4.12) 

In this limit the atom is stable against multiphoton ionization, i.e. for w —> oc the electron 
does not feel the rapid oscillations of the nucleus, but only its average value over a period. 
The decrease/stabilization of the ionization probability/rate (increase of lifetime) for the 
ionizing state is usually referred to as adiabatic or dynamic stabilization. The differences 
between the two is rather diffuse. One usually call it adiabatic stabilization when an 
overall decrease of the ionization rate is observed at some point as the field is increased. 
When stabilization occurs at the end of a laser pulse it is called dynamic stabilization. 
The stabilization will then depend on the specific shape of the pulse of which the name 
"dynamic" enters. A sufficient criterion for stabilization is [11, 56], 

w» |W 0 (ao) | (4.13) 
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where |IVo(a'o)| is the binding energy of the ground state in the field. For linear polariza-
tion along the z-axis the m-quantum number is conserved in all transitions, i.e. |H o(ao)| 
becomes the binding energy of the lowest state with quantum number m. This has some 
practical consequences. The direct observation of stabilization for the Is state of hydrogen 
is not yet technically feasible due to the high frequency/intensity required for stabiliza-
tion to occur, whereas it has been observed for circular Rydberg states [60, 61, 62]. The 
binding energy of the states depends on the field amplitude of the laser light. It is well 
known that the binding energy of the ground state decreases monotonicallv toward zero 
as a the intensity increases [11, 56]. This implies that stabilization is enhanced as the 
laser becomes more intense. 

4.2 Wavepacket calculations 
In the following we give some examples of ionization characteristics in the Kramers-
Henneberger frame. H(ls) is ionized by a linearly polarized laser field with frequency 
uj = 2 and variable intensity. The pulse carrier is assumed to have a simple square 
shape, and the duration of the pulse is 5 laser periods. The approach is analogous to 
one presented in paper 7. The intention is to visualize different aspects of the ionization 
dynamics, i.e. multiphoton ionization and stabilization. Calculations both with the 
potential V'(r+ «(£)) and its time-averaged potential Vo(ao;

r) are performed, with focus 
on the relative role of the Vo potential on the dynamics as compared to the higher order 
terms Vn (n > 0) in the Fourier series. The Schrodinger equation is propagated in time 
by means of the split-operator scheme described in section 2.3. 

The ionization probabilities are derived by projection on the field-free continuum 
eigenfunctions of hydrogen. 

where E and REi(r) are the energy and radial function of the continuum states, respec-
tively. The radial free particle Coulomb waves KEl{r) = rREi(r) are found by iterative 
solutions of the eigenvalue equation, 

with boundary conditions I\'Ei(0) = A'Ei(rmax) = 0, where rmax is the maximum extension 
of the grid. 

In Fig. 4.1 the ionization probability Pion as a function of the amplitude of the 
laser field is shown for x — 2. Also the ionization resulting from the time-averaged 
potential alone is shown for comparison. Stabilization occurs when E0 ~ 3.5, but only 
temporarily. For E0 > 12.5 the ionization probability starts to increase again. At this 
point the multiphoton ionization process is strongly suppressed and the Vo potential is 
the predominant factor in the ionization process. From the Vq potential the stationary 
states and their energies can be derived. Since the potential deviates significantly from 
the Coulomb potential when the field is strong, the Is state does not belong to this group 
of states. And since the non-Coulombic potential is effectively turned on instantaneously 

^Elm(r) = REl(r)Ylm(0A) (4.14) 

(4.15) 
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Figure 4.1: Ionization probability Pion vs. electric field strength Fq for w = 2. Full curve: The 
potential V(r + a(t)). Dashed curve: The potential V"o(«o>r)-

(non-adiabatically) in the strong field limit, the initial state will couple significantly to 
the new eigenstates of the field. Hence, continuum states are populated directly from the 
ground state. It is this ionization process which is totally dominating in the high-intensity 
limit. Fig. 4.2 shows the ionization probability density dP/dE as a function of the electric 
field strength F0 and energy E of the ionized electrons. A regular pattern of resonances 
corresponding to absorption of 1 ui, 2ui or 3u from the field is present at lower intensities. 
The multiphoton ionization process weakens at higher intensities as the stabilization sets 
in. Simultaneously there is a steady growth in the portion of low-energy photoelectrons 
in the spectrum. This can be assigned to the Vq potential alone. It is readily seen by 
comparison with Fig. 4.3, where the corresponding dP/dE is shown for Vq. 

Common in both spectra is the presence of smaller oscillations (blue) in the probability 
density which cannot be identified with multiples of u>, but rather fractions of u. They 
are evenly distributed in-between the multiphoton lines and show a similar characteristic 
periodicity. The peaks weaken with increasing energy of the ionized electrons. The 
oscillations can be understood from a simple two-level model. They appear as a result of 
the non-adiabatic turn-on and turn-off of the field, and is a signature of the appearance 
of Rabi-oscillations in the dynamics. 

Assume the interaction between the ground state and the continuum can be repre-
sented by an infinite number of isolated two-level systems, where each system represents 
the interaction between the ground state with energy E0 and one of the continuum states 
with energy E. The isolated two-level approximation will most probably apply for our 
purpose for two reasons: First, the continuum states become real time-independent eigen-
states in the strong field limit and do not couple with each other directly, but only indi-
rectly through the initial ground state. Second, the number of continuum states are so 
high (infinite) that any phase interference effects from the other transitions on the pure 
two-level transition can be assumed to cancel. 

21 



The Hamiltonian of the two-level system becomes, 

(4.16) 

where d{E) is the energy-dependent coupling between the states. The transition proba-
bility is, 

where Tpuise is the duration of the pulse. Since d(E) — ( ls |£) where \E) is the continuum 
state, we have |E — iJ0| \d(E)\. Then the distance (in energy) AE between successive 
peaks in the spectrum becomes equidistant with 

For TPuise = 5 x 2-k/ui we get AE ~ ui/5, which is in good agreement with the period of 
the small oscillations seen in Figs. 4.2 and 4.3. We have tested the relation Eq. 4.18 for 
some other choices of ui and Tpulse. and it seems to work well. 

The decrease in energy of the ionized electrons can be directly measured. Fig. 4.4 
shows the average energy (E) of the ionized electrons for the potential V versus the 
field strength Fq. The average value increases monotonicallv from (E) ~ 1.5 for F0 ~ 
0 to above 2 for F0 ~ 5 just after the point of stabilization. Thereafter it decreases 
monotonically and finally flattens at {E) ~ 0.5 as the multiphoton ionization is completely 
suppressed. Now the point is that the high frequency Floquet theory will guarantee that 
the average energy of the ionized electrons converge to the value (E) ~ 0.5 as Fq —I• oc for 
arbitrary choice of laser frequency, since this was the case for us = 2. The only criterion is 
that the frequency totally dominates over the binding energy of the ground state in the 
field. And since we know that the binding energy of the Is state goes to zero for Fq —• oc 
one may ask the question whether it is a general feature for all uj > 0. This remains an 
open question to be answered. After all we have neglected relativistic effects as well as 
any spatial dependence of the fields. They both become important in the high-frequency 
and high-intensity limit, and must be taken into consideration. 

(4.17) 

(4.18) 
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Figure 4.2: Ionization probability density dP/dE vs. electric field strength and energy E of 
the ionized electron for u; = 2 and for the potential V(r + a(t)). 

5 1 0 1 5 2 0 2 5 
F0(a.u.) 

Figure 4.3: Same as Fig. 4.2 for the potential Vo(ao,r). 
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Figure 4.4: The average energy (E) of the ionized electrons vs. electric field strength for u> - 2. 

24 



Chapter 5 

Introduct ion to the papers 

The main part of this thesis is allocated to studies of the dynamics of highly excited 
Rydberg states in time dependent electric and magnetic fields. A close coupling integra-
tion scheme to solve the time-dependent Schrodinger equation in a spherical hydrogenic 
basis has been developed. After some modifications the algorithm has proved to be ap-
plicable to alkali Rydberg systems with one single electron in an excited state. The 
field-free eigenstates are perturbed by the non-hydrogenic core, and these corrections ap-
pear as characteristic quantum defects in the theory. For highly excited Rydberg states 
the values of the quantum defects become real constants, which can be obtained from 
spectroscopy. They exclusively effect low angular momentum states since only then the 
Rydberg electron has a non-zero probability distribution within the core region. The first 
two papers (paper 1 and 2) contain a detailed analysis of the role of quantum defects in 
the interaction between Rydberg states of lithium and weak time-dependent electric and 
magnetic fields. The field parameters were chosen such that only states within the mani-
fold were populated at all times. Differences and similarities with the hydrogenic theory 
were pointed out. We derived exact analytical formulas for the transition probabilities 
for the hydrogenic counterpart . Whenever a deviation from hydrogenic theory was met it 
could be explained as a core effect . In collaboration with the experimental group of Erik 
Horsdal-Pedersen at the University of Aarhus, Denmark, we published both theoretical 
and experimental results in two joint papers. A good agreement between theory and 
experiment was achieved. 

In paper 3 the dynamics of a hydrogenic system in time-dependent electric and mag-
netic fields was studied. Our starting point was a recently published paper by Kazansky 
and Ostrovskv (1996) [46]. They derived simple formulas for the description of the in-
trashell dynamics of atomic hydrogen in weak electromagnetic fields. The description is 
attractive due to its simplicity and reduces in many cases completely to analytical for-
mulas for the transition probabilities. In our paper we re-derived the same results from 
an alternative algebraic approach, and generalized it to be valid for arbitrary initial con-
ditions. The paper also includes an analysis of state control by the external fields as well 
as simple analytical solutions to proposed schemes for driving the Rydberg atom into a 
high angular momentum state. 

In paper 4 the Selective Field Ionization (SFI) dynamics of Li(n = 25) Rydberg 
states with magnetic quantum number |m| = 2 are studied from two different models, 
one analytical and one numerical model. The principle of SFI is simply to expose a from 
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beforehand unknown mixture of Rydberg states to a time-dependent increasing electric 
field. The point is that different quantum states will ionize at different field strengths. 
The ionized electrons are accelerated by the field and hit an ion-counter. Depending on 
the specific time electrons from different Rydberg states hit the detector, a SFI spectrum 
reflecting the ionization yield of the different states are plotted as a function of field 
strength (time). Each state has its own SFI signature in the spectrum. In an ideal 
experiment exact knowledge of the populations distribution on the different states are 
obtainable from such an analysis. The numerical model we have used is a generalization 
of the close coupling integration scheme first developed in relation with paper 1. Now 
the program is modified in order to take into account the couplings between states from 
different n-manifolds. The analytical model is based on the multichannel Landau-Zener-
Stueckelberg model, which have been frequently used in the theoretical description of 
e.g. atomic collisions. The \m\ — 2 states define a border zone between fully adiabatic 
(\m\ < 2) and fully diabatic (|m| > 2) ionization dynamics. The conclusion of this 
research has been that these states indeed have a mixed dynamics, which suggests that 
analysis of experimental SFI spectra should be performed with care and most likely in 
parallel with theoretical studies. Knowledge of adiabaticity/diabaticitv of \m\ = 2 states 
proved to be decisive for the interpretation of the experimental data in paper 2, which 
contains further discussion about the influence of a magnetic field on the SFI dynamics. 

Paper 5 and 6 are basically concerned with the same topic, i.e. multiphoton intrashell 
resonances in Rydberg atoms, with emphasis on Bloch-Siegert shifts and widths of the 
resonances. The resonance positions and widths are seen to shift and broaden with 
increasing intensity of the oscillating field. This shift is often called the Bloch-Siegert 
shift and is related to counter-rotating terms in the Hamiltonian. In the commonly used 
rotating-wave-approximation (RWA) such terms are often neglected in order to simplify 
the theoretical treatment. Paper 5 is a joint paper including a brief report on the 
experimental and theoretical attainments on the topic. In paper 6 an analytical Landau-
Zener-Stueckelberg theory for the theoretical description of such processes is developed. 
The basis for the experiments were initially prepared circular Rydberg states of Li (n = 2-5) 
quantized along an initially static electric or magnetic field. Then the atoms were exposed 
to a circularly polarized electric field arranged such that the initial static field lies in the 
same plane as the rotating field. The frequency was of the same order of magnitude as the 
typical splitting of the levels within the manifold, i.e. in the radio frequency domain. Is 
was demonstrated that the hydrogenic theory describes the dynamics quite well. This is 
after all not too surprising as the circular Rydberg states of lithium are basically identical 
with their hydrogenic counterparts. In the theoretical description we also looked into the 
important case with a linearly polarized field, in order to compare our analytical model 
with already known analytical models. 

At the end of this Ph.D. period we became engaged with the ongoing research on 
ionization of atoms and molecules in intense laser fields. We have taken advantage of re-
cently developed algorithms to obtain exact solutions of the Schrodinger equation in three 
dimensions on the grid [35]. It is based on the split-step operator method by Hermann 
and Fleck [27] and is especially well suited for spherical problems. We plan to study the 
ionization and stabilization of excited Rydberg states of hydrogen in linear polarized laser 
fields, with emphasis on directional dependencies of the emitted photoelectrons, as well 
as the dependence of the ionization yield on the alignment of the laser field with respect 
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to the arrangement of the initial atomic state. We also plan to look into more complex 
composite systems like the H} molecule. For the time being we have only studied ori-
entation effects in the 2p(m = 0) state of hydrogen, i.e. not really a Rydberg state. A 
review of the recently obtained results for this state are presented in paper 7. 
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Chapter 6 

Summary and outlook 

During this Ph.D. period we have mostly been working with relatively slow intrashell 
processes in highly excited Rydberg states of hydrogen and lithium, with emphasis on 
the differences and similarities between the two systems. By "slow processes" we mean 
that the frequencies of the external fields are kept much smaller than the internal orbital 
frequency of the ri-shell. Several numerical and analytical models have been developed 
for this purpose. Much of the theoretical effort had its source in parallel experimental 
activities at the University of Aarhus. The mutual and close collaboration was advan-
tageous for both parts, and resulted in new insight into mesoscopic atoms. It was a 
challenge, both experimentally and theoretically, to attain a uniform understanding of 
experimental and theoretical data at the very same level. The underlying frozen-core 
approximation and quantum defect theory have proved to apply for the highly excited 
states of atomic lithium interacting with slowly varying electromagnetic fields. Whether 
similar approximations also are valid for corresponding processes in composite systems 
like Rydberg molecules or systems with more than one active electron, remains an open 
question. Another open question is whether the spin-reduction scheme for hydrogenic 
systems has counterparts in other related systems, like e.g. quantum dots. 

We have also studied geometric effects on the ionization yield and stabilization of 
lower-lying states of hydrogen in intense laser fields. In the high-frequency (fast process) 
limit the ionization of the 2p(m = 0) state is seen to depend critically on the angle 
between the H(2p) symmetry axis and the polarization direction of the electric field. 
The angular dependence was most prominent within a certain range of field intensities. 
A possible explanation of the geometric effect in the context of atomic stabilization was 
proposed. An overall and systematic decrease of the energy of the photo-ionized electrons 
was predicted to occur from the point where stabilization processes set in. 

In this thesis we have studied fast and slow processes separately. A combination 
of slow and fast processes in mesoscopic atoms and molecules is an extremely difficult 
task to handle theoretically, especially when they interfere with each other. The efficient 
theoretical means are often different in the two regimes. The study of such systems is 
only one of the potential future directions of this research. 
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Abstract 
Probabilities for adiabatic or near-adiabatic state transformation within a highly 
excited shell of Li(n = 25) were studied experimentally and theoretically for 
a time dependent electric field, £(/) , and a constant magnetic field, B. The 
fields were sufficiently weak and the time dependence slow enough such that 
only states belonging to the chosen shell were involved. The studies show 
that the dynamics are governed by the approximate hydrogenic character of the 
system in most cases, but for some specific time dependences it is influenced 
strongly by core interactions as expressed through the quantum defects, <5j. The 
s-state is effectively decoupled from the rest of the n = 25 manifold due to 
a very large quantum defect. However the quantum defects of the p, d and f 
states are shown to play a decisive role in the dynamics. The core interactions 
lead to avoided crossings, non-adiabatic state transformations, and possibly 
even phase-interference effects. When a resonance condition pertaining to the 
hydrogenic character of the system is fulfilled, a linear Stark state is trans-
formed completely into a circular Stark state oriented along E;. 

1. Introduction 

The possibility of creating and manipulating Rydberg atoms [1,2] in well defined states by 
external fields has provided a new precision tool for fundamental studies of quantum mechanics. 
For example, entanglement between circular Rydberg atoms and single-photon states of a 
cavity have been reported [3], and many studies of the detailed dynamics of Rydberg atoms 
in response to time dependent fields have been published: Kazansky and Ostrovsky discussed 

* This paper is dedicated to the memory of K Taulbjeig. 
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intra-shell transitions in hydrogenic systems induced by homogeneous, macroscopic fields 
varying relatively slowly [4], and by ions in distant collisions [5]. Bellomo et al [6] discussed 
the same transitions but with special emphasis on the classical aspects of the problem. Galvez 
et al [7] studied in detail, theoretically and experimentally, transitions induced by black-body 
radiation between Stark states of nearest-neighbouring shells. Goodgame and Softley [8] 
considered the motion in inhomogeneous electric fields of atoms excited to Rydberg states 
of large electric dipole moments. They concluded that the Rydberg atoms keep their electric 
dipole moments, responding adiabatically to the apparent time dependence of the fields, and 
that a cold beam of such Rydberg atoms can be effectively deflected or focused by the fields. 
The extent to which quantum defects may influence the conclusions of the above studies was 
at most touched upon briefly. Yet, a non-hydrogenic core destroys the important dynamical 
symmetry of a purely hydrogenic system, and it significantly modifies the adiabatic Stark-
Zeeman structure of a shell by perturbing some energy levels and causing many avoided 
crossings among these levels as the external fields are varied [9]. Despite the symmetry 
breakdown, the Hilbert space is still limited to the well defined n2 states which make such 
systems a unique playground for numerical time dependent quantum models. 

The intra-shell dynamics of a non-hydrogenic system (Li(n = 25)) with known quantum 
defects was recently studied experimentally [10]. The electric field, E(t), was switched 
linearly in time without rotation from one direction, E \ to the diametrically opposite direction, 
E! = — E\ in the presence of a constant magnetic field, B. The Stark state of maximum 
polarization and energy within the n -manifold was populated initially. The onset of transitions 
to neighbouring states in slightly non-adiabatic transformations was described accurately by 
hydrogenic theory, but strongly non-adiabatic transformations which lead to the population of 
Stark states located near the centre of the manifold were clearly not described satisfactorily. A 
comprehensive numerical treatment of the system including quantum defects brought theory 
into much better agreement with experiment and showed that core interactions cannot be 
neglected in strongly non-adiabatic transformations [11], 

Like the experiment described previously the present one deals with intra-shell transitions, 
butfor a somewhat different field configuration and time dependence. The electric field varies 
as E(t) = Ef — (E{ — Ei) exp(—Xt), where £j and E; are the initial and final fields, respectively, 
and X is a time constant. The field is homogeneous and it varies smoothly in absolute magnitude 
as before but now the direction of the field is also a smooth function of time. E(t) always rotates 
by more than 90°, and initially and finally the Stark frequency 2>s(t) = \nE(t) is much larger 
than the constant Larmor frequency a>i = \B. The magnetic field B is in the plane of £ j and 
Ei, and it is perpendicular to £;. Probabilities were determined as a function of the direction 
of Ef for selected values of |£ f | , \B\ and the time constant k. The varying Stark frequency thus 
resonates with the constant Larmor frequency at a certain time during the switching for specific 
choices of the parameters of E (f). Hydrogenic theory predicts strong deviation from adiabatic 
transformation near such a resonance. The prediction is confirmed by the experiments but the 
experimental probabilities for adiabatic state transformation also show unexpected structures 
far from the resonance region. A thorough theoretical analysis of these structures has brought 
out new interesting details of the intra-shell dynamics of non-hydrogenic systems. Atomic 
units (h = m = e = I ) are used throughout except where units are given explicitly. 

2. Experimental arrangement and procedures 

The experimental arrangement is shown in figure 1. Some parts of it were used earlier 
in collision experiments with coherent elliptic Rydberg states [12,13], The set-up and the 
experimental procedures are described in some detail in the next paragraphs. 



Dynamics of a single Rydberg shell in time dependent external fields 4 0 3 

Figure 1. Experimental arrangement. A vertical beam of Li atoms is produced by an oven. Three 
pulsed laser beams excite the Li atoms to Rydberg states in the presence of a horizontal electric field 
inside the Stark cage. The electric field is subsequently varied to study the dynamics of the Rydberg 
states in time dependent external fields. The Rydberg atoms are selectively field ionized between 
the plates, P, and counted by the secondary-electron multiplier, SEM. A quadrupole magnet (not 
shown) forms a homogeneous magnetic field perpendicular to the Li beam. 

2.1. Thermal Li beam and lasers 

An oven loaded with metallic Li and heated to about 400 °C produces a vapour of Li atoms, 
which stream out through a long vertical channel that collimates the atoms to form a thermal 
beam with a mean velocity of ~1 .5 mm /is 1 and a spread of about the same magnitude. 
Three tunable lasers pump the Li atoms from the ground state to the desired Rydberg state of 
principal quantum number n according to the scheme 2s 2p -> 3d -*• n. This requires 
wavelengths near 670,610, and 831 nm, respectively, when n = 25. The laser system consists 
of three dye lasers pumped by the 532 nm light from a frequency-doubled, pulsed Nd:YAG 
laser running at a repetition rate of 14 Hz. Each period of 1/14 s starts at time t = Owhenthe 
pump laser is fired, and the three dye lasers are then on for about 5 ns. The beams from the 
dye lasers are collinear in the interaction region and linearly polarized in the horizontal plane. 
The bandwidth of the 831 nm laser is limited to 3.3 GHz or 0.11 c m - 1 by a beam expander 
and a Fabry-Perot etalon. 

2.2. Stark cage and electromagnet 

The first step of the experimental technique is the selective laser excitation at t = 0 of a 
specific Stark state of the selected shell. This is done in the presence of a relatively strong 
electric field that partially lifts the degeneracy of the shell. The field is parallel to the laser 
polarization. Shortly after the excitation the field is varied in a precisely controlled way. The 
experiment determines probabilities of populating other states than the initial one as a result of 
the variation. Since the field is essential to the experiments, its formation is discussed in detail. 
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Figure 2. (a) The eight bars of the Stark cage are placed symmetrically, with angular coordinates 
tpj, on a circle of diameter 25 mm and they have time dependent potentials, Vj (r), that produce 
a homogeneous, time dependent electric field of magnitude E f t ) and direction 6(t). (b) The field 
varies from Ét to Éf as illustrated. Ej = 141 or 146 V cm"1 and Et = 6.27 V cm"1. The 
angle 6 is varied in the interval - 4 5 ° to +45°. A constant magnetic field, B, points in the negative 
A direction 

The sources of the field are the potentials of eight vertical bars placed symmetrically around 
a vertical symmetry axis as shown in figure 2(a). Each bar is 54 mm long, has a diameter of 
2 mm and the distance between the centres of diametrically opposite bars is 24.37 mm at room 
temperature. The structure is closed on the top and bottom by thin (1 mm) circular plates at 
ground potential with holes for the thermal Li beam to pass through (2 and 4 mm diameter 
entrance and exit holes, respectively). The structure looks like a cage and is, in the following, 
referred to as the Stark cage. It is cooled to 77 K (liquid nitrogen) during the experiments to limit 
the black-body radiation seen by the Rydberg atoms [10]. The cooling makes the diameter of 
the cage shrink by 1.6%. A homogeneous electric field £ in the horizontal direction is formed 
in a small region around the vertical symmetry axis of the Stark cage if the potentials on the 
bars are chosen such that (see figure 2(a)): 

Vj =-ctj cos(0 - w)E 0 = 1 8). (1) 

where E and 9 are, respectively, the magnitude and direction of E, d is the diameter of the 
Stark cage, a is a geometrical factor that corrects for the finite number of bars and for their 
finite lengths and diameters [14], and the bars are enumerated by the index j and have angular 
coordinates tpj. The Stark cage is placed coaxially inside a grounded metallic cylinder of inner 
diameter 52 mm. The Laplace equation was solved numerically for the actual geometry to 
determine a = 1.17. The absolute uncertainty on the size of the electric field is estimated to 
about 1%. The zero point of 6, which is determined quite accurately by symmetry from the 
experimental results, is known to within 0.1°. The error on d from mechanical imperfections 
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of the Stark cage could be about 1 % (0.1 mm displacements of the bars on a radius of 12.5 mm). 
The electric field is homogeneous at all times if each of the eight potentials of the bars 

vary from initial to final values that satisfy equation (1) and the relative time dependences of 
the potentials are identical, i.e. 

Vj(t) = V) + (Vj - Vj)r(J), (2) 
where the common function r(t) varies from 0 to 1 within a certain period, and Vj and Vj are 
the initial and the final potentials, respectively, of the j t h bar. The electric field is then given 
by 

£(0 = £i + (£f-£i)r(r), (3) 
where E, and E s are the initial and final fields, and it is related geometrically to £ , and E r as 
illustrated in figure 2(b). The absolute value of the total rotation angle, L(Ei, Et), was larger 
than 135° and smaller than 180°. The initial field always points in the negative z-direction 
and its value is chosen to give a large Stark splitting without inter-n mixing for n = 25. It lies 
within the interval 140-148 V cm^1 . The final field has a constant magnitude of 6.27 V c m 1 

throughout the experiment, and its direction, specified by the angle 0 to the z-axis, is the 
independent parameter routinely used for varying the time dependence of E. The function 
r(t) is defined by: 

r(t) = 
1 - exp(-X(f - l0)) t > t0 

0 t ^t0. 

The starting time, to, was fixed at 1 /xs, but two values of the rate constant X were used, 
AsIow = 0.621 fj.s"1 or Xfast = 1.24 f is" 1 . The electric field thus settles at its final value 
within a few l is after the excitation while the Li atoms are still well within the Stark cage. The 
exponential time constants were extracted with a precision of better than 2% from measured 
time dependences of the potentials on the bars. 

An electromagnet forms a horizontal magnetic field B inside the Stark cage. The field can 
be considered as locally homogeneous at the position on the symmetry axis of the cage where 
the transitions take place, but the field varies slightly along the axis by about 0.035 gauss mm" 1 . 
Three field values, B = (Bx, 0 ,0) with Bx = -13 .36 , -23 .59 , or - 3 3 . 3 7 gauss, were used 
in the present experiments (figure 2(b)). They were measured with an absolute error of less 
than 1.5% by a calibrated Hall probe. The precise direction of the field is not critical. It is 
sufficient that Bz is a small fraction of Bx. 

The splitting of a shell by external fields is described by Stark and Larmor frequencies 
(a>s = \nE and a>i_ = \B, respectively). The magnitude of the Stark frequency, cos, for 
n = 25 equals the magnitude of the Larmor frequency, a>L, when p = E/B = 2.92 x 10~2 

(V c m ^ / g a u s s . The electric field thus dominates initially ( ( E i / B ) / p ^ 150) and finally 
((E;/B)lp ^ 6), but the magnetic field may dominate in between when 8 is small. 

In the present field configuration the dynamics of a single hydrogenic shell are 
approximately described by three parameters. One of these is the constant Larmor frequency, 
iolx = \BX. The two others are the x-component, cosx(tc), and the time-derivative of the 
z-component of the Stark frequency, a>sz(tc) taken at the time t = tc when the Stark-Zeeman 
splitting of the shell is minimal [4], This happens when E(t) is parallel to B (or the*-axis). The 
three parameters combine into two dimensionless parameters *: = iosx/a>lx and y = 6)sz/ui\x, 
which measure, respectively, the minimum splitting (given by A co = |1 - k 11 ft)/.) and the 
speed at which the point of minimum splitting is passed. The probability for non-adiabatic 
transformation can be expressed in terms of two elementary two-state probabilities p+ and 
p_ [4] which, for the present fields, are given quite accurately by the Landau-Zener formula, 



4 0 6 M Førre et al 

p±z = exp (— | (1±M> The probability p l ' z is always vanishingly small, but pLZ is close 
to unity in a region near |k | = 1. Non-adiabatic transformation of the wavefimction is thus 

expected in two intervals of widths —-y/811^4"1"/ around k = ±1 . 

For given values of £ r , 0, and A. one finds Ex (tc) — E{ s in(0) / ( l + Er /Ey cos(0)) and 
åEz/At\,c = kEf cos(0), which leads to 

K = 0.457 3 n £ f ( V em" 1 ) sin(9) 
Bx (gauss)(1 + Ef/Ei cos(0)) 

and 

Y = 2.60 x lO-^Gxs-1) cos(e)6"fr(V Cm ' ) . (6) 
[Bx (gauss)]2 

The independent variable of the experiment, 9, is never very large so the parameter y is 
approximately constant in a given run with fixed A. and Es. However, during the experiment y 
was varied by more than a factor of 10 by different choices of A and Bx. Based on the absolute 
uncertainties quoted earlier, the parameters tc and y are determined experimentally to within 
2.5 and 3.0%, respectively. 

2.3. Selective field ionization 

The Rydberg atoms are detected by the method of selective field ionization (SFI), which is 
discussed in [15]. The capacitor plates and the detector for the SFI are shown in figure 1. 
The electric field produced between the plates is parallel to the external magnetic field, which 
extends all the way from the Stark cage to the SFI region. As the Rydberg atoms drift out of 
the Stark cage and into the SFI-region they experience a slowly varying electric field. In the 
Stark cage it is 6.27 V cm" 1 and it points in the direction given by 8, and in the SFI region it 
is 10 V cm" 1 and parallel to B. The top plate of the Stark cage, which is at ground potential, 
shields the electric fields somewhat, but the combined Stark-Zeeman splitting of the Rydberg 
energy levels and the rate-of-change of the moving electric field as seen by the Rydberg atoms 
are such as to make the transformation of the states adiabatic. 

One of the capacitor plates in the SFI region is fixed at —10 V. The other plate is connected 
to a positive high-voltage ramp, which is started from 0 V at 45.5 /xs when the majority of the 
Rydberg atoms are between the plates. The electric field is thus 10 V c m " 1 f o r i < 45.5 fj. s, and 
it rises for about 8 /is at a constant rate of 421 (V cm"1) /is finally returning to 10 V cm 1 

at 53.5 AIS. 

In one series of measurements, the lasers populate the Stark state, \n,m,n2,m] = 
|25,24, 0, 0}, where n i , n2, and m are parabolic quantum numbers [15]. It is the uppermost 
component of the Stark spectrum for the shell. It has maximum polarization along the direction 
of the initial electric field in the Stark cage, and is called a linear state. In another series, the 
lasers populate the Stark states, «, « i , «2, nt) = |25,23, 0, ±1}. They correspond to the 
second component from above in the Stark spectrum. The transformation properties of the 
two initial states are similar but interesting differences relating to the quantum defects of Li 
were observed. These effects are discussed later in the paper in connection with the detailed 
theoretical analysis of the dynamics. 

In order to clarify the experimental analysis and detection of the final states we discuss 
in some detail the transformation of the linear state, |25, 24, 0,0}. If the instantaneous 
Stark-Zeeman splitting of the shell is large at all times as compared to the rate-of-change 
of the electric field in the Stark cage, (1 — \k\)2/y 1, the linear state is transformed 
adiabatically. The wavefunction therefore returns to its initial linear shape, but it is rotated 



Dynamics of a single Rydberg shell in time dependent external fields 407 

C-111-434 

Figure 3. High-voltage ramp and representative SFI spectra for £f — 6.27 V cm , A — f̂ast — 
1.24 / i s - 1 , B = 13.36 gauss, and selected values of 0 ^ 20° (y — 0.16). A, linear ramp. B, 
adiabatic SFI spectrum for 6 - 20° (/c = 5.07, p ^ = 0.00%), the broken arrow (b) shows the 
expected time and voltage at ionization (arrow tail), and the expected time of detection (arrow 
head). C, 6 = 6.1° (k = 1.57, pLZ = 4.3%), a small diabatic component of the SFI spectrum is 
indicated by the hatched area. D,6 = 5.6° (k = 1.44, p£ z = 15.3%), larger diabatic components 
arc seen. E, 6 = 3.9° ( k = 1.005, pbz - 100%), diabatic SFI spectrum of circular Stark states, 
|n, 0,0, n - 1}, withn = 23 27, arrows (e) show the expected voltages at ionization and times 
of detection for each state. 

to point in the direction of the final electric field. As the linear Rydberg atoms drift out of 
the Stark cage they are transformed adiabatically once more and end up as linear states in the 
direction of the electric field defined by the SFI plates. When the ramped field is turned on it 
brings the linear state into the region of inter-n mixing where it is transformed adiabatically 
(m = 0) and ionizes at the classical ionization limit [15]. The ionizing field accelerates the 
ions onto the detector (see figure 1), which produces a pulse when it is hit. The pulses are 
averaged in a digital oscilloscope to form an SFI spectrum. This is illustrated in figure 3 where 
the curves A and B show, respectively, the ramped electric field and a typical SFI spectrum of 
a linear state. The detected Rydberg atoms are well within the SFI plates when the ramp starts, 
and most atoms are indeed ionized at the classical field limit l/(16n4), which for n = 25 is 
823 V cm - 1 . However, after the formation of the linear state in the Stark cage, the population is 
diverted to other states by radiative decay or by interaction with the 77 K black-body radiation 
during the period from formation, / ~ 2 fj.s, to field ionization, t — 48 /xs. This is the reason 
for the broad background around the peak. 

If the instantaneous Stark-Zeeman splitting is still large, but not overwhelmingly so at all 
times as compared to the rate-of-change of the electric field in the Stark cage, ( l - | * - | ) 2 / y > 1, 
the linear state is not transformed entirely adiabatically and there is a small probability that 
neighbouring Stark states are populated, i.e. |25, 24, 0, 0} |25, 23, 0, ±1), |25, 22, 2, 0} or 
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|25, 22,0, ±2}. The SFI technique does not distinguish between the states with m = 0 or 
± 1 since they all field ionize at the classical limit, but the two states with \m\ = 2 behave 
mostly diabatically in the region of inter-n mixing and do not ionize at the classical limit, but 
far above it by tunnelling [15,16]. They are therefore clearly distinguished from the m = 0 or 
± 1 states by the SFI technique. This is illustrated by spectrum C in figure 3 where the states 
|25, 22, 0, ±2} form an easily identifiable intensity. 

If the Stark-Zeeman splitting of the shell and the instantaneous values of the rate-of-
change of the electric field in the Stark cage are comparable for a period of time during the 
switching, (1 - \ic\)2/y ~ 1, the transformation of the linear state deviates strongly from being 
adiabatic. The probability for remaining in the linear state is small, and a wide spectrum of 
other Stark states is populated. This is illustrated by spectrum D in figure 3, which shows a 
diminished adiabatic peak and a broad distribution of diabatic field ionization with clear peaks 
within the interval 51.0-53.5 /xs. 

If, finally, the Stark-Zeeman splitting becomes negligible as compared to the rate-of-
change of the electric field, (1 - | k \ ) 2 / y <SC 1, the linear Stark state |25, 24, 0, 0} is trans-
formed into the circular Stark state |25, 0, 0, 24} with a probability of unity. This is illustrated 
by spectrum E in figure 3, which shows the characteristics of the formation in the Stark cage 
of a single circular state. Radiative decay and black-body radiation redistributes population 
from the initial circular state to circular states of neighbouring shells during the period from 
formation to field ionization. The expected positions of the five circular states \n, 0,0, n - 1} 
with n ranging from 23-27 are indicated by arrows [16]. The populated circular Stark states are 
peculiar in the sense that their magnetic dipole moments (angular momenta) are adiabatically 
locked to E rather than to B. If one attempts to transform them into coherent elliptic states by 
lowering £ in the presence of an orthogonal B field, instabilities are predicted to arise within 
a specific interval of eccentricities [17]. This behaviour differs strongly from the one found for 
circular Zeeman states |n, Z, m) = \n, n - 1, zt(« — 1)), which are stable under transformation 
in orthogonal fields. 

2.4. Initial state selection 

The ground state of the Li atom has only one fine-structure component, | I s j ) = |0, but 
each of the intermediate states used in the excitation to the Rydberg shell have two, | l , j , \ or 
and |2, i , | or f) . The lasers are all linearly polarized parallel to the initial Stark field EIY but 
they do not resolve the fine-structure components. The dipole selection rules Am; = 0 and 
A m j = 0 for linear polarization restrict the excitation to states with mi =0 and \my = 1/2. 
However, the spin-orbit coupling can flip the spin and thus increase |m; | by one unit, so all 
Rydberg states with |mj | = 0 or 1 are accessible. The external fields and imperfections of the 
laser polarization make it possible even to excite states with m; = 2 . The external fields are 
strong enough to lift the spin-orbit coupling in the Rydberg states. The dynamics of these states 
are therefore independent of the spin, and one can drop the index I on m as done already in the 
preceding paragraphs. Due to the spin-orbit coupling in the intermediate states, the selective 
excitation of individual Stark states with |m| = 0 or 1 is possible only when the energy 
separations of the relevant states are larger than the linewidth of the 831 ran laser. Figure 4(a) 
shows total SFI areas, Atot, as a function of the initial Stark field for constant laser wavelength. 
The uppermost state of the Stark manifold, |25, 24,0,0}, located near 142 V cm - 1 , is only 
partially resolved from the neighbouring states |25,23,0, ±1}, located near 145 V cm - 1 , but 
the resolution is nevertheless sufficient to ensure selective population of the m = 0 state at 
Ei = 141 V c m - 1 and of the \m \ = 1 states at 146 V cm - 1 . The intensity near 150 V cm - 1 is 
due to |25, 22,0, ±2}. 
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Figure 4. SFI area A-jy and adiabatic parameter Pa versus the initial electric field, £j, for k — 3.81 
and y = 0.157 (Ef = 6.27 V c m ' , i = Xfa!1 = 1 . 2 4 ^ ' , ^ = 13.36gauss, ande = 14.9°). (a) 
Full points are the experimental values of A10, (£,) and full-drawn curves labelled m = 0 and 
|ffl| = 1 are Gaussian functions fitted to the data (separation 3.4 GHz and FWHM 3.3 GHz), (b) 
PAEd with />a"=° = 1 and Pim|=1 ~ 0.6. 

2.5. Data analysis 

It is clear from figure 3 that the shapes of the SFI spectra vary dramatically near k = 1. We 
have chosen to quantify this variation by just one characteristic parameter. It is the relative 
adiabatic content Pa = A^/Alol, where Aadia and Atot are the integrated adiabatic and total 
SFI signals, respectively. This parameter is the probability that the system develops such that 
\m\ is finally 0 or 1. It is essentially the probability that the dynamics are adiabatic and the 
system remains in the chosen initial state, which is |25, 24, 0, 0} or |25, 23, 0, ±1}, but one 
should keep in mind that a few non-adiabatic transitions like |25, 24, 0, 0} <->• |25, 23, 0, ±1} 
are included in Pa as well. 

The extraction of p™=° for the initial state |25, 24, 0, 0} is illustrated in figure 5. The sum 
of a purely adiabatic spectrum (adia) measured at a large value of k and a smooth background 
function in the form of a two-order polynomial was fitted to the total spectrum (tot) in the 
range 48.15-49.65 /zs. The fitted spectrum (which represents the adiabatic content of the total 
SFI spectrum) and the total SFI spectrum were integrated to give Aadia and Atot, respectively. 
The value of P™=0, defined by />™-~0 = A^/A^ proved not to depend on the choice of the 
fitting range within reasonable limits. 

Measured values of p™=° are shown in figure 6 as a function of 9. The data are symmetric 
with respect to 9 = 0° as expected. Similar data were taken in all cases to ensure the correct 
symmetry. The dips seen in figure 6 are located at 8 = ±3.9° which corresponds to k = 1. 
The FWHM of A 8 ~ 4° corresponds to A*: ~ 1. Both values are in good agreement with the 
qualitative predictions for a hydrogenic system given in section 2.2. 

The parameter P™=0 is a measure of the total probability Pm=0 that the Rydberg atom 
remains in the initial state, |25, 24, 0, 0), or jumps into another state with |m| < 1. The 
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Figure 5. Extraction of the adiabatic parameter Pa = Aa(iia/Atot. Full-drawn curve (tot), 
representative non-adiabatic SFI spectrum of area At0: (D of figure 3). Full-drawn curve (adia), 
standard adiabatic SFI spectrum (B of figure 3) adjusted in height in the interval 48.15^(9.65 lis 
(marked by horizontal bar) to fit tot along with a smooth background function; total area of (adia) 
is Aadia. Broken curve (dia), diabatic part of tot obtained by subtracting adia from tot. 
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Figure 6. Adiabatic parameter /'j" i! versus the angle 8 of the final electric field for the initial state 
125,24,0,0) at E, = 6.27 V cm - 1 , k = Xfast = 1.24 / i s - 1 , and B = 13.36 gauss, k = 1 near 
6 = 4.0°. Different runs are distinguished by different symbols. The capital letters are added to 
correlate the variation of with the SFI spectra in figure 3. 

connection between P™ " and pm=0 depends on the thermal velocity distribution of the Li 
atoms, on radiative decay in flight, and on the assumption that one can extract the adiabatic 
contents of a spectrum by fitting a standard adiabatic spectrum to it. The experiment uses 
different segments within the slow tail of the thermal velocity distribution. The atoms that 
field ionize adiabatically do so rather early when the field is still relatively weak, and they 
therefore belong to a more intense segment of the thermal velocity distribution than those that 
field ionize diabatically. However, the relative difference in velocity between the two segments 
is small 4 /xs/50 /is = 8%, see figure 3) so the measured ratio, ft, of target densities is close 
to unity, ft ~ 1.16. States with |m| ^ 2 typically have longer lifetimes, r , than states with 
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|m| < 1. States that field ionize in the diabatic channel therefore have larger probabilities 
for surviving the transit through the apparatus than the ones that field ionize in the adiabatic 
channel (r ~ 22 p.s for the linear state |25, 24, 0,0), 71 ps for |25, 22,0, ±2}, and 918 us 
for the circular state |25, 0, 0, 24}). Correction for these velocity and lifetime perturbations 
was done as follows. Let N„(K) and ND(IC) be the number of atoms found immediately after 
the switching with \m | ^ 1 and \m\ ^ 2, respectively, and let /„ and f j be the corresponding 
fractions surviving until field ionization. As they depend on the actual population of the 
quantum states belonging to each of the two groups, they depend on k. Then: 

p (K) = fiN.Mf.Qc) 
fiNa(K)fa(K) + Nd(K)fd(Ky 

The total SFI area, normalized at k -value k„ where the switching is purely adiabatic, is given 
by: 

A . = PNa(K)fg(K) + Nd(K)fd(K-) _ FINa(K)f„(K) + Nd(K)fd(K) 
FINa(Ka)fa(Ka) ~ fi(N.(K) + Nd(K))fa(K) ' 

where we have used Na(jca) = NaQc) + Nd(ic) (the population is just distributed differently 
at Ka and k) and the approximation /„ (k) ~ /„(*„) (the lifetimes of states with |m| < 1 that 
field ionize adiabatically do not differ much). With this approximation the probability pm=0 

is given by 

P M = ° M = A/ A ' L K L R I = • ( 9 ) NM + Nd(K) 
Figure 7(a) shows P™=0(k), Atot(<c), and Pm=0(ic) for the initial state |25,24, 0,0}. Even 
though AI01(/c) deviates strongly from 1 near k = 1 the difference between pm=° and P™=0 

can safely be neglected. This is true for all the measured probabilities. Note that the peak in 
A[ot(<c) is significantly narrower than the dip in P™=0(k) or Pm=0Qc). This is qualitatively 
understandable, because |25, 24, 0, 0} and the neighbouring states, which are populated when 
P?=°(k) is only a little less than 1, have similar lifetimes and therefore Am = 1. TheareaA t o t 

deviates significantly from 1 only when states of much longer lifetimes, like |25, 0 ,0 , ±24}, 
are populated when P"=0(k) <C 1. 

Figure 4(b) illustrates the dependence of the transformation on the initial state by showing 
Pa as a function of the Stark field £;. The values of the parameters k and y are such that 
one should expect purely adiabatic behaviour for a hydrogenic system. The transformation 
of |25, 24 ,0 ,0} is indeed adiabatic or it populates at most states of |m| < 1 (P™=0 = 1), but 
|25,23, 0, m 1} is clearly transformed non-adiabatically (Pa

m 1 = 0.6) showing that the system 
is not totally hydrogenic. 

Figure 1(b) shows (k) and corresponding values of A,ol for the initial states 
125,23, 0, ±1}. It is clear that the difference between / , | m | = 1 and Pj m | = 1 can be neglected. 
The two probability functions Pm=0(ic) and P'm = 1 (k) are obviously different. While they 
both show dips at k = 1 in perfect agreement with hydrogenic theory, p m l (*•) has dips also 
near k = 2.10, 3.85 and 4.45, which are not seen in Pm=0(ic) and which are not explained by 
hydrogenic theory. 

3. Theory 

The Hamiltonian of a pseudo-one-electron atom interacting with the present electric and 
magnetic fields may be written, 

H = Hq + Ez(t)z + Ex(t)x + \BXLX, (10) 
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Figure 7. Adiabatic parameter and SFI areas versus k for Ei = 6.27 V cm 1, A — A,-as; — 
1.24 lis'1, and fi = 13.36 gauss, (a) Initial State |25, 24, 0, 0); triangles, Am; full points, Pa\ 
crosses, P = Pa- A,01. (b) Initial state |25,23,0, ±1); triangles, Atot; full points, Pa. 

where Hg = — ̂  — j + Vc (r) is the Hamiltonian of the unperturbed one-electron atom, Ex (I) 
and Ez (t ) are the time dependent electric fields in the x- and z-directions, respectively, and Bx 

is the constant applied magnetic field in the AT-direction. With the present geometry the time 
dependent field, equation (3), is explicitly written, for t > Uy. 

E(t) = (0,0, —Ej) + (£f sinØ, 0, Et cosfl + £0 (1 - exp[-A(r - r0)]). (11) 

The potential is accurately described by a long range Coulomb potential of the hydrogen atom 
and a short range core potential which decays exponentially outside the radius of the Li+(ls2) 
core. In the absence of this potential, it is well known [18] that the 0(4) symmetry properties 
of the Coulomb potential allow the dynamics to be described in terms of two independent 
pseudo-spin particles with total spin J+ and each moving in an effective magnetic field 

or <5_, respectively (Jl = j ( j + 1) with j = \(n - 1)). The at's are related to the 
electromagnetic field through: 

<o± = ±\nE + \B. (12) 

The magnetic systems may be solved independently based on a two-state, spin- \ system, related 
to the J± by angular momentum addition [19,20] and in certain situations a Landau-Zener 
parametrization, as described in section 2, applies [4,21], Then, for k = 1, the two Landau-
Zener probabilities take the values p+ z = 0 and p t 2 = 1, respectively. This implies that the 
pseudo-spin particle corresponding to the total angular momentum operator J- develops fully 
diabatically, whereas the other pseudo-spin particle behaves completely adiabatically. 

In the present setup the two spins J± point initially in opposite directions. The result 
of fully diabatic behaviour of e.g. J and adiabatic development of J+ is parallel spins in 
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the final state. The total wavefunction, which is just the product of these two independent 
pseudo-particle wavefunctions, will then necessarily be in a high angular momentum state. 
This state is identified with quantum numbers |n lm) — |25, 24, 24}, i.e. a circular state, where 
m refers to a quantization axis parallel to the electric field. Indeed, as seen in figure 3 and in 
calculations, this process takes place even in the presence of core electrons. 

Generally, the core potential breaks the O (4) symmetry and a spinor representation is only 
approximately correct. Specifically, the core potential introduces non-negligible quantum 
defects, Si, of the low angular momentum states, which modify the field free energy levels 
according to: 

The quantum defects are almost independent of the principal quantum number n, which implies 
that the symmetry breakdown is 'global': as long as the presence of inner electrons manifests 
itself in non-negligible quantum defects, they cannot be ignored with reference to increasingly 
larger radii of the atomic states with increasing n. In the present systems the relevant quantum 
defects are Ss = 0.3995, <5P = 0.0472, SA = 0.0021, 3, = 0.0003. 

The wavefunction is therefore expanded in terms of hydrogen-like quantum-defect 
wavefunctions of the n = 25 manifold, 

where n* = n - Si is the effective quantum number. The radial function outside the core is 
accurately described by the Bates-Damsgaard type [22]. Inserting this expansion into the time 
dependent Schrodinger equation, (H — t) = 0, leads to a first-order coupled matrix 
system of equations for the expansion coefficients, cfm(t): 

The coupling matrix, M, becomes sparse due to the Al = 0, ±1 , Am = 0, ± 1 selection rules 
of the*-, z and Lx -operators. Thus, the time integration is rather simple with present computer 
power. A significant speed up is further obtained when noting that the quantum defect of the 
25s state is so large that this state falls completely outside the energy range of the relevant 
dynamics. Since the state is never populated, but requires much smaller time steps due to 
the fast induced oscillation of the quantum defect, it is left out of the expansion, leaving 624 
coupled states. In contrast, the p-, d- and f-quantum defects are of the correct order to perturb 
the eigenenergy levels of the core-free hydrogen atom significantly. The perturbation of the 
f levels of hydrogen, Sr, which only covers 0.08% of the strength of the s quantum defect, is 
of the same order of magnitude as a typical splitting of the Stark-Zeeman levels for the fields 
discussed here [11]. The effects of the quantum defect wavefunctions on the non-diagonal 
terms are found to be negligible, and replaced by analytical values for hydrogen. 

The quantum defects however do have a significant effect on the dynamics through the 
diagonal elements of the coupling matrix, given by equation (13). Even quite small quantum 
defects change the dynamical features completely. To illustrate this point we compare in 
figure 8 the energy levels of hydrogen and lithium near the 'turning point', i.e. the time region 
of minimal splitting when the z-component of the electric field changes sign. In the discussion 
to follow relating to figure 8 the states are labelled according to the Stark states with which they 
correlate adiabatically. We observe two distinctly different features of the uppermost energy 
curves: for Li the two uppermost pairs exhibit avoided crossings, a single distinct crossing 
between the states |25, 24, 0, m = 0} and |25, 23, 0, m = 1} and two diffuse crossings around 

(14) 
l,m 

(15) 
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Figure 8. Time dependent uppermost adiabatic energies of a H(n = 25) (a) and a Ii(n - 25) 
(hj atom following a diagonalization of the Hamiltonian with b = 13.36 gauss, k = 3.88 
and /. = 0.71 / i s - 1 . The solid curves show the states that correlate with the Stark states 
\n,ni,n2,m} = |25, 23, 0, 1}, |25,22, 0, 2}. The arrows in (b) indicate the location where the 
coupling between these states can be approximated by the dynamics pertaining to two states 
going through two isolated avoided crossings, (c) shows the probability of the system to remain 
in the initial Li(n = 25, ni -- 23, ri2 = 0, m = 1) (solid curve) and to transfer to the 
Li(n = 25, ni = 22, ni = 0, m = 2) state (dashed curve). 

t = 2.30 and 2.35 us between the states |25, 23,0, m = - 1 } and |25, 22, 0, m = 2}. In 
hydrogen no such crossings occur and, correspondingly, the dynamics through this region 
become very different. This is shown in the lower panel of figure 8 where the probabilities of 
remaining in an initial |25, 23, 0, m = —1} state and of populating the state |25, 22, 0, m = 2} 
are shown. Around the two crossing regions the two states interact strongly leaving less than 
20% in the initial state. A corresponding calculation for hydrogen shows zero interaction 
between the two states, leaving 100% in the initial state. 

The effect of the avoided crossing between the two uppermost Li states are shown in 
figure 9, where the calculated probability for remaining in the initial |25,24, 0, m = 0} state 
and for populating the |25, 23, 0, m = 1} state are shown as a function of tc. For tc > 3 
the only relevant dynamics are governed by these two states which interact around a single 
isolated crossing. The passage of the crossing is determined by experimentally controllable 
parameters, an ideal situation for precision testing of the Landau-Zener approximation. Again, 
for hydrogen this strong interaction does not take place for k > 3. The two-state-interplay 
may in future experiments be studied by the SFI technique if it is possible to form high-voltage 
pulses fast enough to force the m = 1 states to field ionize diabatically. 
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Figure 9. Probability for remaining in the initial Li(n = 25, ni = 24, «2 = 0, m = 0 ) state 
(solid curve) as a function of k for b = 13.36 gauss, X = 0.71 /AS-1. The dotted curve shows the 
probability for transfer to the Li(n = 25, n\ = 23, nt = 0, m = 1) state. The dashed curve is the 
sum of these two probabilities. 

4. Results and discussion 

In this section a series of calculations will be compared with experiments but before doing 
so we make two comments. First, the transformation of the Rydberg states as they drift from 
the Stark cage to the SFI region is expected to be adiabatic (section 2.3) so it is sufficient to 
select from the calculations all states with corresponding to |m| = 0, 1 immediately after the 
rotation of the electric field (a>s » ffl[ so m is approximately a 'good' quantum number). 
These are the states that eventually field ionize in the adiabatic channel, and the probabilities 
of populating those states correspond to the experimental adiabatic probabilities pm=0 and 
Pml 1. If the adiabaticity assumption is incorrect one would expect to see a first indication 
in the region around k = 1 since in this region most states of the n-manifold are populated: 
a large (unknown) number of diabatic crossings between these states before the SFI region 
would expectedly lead to large deviations from a theoretical spectrum. Second, while the non-
degenerate Stark state |25, 24, 0, m = 0} could be excited selectively, it is natural to assume 
that the two degenerate Stark states |25,23, 0, m = ±1} were populated equally (figure 4). 
Only 50% of the Rydberg atoms are thus initially in the state |25, 23,0 , m = - 1 } that shows 
avoided crossings with |25, 22, 0, m = 2 } and the rest are in the state |25, 23, 0, m = 1} 
that couples to |25,24, 0, m = 0} (figure 8). Therefore, even though the probability for the 
transition |25, 23,0, m = - 1 } |25,22, 0, m = 2} approaches unity (figure 8), at most 50% 
of the total population of |25, 23, 0, m = ±1} is transferred to states with \m\ ^ 2 that field 
ionize diabatically. This explains why the dips in figure 7 at k > 1.8 never go below 50%. 

Experimental and theoretical probabilities Pm=0 and P'"1'1 1 for the selected values of Bx 

and X are shown in figures 10-13. The overall agreement between experiment and theory is 
amazingly good. Almost every structure seen experimentally is reproduced in the calculations, 
and the trend towards sharper structures for increasing magnetic field strength or time constant 
for the variation of the electric field is also followed closely. Some deviation is seen, however, 
in the exact positions of the structures. Since the largest deviation (~3.5%, figure 11(6)) is 
within the error on k, it is most likely due to calibration errors. There is also some deviation 
in the strengths of the dips near k = 4. The experimental dips are not as deep as expected. 
In the interpretation of the experimental data it was assumed that states with |m| = 0 , 1 field 
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FigurelO. Probabilities for occupying a state with |m | ^ 1 after field variation versus the parameter 
K defined in equation (5). The angle $ was varied. et = 6.27 V cm~ ', /, = Afast = 1.24 /AS" 1, and 
B = 13.36 gauss, (a) Initial state, |n, m , n2 , m) = | 25 ,24 ,0 ,0} . (b) Initial state, | 25 ,23 ,0 , ±1) . 
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Figure 11. Same as figure 10 except that B = 23.59 gauss. 

ionize purely adiabatically while all other states field ionize completely diabatically. While 
the assumption concerning the adiabaticity of the | m | = 0 , 1 states certainly is fulfilled there is 
some doubt about the complete diabaticity of the \m\ =2 states. Actually, for \m\ = 2 and in 
the absence of a magnetic field, the probability for diabatic passage of the first inter-n avoided 
crossing may deviate from unity by an estimated adiabatic probability of about 5% [23]. The 
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Figure 12. Same as figure 10 except that B — 33.37 gauss. 
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Figure 13. Same as figure 12 except that /. - Åsinw - 0.621 fis 1. 

small magnetic fields present in the experiments could increase the interaction at the avoided 
crossing a little and lead to an even larger adiabatic probability. A small fraction of Rydberg 
atoms with \m | = 2 thus behave in field ionization as if they had m = 0 or ± 1. It is therefore 
likely that the observed deviation is due to a small adiabatic SFI channel for m = 2 states. The 
observed trend towards larger deviations for larger magnetic fields is explained qualitatively 
by the same hypothesis. 



418 M Førre et al 

The dips at the higher if-values (k ~ 4) appear as a result of the re-organization of the 
energy levels due to the decoupling of the s state by the s quantum defect. The exact magnitude 
of SS plays a minor role. It places the dips near JT = 3 for a range of values around its nominal 
value SS = 0.399. For the p-, d- and f-quantum defects, which cover only 12, 0.5 and 0.08% of 
(5S, respectively, the situation is different. Their successive inclusion causes the dips to move 
systematically towards higher k-values. Even the tiny f-quantum defect causes a significant 
shift of a few percent. 

It is interesting to note that the transition between the uppermost m = 0 state and the 
neighbouring m = +1 state is due to one single avoided crossing, whereas the transition 
between the m = —1 and m = +2 states is due to two time-separated avoided crossings, 
each obeying pure two-state dynamics (see figures 8 and 9). The difference between the two 
situations, one showing a single dip and the other a regular pattern of several dips, is a result of 
phase correlations between the two avoided crossings governing the latter case. The general 
features of such two-state dynamics will be explored in a future work. 

In contradiction to the dips near k = 4, the lower-lying dips around k = 2 are a result of 
multi-state dynamics. Here not only two but at least six states from the top of the n-manifold 
contribute. Many more states, forming a distribution centred near the middle of the manifold, 
are populated when k approaches 1 from above or below, but in a narrow region around 
K = 1 the distribution collapses into a single state. For m = 0 this is the circular Stark state 
|25,0,0,24}. 

Small and irregular oscillations of high frequency are predicted by theory near k = 1. 
The oscillations were resolved in the experiments in a few cases (tc = 1.22 in figure 13(a) and 
K = 1.47 in figure 11 (b)) and in others the oscillations were merely reflected in the form of 
irregular kinks in the experimental curves (tc = 0.85 in figures 12(a) and (b) and tc = 1.27 in 
figure 13(6)). 

5. Summary and conclusion 

In the present paper we described a detailed experimental and theoretical investigation of 
the Li(n = 25) state dynamics in a specified time dependent electric and magnetic field 
configuration. Excellent agreement between experimental and theoretical results was achieved. 
The agreement allowed for the interpretation of the dynamics in terms of time dependent 
passages through avoided crossings. In particular, complete diabatic passage of avoided 
crossings at ic = 1 leads to the selective population of a circular Stark state. 

Quantum defects of the p, d and f states have been shown to play a decisive role in 
the dynamics. The departure from the pure Coulomb potential results in effectively isolated 
avoided crossings between two or a few energy curves. The traversal of the crossing region can 
be very precisely controlled through experimental parameters. By a correspondingly careful 
selection of initial states as well as possible enhancements in the SFI technique, few state time 
developments may be studied at a precision which may be difficult to obtain in atomic collision 
or quantum optics experiments. For example, a series of coherently controlled transitions from 
an initial to a circular state may provide new and exciting dynamics as well as applications. 
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1. Introduction 

The intrashell dynamics of highly excited Rydberg states of atoms under the influence 
of time-dependent fields has been a subject of increasing interest after it was realised 
that the problem in many cases can be simplified considerably. The extremely complex 
problem involving a large Hilbert space of degenerate states can be reduced to just two 
independent two-state problems provided the fields are weak and the dynamic symmetry 
of the field-free Coulomb potential is intact as for Rydberg states of hydrogen [1], The 
fields are weak when inter-shell mixing by the electric field and diamagnetic effects of 
the magnetic field can be ignored. The dynamic symmetry is broken when the potential 
deviates from the Coulomb form 1/r, where r is the distance between the positively 
charged atomic core and the electron. Due to the long range of the Coulomb force, 
electrons in highly excited states move over large spatial regions on the atomic scale 
and are only seldom, if ever, found near the nucleus, where the potential may deviate 
from the pure Coulomb form. Deviation is found in the presence of inner electrons, 
which screen the Coulomb potential of the bare nucleus. Highly excited electrons of high 
angular momentum are effectively kept away from the inner electrons of the core region 
by a strong centrifugal barrier. These electrons experience an almost pure Coulomb 
potential and their motion deviates only insignificantly from hydrogenic motion in most 
respects. For these reasons it is expected that the reduction of the intrashell dynamics 
to two simple two-state problems, which is exact for hydrogen, applies also for other 
atoms provided the angular momentum is sufficiently high. Exactly what "sufficiently 
high" means in this context is an important question, which is not easily answered. 

In an attempt to elucidate the question a series of experimental and theoretical 
studies were conducted on Rydberg states of Li with principal quantum number n = 25 
[2, 3, 4, 5, 6, 7]. They concentrate on slowly varying superpositions of electric and 
magnetic fields for which the electronic motion typically adjusts itself adiabaticallv to 
the changing external field. Deviation from adiabaticity occurs near avoided crossings 
of the field-dependent Stark-Zeeman levels of the n-shell, and is expressed in terms of 
adiabatic probabilities, Pad. The studies took advantage of the unique properties of 
the coherent elliptic states (CES) and their immediate neighbours in the n-manifold. 
Of particular interest is the continuous range of angular momentum expectation values 
obtainable experimentally, a range that extends from zero to the largest possible value 
for the shell [8, 9]. 

The previous studies include the switching without rotation of an electric field, 
E. from one direction, +E, to the opposite one, — E, at constant rate, dE/dt, in the 
presence of a static magnetic field, B [2, 3, 4]. Strong deviation from adiabatic response 
was seen experimentally when the switching time r was short and the magnetic field 
had only a small component perpendicular to the electric field, Bp [3]. Transition from 
the initial state took place while the electric field was close to zero and the initial state 
almost circular. The boundary between the adiabatic regime at large Bp and r and a 
non-adiabatic regime at smaller Bp and r was found to be described accurately by the 
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two-state theory, as one would expect due to the large angular momentum of the initial 
state involved. However, the population of states close to the middle of the manifold 
for strongly non-adiabatic switching was reproduced only qualitatively [3]. A numerical 
calculation which took into account effects of the Li+ core improved the agreement with 
experiment considerably and showed that the dynamic response of states of low angular 
momentum, as found near the middle of the manifold, is strongly core-dependent [4]. 

In another study the electric field switching implied a rotation as well as a change 
in absolute strength [6]. The end-point of the field vector, E(t), followed a straight 
line from initial, Et, to final, Ej, values. The rotation of E was by more than 150°, 
and the switching again took place in the presence of a static magnetic field, B, which 
in these measurements was perpendicular to Ei. In agreement with hydrogenic theory, 
strong deviation from adiabatic behaviour was observed when the field parameters were 
such that 3nE ~ B or 3nE ~ —B at some critical time during the switching when 
close avoided crossings are met (Stark frequency close to Larmor frequency). For other 
field parameters, the transformation deviated only little from being adiabatic in the 
case of initial CES. The two states nearest to the CES in the Li energy spectrum were 
also studied. One of these behaves quite differently from the CES. At specific field 
parameters it shows strong resonance-like deviation from adiabaticity, modulated by 
interference fringes. These structures were reproduced in numerical simulations and 
attributed to couplings arising from core effects [6]. 

In vet another previous study it was shown that circular Rydberg states in a 
homogeneous magnetic field show resonance behaviour when perturbed by a harmonic 
electric field [5]. The resonances may shift and broaden when the strength of the 
harmonic field is increased [7]. This is in full agreement with hydrogenic theory [10, 11] 
which also reveals a close similarity between this phenomenon and nuclear magnetic 
resonance. The agreement with hydrogenic theory was expected since circular Rydberg 
states w'ere involved. 

Whenever a deviation from hydrogenic theory was met in the previous studies, it 
could be explained as a core effect. The present theoretical and experimental effort was 
done to provide more information on the limits of applicability of hydrogenic theory by 
choosing field configurations that result in more massive deviation than seen previously 
in field-switching studies [2, 3, 4, 6]. Simply increasing the strength of the magnetic 
field and changing its direction towards Ei suits this purpose, but it also complicates 
the analysis since the two independent spin systems of the hydrogenic theory become 
different. Two sets of avoided crossings among the Stark-Zeeman levels, one belonging 
to each spin system, are now passed at two different times during the switching. This 
complication can be avoided, however, by switching the electric field through 90° only, 
(Ef _!_ Ei). One set of avoided crossings is then never met so transitions near the other 
can be studied without disturbance. 

Improved knowledge of Rydberg intrashell transitions driven by external 
homogeneous fields is valuable in other areas of physics. We mentioned already the close 
similarity between magnetic resonance phenomena and resonant intrashell transitions. 
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Resonance shifts and broadenings can be studied relatively easily for a wide variety 
of field configurations in the case of intrashell resonances, a task which is much more 
difficult for magnetic resonances. Intrashell resonances are also important for microwave 
ionisation of Rydberg atoms [12, 13, 14]. The simplicity of the intrashell part of this 
complex process is brought out clearly by hydrogenic theory [15, 16] but complications 
can certainly arise for non-hydrogenic systems. Distant collisions between charged 
particles and Rydberg atoms occur in various plasmas and contribute to their properties. 
Such collisions can be studied experimentally, but only with difficulty [17]. Intrashell 
transitions have huge total collision cross sections dominated by contributions from 
large impact parameters. The time-dependent field of the ion is therefore approximately 
homogeneous over the volume of the Rydberg atom, so knowledge from studies like the 
present becomes applicable to this type of collision process too [18, 19]. Since explicit 
time-dependence of the fields can be associated with semi-classical motion and impact 
parameter selected collisions, the connection is at the level of differential cross sections. 

Atomic units (h = e — me — 1) are used throughout in formal expressions. 
Experimental electric and magnetic fields are given in units of V/cm and G, respectively. 
The Stark frequency for 1 V/cm and n = 25 is 2n- 47.98 MHz and the Larmor frequency 
for 1 G is 2?r • 1.400 MHz. 

2. Experimental arrangement and procedures 

The experimental setup is described extensively elsewhere [6], so only the features 
important to this experiment will be discussed here (figure 1). Briefly, a Li atomic 
beam is produced in an oven heated to about 400°C. The beam is collimated by a long 
vertical channel before entering into the interaction region, called the Stark cell. A set 
of three pulsed, tunable dye lasers excite the Li atoms to a Rydberg state with principal 
quantum number n = 25 according to the sequence 2s —> 2p —• 3d —> n, which 
corresponds to wavelengths of 670, 610 and 831 nm, respectively. The three lasers are 
pumped for about 5 ns by the 532 nm light from a Nd:YAG laser pulsed with a frequency 
of 14 Hz. A beam expander and Fabry-Perot etalon limit the bandwidth of the third 
laser (831nm) to 3.3 GHz or 0.11 cm -1 . The excitation takes place in the presence of 
a strong electric field (~ 145 V/cm) parallel to the polarisation direction of the laser 
light. The field is created by applying appropriate voltages to a set of 8 vertical bars 
distributed symmetrically around the beam axis. It partially removes the degeneracy of 
the shell allowing the selective excitation of the initial state [6]. 

In this experiment the dynamics of certain initial states is studied when these are 
influenced by a constant magnetic field B produced by an electromagnet and a time-
dependent electric field, which varies according to the expression 

É(t) = Éi + (Éf - Éi) • r(t), (1) 

where Ei and Ej . as before, are the initial and final fields, and the switching function 



Core effects in intrashell dynamics •5 

r(t) can be expressed as 

r(t) = I ° t < t o (2) [ > \ 1 - exp(-A(t - t0)) t>t0, 1 j 

with t — 0 at the laser excitation, to = 1 fis, and A = 1.24 /xs-1. The switching thus 
takes place within a few microseconds during which the atoms move a distance of a few' 
mm. Following the switching the atoms fly in the combined fields {E; and B) and after 
about 30 //s they exit the Stark cell and drift in between a set of two parallel plates 
with a constant applied field of typically 10 V/cm. About 40 /is after the excitation, a 
rising electric field with a constant slew rate of 421 (V/cm)///s is applied for about 8 
/its. The rising field can be started at various times to test for a possible influence on the 
results from the thermal velocity component thus selected. The field ionises the atoms 
at field-values that depend on the quantum numbers. The ions formed are accelerated 
onto an electron multiplier and the pulses from this detector are averaged over typically 
100 laser shots and stored in a digital oscilloscope. The resulting spectrum is a so-called 
selective field ionisation (SFI) spectrum by which it is possible to extract information 
on the state distribution of the Rydberg atoms [20]. 

The strength of the initial field allowed the selective excitation of each of the two 
uppermost Stark levels of the manifold. These have the parabolic quantum numbers 
|n, ni, n2, m} = 125, 24, 0,0} and |25, 23,0, ±1} [20]. The m = ±1 states are not resolved 
experimentally so we assume that the state initially excited by the laser is a superposition 
of the form (|25, 23, 0,1} + |25, 23,0, - l } ) / \ / 2 , but the coherence is lost in the averaging 
over many laser shots (typically 100). After excitation the electric field swept through 
90° while its strength was reduced to a final value between -6 V/cm and 6 V/cm 
(equation (1) and figure lb). The switching was done in the presence of a magnetic 
field of 123 G or 133 G and angles <p = 0°, 7° or 13° with respect to the z-axis (figure 
1 b). The angles and fields were chosen to give x-projections of 0, 15 and 30 G, which 
are close to the values used in [6]. 

If the dynamics is adiabatic throughout the experiment until SFI, i.e. without 
transitions, the Stark quantum numbers of the wavefunction are unchanged, but they 
now refer to the direction of the final field. This happens when the Stark-Zeeman 
splitting is large in comparison with the rate of change of the wavefunction at all times, 
including the period near the avoided crossings. 

When the atoms leave the Stark cell and enter the SFI region the transformation 
is slow and adiabatic. The ramp field carries the atoms into the region of inter-
n mixing where the evolution is different for different states. Atoms in states with 
jm| = 0 or 1 behave adiabatically in this region and ionise at the classical limit, being 
indistinguishable with our experimental resolution. On the contrary, the dynamics is 
totally diabatic when |m| > 2. Such states ionise at a field value far above the classical 
limit [20]. States with |mj = 2 do not belong to any one of these two limiting cases. 
This is discussed further in Section 4.4. While adiabatic evolution during SFI implies 
ionisation at the classical limit and a sharp peak in the SFI spectra, diabatic evolution 
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typically leads to a broad distribution of intensity above the sharp adiabatic peak. 
To have a measure of the adiabatic probability, Pad. we took the ratio between 

the area of the adiabatic peak and the total SFI spectrum. Despite the dependence of 
this apparent probability on the atomic velocity distribution and the radiative decay in 
flight , several checks have proved that it is representative of the real adiabatic probability 
[6]. In detailed comparisons with theory it should be remembered, however, that the 
experiment does not necessarily detect the smallest deviations from adiabaticity. Pad is 
not identical with the true adiabatic probability but represents the total probability of 
populating a final state that correlates with a Stark state of \m\ — 0, 1 or possibly 2. 
When the initial state, which correlates with Stark states of |m| = 0 or 1, is strongly 
coupled to the rest of the manifold the population quickly spreads to states that correlate 
with |?n| > 2 which are distinguishable. Pad is thus a good proxy for the true adiabatic 
probability when the coupling is not too weak or limited to an immediate neighbour of 
the initial state. An example of failure in detecting a transition to a single neighbouring 
state can be found in [6] where theoretical predictions of the population of an |m| = 1 
states from an initial m = 0 were concealed. 

The experimental results have systematic errors. Absolute field values are known 
only to within ~ 2%, there are inhomogeneities of the same order of magnitude, and 
the relative direction of electric and magnetic fields is uncertain by ~ 1°. There is also 
a systematic error from the analysis of the SFI spectra. This error is responsible for 
the deviation of Pad from 0 at the large hydrogenic dip seen in each set of experimental 
data. The point-to-point fluctuations of Pad(Ej) expose statistical errors. Structures of 
period >0.1 V/cm are real and reproducible. 

3. Theory 

3.1. Hydrogenic theory 

The intrashell dynamics of a Rydberg hydrogenic atom in time dependent electric and 
magnetic fields may be reduced to two independent problems for pseudoparticles with 
spin-1/2 [1]. This reduction uses the symmetry properties of the Coulomb potential 
[21] and describes the dynamics in terms of two independent pseudospins of the same 
constant length, (n — l)/2, precessing around two pseudomagnetic fields defined as a 
linear combination of the electric and magnetic fields 

= Q l + and = ujl — tZ's, (3) 

where l3l = | B is the Larmor frequency and LJS — ^riE the Stark frequency. The 
spectrum of energies is 

Ei+.i_ = + + (4) 

where i+ and are quantum numbers between ±(n — l)/2. Transitions take place 
predominantly when uj+ or u>_ goes through a minimum. 
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The problem can be reduced further. For each of the two pseudoparticles of spin 
(n — l) /2 one can formally introduce a system of (n — 1) independent pseudoparticles 
of spin 1/2. The dynamics is then simplified to (n — 1) independent and identical spin-
1/2 problems for each of the fields ui±. For transient field variations, the two spin-1/2 
problems that need to be solved result in spin-flip probabilities p± associated with CJ±. If 
the uppermost state in the manifold is considered, the probability that the atoms remain 
in the same state when the fields become stationary is Pad = (1 — p+)n _ 1(l — p_)n_1. 
In the present case only one spin system is active, p+ = 0. Then Pad simplifies to 
pad = (1 _ p _)n- l . 

3.2. Numerical simulations 

The non-relativistic Hamiltonian of a pseudo-one-electron Rydberg atom in homoge-
neous time-dependent electric- and magnetic fields is given by 

H = ~ V 2 - i + Vc(r) + g(t) • ?+ \É(t) • f , (5) 

where f i s the electron coordinate, I the angular momentum, and Vc(r) the core potential 
defined as the difference between the Li potential and the coulomb potential, — 1 jr. 
Spin-orbit effects have been neglected since they are small for lithium [20, 22], and the 
diamagnetic term is left out because the fields are assumed to be weak. If the electron 
is localised in a single Rydberg manifold n, with degeneracy n2, a suitable basis is the 
set of n2 orthonormal spherical states | nlm). Restricting the Hilbert space to this basis 
is justified on timescales much shorter than the natural lifetime, and for field strengths 
such that neighbouring Stark n-manifolds do not overlap (E <C n 0 and B <C n~4). 

At any time, the state vector can be expanded in the orthonormal spherical state 
vectors: 

\*) = '£clm(t)\nlm). (6) 
lm 

Then the evolution is described by the linear coupled equations 

icim(t) = Y , Hi„a<m'(t)cym>(t). (7) 

I'm' 

The matrix elements Himj>m>(t) can be evaluated in closed form and the equations 
integrated numerically. The coupling matrix is sparse with all non-zero matrix elements 
known analytically [20, 23, 24, 25]: 

(nlm\Vc(r)\nl'm') 

(•nlm\Exx\nl — lm ± 1) 

(nlm\Ezz\nl — lm) 

Onl 
n 3 

= T ~nEx 

— — -nEz 
2 

4(4/2 - 1) 

(P -m2)(n2 -I2) 

4 P - 1 
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{nlm\Bxlx\nlm — 1) = + ^BxyJ(l +m)(l — m + 1) 

(•nlm\BJz\nlm) = +mBz 

Here Sni are the quantum defects, which represent the deviation from the pure hydrogenic 
potential due to the core potential Vc(r). The quantum defects have a pronounced 
effect on low angular momentum states which penetrate into the core region. For highly 
excited Rydberg states the quantum defects become energy independent [26], and for 
lithium they are given by Ss = 0.3995, åp = 0.0472, Sd = 0.0021, 6f = 0.0003, and 

~ 0 for I > 3 [20]. The quantum defect of the 25s state is so large that this state 
is effectively decoupled from the rest of the manifold for our choice of field parameters 
[6]. Since the 25s state is never populated it is taken out of the basis, resulting in a 
significant time-saving in the numerical integration. The other quantum defects are all 
found to be important including the small 6j. 

4. Results and discussion 

Experimental and theoretical adiabatic probabilities for the different magnetic fields 
selected experimentally are shown in figures 2-8. The initial laser excited states are the 
uppermost Stark states of parabolic quantum numbers \n,ni,ri2,m} = |25, 24,0, 0} or 
12-5, 23, 0. ±1}. Transitions take place near the avoided crossings that are met when 
goes through its minimum value, equation (4). At this time the initial states have been 
transformed adiabatically. This is not important for hydrogenic systems since these 
are described by the pseudospin-1/2 formalism in which the spin is always either up 
or down initially. For non-hydrogenic systems, however, the transformation determines 
the /-distribution and therefore the importance of quantum defects in the region of 
transitions. 

In all figures experimental values of Pad are total probabilities that the switching of 
the electric field populates Stark-Zeeman states that eventually field ionise adiabatically. 
These are states that correlate with Stark states of |m| < 1, but states correlating with 
|m| = 2 may also contribute with some probability (Section 4.4). The theoretical 
calculations determine probabilities of populating individual final states. We use the 
notation p\nm^2,m) f o r t j j e probability of populating the specific Stark-Zeeman state 
that correlates with the Stark state |n, ni,n<2,m}. Theoretical Pad-values are total 
probabilities of populating states that correlate with |m\ < 1 or with |m| < 1 and 40% 
of \m\ = 2 . Explicitly 

pad _ p\m\<l pad _ p>|m|<l _)_ Q 4Q p l m l = 2 

with 
1 K 

p\m\<l p\n,n\,n2.m} 

rn— — l k~~K 
and 

K 
p\m\—2 _ ^p\n,ni,712,-2} p\n,ni,m.2 

ik=-K 
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where k — nj —112 and K = n—\m\ — \. When Pad is close to 1, only a few neighbouring 
states with quantum numbers close to the initial ones become populated, but many 
states of much different quantum numbers are involved when Pai ~ 0. 

Figure 2 shows experimental and theoretical values of Pad for the initial state 
|25,24, 0,0} which is the uppermost Stark state of the manifold. These data were taken 
for parallel Éi and B, with B = 133 G. Quantum defects are not important and the 
agreement between hydrogenic theory and experiment is good. It is representative 
for the other magnetic field directions used experimentally, so in the remainder of 
the paper we concentrate on the initial states |25,23,0, ±1}. Rich structure is 
predicted and observed in Pad for these states. Theoretically, the structures are due to 
transitions exclusively from the Stark-Zeeman state that correlates with |25, 23, 0, —1}. 
The quasienergy of this state lies below that of the inactive state correlating with 
125, 23,0,1}. The predicted transitions populate lower-lying states of positive m. Several 
experimental tests showed that the observed structures are real. These tests include the 
influence on the structures of the time-constant A, of the atoms thermal velocity, and 
of a small dc electric field on the SFI plates. In all cases the position and shape of the 
structures remained unchanged, but the probability values were found to depend on A 
as expected. 

4.1. Pai .for 125,23,0, ±1} with B = 133 G and ip = 0° 

Experimental values of Pad for an incoherent superposition of the initial states 
125, 23,0, ±1} and for a magnetic field of 133 G making an angle of 0° with the initial 
electric field Ei are shown in figure 3a. Pad is symmetrical about the main dip as it 
should be. The small deviations from symmetry are most likely due to experimental 
imperfections like a small misalignment of Ei and B. Several narrow structures are seen 
in the interval 0.5-1.5 V/cm, and outside of this a gradually increasing Pad, which rather 
suddenly goes to 1 near ±4 V/cm. Theoretical data for a superposition of m — ±1 states 
are shown in figure 3b. Theory reproduces experiment fairly well when it is assumed 
that the \m\ — 2 states behave adiabatically upon SFI with a probability of 40%. This 
assumption is discussed in Section 4.4. As mentioned above, the initial m — 1 component 
transforms completely adiabatically outside the main dip so the narrow structures as 
well as the overall shape of Pad can be attributed to transitions from the m — - 1 
component alone. This also explains the saturation at 0.5 seen in figure 3b. 

Figure 4 shows theoretical details pertaining to figure 3b. The population of states 
correlating with m = 2, 3 and 4 accounts for the deviation from adiabaticity in the 
interval 1-4 V/cm (figure 4b), and the narrow structures at 0.5-1.5 V/cm are due to 
population of individual states of larger m-values. As an example, the dips marked by 
arrows in figures 3a and 4a can be identified with m = 7 (figure 4c). 



Core effects in intrashell dynamics •10 

4.2. Pad for |25,23,0, ±1} with B = 123 G and <p = 7° 

Figure 5a shows experimental values of Pad for the initial states |25, 23, 0, ±1}. The 
angle between Ei and B is <p = 7° and B = 123 G (Bx = 15 G). The angle breaks the 
axial symmetry of the parallel field configuration discussed in Section 4.1 and leads to 
the asymmetry seen in the data. The hydrogenic dip is found near Ef = —0.45 V/cm 
in agreement with theory. The Stark-Zeeman frequency given by equation (3), 
equals zero at some time during the switching for this value of Ef. and the hydrogenic 
transitions take place at that time. Pad is smooth to the right of the hydrogenic dip 
(Ef > —0.45 V/cm) but shows rich structure to the left of it (Ef < —0.45 V/cm). 

As seen in figure 5b the agreement with experiment is good when it is assumed 
that \m\ = 2 states behave adiabatically upon SFI with a probability of 40% as in 
the previous example (Section 4.1). Some of the sharpest theoretical features are 
not resolved experimentally, but all major structures are observed. Figure 6 shows 
theoretical details pertaining to figure 5b. Transitions to the final state that correlates 
w'ith 125,22,0, 2} account for the smooth distribution to the right. The main structures 
to the left indicated by arrows in figures 5a and 6a are due to population of states that 
correlate with the most strongly polarised Stark states of m = 2, 3, and 4 (figures 6b, 
c, and d). The narrow structures predicted around Ef = —2 V/cm are associated with 
individual Stark states of m > 4. 

The charge cloud of the initial Stark state |25, 23,0, —1} is strongly polarised. The 
corresponding semi-classical motion is elliptic with eccentricity e ~ 1. The charge cloud 
is transformed adiabatically in the first part of the switching when is a decreasing 
function of time, and when the minimum of is reached the cloud has an elliptic shape 
with a value of e that depends on Ef. Exactly at the hydrogenic dip e = l / \ /2, but 
immediately to the right of it e <C l / \ /2 and immediately to the left e l/%/2. As 
Ef is adjusted away from the dip e increases gradually towards 1. This may give some 
qualitative understanding of Pad(Ej). The initial state is more hydrogenic to the right 
of the dip than it is to the left of it, so deviation from hydrogenic theory is expected to 
be less dramatic and include fewer states to the right than to the left as actually seen. 

The variation of e across the avoided crossings seems to be important too. This 
is brought out by comparison with an earlier experiment which is verv similar to the 
present one [6]. The main difference is that B _L Ei and l(Ef,Ei) > 150° in the 
previous experiment. E(t) and therefore also e(t) is stationary at the crossings with 
this configuration. Some effects of the core were found, but these are much less plentiful 
than in the present field configuration where e varies strongly near the crossings. The 
sensitivity on de/dt can be explained qualitatively. Stark-Zeeman states of large e have 
low angular momentum components. These states are influenced by quantum defects 
and their quasienergies split off from the regular hydrogenic pattern of energy levels. 
Variation of e makes the split off levels, which are pinched between the hydrogenic 
levels near avoided hydrogenic crossings, move relative to each other while they are 
close together, giving rise to numerous close avoided crossings where transitions may 
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occur. 

4.3. Pad for 125, 23, 0, ±1} with B = 133 G and <p = 13° 

Figure 7a shows experimental values of Pad for the initial states |25, 23, 0, ±1}. The 
angle between Et and B is 92 = 13° and B — 133 G (Bx = 30 G). Again, the angle 
breaks axial symmetry and leads to the pronounced asymmetry. The hydrogenic dip is 
found near Ef = —0.90 V/cm in agreement with theory. As in the previous set of data 
pad, js s m o o t h to the right of the hydrogenic dip (Ef > —0.90 V/cm) but shows even 
richer structure to the left of it (Ef < —0.90 V/cm). 

The agreement between theory and experiment is quite good when it is assumed as 
before that the \m\ — 2 states behave adiabatically upon SFI with a probability of 40% 
(figure 7b). The sharpest theoretical structures are not resolved experimentally, but all 
gross features are present. 

Figure 8 shows theoretical details pertaining to figure 7b. Transitions to final states 
correlating with |25, 22, 0,2} account for the smooth distribution to the right. The main 
structures to the left are due to population of Stark-Zeeman states that correlate with 
the most strongly polarised Stark states of m = 2 and 3 (figures 8b and c). Narrow 
structures predicted around Ef = —2.5 V/cm are associated with individual states of 
larger m. The contribution from a m = 6 state is shown in figure 8d. The corresponding 
dip is marked by arrow in figures 7a and 8a. 

4-4- SFI of m = 2 states in the presence of strong magnetic fields 

The figures 4.b, 6.b and 8.b show that the state |25,22,0, 2} is heavily populated in 
the experiments. The |m| = 2 states define a border zone between states that ionise 
completely adiabatically \m\ < 1 or completely diabatically \m\ > 3. In order to 
understand the deviation between experimental and theoretical data in Figures 3, 5 
and 7, the SFI dynamics of 125, 22,0, ±2} states in the presence of intense magnetic 
fields have to be considered. In the absence of a magnetic field and with the SFI 
ramp of 421 (V/cm)/^s, the inter-n dynamics of the parabolic states |25,22,0, ±2} is 
essentially diabatic in the lithium energy spectrum [6, 27]. In our experiment a relatively 
strong magnetic field is present. This has a dramatic effect on the SFI dynamics of the 
ImI = 2 states. To measure it we performed close coupling integration of the Schrodinger 
equation. Details about the numerical calculations are described in Førre and Hansen 
(2003) [27]. The difference is that we now have a constant magnetic field component 
perpendicular to the ramp field. This additional field breaks the azimuthal symmetry 
of the problem. Hence, a full 3-D basis set including all values of m is necessary. As 
long as the SFI field is kept weak enough such that tunnelling ionisation is prohibited 
(SFI field <C l/16n4) continuum states are not important for the dynamics and can be 
left out of the basis set [27]. A truncated hydrogenic spherical basis of bound states 
including the manifolds ranging from n = 24 to n = 28, i.e. totally 3390 states, was 
sufficient to obtain converged probabilities. 



Core effects in intrashell dynamics •12 

In figure 9 the population on the initial 125,22.0,2} state as a function of the SFI 
field is plotted for selected values of the magnetic field. The magnetic field is seen to 
become less and less important with increasing electric field, and for a field > 600 V/cm 
the role of the magnetic field is negligible. Note that even for B=0 G the dynamics is 
not completely diabatic, as already pointed out by Førre and Hansen (2003) [27]. The 
curves are extrapolated up to the classical ionisation limit 850 V/cm). Figure 9 
shows that more than 80 % of the initial state has been transfered to other channels 
at this limit for the case of the strongest magnetic field (133 G). It is reasonable to 
assume that the loss of probability on the initial state equally distributes on states that 
ionise either adiabatically or diabaticallv [27]. Within this assumption we find that the 
125, 22,0, ±2} states have a probability of about 40 % to ionise adiabatically and to 
contribute to the adiabatic peak in the SFI spectrum. 

5. Summary and conclusion 

Intrashell dynamics within a highly excited Rydberg shell of Li driven by homogeneous 
time-dependent electric and magnetic fields has been studied theoretically and 
experimentally for situations in which the non-hydrogenic Li+ core plays a significant 
role. When the Rydberg atom is initially excited to a coherent elliptic state, the 
dynamics is found to be mainly adiabatic with deviations described accurately by 
hydrogenic theory. Core effects can be very important, however, even for the nearest 
neighbours in the Stark-Zeeman spectrum. Non-adiabatic dynamics is always found near 
avoided crossings among the Stark-Zeeman levels, and core effects are most important 
when the eccentricity of the elliptic-shaped charge clouds of the nearly coherent elliptic 
states is high and strongly field-dependent near the avoided crossings. The overall 
agreement between experiment and theory suggests that the frozen core approximation 
in equation (5) and the use of quantum defects indeed is valid for highly excited Rydberg 
systems. 
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Detector 

•14 
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14 Hz 

(a) (b) 

Figure 1. a) Experimental arrangement. A vertical beam of Li atoms is produced by 
an oven. Three pulsed laser beams excite the Li atoms to Rydberg states inside the 
Stark cell. This happens in the presence of a horizontal electric field formed by applying 
appropriate potentials to the bars of the Stark cell. The potentials are subsequently 
varied to study the dynamics of the Rydberg states in a time-dependent electric field. 
An quadrupole magnet (not shown) was wired to form a homogeneous magnetic field 
of : - istable direction and magnitude perpendicular to the Li beam. The Rydberg 
atoms are selectively field ionised in a ramped electric field between the plates in the 
detection region and counted by a secondary-electron multiplier. 

b)) Field configuration. The electric field varies from Ei to Ef as illustrated. 
Ei X E f . Ei ~ 145 V/cm and Ef is varied from -6 V/cm to +6 V/cm. A constant 
magnetic field B forms an angle ip with Three values of B (in G) are used 
{BX,BZ)=(0,133), (15,122) and (30,130). 
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Figure 2. Probabilities for populating states with m < 1 vs final electric field for 
B=133 G and ip = 0°. Initial state | n , n i , n 2 , m } = |25, 24,0,0}. a) experiment, b) 
theory. 

1 

Q.0.5 • 

(a) 
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Figure 3. Probabilities for populating states with m < 1 vs final electric field for 
B=133 G and tp = 0°. Initial state | n , n i , n 2 , m } = |25,23,0,±1}. a) Experiment, b) 
Theory. Full line: Pad = p H ^ i . Dashed line: Pad = P^i1 + 0.4 • p M = 2 . Dotted 
line: Pad = PI"1!-1 from the hydrogenic theory. Significance of arrow discussed in 
text. 
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Figure 4. Theoretical details relating to figure 3b. a) Same as figure 3b. b) Full line: 
p|25,22,0,2} D a g h e d line. p|25,21,0,3} D o t t e d Hne; p|25.20,0,4} c) p|25,.T,0,7} 
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Figure 5. Probabilities for populating states with m < 1 vs final electric field for 
B=123 G and <p = 7°. Initial state | n , j i i , n 2 , m } = |25,23,0, ±1}. a) Experiment b) 
Theory. Full line: Pad = p H < i . Dashed line: Pad = p l™^ 1 + 0.4 • p M = 2 . Dotted 
line: Pad = p H ^ i f r o m the hydrogenic theory. Significance of arrows discussed in 
text. 
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Figure 6. Theoretical details relating to figure 5b. a) Same as figure 5b. b) pi25.22 '0.2}, 
c-) p | 2 6 , 2 1 , 0 , 3 > (JJ p | 2 5 , 2 0 . 0 , 4 } 

Figure 7. Probabilities for populating states with m < 1 vs final electric field for 
B=133 G and <p = 13°. Initial state | n , n i , n 2 , m } = |25,23,0, ±1}. a) Experiment, b) 
Theory. Full line: Pad = p M ^ 1 . Dashed line: Pai = p M < i + 0.4 • p M = 2 . Dotted 
line: Pad = p l™^ 1 from the hydrogenic theory. Significance of arrow discussed in 
text. 
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Figure 8. Theoretical details relating to figure 7b. a) Same as figure 7b. b) p|25,22,o,2> 
c j p|25,21,0,3} j) p|25,18,0,6} 
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Figure 9. The probability to traverse the avoided-crossings in the Stark spectrum 
completely diabatically as a function of the SFI field for an initial state |n, ni , «2, m} = 
|25 ,22 ,0 ,2 | and for selected values of the perpendicular magnetic field. Slew rate of 
SFI field is 421 (V/cm)/jxs. The case B = 0 is from reference [27]. 
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The symmetry properties of the Coulomb potential allow for a dynamical spin-1/2 description of any fixed 
n level of a hydrogenlike atom in a time-dependent sufficiently weak electric and/or magnetic field. An explicit 
expression for the time dependence of the l,m amplitudes pertaining to a general n level is derived. The 
derivation follows on purely algebraic operations. Based on the derivation, we give analytical «-independent 
solutions to established and proposed schemes for driving the atom into a high angular-momentum state. 
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I. INTRODUCTION 

The theoretical description of atoms and molecules inter-
acting with various electromagnetic sources often requires an 
infinite Hilbert space due to a continuum of accessible elec-
tronic states. A rather complex mathematical description is 
then necessary, with possibly slow convergence. In general, 
numerical schemes, therefore, often require large basis or 
small grid sizes in order to achieve a solution of the Schro-
dinger equation. The underlying physical mechanisms may 
then be veiled, either because one simple process does not 
exist, or because the calculations are so complex that one 
fails to spot this process. In contrast, when only two or a few 
states are important, like for slow near-resonant atomic col-
lisions or atoms in weak resonant laser fields, the dynamics 
becomes very simple and is well understood, for example, as 
Stiickelberg or Rabi oscillations. 

Very few Hamiltonians offer an analytical solution for 
multidimensional Hilbert spaces. Some well-known such 
systems are certain versions of the multichannel Landau-
Zener model [1] or slow, distant collisions between ions and 
Rydberg atoms [2], and certain two-photon transitions in 
quantum optics [3]. The study of such quantum systems are 
particularly important in two respects: First, they may give 
insight into new dynamical features that may have potential 
application, e.g., in quantum computing [4], Second, they 
may be used as benchmark systems for testing and verifying 
numerical algorithms. The most important analytic multistate 
problem is perhaps the dynamics of a spin-J particle in a 
magnetic field, with H * B • J . It was showed as early as 1932 
by Majorana [5] that this problem can be reduced to a spin-
1/2 problem with each spin-1/2 "particle" evolving in the 
very same field. The original spin-J system can at any time 
be restored by angular-momentum addition. This property is 
closely related to the existence of analytic solutions of cer-
tain specific problems of atomic dynamics in magnetic fields, 
see, e.g., [6], 

Recently it has been pointed out that hydrogenic Rydberg 
atoms interacting with time-dependent electric and/or mag-
netic fields in many cases also belong to this class of analytic 
spin problems [7]: When the fields are weak such that the 

dynamics is well described within one principal n shell the 
symmetry properties of the Coulomb potential open for a 
spin description. By using the "Majorana reduction" the dy-
namics of the n level can be analyzed analytically. Interesting 
resonance phenomena, based on the solutions of a single 
spin-flip probability, were predicted and tested experimen-
tally [8]. This is a truly remarkable feature, since the comple-
mentary "real-space" process is described in a 
n2-dimcnsional Hilbert space where all states can take part in 
the dynamics in a completely nonperturbed way. 

The time dependence of the spin amplitudes may be ex-
pressed in terms of rotation matrices [9,10]. In an alternative 
algebraic approach Vitanov and Suominen [11] expressed the 
final-state amplitudes of an atom in a magnetic field in terms 
of a single transition probability, for a situation when the 
atom is initially in the m = ± I state. Triggered by their solu-
tion we generalize the algebraic approach such that it applies 
to any initial state and for any combination of electric and 
magnetic fields. The paper is organized as follows: In the 
following section the general theory is reviewed with empha-
sis on the derivation of the general connection formula. In 
Sec. Ill we apply the results to an analytical study of various 
time-dependent fields, which can produce a circular long-
living state of a general n level of the hydrogen atom. 
Atomic units are used throughout except where units are 
given explicitly. 

II. THEORY 

For weak-field strengths the Hamiltonian of a hydrogenic 
one-electron atom interacting with a time-dependent electric 
and magnetic field can be written as 

H=Ha + É{t)r+l-B(t)L, (1) 

where H 0 = — V 2 / 2 - Z / r is the Hamiltonian of the unper-
turbed hydrogenic atom with nuclear charge Z. The con-
straints on the field strengths are such that different n mani-
folds do not mix, which imply that the electric-field strength 
is smaller than the Inglis-Teller limit l /3n5 , and the 

1050-2947/2002/65(5)/053409(8)/$ 20.00 65 053409-1 ©2002 The American Physical Society 
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magnetic-field strength, B<l/n4 [12], Furthermore, the rate 
of change of the fields has to be small compared to the tran-
sition frequency between neighboring states. If an electron is 
initially within a certain n level the wave function can be 
completely described by an expansion on the spherical | n l m ) 
states, 

!*(')> = 2 «"-(01 nlm). (2) l,m 

Certain modifications may be necessary for an atom with 
core electrons, since the presence of the core electrons mani-
fest themselves, e.g., in quantum defects that may play an 
important role [13]. In the following we restrict the discus-
sion to the hydrogenic case, where the insertion of the above 
expansion into the time-dependent Schrodinger equation, 
(H—idldt)ty(r,t) = 0, leads to a first-order coupled matrix 
system for the expansion coefficients, a " m ( i ) , 

i^=H(t)a. (3) 

The coupling matrix H becomes sparse due to the Al = 0, 
± 1 and Am = 0 , ± 1 selection rules. Thus, the time integra-
tion is rather simple with present computer power up to 
quantum numbers n ~ 20-30, as long as the simulation time 
is reasonably short. For larger n, e.g., for « = 1 0 0 , the 104 

states required to span the wave function lead to time con-
suming computations and for even larger n the direct l,m 
basis approach can hardly be carried through. In this regime 
an alternative analytical approach based on two level sys-
tems may be particularly useful. 

PHYSICAL REVIEW A 65 053409 

referred to as two pseudospin particles. The wave function is 
separable, = 1 ^ - ) ® + even with time-dependent 
fields, and each component can be expanded as 

] 

l*±>= 2 bjM{t)\JM). (6) 
M=-J 

The Majorana theorem [5] states that an arbitrary spin J sys-

tem in a field w(t) is equivalent to 2J spin-1/2 particles 

rotating in the same field. Thus we may identify each of the 

spin operators as J - = I^L J t . Therefore, the solution of the 

spin systems may be obtained as simple two-state expansion 

in each spin-1/2 component, 

|./m> = c _ 1 / 2 ( t ) | i - i > + c + l f l ( t ) l i i ) . (7) 

By inserting this expansion in Eq. (5) we obtain the funda-
mental equation of any hydrogenic n level, 

é M 4 — " ^ I M - ® d ' \ c + i/21 2\(o--ia>y wz J \ c + j/2/ 
With a given initial conditions this system is usually easy to 
integrate numerically. In some cases an analytical expression 
exists resulting in fully analytical expressions of the spheri-
cal state amplitudes of the Rydberg level in question. This 
requires, however, an explicit transformation formula, which 
is now derived. It gives the time-dependent amplitudes of 
a1 m ( t ) explicitly in terms of any initial condition a " m ( ( 0 

= 0). 

A. Spin representation 

The classical orbits of a hydrogenic atom can be fully 

described by the angular momentum vector Lcl=rXp and 

the Runge-Lenz vector, Acl= ( l / V 2 | £ | ) ( p X L - ; / r ) . The 

corresponding Hermitian operators of quantum mechanics 

are straightforward L = rXp for the angular momentum and 

1 
A = • 

2 H0 

1 r 
- ( p X L - L X p ) - - (4) 

for the Runge-Lenz vector. Two general spins may now be 

defined by, J ± = j ( L ± A ) . Inserting this definition into the 

Hamiltonian, Eq. (1), together with Pauli's operator replace-

ment, r=jnA, and the energy replacement, H0= -l/2n2, 

gives 

H=u>+- J + + o j _ - , (5) 

B. Relation between spin-1/2 and spherical amplitudes 

The transformation from the spherical to the spin basis 
j / _ M _ ) ® | 7 + M + ) = | 7 _ M _ y + A f + > is simply defined by 

a = Td, (9) 

with d f a j ^ b j MbJ. and the matrix elements of T, 

T j j = { J j MjJ jMj \ lm) . The remaining main problem is thus 

to establish the relation between the two pseudospin 

amplitudes and the spin-1/2 amplitudes. We start by the 

expression of the coupled spin-/ amplitudes, 

[ b j i . - j f b j i . - j t + i • - - b j f j i i ordered as [b1,b1 ... bN], with 

N — rt. For clarity the index " ± " is omitted. The nonzero 

matrix elements of the coupling matrix H t describing the 

time evolution of b are 

H7liV(t) = (2V-N-l)lra,z(t), 

where a>± = \B(t)±\nE(t). The constant energy term has 

been omitted due to a redefinition of the zero energy level. 

Thus the problem is transformed to two uncoupled spin sys-

tems, J- , with J-, =J=(n-\ )/2, rotating in the fictitious 

fields co, , respectively [14-16] . The spinors are hereafter 

HViV+1(t) = ̂ V(N-V)[cox(t) + imy(t)l (10) 

Hv+1,v(t) = Hlv+1(t). 

053409-2 
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We label with rj, rj= 1,2, . . . ,N, instead of M labels, -J 
^M^J, such that M may be found from the relation M = 
— J+rj—1. The time dependence of the amplitudes can, 
therefore, be written as 

i61 = (l-/V)e«>i + \/A'-lVi>2> 

ibv=^l(r}-\)(N-V+l)V*brl + (2r/-N-l)€bv 

+ ylviN-v)Vbv+1, (11) 

j = min{rf- 1JV—fc} 
S3 = V 2 W-k-ftflM^fi-1-'-1 

j = max{Q,i}-k} 

Xarl~Jakrv+J, (16) 

j = min{r}- IJV-k} 
s,=v* 2 , iv-i-j)f?Mfi~k~' 

j=max{0,ij-k} 

Xar2~'akrv+J+\ 

ibN= <jN-lV*bN-! + (N-l)ebN, 

with c(t) = s<oz(t) and V(t) = 5 l X ( 0 + iffly(0]. Let a(t) 
= |> i ( f ) <*2(0] and 0 ( f ) = [0i (O 0 2 ( f ) ] b e two solutions 
of Eq. (8) with initial conditions [0 1] and [1 0], respec-
tively. It is immediately seen that this is the two linearly 
independent solutions for A*=2. As an ansatz we assume that 
the solution to Eq. (11) is 

j = min{rj- I,N- k} 

j = max{0,7]-k} 
N-k-j 

Xa2(t) y-i-i, (12) 

where k refers to the initial state with b(t0) 
= [bu ...,bk, . . . , i J V ] = [0 1 , . . . , 0 ] , and is an 
appropriate normalization factor. The vectors b, a, and / j 
satisfy the binomial relation, 

j = min{i]~ ljl-k} 
S 5 = V 2 ( k - r j + D f y M f l - ^ 

j = max{0,T/-k} 

and 

f j , •N,V= 
N—k\ I k-l 

j /1 '7" 1 ~jf 

(17) 

(18) 

From Eq. (12), after some algebraic manipulations on the 
sums, we find that the St satisfy 

S1 = e(2r)-N-
1),k 

v llv.k 

Inserting Eq. (12) in Eq. (11) we obtain 

j = min{rlj- l^V-ifc} 

(13) 

j = max{0,rj-k} Jj,k P2 P1 

+ j ) p 2 p 1 a 2 a t ] . (14) 

Hy using the first-order equation for the two-state ampli-
tudes, Eq. (8), and the substitutions e(l) = jaiz(t) and V(t) 
= l[<°*(0 + «<»>y(f)]> Eq- (14) takes the form 

. • f i* t=n* t(s ,+s 2+s,+s 4+s s) . (is) 

Here we have defined 

S\ = e(2r)—N— 1) 
j=min{rf— Jk} 

x 2 fiffi? \ j=max{0,ij-k} 
j = min{ij- l,N-ifc} 

s2=v* 2 j = max{Q,rj-k} 
'»Vo) ~ 1 k -j +1 rj- 1 ~j y+j 

S2 + S4 = (N-V+ 1)V* 
UN 

ft 7,-1 Jc 

ft 17+1 ,4 

With the requirement, 

r v 
n » t Mn-t,-

(19) 

(20) 

we have shown that the bN
v l (1 < ij<N) given by Eq. (12) 

fulfill Eq. (11) as long as the condition, Eq. (20), holds. The 
two special cases rj= 1 and t j = N can now be verified fol-
lowing exactly the same procedure. Note that 1 from 
the initial condition. 

As an example we let Z^- , , be the probability for a tran-
sition between the pseudospin states k and 37, f j. . , 
== \bN

rtk\2. Hence the total probability for transition to a given 
state labeled with V+>V- becomes P,?+,v 

= |b1^ ,t_l2> where and refer to the initial 
states of J ± , respectively. If the initial state is chosen as the 
uppermost Stark state, the two uncoupled spin J - systems 
combine to a particularly simple analytical formula, 
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P — P P = n+ .v- 1 i->v- \ 

iV-1 

> 7 + - l / \ i 7 - - l 

N— 1 

X p f * ' ( l - p ^ ^ p l - '(1 -p-)"-"-

(21) 

which may be straightforwardly derived from Eq. (12). The 
probabilities p - are the corresponding spin-1/2 probabilities. 
This formula has been derived for this special initial state 
earlier [8]. For other initial states, the expression becomes 
more complex but is still based on the expression Eq. (12) of 
the two /V-state systems. 

C. Connection formula 

The propagation matrix D ( 0 = [<?i(0> • • • ,dn(t)~\ is de-
fined with columns being the solution for each of the inde-
pendent initial conditions. The propagation of the spherical 
amplitudes, with any initial condition a(t0) in Eq. (3), may 
thus be expressed as a simple matrix multiplication scheme, 

a(«) = TD(/)T-1a(y, (22) 

which is the starting point of the dynamical study of the 
following section. A MATLAB program carrying out Eq. (22) 
can be obtained from the authors [17]. The present derivation 
has the advantage that it does not relay on matrix elements of 
the rotation matrices, which again depend on Euler angles. 
Analytical properties may, therefore, be easier to identify and 
numerical implementation can be performed directly. 

In closing this section we discuss the issue of coherent 
control, i.e., the possibility of controlled transitions between 
certain states with unit probability. As already pointed out 
[10] very few such transitions are possible since very few out 
of a very large number of matrix elements in D(<) are inde-
pendent. Consider an arbitrary eigenstate of the Hamiltonian, 
Eq. (5), labeled with the quantum numbers M + and AT . We 
define the inverted state as the state with the sign of the 
magnetic quantum numbers changed, i.e., the state | / + 

— M + )®\J _ — M J). And a process leading to transition be-
tween the initial and the inverted state will be referred to as 
a population inversion. If the spin-1/2 system in Eq. (8) 
evolves in time from some initial spin state (f or J,), to the 
complete opposite state, i.e., it is inverted, then the pseu-
dospin particle related to this two-state problem also goes 
through a total population transfer from some initial state 
\J+M+) to the final state \J+ — M+). This can be seen by 
putting the result of a spin-1/2 inversion into Equation (12). 
One then finds 

0, rj^N-k+1 

1, i)=N-k+\, 
(23) 

which corresponds to a population inversion. It is also seen 
from Eq. (12) that no other state except for the inverted state 
can be populated with unit probability. Without a complete 
spin flip of the spin-1/2 amplitudes one immediately finds 
that the amplitudes b^ k ( t ) and fcJJ t(<) will both be nonzero. 

Thus, since the total Rydberg manifold is represented by two 
spins J - that evolve independently in time, an initial state 
\ J + M + ) ® \ J - M c a n at most fully transform into one of 
the three states | / + A / + ) ® | . / _ - M _ ) , | / + - i l f + ) ® | / _ 
- M J ) or \J+-MJ)®\J-MJ). If M+ = J and M. = -J 
these four states correspond to the upper and lowermost 
Stark states and the spherical m = ± l m a x states. In absence of 
an electric field the two spin J ± systems evolve identically 
and controlled transitions can only take part between two 
states. Several experimental schemes to initiate selected tran-
sitions between these states have been demonstrated [ 1 8 -
21]. In the following section we apply our method in relation 
to some electric-field combinations that cause the system to 
evolve between linear and circular states. 

ID. PROCEDURES FOR GENERATION 
OF CIRCULAR STATES 

In the present section we solve the spin-1/2 dynamics ana-
lytically for three different time-dependent electric fields 
with emphasis on the controlled dynamics between certain 
states. 

A. Bellomo-Stroud method 

Recently, a procedure transforming a linear Stark state, 
e.g.,jy+M+>®|/_M_) = |yy>®|7 -J) = \kmaxm = 0),into 
a high angular-momentum state based on a (rapid) rotating 
electric field was proposed by Bellomo and Stroud (BS) [22], 
Here k and m are the Stark quantum numbers defined by k 
= M + - M _ and m = M + + M_ . The electric field was de-
fined as 

F(t) = F(t) J (oR(t')dt'jnz + siJ J <oR(t')dt'\n 

(24) 

where nx and nz are unit vectors along the x and z axis, 
respectively, and <oR(t) is a time-dependent rotation fre-
quency. The field strength is defined such that the initial 
value F( r = 0) = F 0 and the final value F(tf) = 0. Clearly tf 

has to be longer than the Kepler period to avoid mixing of 
the n manifold with other n. With the additional requirement 
that the Stark frequency, ii>s(t) = \nF(t), and the rotational 
frequency, ojK(t), being equal at all times, a circular state 
with quantization axis along the y axis is produced for exit 
times tf satisfying 

j'o
rJu>i(t) + <oi(t)dt=j2^ a>R(t)dt = (2K+\)Tr 

(25) 

for integer K. From a geometrical viewpoint the two spins 
J , precess around <u+ and a total rotation angle of an odd 
number of IT radians will then automatically align the two 
vectors along the y axis. 

In the BS scheme the transition into a circular state was 
originally based on arguments from classical mechanics. The 
dynamics may alternatively be analyzed in a corotating co-
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ordinate frame based on the spin-1/2 systems. This intro-
duces a fictitious magnetic field parallel with the y axis, 
By(t) = 2iur(i). The Schrodinger equation in the rotating 
frame is obtained through the transformation 

ipR=e~'a>lWhi(t, (26) 

with ClR(t) = f'gioR(t')dt'. The spin-1/2 representation leads 
to the coupled two-state systems, 

3 1 / + 1 

dt ± 2 \ - I 

The analytical solution is 

^ \ a = j < o s ( t ) M ± c R
± . (27) 

c + ( 0 = exp <Æ(0) (28) 

/ cos 
n R ( t ) 

V2 / V ^ 1 V2 
c ? ( 0 ) . 

(29) 

tM = /cos 
/ tt)ssin(to«)\ 

' 2w - I'M+sin 
I <ussin(<o()\ 

I 2 a) ! c±( 0) , 

(30) 

0.8 

£•0.6 

I 0 
1 0.4 

0.2 

We note that the first column of M+ and the second column 
of iW_ are eigenvectors of Ly = {ay, both with positive ei-
genvalues, where a y is the Pauli spin matrix. At exit times 
satisfying -j2ClR(t) = (2K+ 1)Tr we, therefore, obtain a cir-
cular state along the y axis. At intermediate times all other 
states may be populated. As an illustration we choose a lin-
early decreasing field strength, F(t) = ea(l-t/t/). In Fig. 1 
the probabilities for population of the Stark states \km) and 
the probability of total angular-momentum I, summed over 
the magnetic quantum numbers, are shown for n = 40. The 
initial Stark state is seen to decay similar to an excited state 
decaying into a continuum. Very little structure among the 
population of the other Stark states are seen as t-*tf. The 
population of total angular-momentum is correspondingly 
without structure initially, until the final high angular-
momentum state is populated with unit probability at the exit 
time. An interesting observation, also shown by other au-
thors, is that each angular-momentum have a rather localized 
time region when it is populated. Initially the small angular 
momenta are populated, while at the end of the interaction 
time higher and higher angular momenta reaches a peak at 
well-defined times before they decay again and finally "de-
liver" all the probability to the states with l = n - 1 . 

B. Oscillating electric field 

Instead of requiring the electric field to vanish slowly we 
now consider the dynamics of an atom in an oscillating elec-
tric field, F(t) = FOcos(u>t)nx, with constant field strength, 
F0. We define a>s= \nFa. The underlying spin-1/2 system is 
again easily solved, 

1 1.5 
Time (a.u.) 

FIG. 1. Upper: the Stark distribution as a function of time for 
n = 40 based on the BS scheme with e0 = 3X 10 Lower: the cor-
responding I distribution as a function of time. 

M-, 
0 ± 1 

± 1 0 
(31) 

with, 

It is now seen that spin inversion is obtained periodically: If 
the initial state is taken as an arbitrary Stark state quantized 
along the z axis, the two state systems are seen to go through 
an inversion at times satisfying a>ssin(fttf)/2<«= tt/2+Ktt, 
where K is an integer. The time relation implies <osSs\2K 
+11 ttu). For k=0 the first population inversion occurs after 
a time tinv = (l/(o)sm~1(irai/(os'). An arbitrary initial state 
|km) thus evolves into \ -k-m). When (Ds<ira> complete 
population inversion cannot occur with the present electric 
field. Furthermore an investigation of the general solution, 
Eq. (30), in terms of eigenstates of the angular-momentum 
operators, shows that for exit times satisfying ms&m(u>t)l2<3> 
= ± 7r/4+ Kit, an initial state | km)z would correspond to the 
states | + m + k)y. Now the time relation implies tos^\2K 
±j\vti). Thus for ( o s < t t o j / 2 total population transfer be-
tween any states cannot happen. 
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| km)'z—> | - m - k)y—> | - k - m)z—> | mk)~- (32) 

m - -9 - 5 - 4 - 3 - 2 -1 0 1 2 3 4 5 

Time (a.u.) 

FIG. 2. Upper: the Stark distribution as a function of time for 
n = 40 with the oscillating electric field in the x direction. Param-
eters: w= 5X 10 10 and cos= lOOto. Lower: the corresponding 
spherical I distribution as a function of time. 

The dynamics in the case where complete inversions can 
occur, therefore, follows the sequence, 

FIG. 3. Stark states of the n = 10 level. The transition route is 
indicated with arrows. 

much more narrow peaks for increasing n quantum number. 
This may be verified from Eq. (21), since 
and p ± ~ 1 around the peaks. We also remark that even a 
constant field, i.e., w = 0, can result in a dynamics leading to 
a high angular-momentum state. 

C. Microwave transition in constant electric field 

We finally consider a field combination related to the 
setup of the adiabatic microwave transfer method by Klepp-
ner et al [18,20]. By placing an initially excited linear Stark 
state in a near constant electric field in the z direction com-
bined with a microwave field in the xy plane, it has been 
demonstrated that a circular state may be created following 
multiphoton absorptions in one direction along the Stark lad-
der, cf. Fig. 3. In experiments the electric field along the z 
direction vary slowly with time, such that it initially is large 
enough for the Stark splitting to exceed the microwave fre-
quency. Thereafter it is decreased such that the Stark splitting 
passes through resonance. We consider the simple field, 

E(t) = [e0cos a) t, — e0sin tot, — £ J . (33) 

If again the initial state is chosen to be one of the linear 
states, e.g., \kmaz 0) , the state \mk)~ is precisely the \lm 
= I) state of the BS model. In Fig. 2 we show the distribution 
of Stark states and total angular momentum I for n = 40. The 
revivals of the two Stark states are highlighted. Between 
each inversion a circular state is seen to have its peak ac-
cording to the above analysis. This state, which is quantized 
along the y axis, also goes through inversions in a similar 
manner as the linear one. We notice that in between inver-
sions a strong mixing of states appear, as in the BS model. 
Again higher and higher angular momenta are populated, but 
in contrast to the BS model the dynamics is periodic in the 
sense that after a maximum angular momentum has been 
reached, it decreases back to the initial distribution. We note 

Here the rotating microwave field is chosen such that it 
drives only transitions with Am = ± 1 and A £ = ± 1 where k 
is the Stark quantum number. To assure that the microwave 
field gives the only contribution to transitions within the 
manifold, the amplitude must be small, i.e., en<Ez. Further-
more we require a>= a>z= — \nEz, to keep the microwave 
frequency in resonance with the Stark splitting. The spin-1/2 
systems thus take the form 

/ 1 

i—c+ = : 
at -

" 2 W 

°>s 

0>s 

(34) 

\T 2W 

with o)s= \ne(). An analytical solution can again be obtained 
by first transforming as 
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0 eimo>,\d±-

We then obtain two simple spin-1/2 systems, 

(35) 

I 
dt 

<»s\ 
— 0} 

2 

Us to 2 / 
ID, 0 

~"~2 
<DS 0 T 

d+=M 

(36) 

Let the coupling matrices be indexed with M + and M _ , 
respectively, and let / be the identity matrix. The analytical 
solutions are 

d+(t) = I cos \a)2+T' 

^ 4 

M + s i n d+(t = 0), 

d-(t) = /cos( y ' | - ' - s i n ( y ' <?_(< = 0 ) . 

(37) 

In the limit | o>J < | a>j the state vector d + has mainly a phase 
development with time as compared to . In terms of spin 
particles, the one referring to <?_ remains in its initial state, 
while the other goes through a full population inversion at 
time t = ttI ai s . This is equivalent to complete transfer from a 
general initial state | k m ) to the state \mk). Thus, if the initial 
state is a linear Stark state |&m;„0), the circular Stark state 
| 0 m m a x ) is reached. In Fig. 4 the eigenstates | km) as a func-
tion of time are shown for the n = 25 level. With increasing 
time, higher and higher magnetic quantum numbers are 
populated, and finally all the probability is in the m = lmax 

state. The population of the Stark levels is seen to be rather 
similar to the dynamics of Fig. 2, except that the adiabaticity 
of the present scheme requires a much longer transition time. 

IV. CONCLUSION 

In the present paper we have constructed an algebraic 
method that describe the time development of a single atom 

4 
Time (a.u.) x 10 

FIG. 4. The population of the |km) eigenstates, as a function of 
time for n = 25, with a rotating microwave field in the xy plane and 
a constant electric field in the z direction. The initial and final states 
are highlighted. Parameters: e 0 = 1X10 10 and Ez= 1X 10"8. 

in an arbitrary, but sufficient weak, electromagnetic field. 
The advantage of the present method vs the group theoretical 
approach is an explicit formula without any reference to ro-
tation matrices and their arguments. The method is, there-
fore, very simple to implement numerically and can, in prin-
ciple, be applied to any fixed n. Based on this method the 
possibilities and limitations for controlled transitions have 
been discussed. 

The dynamics of a H(n) atom in three different time-
dependent electric fields have been discussed based on the 
analytic properties of the spin-1/2 system. In particular, we 
have solved the recent proposed scheme of Bellomo and 
Stroud [22] analytically. Furthermore, we have shown that 
the dynamics of this scheme is closely related to a linearly 
polarized oscillating field with constant amplitude and fre-
quency. We have also compared these strongly nonadiabatic 
methods with analytic solutions for a field configuration re-
lated to the adiabatic microwave method. The present results 
are a generalization of previous theoretical results and illu-
minate the dynamics of established experimental techniques. 
Since the mathematical apparatus is independent of n and the 
details of the electric or magnetic field variations, it offers 
easy access to understand the single shell dynamics of atoms 
in electromagnetic fields. Apart from the dynamics of Ryd-
berg atoms this may be useful in various types of magnetic 
interactions, for example for atoms in magnetic traps. 
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The selective-field-ionization (SFI) dynamics of a Rydberg state of lithium with magnetic quantum number 
m — 2 is studied in detail based on two different theoretical models: (1) a close coupling integration of the 
Schrodinger equation and (2) the multichannel (incoherent) Landau-Zener (MLZ) model. The m = 2 states are 
particularly interesting, since they define a border zone between fully adiabatic (m = 0,l) and fully diabatic 
(m> 2) ionization dynamics. Both sets of calculations are performed up to, and above, the classical ionization 
limit. It is found that the MLZ model is excellent in the description of the fully diabatic dynamics while certain 
discrepancies between the time dependent quantal amplitudes appear when the dynamics become involved. 
Thus, in this region, the analysis of experimental SFI spectra should be performed with care. 

DOI: 10.1103/PhysRevA.67.053402 PACS number(s): 32.80.Rm, 33.80.Rv, 33.60.-q 

I. INTRODUCTION 

The method of selective-field ionization (SFI) has been 
studied thoroughly both theoretically and experimentally for 
several decades [1,2]. SFI methods are now mature and well 
known experimental procedures to measure detailed quantal 
state-to-state dynamics. The method is in particular useful 
for characterization of the population distribution of highly 
excited states in atoms and molecules. Intrashell dynamics of 
hydrogenlike Rydberg atoms in weak electric and magnetic 
fields [3,4], collisions between slow ions and Rydberg atoms 
[5], manipulation of quantum entanglement of atoms and 
photons in a cavity [6], and, more recently, observation of 
cold antihydrogen [7] are examples where the SFI technique 
has been used to characterize the Rydberg level population. 

The principle of SFI is simply to expose the Rydberg 
atoms to a time-dependent increasing (ramped) electric field. 
Depending on the specific state, atoms in different quantum 
states will ionize at different field strengths. The electrons 
are accelerated by the field and hit a detector, which produce 
a signal. In this way a SFI spectrum as a function of the field 
(time) is plotted. In alkali Rydberg atoms, which are used in 
most experiments, the level crossings between low angular 
momentum states show avoided crossings in the region of 
inter-7i mixing in contrast to the exact crossings in hydro-
genic Rydberg atoms. With a typical ramping field 
(400-1000 V/cm//is) one usually considers |m| = 0,l states 
of lithium to traverse the avoided crossings adiabatically, 
whereas \m\s*2 states pass the crossings diabatically. The 
SFI technique does usually not distinguish between m = 0 
and m = ± 1 states since they for all practical purposes 
traverse the avoided crossings adiabatically with the field 
ramps specified above, and field ionize at the classical ion-
ization limit E~( 16n 4)~ 1 a.u. This is sometimes referred to 
as adiabatic field ionization. But the technique clearly distin-
guishes these states from m>2 states, which traverse the 
crossings plainly diabatically and field ionize at the hydro-

genic ionization limit (the nonclassical ionization limit), at 
much higher fields. 

Recently, it has been pointed out that | m | = 2 states may 
also have an adiabatic component [4,8]. A "mixed" dynam-
ics, as suggested here, will then require particular care in the 
analysis of the spectra and from a theoretical point of view 
the validity of simple models should be investigated in de-
tail. Most theoretical attempts to study the SFI process have 
been carried out in the extreme case where the evolution 
becomes purely diabatic or adiabatic after a few avoided 
crossings. However, a few more thorough theoretical works 
have been done on the system [2,8,9], but they are all treated 
within the multichannel Landau-Zener (MLZ) approxima-
tion. 

The main purpose of this paper is to carry out a first 
detailed study of the dynamics of various m = 2 states of the 
Li (n = 25) Stark manifold when exposed to a realistic time-
dependent increasing electric field. The degree of 
adiabaticity/diabaticity of these states is studied in detail and 
the results of the MLZ model are confronted with ab initio 
time-dependent quantal calculations. The behavior of such a 
complex quantum system and its route from a localized 
bound state towards breakup is interesting in its own right. 
However, in the present study the main motivation is to in-
vestigate the dynamics of the transition zone between fully 
diabatic and fully adiabatic field ionization in relation to the 
interpretation of experiments [4], Atomic units (h = e = mt 

= 1) are used throughout except where units are given ex-
plicitly. 

n. THEORETICAL MODELS 

A. Numerical model 

The Hamiltonian of a pseudo-one-electron alkali-metal 
Rydberg atom in a homogeneous time-dependent electric 
field is given by 

H=H0+Vc(r) + Fz(t)z, (1) 
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where H0= - V 2 / 2 - Mr and Vc(r) are the unperturbed hy-
drogenic Hamiltonian and the perturbation due to the core, 
respectively. Spin-orbit effects may safely be ignored for the 
lighter Rydberg atoms, i.e., for H, Li, and Na [1,10]. 

The core potential is set up by the induced correction to 
the Coulomb potential resulting from the interaction between 
the excited electron and the inner shell electrons. The pertur-
bation is assumed to be significant for low angular momen-
tum states only, since high angular momentum states are pro-
hibited from penetration into the core region. In the core 
region the effect on the Rydberg electron is a more strongly 
attractive force, which mainly accounts for a positive phase 
shift of the hydrogenic radial functions [11]. For highly ex-
cited states of the field free Hamiltonian the radial functions 
outside the core are accurately described by the Bates-
Damgaard-type quantum defect radial wave functions [12]. 
These functions are basically hydrogenic wave functions 
with the nodes phase shifted inward. The field free energy 
levels are modified according to 

wnl=-
1 

2(n-Snl)' 
(2) 

where Snl are the so-called quantum defects, which break the 
degeneracy of the energy levels. For high n values the quan-
tum defects become almost energy independent [1,13], and 
for the Rydberg states of lithium the nonvanishing quantum 
defects take the values [1] Ss = 0.3995, Sp = 0.0472, Sd 

= 0.0021, and <5y= 0.0003. 

Because of spherical symmetry of the core potential the 
wave function may be expanded in hydrogenlike wave func-
tions in the region outside the core [4,10,14], In the present 
work it is more suitable to choose an expansion in ordinary 
hydrogenic wave functions, 

¥(r,0 = 2 cnlm(t)Rnl(r)Ylm(e,4>), (3) 

to take advantage of known procedures for analytic calcula-
tion of matrix elements [15], The wave function expansion is 
inserted into the Schrodinger equation i(dl (r ,i) 
= Hty(r,t), leading to a first-order coupled matrix system of 
equations for the expansion coefficients, cntm(t), 

d . 
i j t c = U(t)c. (4) 

Within the first-order perturbation theory the core induces 
couplings [1,16], 

{nlm\Vc(r)\n'l'm') = 
~S, 

V^v1 
-8tp8„-t, (5) 

between the hydrogen nlm spherical states with the same I 
and m quantum numbers. This approximation is excellent for 
the highly excited states of interest in the present work. 

The nonvanishing matrix elements of the z operator fol-
low within the dipole approximation the selection rules AI 
= ± 1 , Am = 0. Since z = r c o s d=\](Aw/3)rYw, the angular 

part of the matrix element is straightforward calculated by 
using the Wigner-Eckart theorem for spherical harmonics 
[17], with the well-known result, 

(Zm|cos 9 \ l - l m ) = 
I —m 

(2l+l)(2l-l)j 
(6) 

The radial part of the dipole matrix elements, (nl\r\n'l 
- 1 ) , is either found by direct numerical integration or is 
given in terms of the hypergeometric function F(a,b,c,d) 
[18], 

( - I ) " ' - ' l(n + mn' + l - l ) \ 
(nl\r\n I— 1)= 77x1—777 A/ 

( n - / - l ) ! ( n ' - 0 ! 

(4 n n ' ) , + 1 ( « - n ' ) " + " ' " 2 ' " 2 

(n + n')"+n' 

F -n + l+1,-n'+l,21,-
Ann' 

(n-n'f 

n + n' 

Ann' 

(n-n'f 

F -n + l-\,-n' + 1,21, 

(7) 

The formula is valid for n + n'. Within one principal shell 
the expression is in particular simple, 

(nl\r\nl— 1) = — (8) 

Since the core potential exclusively couples states of equal m 
quantum numbers due to the spherical symmetry of the po-
tential, and since the z operator obeys the Am = 0 selection 
rule, it is sufficient to expand the Schrodinger equation on a 
basis set consisting only of m states identical to the initial m 
values. 

B. Analytical multichannel Landau-Zener model 

The dynamics will be compared with an incoherent MLZ 

model [19], LetF(0 = [ / , i ( 0 , . . . , P n ( t ) , . . ,]bethe 
probability distributions on the eigenstates at each time t. As 
a bookkeeping device the probability corresponding to each 
state is chosen to be ordered with increasing energy in P , 
i.e., the state with lowest energy always comes first in the 
vector. We use the hydrogenic parabolic states {\nn1n2m}} 
as a basis set and calculate the couplings by formula [1], 

(nn1n2m\Vc{r)\n' n[n'2m) = 2 {nnln2m\nlm) 

-s, 
X —in' lm\n' n',n'-,m). 

/ 3 T3 1 1 

\nn 

(9) 
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The crossing times /, (i.e., the times where the diabatic en-
ergy curves cross) for each Landau-Zener crossing, and the 
information about which two states that cross at each l, are 
found from the expression for the eigenenergies within 
second-order perturbation theory in the electric field [18], 

W(n,n | ,n2 ,m) 
1 1 

X [ 1 7 n 2 - 3 ( / ! , - H 2 ) 2 - 9 m 2 + 1 9 ] , 

(10) 

where y is the slew rate (slope) of the electric field. Let / ', 
(Pj) and P] (P'j) be the population probability of the adia-
batic state i (j) before and after the crossing point is passed, 
respectively. The Landau-Zener model then gives 

'P'i 1 -P, i'lz \ i p, 

1 ~Plz. 
( 1 1 ) 

-2ir(</"/(j) (12) 

r= 
/r'n2!(n2 + m)! 

exp 
2 1 , / -- - f t - jn FI 34n5 + 34/i2m 

+ 46/1 -> + 7 m2 + 23m + 
53 

(13) 

l\„„- txp 
/ r i \ 

i r L r < n d ' ' ! 
(14) 

where PL Z is the two-state Landau-Zener probability for a 
diabatic passage (nonadiabatic transition) through the cross-
ing points. The two-state probability is given by [20], 

where a is the absolute difference in slope of the two diabatic 
eigenenergy curves at the crossing [calculated from the de-
rivative of Eq. (10)], and d is the coupling from Eq. (9). 
Within the first-order perturbation theory in the field both a 
and d are constant, i.e., an almost ideal situation for applica-
tion of the Landau-Zener model. 

C. Ionization probability 

Since our basis set only includes bound states, the numeri-
cal solution of the Schrodinger equation does not automati-
cally give any information about the field strength needed to 
ionize the states. To obtain an estimate of the ionization 
probability we use the semiempirical formula for the ioniza-
tion rate of hydrogen derived by Damburg and Kolosov [21], 

where ft = ( - 2 W)m/F and F is the electric field. The Stark 
energy W is calculated by a perturbation expansion up to 
fourth order in the field [22], They claim that this formula is 
correct within a precision of a few percent for the threshold 
field for ionization of the different states. This accuracy is 
more than sufficient for the present analysis. We have tested 
the formula on the data in Fig. 4 of Robicheaux, Wesdrop, 
and Noordam [2], and it successfully reproduced the position 
of all the peaks in the SFI spectrum calculated in that work. 

Assuming a one way exponential decay into the con-
tinuum the survival probability takes the form 

III. RESULTS 

The electric field is ramped linearly from an initial field 

F{t) = F0+yt, (15) 

where F0 is chosen arbitrarily but weak enough to avoid 
intershell mixing, i.e., /•',>«S l/3«5. For the present field ramps 
the spin-orbit effects at zero field are ignorable [1], hence Fu 
can likely be put to zero. Four different values of the ramp, 
7=100,421,1000, and 10,000 V/cm//xs, have been tried. 
These values correspond to relatively slow to ultrafast 
switching with respect to experimental applicable ranges. 
For field strengths less than 1000 V/cm and with the initial 
population distribution within the « = 25 manifold, the en-
ergy spectrum of the system appears to be sufficiently con-
verged for a basis set including the manifolds from n = 21 to 
n = 40. It may seem strange and even wrong to solve this 
huge and complex system numerically by using a basis set 
only including bound hydrogenic states since the eigenstates 
that decrease in energy with increasing field, in fact, are con-
tinuum states immediately after the field is turned on. What 
saves us is that, despite being continuum states, they behave 
as bound states all the way up to the classical ionization 
limit, i.e., in the energy region [23], 

- 2 # + \m\Fm+ — m2F. (16) 

Thus, one should be aware that the calculations may be less 
accurate in the region close to the classical ionization limit. 
For further details on the discussion of the applicability of 
using a truncated basis set see Ref. [10], 

Figure I shows the quantum dynamics of the parabolic 
states |n«i«2m}= |25 230 1) and \nnln2m)= [25 21 0 3) 
for a 421 V/cm//js field ramp. It is clearly seen that the 
m = 3 state follows a completely diabatic development, 
whereas the time development of the m = 1 state is plainly 
adiabatic. In the latter case the population spreads out to a 
band of state1.. The formation of a narrow band can be un-
derstood from the Landau-Zener model as PL7 rapidly falls 
to zero in the region outside the adiabatic state in the center 
of the band. All states in the band will ionize near the clas-
sical ionization limit, whereas the state 125 21 0 3) ionizes at 
the hydrogenic ionization limit at very strong fields. 

Now turning to the m = 2 case we display in Fig. 2 the 
time development of the initial [ 25 22 0 2) state for the same 
parameters a.s in Fig. 1. Here, a mixed evolution, which is 
neither diabatic nor adiabatic, is observed. The first crossings 
with the states belonging to the principal shell above are, 
however, traversed completely diabatically. As new red states 
from above are reached d increases, whereas a decreases, 
i.e., PLZ decreases and the dynamics become more and more 
adiabatic. At crossings with the state |268 152), the adia-
batic leakage becomes visible (as green) in the figure. As the 
n = 27 levels enter the dynamics, giving the first triple cross-
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x 10"" 

Electric Field (V/cm) 

0 200 400 600 800 
Electric Field (V/cm) 

FIG. 1. (Color) The SFI dynamics of two initial parabolic states 
|25 2 3 0 1) (upper) and |25 21 0 3) (lower) f o r a 421 V/cm/ / t s field 
ramp in the lithium | m j = l and |m| = 3 Stark energy spectrums. 
respectively. In both cases the part of the eigenenergy spectrum, 
which corresponds 10 states with significant population probability, 
i.e., probability greater than 0.5 percent, is marked. The classical 
ionization limit is shown as a blue line. 

ings, there is a significant sharing of probabilities between 
the adiabatic and diabatic directions for each new crossing 
(shown in red). The time the various paths reach their ion-
ization limit varies and as a result an experimental SFI spec-
trum may contain a broad distribution. 

We use the notation of Refs. [1.18] and define the states 
where the electron is most likely located on the side of the 
atom away from the saddle point as blue states, and the states 
with the electron located adjacent to the saddle point as red 
states. Blue and red states are characterized by the eigenen-
ergy curves in the Stark spectrum going upward and down-
ward, respectively. Roughly speaking one expects the red 
states to ionize near the classical ionization limit, whereas 
the blue states ionize at much higher field. But, in general, 
this subdivision into two groups is not satisfactory, as the 
decay rate function, Eq. (13), is a continuous function on n2 • 

Electric Field (V/cm) 

FIG. 2. (Color) The SFI dynamics of the parabolic state 

125 22 () 2) in a 421 V / c m / ^ s field ramp. The part of the eigen-

energy spectrum, which corresponds to states with population prob-

ability P> 1%. is plotted in red, whereas states with 0 . 5 % « P 

=s 1 % are shown in green. The classical ionization limit is shown as 

a blue line. 

Electric Field (V/cm) 

FIG. 3. A plot of Pblue Pred > Pdiabolic f ° r parabolic 
state 125 2 2 0 2) in a 421 Vlcm/fis field ramp. 
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0 200 400 600 800 
Electric Field (V/cm) 

FIG. 4. (Color) The MLZ results for the SFI dynamics of the 
parabolic state |25 22 0 2) in a 421 V/cm/jtts field ramp. Notation 
as in Fig. 2. 

Let P),i„e and Pred be the total population in blue and red 
states, respectively. Define also to be the probability 
for the initial state to traverse all the avoided crossings com-
pletely diabatically. PiJhle, Pred, and are plotted in 
Fig. 3 for the initial state |25 220 2). The uppermost Stark 
state in the n — 25 manifold is the state with the highest di-
abatic component. Figure 3 shows that more than 25% of this 
initial blue state has been transferred to other channels at the 
classical ionization limit (~850 V/cm), about 15% to red 
states and the rest to other blue states. Formula (14) esti-
mates a probability more than 15% for this blue state to 
ionize within 1 /is. For the lower lying states in the manifold 
the ionization probability is even higher. This prediction of 
ionization probability for the 125 22 0 2) state is sufficient to 
explain the observed discrepancies between the experimental 
and calculated data in Ref. [4], 
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1 

0.8 

f0 6 

°"0.4 

0.2 

0 

FIG. 6. 

200 400 600 800 
Electric Field (V/cm) 

200 400 600 800 
Electric Field (V/cm) 

Same as Fig. 3 for an initial state |25 11 1 1 2 ) . 

200 400 600 
Electric Field (V/cm) 

800 200 400 600 
Electric Field (V/cm) 

800 

FIG. 5. (Color) Same as Fig. 2 for an initial state |25 1 1 1 1 2 ) . 
with green and red color corresponding to 0 . 5 % s P s s 3 % and P 
> 3 % , respectively. 

FIG. 7. (Color) The MLZ results for the SFI dynamics of the 
parabolic state |25 11 11 2) in a 421 V/cm// ts field ramp. Notation 
as in Fig. 5. 
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For comparison, the M L Z calculations are also shown in 
Fig. 3. The MLZ behavior of the red and blue population 
dynamics is seen to be in good agreement with the quanlal 
calculations. The dramatic spikes of [he initial state, how-
ever. are time dependent in their origin and related to phase 
development and therefore clearly not reproduced in the in-
coherent MLZ approach For the special situation with one 
single initial slate selected in the uppermost (or lowermost) 
part of the n = 25 manifold, the probability of remaining in 
the initial diabatic state is completely independent of the 
phases of different paths, because the diabatic energy level at 
most crosses the same adiabatic energy level once. This ex-
plains the agreement between the numerical and the MLZ 
calculations in Fig. 3. 

In Fig. 4 we plot the corresponding MLZ dynamics of 
Fig. 2. At this level certain discrepancies become evident: 
Some of the channels are less populated, especially in the 
adiahatic "direct ion," whereas others are more populated. 
Thus, even if the total population in "b lue" and " r e d " states 
is the same in both models, the time of ionization will differ 
and create different "theoretical SFI spectra." The observed 
deviations for higher lields ( F > 5 0 0 V/cm) are believed to 
originate from higher-order corrections to the energy that are 
neglected in the Landau-Zener model. Phase interference ef-
fects, and also a possible breakdown in the validity of the 
Landau-Zener model as the level crossings become very 
dense, can also play a role. To avoid confusion note thai the 
basis set for the Landau-Zener calculations is truncated for a 
less extensive basis set than for the fully numerical calcula-
tions. This only affects the number of visible eigenenergy 
curves above the classical ionization limit, and not the dy-
namics. The degree of agreement in Figs. 2 - 4 raises the 
question whether the state-to-state dynamics is accurately de-
scribed by the MLZ model. However, one should be aware 
of the fact that in this example only very few states have a 
population probability greater than I percent throughout the 
dynamics. Hence, from the beginning phase interference ef-
fects arc expected to play a minor role. 

Figure 5 gives an example of an initial state in the middle 
of the manifold. For this case the adiabaticity of the cross-
ings becomes significantly higher, and the population is 
spread more efficiently out on the other slates in the energy 
spectrum. Hence, in contrast to the dynamics of the first case, 
phase interference effects are expected to play a stronger 
role. There are two immediate differences between the spec-
tra in Figs. 2 and 5: First, the crossings start later for the 
latter case, i.e., at the field F—350 V/cm instead of F 
— 180 V/cm. Second, the multiple number of avoided cross-
ings between the initial (diabatic) |25 II 112) stale and (he 
same adiabatic neighbor state both above and below this di-
abatic slate, respectively, opens the possibility of influences 
from the dynamical phase not only in the network of states, 
but also in the fully diabatic development of the initial 
125 11 1 1 2 ) state. 

In Fig. 6 the red/blue probabilities are again shown and 
compared with the MLZ model. Al first sight a fairly good 
agreement is still present, which is surprising since the phase 
is expected lo play a significant role in the population dy-
namics. There are. however, important differences at the 

crossings for F > 5 0 0 V/cm. The figure shows that in the 
regions F-525 V/cm. F-560 V/cm. F~ 640 V/cm. and 
F>100 V/cm, there are clear discrepancies in the strength of 
the population jumps. It is interesting to note thai these re-
gions coalesce with the regions of the energy spectrum 
where three or more states are crossing. This indicates lhal 
phase effects are in action. Despite that the MLZ result de-
viates significantly in certain regions, the overall picture is 
thai the M L Z result is not diverging from the exaci quanium 
calculations. Thus ihe present calculations strengthen Ihc as-
sumption made by the authors of Ref. [2]: The phase accu-
mulation on the different palhs cancel because of the very 
large number of ways for the population to choose up to the 
ionization limit. This is confirmed in Fig. 7. where the MLZ 
network dynamics is shown. The degree of spreading is 
rather similar with ihe quantal calculation in Fig. 5. Some 
differences in the relative population strength of various 
paths are. however, still present As in the case of ihe initial 
125 22 0 2) dynamics, it is therefore fair to conclude thai this 
may lead lo differem final spectra. 

Let t, ( / = 1,2, ) define ihe times [calculated from Eq. 
(10)] when the hydrogenic energy level of a given initial 
state | nn , n 2 n i ) crosses with ihe other parabolic energy levels 
in ihe energy spectrum. The corresponding couplings intro-
duced when lithium is considered are found from Eq. (9) in 
terms of Clebsch-Gordan coefficients. Then the total prob-
ability of remaining in the initial state, i.e.. the probability of 
traversing ihe avoided crossings completely diabalically. 
may be esiimated by ihe simple formula 

p = Y \ p , . (17) 

where /), = exp< ~1mi'Ja,) is the Landau-Zener probability of 

diabatic passage through each Landau-Zener crossing at time 

t j Now a criteria for diabalic evolution with lime becomes 

200 400 600 
Electric Field (V/on) 

FIG. 8. The probability Pdiabatic °f traversing all ihe avoided 
crossings completely diabatically for Ihe parabolic slate 125 220 2) 
for four different electric field ramps: 100 V/cm//is, 421 V/cm//is, 
1000 V/cm//is, and 10 000 V/cm//is. The thin lines give Ihe cor-
responding results from ihe MLZ model. 
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P~l. Formula (17) is expected to be less accurate for eigen-
states in the middle of the manifold because of coherences, 
as discussed above. 

Figure 8 shows the probability of remaining in the initial 
extreme Stark state |25 22 0 2) as a function of time for dif-
ferent electric field ramps. It shows that a ramp of the order 
of 10 000 V/cm//is is needed in order to make this state 
traverse the crossings plainly diabatically. For the lower ly-
ing states in the manifold the adiabatic component will be 
even more significant. Surprisingly the curves representing 
different field ramps are more or less linear as a function of 
the electric field. And the slope seems to depend on one 
single parameter only, i.e., the slew rate of the ramp. This 
may be understood from the MLZ model. Define the slope 
between the crossings at field strengths F,_ i and F, by 

\ = 
P(F,)-P(F,.1) 

Fi-F,-1 
(18) 

Assume that pt ( i = l , 2 , . . . ) is small, i.e., p , = 1 
— 2 i r d 2 / a , . Harmin showed that the Clebsch-Gordan coef-
ficients in the coupling can be written as [24] 
(nn1n2m\nlm) = V2ln(— 1 )lPlm((nl — n2)/n), where Plm is 
the normalized associated Legendre polynomial [18], From 
this we find that d is a very slowly decreasing function of 
(n 

1 n 2>2 for | fi • " n 2 ' (marked variables always refer 
to the states which the population couples to). We consider 
only transitions to states in the manifold above. These are 
anyhow the most important for the adiabatic behavior. Then 
for \n[-n2\<Sn' Eq. (18) can be approximated, 

1 
y (19) 

where A'is a constant, i.e., X 1 is approximately proportional 
to y for intermediate values of the field strength. This is in 
complete agreement with the result of Fig. 8. 

IV. CONCLUSION 

In the present paper we have carried out large basis close 
coupling calculations as well as multichannel Landau-Zener 
calculations on the ionization mechanism of a Li (n = 25) 
atom when exposed to an electric field. All in all a high 
degree of agreement between the results of a direct propaga-
tion of the time-dependent Schrodinger equation and the 
MLZ model is achieved, in contrast to what one very often 
observes in collision physics [19]. The calculations confirm 
that initial m = 2 states behave neither diabatic nor adiabatic 
but ionize along a complex path resulting in a broad SFI 
spectrum. A detailed state-to-state comparison between the 
quantal and the MLZ dynamics have shown certain discrep-
ancies. This suggests that corresponding detailed experimen-
tal interpretation must be performed with care, and most 
preferably in parallel with quantal calculations. Our calcula-
tions have also documented that the ramp speed of the elec-
trical field has to be very fast if a full diabatic ionization 
shall occur. Further work based on a numerical grid solution 
of the Schrodinger equation, to accurately evolve the system 
from the classical field ionization limit up to where the atom 
is fully ionized, is in progress. 

ACKNOWLEDGMENTS 

We would like to thank D. Fregenal, L. Nyvang, E. 
Horsdal-Pedersen, and S. Selstd for useful discussions. This 
research was supported by NFR and Notur. 

[1] T. F. Gallagher, Rydberg Atoms (Cambridge University Press, 
Cambridge, 1994). 

[2] F. Robicheaux, C. Wesdorp, and L.D. Noordam, Phys. Rev. A 
62, 043404 (2000). 

[3] D. Fregenal, T. Ehrenreich, B. Henningsen, E. Horsdal-
Pedersen, L. Nyvang, and V.N. Ostrovsky, Phys. Rev. Lett. 87, 
223001 (2001). 

[4] M. Firre, D. Fregenal, J.C. Day, T. Ehrenreich, J.P. Hansen, B. 
Henningsen, E. Horsdal-Pedersen, L. Nyvang, O.E. Povlsen, 
K. Taulbjerg, and I. Vogelius, J. Phys. B 35, 401 (2002). 

[5] L.G. Gray and K.B. MacAdam, J. Phys. B 27, 3055 (1994). 
[6] J.M. Raimond, M. Brune, and S. Haroche, Rev. Mod. Phys. 73, 

565 (2001). 
[7] G. Gabrielse, N.S. Bowden, P. Oxley, A. Speck, C.H. Storry, 

J.N. Tan, M. Wessels, D. Grzonka, W. Oelert, G. Schepers, T. 
Sefzick, J. Walz, H. Pittner, T.W. Hansch, and E.A. Hessels, 
Phys. Rev. Lett. 89, 213401 (2002). 

[8] D.A. Hannin and P.N. Price, Phys. Rev. A 49, 1933 (1994). 
[9] D.A. Harmin, Phys. Rev. A 56, 232 (1997). 

[10] M.L. Zimmerman, M.G. Littman, M.M. Kash, and D. Klepp-
ner, Phys. Rev. A 20, 2251 (1979). 

[11] U. Fano, Comments At. Mol. Phys. 10, 223 (1981). 

[12] D.R. Bates and A. Damgaard, Philos. Trans. R. Soc. 22, 101 
(1949). 

[13] MJ. Seaton, Mon. Not. R. Astron. Soc. 118, 504 (1958). 
[14] O.G. Larsen and K. Taulbjerg, J. Phys. B 17, 4523 (1984). 
[15] H. M. Nilsen, (unpublished). 
[16] I.V. Komarov, T.P. Grozdanov, and R.K. Janev, J. Phys. B 13, 

573 (1980). 
[17] D. M. Brink and G. R. Satchler, Angular Momentum (Oxford 

University Press, Oxford, 1968). 
[18] H. A. Bethe and E. E. Salpeter, Quantum Mechanics ofOne-

and Two-Electron Atoms (Springer-Verlag, Berlin, 1957). 
[19] M.F.V. Lundsgaard, S.E. Nielsen, H. Rudolph, and J.P. 

Hansen, J. Phys. B 31, 3215 (1998). 
[20] C. Zener, Proe. R. Soc. London, Ser. A 137, 696 (1932). 
[21] R.J. Damburg and V.V. Kolosov, J. Phys. B 12, 2637 (1979). 
[22] H.J. Silverstone, Phys. Rev. A 18, 1853 (1978). 
[23] M.G. Littman, M.M. Kash, and D. Kleppner, Phys. Rev. Lett. 

41, 103 (1978). 
[24] D. A. Harmin, in Atomic Excitation and Recombination in Ex-

ternal Fields, edited by M. H. Nayfeh and C. W. Clark (Gor-
don and Breach, New York, 1985). 

053402-7 



Paper 5 

Multiphoton intrashell resonances in Rydberg atoms: Bloch-Siegert shifts and 
widths 

D. Fregenal, E. Horsdal-Pedersen, L. B. Madsen, M. Førre, J. P. Hansen and V, N. 
Ostrovsky 

Phys. Rev. A 69, 031401 (R) (2004) 



RAPID COMMUNICATIONS 

PHYSICAL REVIEW A 69, 031401(R) (2004) 

Multiphoton intrashell resonances in Rydberg atoms: Bloch-Siegert shifts and widths 

D. Fregenal, E. Horsdal-Pedersen, and L. B. Madsen 
Department of Physics and Astronomy, Aarhus University, 8000 Aarhus C, Denmark 

M. Førre and J. P. Hansen 
Department of Physics, University of Bergen, 5007 Bergen, Norway 

V. N. Ostrovsky 
Fock Institute of Physics, University of St. Petersburg, 198904 St. Petersburg, Russia 

(Received 1 December 2003; published 15 March 2004) 

We measure for the first time, to our knowledge, V-photon intrashell resonances, widths, and Bloch-Siegert 
shifts up to N=2i. Rydberg atoms of Li (n=25) in a rotating electric field and a static, in-plane electric or 
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Nonperturbative and high-order nonlinear processes con-
stantly challenge our understanding of the fundamental 
photon-atom interaction [1], Bound-bound transitions where 
many photons are needed to bridge the energy gap between 
the states is one example. In the theoretical description, the 
photon-atom Hamiltonian can be split into right- and left-
hand circularly polarized components. One of these shows 
resonance behavior while the other gives rise to ac Stark 
shifts of upper and lower energy levels and a shift of 
the resonance position known as the Bloch-Siegert (BS) 
shift [2], 

The BS shift is of essential importance in a broad variety 
of different branches of physics. For a long time it has been 
a subject of concern in nuclear magnetic resonance [3,4] 
which besides numerous biological and medical applications 
is the only realization of a (small) quantum processor [5]. 
Furthermore, BS shifts may play a crucial role in electron 
paramagnetic resonance spectroscopy [6], light emission by 
laser-driven atoms [7-9], including Raman lines [10], and 
polychromatic fields [11], BS shifts were observed in elec-
tromagnetically induced transparency [12], included into 
theory of lasers [13], micromasers [14], as well as quantum 
optics [15-17], More recently the importance of BS shifts 
was pointed out in the theory of multiphoton far-infrared 
interband transitions in condensed matter [18] and in theory 
of continuously driven dissipative solid-state qubits [19] 
within quantum information. 

Measurements of BS shifts for the absorption of one or 
three photons were performed some time ago [20], but 
higher photon numbers N were not seen. Similar landmarks 
were achieved in a completely different physical realization 
within classical electrodynamics when interaction of two 
modes with orthogonal polarizations was considered in an 
optical ring resonator [21]. For intershell transitions in Ryd-
berg atoms (gigahertz domain of driving frequency CI) reso-
nances with N up to 28 were observed but the shifts were not 
detected [22,23]. The effect is proportional to CI'2, hence it 
may become large for intrashell transitions in the megahertz 
domain. Multiphoton intrashell resonances were previously 
observed only indirectly in microwave ionization spectra 

which showed resonant multiphoton enhancement when the 
dc Stark splitting of the shell §nF^ is close to an integer 
number of field quanta ATI (N=£5) [24], but BS shifts were 
not exposed. While microwave ionization is a complicated 
process which is difficult to understand in full detail [25], the 
intrashell resonance dynamics responsible for the observed 
resonances may be treated analytically with very few limita-
tions [26]. 

In this work, we demonstrate that intrashell transitions in 
carefully prepared Rydberg atoms offer a unique possibility 
for studying multiphoton processes of high order in a con-
trollable way. The unambiguous identification of high-ZV 
shifted and broadened resonances poses a special challenge 
which is met by carefully tracing the evolution of resonances 
with increasing field strength and with the help of nonpertur-
bative calculations. A special field configuration with ac 
components both along and perpendicular to the dc field was 
employed to enhance the resonance effect. 

For the pure Coulomb problem, the stationary states are 
described by two independent pseudospins of constant mag-
nitude j ( n - 1 ) quantized in two independent directions. Each 
of the two pseudospins can be decomposed into n -1 inde-
pendent pseudospin-j components. The intrashell dynamics 
of hydrogenic Rydberg states in time-dependent external 
electromagnetic fields may thus be reduced to the dynamics 
of two of these independent spin-j particles in two indepen-
dent magnetic fields [27], This description is very attractive 
due to its simplicity and accuracy. It was used recently in 
analysis of state control by external fields [28], experimental 
data on microwave ionization resonances [26], adiabatic or 
near-adiabatic state transformations [29-32], and intrashell 
single-photon resonances for circularly polarized fields [33]. 
It is used here to derive analytical expressions for positions 
and widths of intrashell multiphoton resonances. The general 
problem of laser excitation of atoms or molecules can in 
principle be treated by perturbation theory, but it becomes 
intractable even for relatively small photon orders. By con-
trast, our analytical results do not have this restriction, and 
the present comparison with experimental data provides fur-
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FIG. 1. Hydrogenic energy levels in electric (left) and magnetic 

(right) fields, respectively, where m is the magnetic-field quantum 
number. Spectral positions of initial circular Stark (CS) and Zeeman 
(CZ) states are marked. Multiphoton quanta NI1 connect neighbor-
ing states. 

ther strong evidence for the validity of the pseudospin for-
malism. 

The experimental arrangement was described in Ref. [29]. 
In short, a Stark state of maximum polarization [a parabolic 
state with quantum numbers J n j, n2, m} = \ 24 ,0 ,0} or a coher-
ent elliptic state (CES) of eccentricity e=l [32]] was formed 
by laser excitation in a strong electric field (145 V/cm), then 
transformed by the adiabatic crossed-field method (ACFM) 
into a nearly circular CES (e — 0) stabilized by a static field 
[32], and finally exposed to a homogeneous, rotating electric 
field of frequency ft and amplitude Fa for a time T. The 
rotation vector of the field, ft, was perpendicular to the static 
field which in turn was perpendicular to the orbital plane of 
the circular state. The static electric and magnetic fields (F 
and B, respectively) produced a constant Stark-Zeeman split-
ting of the shell described by frequencies a)±=|<ut±<3$|, with 
a>s=2nF and U>L=-B [27]. The Stark frequency of the rotat-
ing field is ojn=jnFn. The parameters CIUtt, ioh/Itt, and 
( o J I t t were varied within the intervals 12-30 MHz, 
0 - 2 0 0 MHz, and 3 0 - 3 7 0 MHz, respectively. These fre-
quencies are much smaller than the orbital frequency of the 
n=25 shell (421 GHz). The transformation was completed in 
< 1 0 /AS and the exposure to the rotating field lasted for 7" 
=2 /AS with switching times of a few field cycles [29], A 
ramped electric field of slew rate 420 (V/cm)//AS triggered 
about 50 /AS after laser excitation was used to analyze the 
final distribution of Rydberg states by selective field ioniza-
tion (SFI) [22], and to determine the probability that the 
Rydberg atom remained in the original state, i.e., responded 
adiabatically to the rotating field. 

In one version of the ACFM, F, = 145 V / c m was switched 
off in the presence of a weak magnetic field to produce a 
CES of e=0 oriented relative to B with spherical quantum 
numbers |n ,<,m) f l=|25,24,24) f l . We call this a circular Zee-
man (CZ) state. It is nondegenerate and at the top of the n 
manifold (Fig. 1). In another version [29,30] the electric field 
rotated while it approached a constant final value Ff perpen-
dicular to B. This was arranged such that 3nF{t) — B at an 
intermediate time t=tc when sharp avoided crossings of 
quasienergy curves were encountered and purely diabatic 
transitions brought the CES into a new type of CES. As F 
subsequently rotated and increased towards Ff this new CES 

FIG. 2. Multiphoton resonances vs frequency fl/2ir for (almost) 
circular Stark states. F=6 V/cm (300 MHz), B=15 G (21.4 MHz), 
F ± B, o>+=cu_ => 300 MHz, and e=0.07. Curves for different &J(i are 
displaced vertically for clarity. Photon numbers N are given next to 
each curve and unshifted resonance positions are indicated. The 
resonances N= 21-23 are split (see text). 

developed into a circular Stark (CS) state quantized along the 
direction of Fp i.e., |n, €, m) F = |25,24,24) f . The eigenen-
ergy of the CS state is highly degenerate and located in the 
middle of the n manifold (Fig. 1). 

The nearest-neighboring states of the initial CZ or CS 
state could not be distinguished by the SFI so only apparent 
adiabatic probabilities P ^ were obtained. In the pseudospin 
description, transition to an adjacent state corresponds to a 
flip of one of the constituent spins. Therefore, not only one 
but at least two spin flips were required for having a detect-
able change of the SFI spectra. 

We first measured the dependence of on ft for vari-
ous splittings a>(a>+=a)_) and strengths con to have an over-
view of the resonances, and then in detail to determine BS 
shifts and resonance widths of selected resonances. The over-
view is shown in Fig. 2 for initial CS states. Similar results 
were seen for initial CZ states, so the resonance structures do 
not depend on location within the manifold or degree of 
degeneracy. Some resonances were split (1V=21,22, and 23). 
This happened when B and F were not exactly perpendicular. 
One component corresponds to to+ and the other to ai_. The 
splitting could always be eliminated by adjusting the direc-
tion of F or B. It was left in one case to expose the phenom-
enon. The resonance frequency ftres is clearly shifted relative 
to ft= oi/N and it depends on a>n. The correct assignment of 
the high photon numbers was made difficult by this shift and 
required careful measurements of flres(ti>n) for many N. 

For the theoretical description, an explicitly time-
dependent multicycle Landau-Zener model (MLZ) [34] as 
well as an adiabatic time-independent Floquet theory (AD) 
[35,36] have been developed. The spin-flip probability p ( f t ) 
is generally oscillatory with a Lorentzian envelope function 
approaching one at resonance unless q=ain/co is very small. 
For the BS shift ( N > 1) of the resonances both theories give 
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FIG. 3. Scaled resonance frequency ATl^/a) vs scaled har-
monic field strength q=o>n/cu for different photon numbers N. Full 
curve, Bloch-Siegert expression (1). (a) Static Zeeman splitting, (b) 
Static Stark splitting. 

FIG. 4. Widths r ^ / f l ^ (FWHM) vs scaled harmonic field 
strength q=o>il/to for different photon numbers N (N=21 covers 
N= 19 and 21). Bars show statistical errors; full curves, theory. 

NSU- 1 , 1 4 , — = l + -?2 + - ? 4 + 0(9
6), 

ai 4 64 
(1) 

and the two theoretical results for the widths [full width at 
half maximum (FWHM)] of the Lorentzian at many field 
cycles can be expressed as 

1 MLZ 
- - M , JV=£2 2 iNq 
N\ 2 

2 

7TN 
exp 

4 f l „ 
(1 -qf 

s -Jq 
N>2, 

and 

n. 
• = — e x p , 7tN flres 1 +q \l+q 

l-q 

(2) 

(3) 

where D is the complete elliptic integral of the third kind 
[37], For q< 1 Eq. (3) reduces to the anticipated power law 
T A D ' xq N [36], but does not capture the spectral width as-
sociated with the finite duration of the pulse, a contribu-
tion which correctly dominates the MLZ theory as g—>0 
[34], where » 4^2! (NT). 

When it is assumed that no or one spin flip leaves the SFI 
spectra unchanged, the apparent probability for adiabatic re-
sponse to the harmonic pulse is given by ^ ^ = ( 1 - p ) 2 " - 2 

+ ( 2 n - 2 ) p ( l - p ) 2 " - 3 [see Eq. (14) of Ref. [27]]. Pj^a satu-
rates at practically zero value near resonance even for small 
p and oscillates away from resonance, but smooth reso-
nances were observed due to smearing by inhomogeneities 
of 01. 

Figure 3 shows measured and calculated BS shifts (1) for 
selected values of N. While ft is known with high precision, 
the values assigned to a> and cun are sensitive to distances 
between electrodes, calibration factors, and unavoidable 
stray electric fields. The ordinate of Fig. 3 covers a total 
variation of only 10 % to bring out the BS shifts. This ex-

poses some dispersion in the data due to experimental errors. 
With these reservations we find a very good agreement with 
the predictions. 

Figure 4 shows measured and calculated total resonance 
widths r t o t for selected values of N. All experimental widths 
were derived from clearly split resonances to avoid apparent 
broadening from unresolved splitting. Widths obtained from 
accurate numerical calculations are shown as full curves. 
These are somewhat larger than values obtained from Eqs. 
(2) and (3) due to saturation of P"^r For each N, the data 
points tend to lie above theory at small q and below at large 
q. This is most likely due to field inhomogeneities. At small 
q, where is not oscillatory, inhomogeneities lead to 
broadening, but at large q the oscillations in P'^ are aver-
aged and this results in a narrower profile than the envelope 
of the resolved oscillations. Such systematic errors make it 
difficult to measure the widths accurately. In spite of this, 
clear trends were seen and the theory reproduces these fairly 
well. 

In conclusion, experimental positions and widths of mul-
tiphoton intrashell resonances up to N= 21 for hydrogenic 
Stark-Zeeman levels of a Rydberg shell have been measured. 
The experimental data show multiphoton Bloch-Siegert 
shifts and widths in good agreement with analytical predic-
tions based on the reduction of the intrashell dynamics to 
that of two pseudospin-j particles in two "magnetic fields." 
The precise and unambiguous determination demonstrated 
here critically gauge effects of Bloch-Siegert shifts of impor-
tance also in related areas of fundamental physics and in 
high-precision technology where direct measurements cannot 
be performed. 
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We derive closed analytic expressions for intrashell transitions in Rydberg atoms exposed to linearly-polarized 
or circularly-polarized periodic electromagnetic fields. The resonance energies and transition probabilities are 
calculated using multichannel Landau-Zener-Stueckelberg theory. The theory provides formulas for the reso-
nance widths and positions for arbitrary field strength and frequency. The formulas are in excellent agreement 
with numerical solution of the evolution equations. 
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I. INTRODUCTION 

The understanding of the interaction of a quantum system 
with strong periodic fields is the foundation of spectroscopy. 
In the field of atomic physics, the complex dynamics of a mul-
tilevel strongly-coupled atom has been and remains a major 
challenge for experiment and theory. It is of practical im-
portance in both understanding the structure and measuring 
the excitation modes of the system as well as controlling or 
engineering the quantum states. The understanding and con-
trol of the dynamics of quantum states in a discrete Hilbert 
space is of great importance in quantum information technol-
ogy and processing. The development of laser pulses with in-
tensities comparable with internal atomic electric fields, and 
frequencies in the infrared and ultraviolet spectrum, has led to 
the observation of highly nonlinear phenomena such as mul-
tiphoton ionization and high-order harmonic generation [1], 
In the simplest model of nonlinear interaction, the processes 
can be modeled by an idealized two-level atom [2-4], This 
model assumes that the laser-atom coupling is weak enough 
that only near-resonant transitions will occur, and that selec-
tion rules allow us to confine the population transfer between 
two-levels. Then the master equation of the system can be 
solved in closed analytic form. This provides a physical quali-
tative understanding of the dynamics and predicts effects such 
as Rabi oscillations and resonance fluorescence with quan-
titative precision. The essence of this simplification is the 
rotating-wave approximation in which the internal and exter-
nal fields are supposed to be nearly in phase. Counter-rotating 
terms in the Hamiltonian are neglected to a first approxima-
tion. The neglect of these non-resonant (virtual) transitions 
breaks down as the coupling strength increases. Remaining 
within the framework of the two-state approximation, the cor-
rections that arise from the counter-rotating terms are the fa-
miliar Bloch-Siegert (BS) shifts [5]. These virtual state cor-
rections are extremely important in precision spectroscopy in-
cluding photon-atom interactions [6-10], NMR spectroscopy 
[11-15], EPR spectroscopy [16], far-infrared interband transi-
tions in condensed matter [17, 18] and in continuously driven 
dissipative solid-state qubits [19]. 

Metastable Rydberg atoms offer a unique opportunity for 
accurate studies of pure but strongly-driven quantum systems. 
The atoms have long lifetimes and very precisely determined 
energy spectra, and thus have important practical applications 

in cavity quantum electrodynamics [20] and precise magnetic 
field measurements [21]. The detailed dynamics of the states 
within a single manifold, states with a common principal 
quantum number n, have been studied for single-photon pro-
cesses, both theoretically and experimentally [21-26], When 
intense microwave fields are applied then multiphoton transi-
tions between Rydberg shells can be observed directly [27-
29], 

In recent high precision experiments, the Bloch-Siegert 
shifts and widths of multiphoton resonances in the radio fre-
quency domain were measured [30]. The measurements were 
of intrashell (same n) transitions of a Rydberg manifold of 
atomic Lithium. Resonances with photon numbers N up to 
N = 23 were detected and characterized. Our paper presents 
closed analytic expressions for the resonance positions and 
widths corresponding to these measurements. The theoretical 
model is based on the coherent multichannel Landau-Zener-
Stueckelberg model [31-33]. It is explicitly time-dependent 
and general in the sense that it can describe multiphoton ab-
sorption dynamics for linear and circular polarization of the 
oscillating field and arbitrary alignment of an external static 
electric field. An important advantage of the model is that, as 
long as intershell mixing can be neglected, the results are valid 
for strong fields where perturbative methods break down. Our 
results are in excellent agreement with the observations re-
ported [30], 

II. MULTIPHOTON RESONANCES: NUMERICAL 
SIMULATIONS 

The non-relativistic Hamiltonian of a hydrogenic one-
electron atom interacting with a time-dependent electric field 
can be written as, 

ff = - i v 2 - - + F ( i ) - r , (1) 
z r 

where F is the electric field perturbation, and the dipole ap-
proximation is made. Atomic units (ft = e = m e = 1). 
Suppose that the electron is localized to a single Rydberg 
manifold n, with degeneracy n 2 , and let us take F ( t ) = 
[Fx cos urt, 0, F0 + Fz smart]. Thus Fz = 0 corresponds 
to linear polarization and Fz = ±FX to circular polariza-
tion. For perturbations in the presence of a static electric field, 



2 

the most suitable basis is the set of n 2 orthonormal parabolic 
states {|n, k,m)} where k = tii - n 2 = — n + |m| + 1, —n + 
|m| + 2 , . . . ,n — \m\ — 2, n — |m| — l i s the parabolic quantum 
number, and m = — n + 1, —71 + 2 , . . . , n — 2, n — 1 the pro-
jection of the orbital angular momentum along the static field 
direction. Restricting the Hilbert space to this basis is justified 
on timescales much shorter than the natural lifetime, and for 
field strengths such that neighboring Stark «-manifolds do not 
overlap, that is F n 2 < < n " 3 [34], Moreover only frequencies 
of the external field ui much lower than the characteristic fre-
quency between neighboring manifolds are considered, that is 
u < n~3. In the experiments of interest, carried out by Fre-
genal et al [30], the parameters were such that n = 25 F0 = 6 
V/cm and 0 < (2~)~'cj < 300 MHz, and these conditions 
were satisfied for all the values of interest. 

For a weak field /'o, the energy shifts of the field-free 
degenerate manifold are given by the linear Stark effect; 
A£„/,.,„ = I n F o k . In Fig. 1 a schematic drawing of the 
energy levels and the direct transitions between the levels, for 
n = 25, are shown. In experimental studies, the state in the 
n-manifold with largest dipole moment and highest/lowest en-
ergy, which is also non-degenerate, can be populated by res-
onant narrowband excitation from the I s ground state. In the 
case of interest this corresponds to \n,k,m) = |25,24,0) . 
The initial conditions, prior to the application of the oscilla-
tory field, are that this state is fully occupied and the other 
states are empty. The system can then evolve under the oscil-
lating external field. 

An exact one-to-one connection between the dynamics of a 
single Rydberg manifold perturbed by electromagnetic fields 
and two independent spin 1/2 systems was established some 
years ago [35, 36] and later generalized to arbitrary initial 
states [26, 37], The theory has been compared with experi-
ment [21, 30] and is now considered to be valid for a large 
class of problems. Let c/,.„,(() be the time-dependent state 
amplitudes on each Stark state | n , k , m ) . From this theory the 
probability to remain in the initial Stark state |25,24,0) with 
time is given by the simple formula [21], 

(̂25,24,0) (t) = |c24,o(i)|2 = [1 - P(t)]2n~2, (2) 

where p(t) is the corresponding transition probability between 
eigenstates of the coupled two-state system, 

l J t ( C2 ) = ( S i £ ) ( C2 ) ' ( 3 ) 

with Hn = - # 2 2 = (3 /4 )n (F 0 + Fz s i n u t ) and H12 = 
Wo 1 = i 'i/i jnFj. c.osujt. Prior to the detailed discussion of 
the physical and analytic aspects of our model, let us consider 
some results of the numerical integration of these equations. 
The tree-like pair-wise coupling of states is shown in Fig 1. 
In general, for low-frequency excitations lj <C ( 3 / 2 ) n F 0 the 
transitions will be non-resonant and require multiphoton ex-
citation through a sequence of virtual states. This leads to 
Bloch-Siegert shifts of the energy spectrum characteristic of 
non-resonant transitions. Suppose that the initial conditions 
are C 2 4 . 0 (t = 0) = 1 and Ck,m (t = 0) = 0 for all other states. 
We consider the transfer of population from this state due to 

a short pulse, 10 cycles, of linear or circularly polarized ra-
diowaves in the MHz region. Results for the probability of 
remaining in the initial state (adiabatic probability) with re-
spect to variation in the frequency of excitation are shown in 
Fig. 2. The upper figure indicates the frequency dependence 
of the probability for linear polarization, while the lower fig-
ure considers the example of circular polarization. A regular 
pattern of resonances corresponding to absorption of a dis-
crete number of photons appears: Ntkj = Enk'm> - Enkm, 
with N = 1 , 2 , 3 , . . . . Referring to Fig. 2, for the param-
eters chosen, the low-frequency (higher-order N) transitions 
are not saturated, while the population is completely depleted 
for the Ar = 4 and A7 = 3 transitions after 10 cycles. Accord-
ing to symmetry selection rules [38], the linearly polarized 
field (F , = 0) only couples an odd number of photons, while 
the circularly polarized field allows both even and odd pho-
ton resonances. Furthermore the position of the resonances 
is shifted according to the polarization and coupling strength. 
For example, the N = 5 resonance is at a higher frequency 
for linear polarization. Our paper is concerned with a detailed 
description of these energy shifts. The strength (area of the 
central maximum) of the resonances decreases rapidly with 
increasing N . The number of sideband oscillations is propor-
tional to the pulse duration. The relevant experimental param-
eter is the FWHM of the resonance envelope rather than the 
central peak, as indicated in Fig. 3. 

III. LANDAU-ZENER-STUECKELBERG MODEL 

Recall that the solution to the general problem of intrashell 
dynamics is exactly described by the evolution of the state 
amplitudes in the coupled two-level system Eq. (3) [26]. For 
the Landau-Zener-Stueckelberg [31, 39, 40] model H n = 
-H22 = at/2 while H12 = H^ = d. This model is 
sometimes termed the linear model corresponding to the t-
dependence of the diagonal energies, and for this Hamilto-
nian the coupled equations can be solved exactly to yield the 
transition probabilities between the states. The Landau-Zener-
Stueckelberg Hamiltonian has proved to be applicable to a 
large class of problems and is in many cases the only exist-
ing realizable model, due to its simplicity. The amplitudes 
ei .2 are termed the diabatic coefficients because of the cross-
ing Hu = II22 at t = 0. We define the unitary (rotation) U, 
such that: a(t) = U(t)c(t), so that, 

iå = [UHU1 - i 6 r t t / ] a, (4) 

with the adiabatic Hamiltonian: H " = U H W - i U J U . 
Choosing U to diagonalize H gives: H = E\'(t) = 

v ' ( f ) 2 + ( p and #22 = E${t) = ~Ef(t). Furthermore 
a non-adiabatic coupling H f 2 = H%f = —iad/(a2t2 + 4cP) 
appears on the off-diagonal elements. The adiabatic transition 
probability p = |a2(+oo) | 2 from the initial state a;(—oc) = 
Sn is given by the formula, [31] 
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If a multilevel system exists in which couplings are between 
pairs of states, and each pseudocrossing is isolated (separated) 
from the others, then the system can be represented as a series 
of coupled two-level systems. [32,41,42]. However in apply-
ing the two-level formula, one must take proper account of the 
phase of the coefficient in order to account for interference ef-
fects. The S-matrix connects the adiabatic amplitudes before 
(r) and after (r ' ) the avoided crossing, that is a ' = Sa, and it 
is given by [33], 

a i ( r ' ) 
Mr') 

n/l-pe 
VP 

-in' 
-VP 

Qi(r) 
a 2 ( r ) 

where (Y = Q + <l>s, with SI the dynamical phase, 

n = [ \KM\ 

and $ s the Stokes phase, 
$ s 

dt, 

(6) 

(7) 

IV. RYDBERG RESONANCES 

A. Circular polarization 

An in-plane circularly polarized field (/'- = FX) was re-
cently used by Fregenal et al [30] to drive multiphoton in-
trashell transitions in the radio frequency domain, for highly 
excited Rydberg atoms. Consider the Hamiltonian in Eq. (3), 
for F, = rewritten in the adiabatic basis, 

a _ . |\/1 + a2 + 2asin^ 
" — I i qu.'(a-+sin u.'t) 

2 l+a2+2 a sin 

1 â .'(Q+sin ) 
2 l-j-o -+2« sin u.7 

| V l + a2 + 2a sin ut 
(9) 

where A = FX/Fq and ( = 3nF0 /2. The adiabatic terms (di-
agonal elements) now oscillate so that the closest approach of 
the terms occurs whenever: sincj£ = —1, that is at the fol-
lowing times tc = 3it/(2uj) + 2 - q j u (q = 0,1,2,.. .). This 
is the region where non-adiabatic coupling will be most ef-
fective. The adiabatic energy spectrum in Fig. 4 represents a 
multilevel system with many identical avoided crossings ap-
pearing periodically in time. Consider the Taylor expansion 
of the Hamiltonian near t ss tc. Comparing with the linear 
Landau-Zener-Stueckelberg (LZS) model in the adiabatic rep-
resentation, the following correspondence is clear: a = CjJ <Ja 
and d = e(l - a)/2. The LZS approximation is accurate for 
a > 0.2 and u <C e. Since the transition points t c are sep-
arated by a field period, the isolated two-state model can be 
used to calculate the depletion of the initial state for each cy-
cle. The final transition matrix after A' periods of the field 
can then be written as a product of totally A' S-matrices, so 
that after K cycles (transitions) the probability, A"), of 

remaining in the initial adiabatic state becomes, 

Padtu, K) = 1 • 
1 

4 ( l + sin2 f ) ' ) 
Ui - Ai (10) 

with, 

A± = i / l - pcosCl' ± i\jp + (1 — p) sin2 ft ' . 

The phase Cl' = Cl + is defined by Eqs. (7) and (8). The 
phase (or action) f!' generates additional oscillations within 
the central envelope (see Figs. 2 and 3). In the context of 
atomic collisions these are usually referred to as Stueckelberg 
oscillations. 

The envelope function 11' (u) has a Lorentz lineshape, 

W [J) = 1 • 
1 

1 + ^ sin2 CI'' 
(11) 

with the line center at CI' = NN, for integer N. Therefore, the 
resonance frequency is defined by the transcendental equa-
tion: 

w = 2Va\ 
A'TT-$S(W) V2 1 + A / 

Here E(N/2, K) is the complete elliptic integral of the second 
kind [43], The equation can be solved by iteration to give the 
simple result, 

u,res = TL— (1 + ]a2 + + 0(ae) 
A T T - $ s ( w 0 ) V 4 64 

(13) 
We have here assumed that $ 5 is a slowly-varying function of 
uj near the resonance coo, where u>o is found from Eq. (13) by 
putting $ 5 = 0. Note that the Stokes phase can be neglected 
for large N. 

The energy shifts due to the Stokes phase correction can 
be investigated further. The scaled energy shifts ABS = 
NUIIE8/e — 1 versus scaled harmonic field strength A = FX/FO 
are shown in Fig. 5 for A' = 10. Results for the analytic 
model with = 0 and / 0 are presented. Since <!> <,' > 0, 
the shifts increase when it is included. The exact result com-
ing from numerical solution of the Schrodinger equation are 
in close agreement with the analytical estimates. 

From Eq. (11), the expression for the full-width half-
maximum of the resonance corresponding to an A7-photon res-
onance is, 

r,v = 
2 OJre 

1 +p 

Therefore: 

TJV ^ 
( 3nf, 

N ^ 4w, N <2 

(14) 

(15) 

n 7t ' ^ , A R >2, 

with p = p(cjæs). Since e/wn» — Ar the width is almost in-
dependent of the static field Fq. The widths for AR = 1,2 
have been derived by first making the phase transformation, 
(ci,c2) -> ( e

i 3 n ^ / ( 4 w ) T O S W ' c i , e - i 3 n F " ' ( 4 w > C 0 8 ^4 ) , tore-
move the oscillating terms from the diagonal of the coupling 
matrix in Eq. (3). Keeping only terms involving one- and two-
photon resonances, the widths are accurately obtained from 
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perturbation theory [2, 44]. The FWHM (I '£) of a Rydberg 
resonance is closely related to the two-state width by Eq.2, 

1 
21/(2n-2) _ I (16) 

In Fig. 6 we have compared analytical and exact (numeri-
cal) widths F ;v /̂ .Vcs for values of N from Ar = 1 — 20. A very 
high degree of agreement is achieved, illustrating that the an-
alytic formulas, Eqs. (14) and (15), are extremely accurate in 
the range of physical interest 0 < a < 1. In the limit a —> 0, 
TA- —> 0 and the lines are sharp for long pulses. However for 
a pulse of finite duration AT, and for p <g 1 the probability 
that the initial state survives is given by; 

P ^ , K ) = l-p(l-

for $ 5 = 0. Since limQ 

FWHM becomes, 

l i m r a . = 
Jh/2_ 
NAT' 

(17) 

B. Linear polarization 

The case with a linearly polarized field (Fz = 0) has been 
widely studied due to its prevalence in optics [2,3,10,45]. In 
the adiabatic basis; 

HaA = 
I V l + ct2 COS2 ut — i 

qu; sincW 

i_ a„' sin ^ / 
2 l + a a cos2 w 

2 1 + a 2 cos u t 
- f \ / l + a 2 COS2 Ult 

(18) 

K) = 1 -
4 ( l + cos2 

0 
A* (19) 

polarized field than for the circularly polarized field. From 
Eq. (19) the envelope function which encloses the resonances 
becomes, 

W(u) = 1 - 1 
1 + COS2 fi' 

V 

(20) 

The resonance condition is W = Ntt/2, where N is odd, i.e., 

2e 
Nit - 2<F>s(u]0) 

Ntt - 2$s(u0) 
1 + W-iia4 + 0(a6) 

(21 

a < 1 
a > 1 

cos2A"fi)/(l - cos2f!) + 0(p2), 

+o Paiium, K) = 1 - K2p, then the 

with a = Fx/Fo and e = 3nFo/2 as before. Coupling occurs 
periodically at times tc = 7r/(2u) + irq/ui (q = 0,1,2,...). 
Accordingly, we have sin ut ~ ± 1 u2(t — tc)2/2 and 
cos Lot ~ ui(t — tr), near each avoided crossing. Once 
again the Hamiltonian corresponds to the linear model in the 
adiabatic representation with the parameters a = ewa and 
d = e/2. This in turn gives the transition probability p, 
the Stokes phase and the conditions for resonance. The 
LZS approximation is accurate for a 3> 1 / \/2 and ui < e. 
In the weak-coupling limit (a < 2) the probability of tran-
sition at resonance becomes [2], p((Jrcs) = 47r2/{[(jV -
l j / ^ p n ^ / a e e * . ) ] ™ . 

In the strong-coupling region, the probability, P^(LJ,K), 
of remaining in the initial state after K rotations of the field 
has the form, 

To second order in a the resonance frequency is similar for the 
two different polarizations (linear and circular). On the other 
hand the fourth-order correction differs in magnitude and sign, 
from + 1 /64a 4 for circular polarization to - 3 / 6 4 a 4 for linear 
polarization. To check the validity of the resonance formula 
we have compared it with earlier derivations by Shirley [2], 
Ahmad and Bullough [46] and Duvall, Valeo and Oberman 
[3]. In those derivations the correction $ s was not considered. 
In the limit Ar 3> 1 when $ 5 can be neglected, then our results 
are in complete agreement. For small values of a the LZS 
approximation for the Stokes phase is less accurate, and Eq. 
(21) should be used with caution. In this limit one can set 

= 0 since l i m ^ o = 0. 
Results for the scaled Bloch-Siegert shift ABS versus scaled 

harmonic field strength A = FX J F0 is shown in Fig. 7 for 
N = 7. The shift becomes significant for strong coupling. 
However, even for high values of N (N = 7), the importance 
of the Stokes phase is clearly visible. Only when this correc-
tion is taken into account do we obtain complete agreement 
between theory and exact numerical calculations. The success 
for strong coupling reflects the fact that the LZS model is more 
realistic in this limit. Note that the shift increases linearly with 
the coupling parameter in this range: ~ 2q/( - - 24>.s' /N) for 
a » 1. 

Returning to the FWHM of a the Ar-photon resonance, we 
have that, 

r« = 4aJres 

Nn 
P 

1 + p ' 

so that, 

JV[( 
! 3nfj_\ N <5 

N > 5. 

(22) 

(23) 

Note that the choice of approximation defined by the value of 
N corresponds to a ~ 2. Thus the expression in Eq. (23) 
appropriate to N < 5 and Ar > 5 is equivalent to a < 2 and 
a > 2, respectively (see Fig. 8). The upper expression (A* < 

A± = (1-p) cos2Q'+p±i[4p( l -p) sin2 fi'+(l-p)2 sin2 2fi']1/25) is based on Shirley's result [2], which deviates significantly 
from our result for N 3> 5. On the other hand for A1 > 5 we 

Note that there are two avoided crossings for each period of obtain complete agreement with Duvall, Valeo and Oberman 
the field, i.e. totally 2A' crossings. Hence for finite times [3]. Numerical simulations show that Eqs. (22) and (23) are 
AT there are twice as many LZS crossings for the linearly indeed accurate for all AT. 
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Note that the proportionality factor in Eq. (22) is twice that 
for circular polarization [Eq. (14)]. This is simply a conse-
quence of the fact that there are twice as many avoided cross-
ings per cycle. Note also that Eq. (11) gives resonances for all 
integer N in contrast to the odd N criteria for a linearly po-
larized field, in agreement with conservation laws for angular 
momentum [38]. 

In Fig. 8 the scaled widths T jv/cjres versus scaled harmonic 
field strength a = Fx /F0 are shown and compared with exact 
numerical widths for selected values of N. For N = 5 both 
formulas valid for N < 5 and A7 > 5 are shown for compar-
ison. Together the two analytical expressions cover all values 
of AR. 

Again for a pulse of finite duration AT the width ap-
proaches the value 4^/2/(NAT) for a -> 0. This is identical 
with the result for circular polarization [Eq. (17)]. It follows 
from the expansion, 

Pv i{u ,K) - 1 - p ( l - c o s 4 K f ) ) / ( l + cos2f!) + 0 ( p 2 ) 

under the conditions that $ s as 0. 

V. CONCLUSION 

In conclusion, simple analytical formulas for widths and 
positions of multiphoton intrashell resonances in hydrogenic 
atoms are derived and compared with numerical calculations. 
A very good agreement is achieved. The theoretical results are 
also in close agreement with recent related experiments [30]. 
The formulas are valid for arbitrary photon orders, and cover 
the entire scale of field intensities, ranging from the weak per-
turbative limit to strong fields. This consistency opens the 
opportunity for applications in applied multiphoton high pre-
cision technology. The theoretical results may serve as a tool 
kit for probing limitations and possibilities in photonics and in 
discrete-variable quantum systems with obvious applications 
in quantum information. 
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FIG. 1: The energy spectrum of the Stark-split n = 25 manifold due 
to a static field Fo. The energy levels are equidistant and defined 
with respect to the center of the band by Ek,m — 3/2nFok. The 
non-degenerate initial state k = n — 1. m = 0 is indicated with bold 
line in the energy spectrum and the dominant Ar-photon transitions 
for circular and linear polarizations are denoted by arrows. 
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FIG. 2: The probability of the atom remaining in the initial state 
|n. k. m) = |25, 24.0) following a 10 cycle pulse of radiofrequency 
radiation in the presence of a static field F0 = 6 V/m. The frequency 
dependence of the probability is shown for both linear and circular 
polarizations. Upper figure: results for linear polarization with Fx = 
3.5 V/cm. Lower figure: results for circular polarization with Fz = 
Fx = 1.5 V/cm. The resonances are labeled by the photon number 
N corresponding to the energy gap: AE = A'fiuj. 



Frequency (arb. units) 

FIG. 3: Definition of the envelope, the width (FWHM) and the reso-
nance frequency of a multiphoton resonance. 

FIG. 4: Typical energy spectrum for the two adiabatic states (full 
curve), including the 3 first avoided crossings and the correspond-
ing Landau-Zener-Stueckelberg approximation (dashed curves). The 
arrows indicates that the spectrum continues periodically in time. 
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FIG. 5: Variation of scaled Bloch-Siegert shifts ABS = NUI^/E — 1 
with respect to field strength a = Fx/Fo for a circularly polarized 
field (Fz = Fx) and for N = 10. Analytic results [(Eq. (13)] 
with <S>s = 0 (full curve) and ^ 0 (dashed curve), respectively. 
Numerical (exact) results from the direct integration of the coupled 
equations are indicated by (*). 

FIG. 6: Widths T.v /uha (FWHM) (for infinitely long pulse dura-
tion) vs. scaled harmonic field strength a = Fx/Fo for different 
photon numbers N, and for a circularly polarized field (F. = Fx). 
Full curve shows the analytical result [(Eq. (14)] and (*) the exact 
numerical results. 



FIG. 7: Same as Fig. 5 for a linearly polarized oscillating field (F- = 
0) and for N = 7. Analytical shifts [(Eq. (21)] with = 0 (full 
curve) and # 0 (dashed curve), respectively. Exact numerical 
shifts shown by (*). 

FIG. 8: Same as Fig. 6 for a linearly polarized oscillating field (Fs = 
0). Full curve shows the analytical widths [Eq. (23)] and (*) the exact 
numerical widths. For N = 5 both the formulas valid for N < 5 
(Ml curve) and N > 5 (dashed curve), respectively, are shown for 
comparison. 
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A b s t r a c t . Ionization and stabilization dynamics of an initially excited aligned H(2p, 

m = 0) a tom exposed to short intense laser pulses is studied in the non-per turbat ive 

regime based on a three dimensional numerical solution of the t ime dependent 

Schrodinger equation on a spherical grid. The laser pulse is given a linear polarization 

vector which defines an angle 9 with the symmetry axis of the initial 2p s tate. Strong 

orientation effects for ionization are found as a function of polarization direction for 

high laser frequencies. The angular distribution of the photo-electron spectrum shows 

two characteristic features related to ionization dynamics of parallel vs. perpendicular 

states with respect to the polarization direction of the field. For high enough field 

intensities stabilization occurs for low as well as high frequency. 

PACS numbers: 33.80.Rv, 33.80.Eh, 82.50.Kx 
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1. Introduction 

In recent years the experimental tools to study dynamical processes of atom and molecule 
interactions with electromagnetic fields have improved dramatically. For example, 
attosecond laser pulses with phase control are now realized [1] and open for imaging 
of ultrafast dynamics such as t ime dependent auger processes [2] or nuclear dynamics 
[3]. Other examples involve preparation of aligned molecules [4] and momentum recoil 
analysis of fragmenting products [5, 6] utilizing real studies of reaction dynamics to a 
degree which only few years ago were at the "gedanken" level. 

In order to interpret and to understand the basic underlying quantum mechanics 
the need for optimal algorithms to solve the time dependent Schrodinger equation in 
parallel with the experimental progress is strengthened. When linear polarized laser 
light interacts with spherically symmetric ground state atoms the symmetry reduction 
to two effective degrees of freedom has resulted in a variety of methods [7] which has been 
applied to a range of phenomena such as above threshold ionization (ATI) [8], dynamic 
stabilization (DS) [9] and high harmonic generation [10]. A few groups, however, have 
reported related studies with broken cylindrical symmetry, e.g. atomic stabilization in 
intense circular polarized light [11, 12] molecular dynamics [13] and interaction with 
excited hydrogen [14]. 

Analogous to such studies of light-matter interactions with circular polarized light, 
interactions between initially aligned atoms or molecules in general need a full three 
dimensional analysis as well [15]. An example is here the ability of a diatomic molecule 
to ionize as a function of the angle between the (linear) laser polarization vector and 
the molecular internuclear axis. It was recently experimentally demonstrated a strong 
alignment dependence on the ionization probability of diatomic molecules exposed to 
femtosecond laser pulses [16]. On the theoretical side molecular alignment effects and 
the interplay between nuclear and electronic dynamics has only been studied within 
perturbation schemes [17, 18] or low-dimensional models [19, 20]. 

Concerning alignment and increasingly intense laser fields, it is well known that the 
ionization probability of ground state atoms at some point may start to decrease, or 
alternatively saturate at a level below one [9]. The geometrical aspects of this process 
for aligned atoms have only been briefly documented previously [14]. 

In the present paper we investigate the convergence properties of a three 
dimensional spectral split step method. The method is shown to behave very efficiently 
in the Kramers-Henneberger f rame for strong pulsed laser fields. It is based on an 
original two-dimensional formulation by Hermann and Fleck [21] which was recently 
extended to three dimensions [22]. The present method is then applied to geometrical 
aspects of the above mentioned light mat ter interactions. We consider an initially 
excited hydrogen atom in the 2p state with vanishing angular momentum around the 
quantization axis. The atom is then exposed to a 5-cycle laser pulse with frequency 
either in the XUV region or in the UV region. The linear polarization vector defines 
in both cases an angle 9 with the quantization axis. Ionization probabilities, alignment 
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effects and the underlying dynamics are then investigated. The paper is organized as 
follows: In the following section the numerical method is described. In section 3 the 
method is applied to study geometrical effects and stabilization of hydrogen atoms in 
short pulsed laser fields. Atomic units, me = h = e = 1, are used unless otherwise 
stated. 

2. Three dimensional spectral method 

A hydrogen atom interacting with the classical electromagnetic field is conveniently 
described by the semi-classical Hamiltonian, 

tf = i [p + A M ) ] 2 - i , (1) 

where A(r, i) is the electromagnetic vector potential. In the present formulation we 
assume the dipole approximation to be valid, i.e. the wavelength of the radiation is 
much larger than the extent of the atom. Then A ( r , t ) « A(i ) . and when introducing 
spherical coordinates the effective Hamiltonian can be expressed in the so called velocity 
gauge, 

+ + = H0 + Vv(r,n,t), (2) 

with, 

V„(r , f i , i ) = - - + A ( i ) - V (3) 
r 

Here fl = (8, <p) denotes the spherical angles. This Hamiltonian governs the time 
evolution of the reduced wavefunction <J>(r. t) — r<£(r, t). The squared term of the vector 
potential of equation 2 contributes in the dipole approximation to the wavefunction 
only as a global phase-factor. This factor is routinely removed by the transformation 

. The velocity gauge is a frequently used starting point 
for perturbation theories [23] as well as non-perturbative t reatments [24]. 

An alternative formulation which is explicitly based on the physical electric and/or 
magnetic fields is obtained by the transformation 

Vl(T,t)=Uv^l*v{T,t) (4) 

with, Uv-,i — e~""AW. Since the electric field is related to the vector potential by, 
E(r, t) = —dtA(r,t), we obtain the length gauge Hamiltonian H = H0 + Vi(r,Cl,t) 
where the potential is given by, 

V,(r,n,t) = -^+E(r,t)-T (5) 

Alternatively, the laser pulse may be described from the accelerated frame [25] 
following the motion of a free electron in the field. The frame transformation is defined 
by, Uv^a — e~'p'a^ which gives the Kramers-Henneberger (KH) frame Hamiltonian, 
H = H0+ Va(r,Q,t), with 

1 
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The quantity a(t) is the electron field displacement vector defined by a(t) — fg A(t')dt'. 
In the KH frame the effect of the laser is thus " seen" from the position of the electron as 
a nucleus oscillating with the characteristic frequency of the laser pulse. We note that 
the KH transformation is closely related to the electronic translational factors (ETF) 
applied to almost all non-perturbative two-centre descriptions of ion-atom collisions 
where the E T F factors not only ensures Galilean invariance of the theory, but also 
strongly limit the number of states needed to describe electron capture processes [26]. 
In light-matter interactions the KH frame has played a decisive role for the development 
of an understanding of adiabatic stabilization [9], We summarize here briefly the method 
of approach: Assume for the moment tha t the Hamiltonian is perfectly periodic. Then 
from Floquet theory a complete set of complex time dependent eigenfunctions (quasi-
stationary states) of the KH Hamiltonian can be constructed as follows, 

oo 

(r, n, t) = e~lEMt J2 <f>{n] (r, ^)e~mbJt (7) 
n=0 

where E ^ is the complex "quasi-energy" of these states. Insertion of this expansion, 
together with a Fourier expansion of the time dependent potential of equation 6, 

Va(r, a t) = Vkh + E Vn{r, tye'™1, (8) 
0 

into the Schrodinger equation in the KH frame, leads to an infinite set of t ime 
independent coupled differential equations for the components </>$ and the complex 
eigenvalues 

( \ p 2 + VKH - (E™ - nw)\ <j>™ = - £ (9) 
V Z 7 m^O 

The zero order term VKH represents the time-average of the potential over a period, i.e. 

VKB = j; fTVa(r,il,t)dt, (10) 

with T the period of the laser. In the high-frequency limit (ui oo) the zero order part 
of equation 9 dominates, and the set of Floquet equations reduces to one single [27], 

\ p 2 + V K H - E W ) < t > P = 0 , ( 1 1 ) 

with the formal solution 

rpW(r,Q,t) = e-iEMt$\r,Sl) (12) 

In this limit the atom is completely stable against multiphoton ionization, i.e. for 
ui —> oc the electron does not feel the rapid oscillations of the nucleus, but only its 
average value over a period. A sufficient criterion for stabilization is, u> » |Wo(^o)|> 
where |Wo(£o)| is the binding energy of the lowest eigenenergy state in the field. From 
this criterion stabilization can occur when the external frequency is higher than internal 
(field free) frequencies of the electron. Adiabatic development from an initial field-free 
state to the ground state of VKH when the field is on and back again is then possible. 
And in this very simple picture, the a tom is completely stable against ionization. It was 
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shown by Pont and Gavrila [28] t h a t the ground s ta te of the Vkh potential becomes 
less bound with increasing field s trength. Hence, for a given frequency the stabilization 
process strengthens as the laser intensity increases. 

From a modelling point of view, different physical processes are most efficiently 
described in different physical frames. In general the description should star t from a 
point which minimizes the per turbat ion and thus keeps the number of computat ional 
operations to a minimum. Thus, none of the equivalent descriptions of dipole limited 
light-atom interactions, equations 3, 5 and 6, are optimal for all kinds of laser frequencies, 
intensities and pulse durations. Wi th r and p; the conjugate variables describing position 
and momentum in the length gauge, the corresponding conjugate variables of the velocity 
gauge are r and p„ = p; — A. This may lead to fewer states required to describe the 
wavefunction in situations where pi ~ A, as has been shown in basis s tate expansions 
[24]. Unfortunately however, the velocity gauge cannot be easily implemented in the 
numerical split step scheme below. 

A comparison between the numerical properties of the velocity and length gauge 
with the KH frame has to the best of our knowledge not been carried out. By 
inspection however, the KH frame seems to be a na tura l f rame for impulsive strong 
field processes, as strong field s t rengths will only reduce the magnitude of the Coulomb 
potential . Apar t from regions in space where r ~ a the KH frame thus minimizes the 
magni tude of the per turbat ion. The present scheme allows for direct implementat ion 
of both the length gauge and the KH frame Hamiltonians. In the following we will 
compare the computat ional requirements necessary to obtain f rame invariance of the 
numerical results between the two Hamiltonians with the potentials in equation 5 and 
6, respectively. The vector potential is here given by, 

A(t) — — sin2 ( ^ ) sin(wt)up. (13) 
^ pulse ) 

This pulse ensures tha t the DC component of the field is zero. Furthermore, by keeping 
TPUISE an integer number n of laser cycles, TPUISE = 2-KU/UI, we are also guaranteed 
tha t the field displacement is zero at t = Tpuise. This makes a direct comparison of the 
wavefunction before and af ter the pulse possible without any additional t ransformations 
of the states [29]. 

In the simplest split step operator formulation the wavefunction can be propagated 
from time t to t + At, with At small [30, 21] by, 

$ ( r . t + At) » e-i&tA/2e-iAtB/2e-iAtVl/a(r,t)e-iAtB/2e-iAtA/2$(r_ ^ ^ ^ 

with A — — and B — . The overall numerical error per t ime step is here 
0(At2). A common misunderstanding is to assume the global error of the scheme above 
to be 0(At3) which is the split t ing error. This is however only t rue for t ime independent 
Hamiltonians. For t ime dependent Hamiltonians, however, there is built in a At2 error 
in the t ime evolution operator defined by tj) = T ( t f , to)^(^o); since, 

T(tf, t0) = + _ tof + 0(tf - t 0 f . (15) 
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The second order term is normally small for most laser processes. For short pulses 
towards attosecond duration, however, it is clear that this term is important and 
becomes the leading source of error. 

Following Hansen et al [22], the trick is now to expand the wavefunction in 
orthonormal polynomials which is partly diagonal in A and in B. By expanding in 
spherical harmonics, 

Lmax I 
$(rt.njk,t) = Yl E fim(ri,t)Ylm{Qjk), (16) 

( = 0 m = - f 

we obtain, 

fhnin, i ) = E WjkYlm (fy*) $ (n, njk, t) , (17) 
jk 

with abscissas and weights (fljk,Wjk) recently published in tabular form [31]. The 
sum is t runcated at I — Lrnax, where Lmax is chosen sufficiently large to assure 
convergence of the numerical scheme. The radial space is also truncated at rmax which 
is set large enough to cover the spatial extension of the wavefunction at all times 
during the pulse. With the present expansion the operator B simply reduces to a 
phase multiplication of each angular function by exp[iAtl(l + l)/4r t

2]. The operator 
A is correspondingly calculated by expanding each radial basis function in its Fourier 
components which reduce to another set of multiplications accompanied by two fast 
Fourier transformations. Following the action of these operators the wavefunction $ is 
calculated at each grid point and the exponential potential operator e^ 'A t v ' / a <- r i 'n 'k^ can 
act by straightforward multiplication. 

The present method is ideal for "near spherical" problems which restricts the 
number of necessary radial basis functions and keeps Lmax to a minimum. It has also 
some built in numerical advances such as providing an efficient parallel code [32], and it 
can be applied in the length gauge as well as the KH frame without extra programming. 

The post-processing work needed to produce physical quantities following a 
numerical algorithm should also be considered. In the present scheme this work is 
minimized since the projection onto field free eigenstates is particularly simple. For 
ionization for example, the hydrogenic free particle wavefunctions can be expanded in 
the spherical harmonics, 

oo I 
4>c(k, r, fi) = Y. E i'e^'Riik, r)Ylm(WL^k) (18) 

( = 0 m=-l 
Here k = V2E is the wavenumber of the wavefunction, £lk is the spherical angles of the 
outgoing wave and Ri(k. r) is a real radial wavefunction. Furthermore, at is the Coulomb 
phase required to satisfy the boundary condition as r — o c and CT; = arg F (l. + 1 + j^j. 
For an infinitely large r-space, k is a continuous variable, while here the discrete k-
spectrum is directly obtained from maximum box size of the simulation, rmax. The 
radial free particle Coulomb waves Kt(k.r), is found bv iterative solution of 
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with boundary values Kkj(0) = Kkj(rmax) — 0 where Kkj(r) = rRt(k,r). It is then a 
matter of computational power to find the Coulomb waves for all valid values of hi up to 
a chosen kmax, and all values of I < Lmax. We must ensure that kmax is sufficiently high 
so tha t the probability of ionization to higher energies than Emax — k'rnax/2 is negligible. 

Having found the radial Coulomb waves the energy distribution of the ionized 
electron is given as 

We then easily calculate the total ionization probability by taking the sum over all 
discrete values of E(ki) = k}/2. Furthermore, the angular ionization distribution is 
given by 

Thus, as long as rmax is chosen large enough all measurable quantities can be directly 
calculated by simple one dimensional integrals involving the final wavefunction directly. 

We now return to the question of which frame is the most efficient for short laser 
pulses. In figure 1 we show the highest populated /-value for calculations in the length 
gauge and the KH frame, respectively, for a 5 cycle pulse, cf. equation 13, with increasing 
intensity (upper figure) and an N cycle pulse with fixed intensity (lower figure). By 
highest populated I is meant the I value in equation 16 which is such that the probability 
for populating any higher state is always smaller than 10~3 during the pulse while other 
parameters are optimized. Thus the highest populated I value gives a direct indication 
of the maximum I needed to obtain convergence. By comparison it is clear that the 
KH frame outmatches completely the length gauge in computational power. Both as a 
function of intensity and as a function of pulse length with fixed intensity, we observe 
that the KH frame stabilizes at a small number Lmax ~ 10 as a necessary upper limit for 
the expansion in equation 16. The length gauge on the other hand, requires increasingly 
higher value of Lmax with increasing number of optical cycles and/or increasing intensity, 
and it will thus rapidly become prohibitive for three dimensional calculations. 

The KH frame combined with a spherical expansion thus becomes verv efficient for 
non-perturbative laser-atom or laser-molecule simulations. We therefore apply the KH 
frame to the calculations in the following section. We have also checked the results by 
performing some of the calculations in the length gauge, and frame invariance within 
1% was obtained for all cases. 

3. Results and Discussion 

(20) 

2 
dPr(n) 

dfl 

,„ . _ _ fi'max 

E E H ) e ~ " » Y l m ( S l k ) / Kk,i(r)flm(r)dr 
i„. i ™ Jo ki l.m 

(21) 

We here report results from three dimensional calculations of the ionization probabilities 
and characteristics of a H(2p) atom based on the outlined method of the previous section. 
The initial state is aligned along the z axis with magnetic quantum number m=0 , and 
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exposed to a linearly polarized laser pulse defining an arbi t rary angle with the initial 
quantization axis of the a tom. The motivation behind the calculations is twofold; (?) 
To contribute to a more complete understanding of dynamical stabilization of excited 
a toms in intense laser fields and (it) To investigate the geometrical aspects of ionization 
from aligned quantum states. As such, the latter point is related to ionization of aligned 
diatomic molecules as well as excited atomic states. 

The calculations are carried out for 5 cycle pulses in the non-perturbat ive intensity 
regime. Two typical laser frequencies are applied, uj = 1.0 and u> = 0.11 which allow 
us to study the electronic response in a high frequency pulse of attosecond durat ion 
vs. the response to more conventional pulsed laser frequency in the femtosecond range. 
Other parameters of the calculations are, Lmax = 12, rmax — 300, 1024 radial grid points 
and the t ime step At = 0.01. An absorbing boundary was used to remove unphysical 
high-frequency components and the extension of the grid was always kept large enough 
to assure tha t the norm of the wavefunction remains unity at the end of the pulse. 

In figure 2 the ionization probability following a 5 cycle pulse with UJ = 1.0 is shown 
as function of the electric field intensity and the angle between the H(2p) symmetry 
axis and the polarization vector of the electric field, cf. equation 13. The ionization 
probability is seen to depend critically on the angle 9 for field strengths 1 < < 1 0 with 
favoured ionization at small angles. At Eq — 1 for example, the ionization probability 
is around 10 times larger for 6 ~ 0 compared to 9 ~ 90°. From a simple classical 
picture of an initial oscillating charge it seems reasonable with preferred orientation 
for 9 = 0. even if the laser frequency is much larger than the na tura l frequency of the 
electron, a phenomenon well known from fast ion-atom collisions [33]. In both cases 
ionization is enhanced for minimum momentum transfer which are initially present in 
the parallel case. Another interesting aspect of figure 2 is t ha t dynamic stabilization is 
most pronounced at small angles. Here the ionization probability reaches a maximum 
around Eq = 10 and from there on decreases with increasing intensity. For larger values 
of 9 however, the ionization probability always increase with field intensity. 

In figure 3 the ionization probability for a corresponding 5 cycle pulse with ui = 0.11 
(400nm) is shown as function of field intensity in a comparable intensity region with 
respect to ionization probability. For this frequency we observe a much smaller angular 
ionization dependence, only about 30—40% in favour of small 0-values around Erj ~ 0.02. 
For high intensities the ionization probability is completely independent of 9 and the 
ionization probability stabilizes around 70%. 

In figure 4 snapshots of the t ime development of the probability density are 
compared at corresponding times for the two pulses, i.e. after 1, 2 and 4 cycles. The left 
side shows u> = 0.11 and polarization angle 9 = 55°. We observe tha t the wavefunction 
has instantly responded to the laser polarization direction which results in a distinct 
radiative pat tern . The right side of figure 4 shows snapshots for UJ = 1.0 and polarization 
angle 9 = 90°. We here observe tha t it does take several cycles for the oscillating field 
to release the electron. The electric field acts like an oscillating torque which causes the 
initial s tate to be transformed into a linear combination of higher angular momentum 
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states describing a charge cloud aligned around the polarization vector. 

The much smaller 9 dependence has its origin in a much lower field frequency which 

is analyzed in the following. By taking advantage of symmetry properties of the real 

spherical harmonics, 

Y m = Y m 

Ylm = (Ylrn + ( - l ) r o ^ _ m ) (TO > 0) (22) 

%-m = (Ylm + ( - 1 )m+1Yt.m) (TO < 0) 

(23) 

and let the electric polarization vector define the quantization axis, the initial 

wavefunction can be decomposed into two non-coupling components. 

$(r,n,t = 0) = [cos0Yw(Q)+smeYu{Q)]R2i(r,t = 0), (24) 

where R„i(r) is the hydrogenic radial wavefunction. The two components evolve 

independently, such that the wavefunction at a later time t can be written, 
oo oo 

$( r , n, t) — c o s f i o ( r , t)Y,0(fi) + sinØ £ fn(r, t)Yn(Q). (25) 
1=0 (=1 

The ionization probability may thus be expressed as 

E0) = Po(Eo) cos2 9 + Pl(Eo) sin2 9 (26) 

with po and p\ the corresponding ionization probabilities of the states \2p(m = Q))ap 

and \2p(m — l))«p , defined with respect to the polarization direction of the field. 

Now turning back to figure 2, the angular dependence of the ionization probability 

can be understood within the framework of high-frequency Floquet theory and atomic 

stabilization. From equation 25 we see tha t the I s state is symmetry forbidden when 

6 — 90° for a linearly polarized field, whereas its importance for the dynamics is 

proportional to cos2 9 as the angle 6 is decreased. Hence, the stabilization dynamics 

will strongly depend on the relative population on the |2p(m = 0 ) ) ^ and \2p(m = l ) ) s ? 

states initially. For a given frequency the 2 p ( m = 1) state stabilizes at a lower 

intensity than the 2 p ( m = 0) state. This is because the criterion for stabilization is 

fulfilled at lower intensities as long as the ground state in the field ( Is state) is not 

populated during the period of the laser pulse. Similar considerations were made and 

exploited experimentally when atomic stabilization first was demonstrated in excited 

circular Rydberg states [34, 35]. These aspects explain the geometric variation of the 

ionization probability in figure 2. In fact, for 9 ~ 90° the frequency is already so high 

compared to the binding energy of the lowest accessible eigenenergy state in the field 

tha t multiphoton ionization is strongly suppressed at all intensities, whereas for 9 ~ 0° 

multiphoton processes occur for the lower field intensities. For the highest field strengths 

the effective binding energy ultimately becomes so low, independent of the polarization 

angle, that any dependence on 0 vanish. 
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Figure 5 shows the ionization probability density dP(E)/dk versus electric field 
strength E0 and energy E of the ionized electrons for UJ = 1.0, and for 9 = 5° and 
9 — 88°. A regular pattern of resonances corresponding to absorption of ltd. 2UJ and 3UJ 
from the field is present at lower intensities for the lower angle, whereas only a weak 
signature of the one-photon resonance is visible for orthogonal polarization. The smaller 
oscillations (blue) in the probability density cannot be attr ibuted to multiples of UJ, but 
rather fractions of UJ. They are a result of the non-adiabatic turn-on of the field and are 
especially prominent for short pulses. All essential features from the discussion above 
concerning directional dependencies on the stabilization are confirmed, i.e. multiphoton 
ionization is strongly suppressed as 9 —> 90°, whereas it is contributing significantly for 
smaller angles for E0 < 10. 

Referring to figure 3, for the lower frequency, UJ — 0.11, the geometric effect 
on the ionization is less pronounced, but still the trend is the same as for UJ — 
1.0. A possible explanation for the much weaker orientation dependence is that the 
frequency (and/or intensity) of the laser is too low to support significant stabilization, 
independent on the polarization of the field. Furthermore, we suggest tha t the remaining 
dominating process, multiphoton ionization, only depend weakly on 9. The hypothesis 
is strengthened by comparison with figure 6, where dP(E)/dk versus the electric field 
amplitude E0 and energy E is shown for UJ = 0.11. Here multiphoton ionization processes 
are the dominating feature for all angles. The two spectra in figure 6 are similar, showing 
tha t the geometric effects are less important for ATI processes. 

We now turn to the question whether the different 9 behaviour gives rise to 
correspondingly different angular distributions of the ionizing electrons. Returning to 
equation 25 we can express the differential cross section as 

with a u , = Jo™"* Kki:i(r)ft0(r)dr and b,M = K ^ . ^ f ^ d r . In general several 
angular momentum states are populated in the final state so further simplification 
cannot be easily performed. In figure 7 (UJ — 1.0) and 8 (U = 0.11) the angular electron 
spectrum is plotted for a series of ^-values in the field intensity region where the angle 
dependence is most significant. In 7 we observe some interesting structures in the 
angular spectrum at small 9 values. This is caused by strong population and mixing of 
I = 1 ,2 ,3 states. At large 9 values multiphoton ionization is suppressed and only I = 1 
remains significantly populated. From equation 27 we obtain a spectrum dominated by 
the Yll term, which is indeed seen in the lower parts of figure 7. 

The electron spectrum for UJ = 0.11 is completely different and dominated by the 
I — 2 component for all angles. At small angles the azimuthal quantum number m — 0 
determines the spectrum and at large angles m = ± 1 appears on an equal footing giving 
rise to the four-leaf clover shape. At intermediate angles we observe the up-building of a 
' 'slippage angle" between the major electron emission direction and the laser polarization 
vector. This slippage mechanism is also well known as rotational (or Coriolis) coupling 

dPjjn) 
dSl 

2 

E EH)'6"" (ak„, cos 9Yl0(Cik) + aka sin 9Y,L(S2k)) (27) 
ki i 
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from ion-atom collisions [36]. 

4. Concluding remarks 

In this work we have studied the convergence properties of a split step operator method 
for solution of the time dependent Schrodinger equation in three dimensions. The 
method is based on spherical coordinates and fast Fourier and spherical harmonics 
transformations. We have shown by explicit calculations in the length gauge and in the 
Kramers-Henneberger frame tha t the latter completely outperforms the length gauge 
calculations concerning convergence when atoms are exposed to strong few cycle laser 
pulses. 

The ionization dynamics of an initially aligned H(2p) atom exposed to angle-
specified linear polarized 5 cycle laser pulses with central frequencies in the XUV 
(UJ = 1.0) and UV (UJ = 0.11) regimes has been analyzed in detail. Strong orientation 
effects in total ionization probability as well as differential probabilities in ejection angles 
and energy have been found in the XUV regime. For UV light the effect is much 
more modest. The results have been interpreted based on symmetry resolved basis 
functions. Dynamic stabilization is found to be most pronounced at high frequencies 
and for polarization vectors parallel to the initial 2p state. These findings are relevant 
for ongoing studies of ionization by aligned molecules [23] as well as the general 
understanding of atomic response to strong light sources of attosecond range duration. 
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Figure 1. Upper: Highest populated I as a function of field strength for a 5 cycle 
pulse with ui = 1.0. Lower: Highest populated I as a function of pulse length with 
E0 = 2.0, and the pulse length is given by Tpuise = N2iru>. Both panels: ' + ' Kramers-
Henneberger frame calculations; '*' Length-gauge calculations. 
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F i g u r e 2. Ionization probability for 2 p ( m •--- 0) hydrogen as a function of laser 
polarization 9 and electric field s t rength E0 for ui = 1.0. 

F i g u r e 3. Ionization probability for 2 p ( m = 0) hydrogen as a function of laser 
polarization 9 and electric field s t rength E0 for ui = 0.11. 
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Figure 4. Snapshots of the probability density in the x-z plane at three different 
times during the laser pulse. Left: u> = 0.11 and polarization angle 8 = 55° Right: 
w = 1.0 and polarization angle 9 — 90°. Upper: Snapshot after 1 cycle. Middle: After 
2 cycles. Bottom: After 4 cycles. The scale at the left (right) panel is ±50(±30) in 
both directions. 
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F i g u r e 5. Upper: Ionization probability density dP{E)/dk as a function of electric 
field strength Eo and energy of the ionized electron E = k2 /2 for u> = 1.0. The 
polarization angle is constant at 9 = 5°. Lower: Same as upper, but 9 - 88°. 
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Figure 6. Ionization probability density dP(E)/dk as a function of electric field 
strength Eo and energy of the ionized electron E = k2/2 for u = 0.11. The polarization 
angle is constant at 6 = 5°. Lower: Same as upper, but 0 = 88°. 
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e) 9 = 760 f ) 0 = 90° 

F i g u r e 7. Angular ionization distribution, dP/(f ! ) /df i , for <j = 1 and EQ — 9.3 
plotted in the x-z plane. The blue dashed line is the laser polarization direction 9. 
The snapshots of figure 4 result in the emission spectrum f) of this figure. 
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Figure 8. Angular ionization distribution, dPi{Q)/dU, for u = 0.11 and Er, — 0.04 
plotted in the x-z plane. The blue dashed line is the laser polarization direction 9. 
The snapshots of figure 4 result in the emission spectrum c) of this figure. 


