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Abstract

The applicability and performance of the invariant embedding method for calculating var-
ious transport quantities is investigated in this thesis. The invariant embedding method
is a technique to calculate the reflected or transmitted fluxes in homogeneous half-spaces
and slabs, without the need for solving for the flux inside the medium. In return, the
embedding equations become non-linear, and in practical cases they need to be solved
by numerical methods. There are, however, fast and effective iterative methods avail-
able for this purpose. The objective of this thesis is to investigate the performance of
these iterative methods in model problems, in which also an exact analytical solution
can be obtained. Some of these analytical solutions are also new, hence their derivation
constitutes a part of the thesis work.

The cases investigated in the thesis all concern the calculation of reflected fluxes from
half-spaces. The first problem treated was the calculation of the energy spectrum of re-
flected (sputtered) particles from a multiplying medium, where the multiplication arises
from recoil production (i.e. like binary fission), when bombarded by a flux of monoener-
getic particles of the same type. Both constant cross sections and energy dependent cross
sections with a power law dependence were used in the calculations. The second class of
problems concerned the calculation of the path length distribution of reflected particles
from a medium without multiplication. It is an interesting new observation that the dis-
tribution of the path length travelled in the medium before reflection can be calculated
with invariant embedding methods, which actually do not solve the flux distribution in
the medium. We have tested the accuracy and the convergence properties of the embed-
ding method also for this case. Finally, very recently a theory of connecting the infinite
and half-space medium solutions by embedding-like integral equations was developed and
reported in the literature. This possibility means that the reflected flux from a half-space
can be reconstructed from solutions in an infinite medium and vice versa. We have tested
the applicability of this method by comparing the numerical solutions to analytic ones.

In all cases the invariant embedding method proved to be robust, fast and monoton-
ically converging to the exact solutions. The investigations give useful insight into the
properties of the method, as well as experience with its application was gained.
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1 Introduction

Calculation of the flux reflected back from a bounded region or from a half-space, induced
by an incoming radiation, is one of the basic tasks in transport theory. The need for such
calculations arises frequently in nuclear engineering, in core calculations as well as in
radiation damage of construction materials. In core calculations, the effect of the reflector
has often been accounted for, instead of explicit solutions in the reflector, by a so-called
albedo factor, describing how much of the leakage flux from the core is reflected back to
the core. Although nowadays this method is replaced by extending the calculations into
one node outside the core, the importance of the albedo problem still remains. Another
case in core calculations is found in the application of the collision probability methods,
where transmission and reflection of the fluxes between various regions appear explicitly
in the calculations.

Another area where calculation of the reflected flux of neutrons is necessary is the
design of reflectors and collimators to various nuclear physics experiments using a neutron
source, such as a neutron generator. All neutron sources generate fast neutrons, whereas
in the experiments, slow neutrons are frequently needed. These are generated by a
moderator, with reflection or transmission of the source neutrons.

The problem of reflection is just as relevant in other areas of radiation physics and
engineering, where an impinging radiation initiates an atomic collision cascade of re-
coiled particles, some of which may leave the material through the same free surface as
the incoming radiation. The phenomenon of ejecting particles of the material due to a
bombarding radiation, which can also be interpreted as some kind of a surface erosion,
is called sputtering. One particular case, also quite relevant to nuclear engineering in
a wider sense, is the sputtering induced by neutral particles from a plasma at the first
wall of a fusion reactor. Not only that the radiation causes damage of the first wall, the
sputtered particles, when getting back to the plasma, cool it down and terminally quench
the thermonuclear reaction. Contamination of the plasma by sputtered particles from the
first wall is recently the largest physical obstacle in maintaining a continuously burning
plasma in fusion experiments.

A very common method of material investigations is to measure the energy loss of re-
flected electrons or ions from a surface or interface, and by this to determine the material
properties. It is obvious that in such cases, in order to evaluate the measurements, one
needs to be able to calculate the energy loss characteristics of reflected ions or electrons
by transport theory calculations. Another example is the reflection of positrons from
surfaces. Positrons are used to detect and quantify defects in a material through their
annihilation of electrons in the bulk material. However, some of them can be reflected
back to the surface, and their annihilation at the surface might interfere with the anni-
hilation of other positrons in the bulk. Hence the need of estimating the flux of reflected
positrons.

As the above shows, the knowledge of reflection of the incoming radiation from a sur-
face of a bounded or semi-infinite medium is of prime importance in a number of cases.
At the same time, such calculations belong to the most complicated ones in transport
theory. The transport equation, an integro-differential equation with boundary condi-
tions that also pose a special mathematical problem, is very difficult to solve not only
analytically but also numerically. The difficulties arise partly from the fact that integral-
or integro-differential equations are much more difficult to solve as pure differential equa-
tions. This is why the ICFM (in-core fuel management) codes use the diffusion equation



instead, which is a pure differential equation. The reduction of an originally integral
equation to a differential one is achieved at the price that only a linear anisotropy of the
flux is assumed.

The difficulty with the boundary condition is that it is only given over a sub-domain
of the angular variable (the incoming flux), whereas the solution itself should give the flux
over the complementary sub-domain (the outgoing flux). This fact makes all methods
of classical mathematical physics, such as the separation of variables and the subsequent
use of eigenfunction expansions, directly impossible. This is because the expansion coef-
ficients are determined by orthogonality relations, which, on the other hand, are denned
over the full domain of the angular variable, and are not valid over a sub-domain. Indeed,
a proper treatment of the free surface boundary conditions of the transport equation is
one of the most challenging problems of mathematical physics, whose study led to such
achievements as the Wiener-Hopf method, which is an extremely intricate method of so-
lution by means of complex function theory and analytical continuation, in rank of the
so-called bootstrap method of elementary particle physics.

In ICFM calculations the use of the diffusion equation is usually quite satisfactory,
since in most parts of the core, except close to the boundary, the flux is very weakly
anisotropic. However, if the task is to calculate the flux close to, or outside a free surface,
then one simply must use the transport equation. In addition to the difficulties in solving
the transport equation as described above, there is the further inconvenience that in order
to obtain the flux at or outside the surface, one must first obtain a full solution of the
flux even inside the material, since the depth coordinate is a variable of the equation,
whose value can only be taken fixed after the solution is obtained.

The invariant embedding method is a technique with which this latter disadvantage of
the transport equation when calculating reflected fluxes can be eliminated. This method
was originally developed by Ambarzumian [1] for treating astrophysics problems such
as reflection of light from stellar atmospheres. The method was developed further by
Chandrasekhar [2] who also gave a firm theoretical foundation. Later on, applications in
reactor physics, i.e. for fluxes reflected from a multiplying medium, also appeared (for
instance Shimizu and Aoki [3], Bellman and Wing [4]). However, the area of practical
applications, so far, has been relatively moderate, at least in problems involving particle
multiplication.

Recently the superiority of the invariant embedding method for calculating reflected
fluxes of electrons and positrons from surfaces has been noticed and received much atten-
tion (Vicanek [5], Glazov [6], Glazov and Tougaard [7], Glazov and Pazsit [8]). One reason
for the attention is that Neumann-series-like iterative schemes for the numerical solution
of the embedding equations can be performed very efficiently and in a straightforward
manner with todays' computer power. There is on-going research in the application of
the invariant embedding method to electrons and positrons at the Department of Reactor
Physics, mostly for material research purposes. Another reason for the attention is the
recognition that the fluxes crossing a surface in an infinite medium, and those leaving the
surface of an infinite medium, can be related to each other by embedding-like integral
equations. Knowing the infinite medium solutions (which are much easier to obtain due
to the absence of free surface boundary conditions) one can calculate the reflected fluxes
from a half-space (or vice versa) by very fast converging iterative methods. These rela-
tionships between infinite medium and bounded medium fluxes gave a further substantial
increase of usefulness of invariant embedding techniques.

However, both electron and positron reflection concern transport problems in a non-



multiplying medium. Since the sputtering and albedo problem in reactors refer to re-
flected fluxes from multiplying media, we decided to study the performance and applica-
bility of the invariant embedding method to sputtering and albedo problems in multiply-
ing media. To this order we selected a very simple scattering model, originally suggested
by Fermi [9], [10] and developed further by Placzek, in which the particle directions
are restricted to a movement along a one-dimensional straight line ("forward-backward
scattering model"). Both non-multiplying and multiplying media can be treated. The
multiplication is due to recoil production, i.e. like binary fission, but with a conservation
of energy before (projectile) and after (scattered and recoiled particle) the collision. The
advantage of the simple scattering model is that for these cases, non-trivial analytical
solutions can be obtained, and hence the correctness of the embedding solution can be
verified. In addition the speed of convergence can also be studied. Some of the cases,
such as the "sputtering" problem in an infinite medium (flux of particles crossing an
imaginary surface in an infinite medium) have not been solved analytically before, and
such solutions are also a part of the new results in the thesis.

Three basic different problem areas are treated in this thesis. The first is the calcula-
tion of the energy spectrum of reflected (sputtered) particles from a multiplying medium
when bombarded by a flux of monoenergetic particles of the same type. The multi-
plication arises here from recoil production. Both constant cross sections and energy
dependent cross sections with a power law dependence were used. For the latter case, i.e.
energy dependent cross sections, no explicit analytical solutions are available, and we use
this case as a demonstration of the fact that the invariant embedding method is equally
easily applicable with an arbitrary energy dependence of the cross sections. Our results
in this case will be qualitatively compared to Monte Carlo results in the literature.

The second class of problems concerns the calculation of the path length distribution
of reflected particles from a medium without multiplication. It is an interesting new
observation by Vicanek [5] that the distribution of path lengths, travelled by an ion or
electron in the medium before reflection, can be calculated with invariant embedding
methods, which do not solve the flux distribution in the medium. We have tested the
accuracy and the convergence properties of the embedding method also for this case.

Finally, we studied the technique of getting infinite medium results from those for a
half-space, by the method of solving the corresponding embedding-like integral equations,
as suggested by Glazov [6]. We have tested the applicability of this method by comparing
the numerical solutions to analytic ones. In all cases the invariant embedding method
proved to be robust, fast and converged monotonically to the exact solutions.



2 Derivation of the invariant embedding equations
The basic equation of invariant embedding was first derived by Ambarzumian [1] and
applied by Chandrasekhar [2]. They have then been followed by others, for instance
Mingle [11] and Shimuzu and Aoki [3]. The latter book specializes in applications to
reactor theory. The derivation that follows here, is made analogous to the way done by
Mingle [11] and Shimuzu and Aoki [3].

2.1 Basic definitions

• Ti(z,E)ds — the probability that a particle at z with energy E undergoes an in-
teraction of any kind when travelling the distance ds. E(z, E) is clearly analogous
with the macroscopic cross section used in neutron transport.

• c(z, E) = scattering probability = Eg/Ey

• f(z, E', $T, —• E, Q,)dEdQ, = the probability that the scattering takes the particle
from energy E' to energy E, dE and from the solid angle Q,' to f2, cJf2; / is called
the scattering kernel. The scattering kernel will be normalized to the number of
secondary particles per scattering. We shall only consider two cases: no recoil
production, in which case / is normalized to unity, and recoil production, when /
is normalized to two.

• Y~(z, Eo, fl0, E, Q)dEdQ, = the reflected particle current at z in E<$ about (E, E +
dE) and in Qo about (S7,f2 + d£l). 0 is outwardly directed and Qo is inwardly
directed, otherwise Y~ — 0

2.2 The invariant embedding equations
Consider a slab of homogeneous material of thickness z. A layer of thickness dz is added
to the material, and the changes in the backscattering are considered. Up to first order
in dz this means that the reflection function can be expressed in terms of a sum over the
possibilities of zero or one scattering in the layer. In the case of semi-infinite medium,
the total probability will remain the same after adding a thin layer, hence this sum will
be set equal to zero. Neglecting terms of order Q(dz2) there are five possible interactions
occurring. Similarly as in the book by Mingle [11], the derivation is initiated with a finite
medium of thickness z and the terms will be listed followed by the equations for the five
possibilities using functional form.

1. No interaction on entering, reflection in the medium, no interaction leaving

2. Interaction on entering with scattering outwards

3. Interaction on entering with scattering inwards, reflection in the medium, no inter-
action on leaving

4. No interaction on entering, reflection in the material, interaction on leaving with
scattering outwards

5. No interaction on entering, reflection, interaction on leaving with scattering inwards,
reflection, no interaction on leaving
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Entering and leaving is with respect to the layer dz.

9.

dz

Figure 1: The five different interaction possibilities for zero and one collision in the added
layer

Using the basic definitions, the following equations describe the five interaction possibil-
ities

1.

[1 - Y(*,Eo,flo,E,O) • [1 - (1)

2.
E(z, E0)dz

(2)

3.

o o />4TT

/7
Jo Jo

EQ, £^)

Y(z, E', Q', E, n)dEdQ • [1 -
(3)

'dE'dQ'dE



4.

o Jo
Z{z, E')dz

5.

r rr r r
Jo Jo Jo Jo

[ ]

/( ,̂ E", n", -> E\ o') • y(2, E', o', s, ^

(5)

Therefore, the total backscattering for a slab of thickness z + dz becomes a sum of five
terms. That is, R(z + dz, Eo, Q0) E, O) = sum of five terms.

Adding equations (1) - (5) and using a Taylor series expansion to be able to cancel
the common term dzdEdQ, and the terms of higher order than dz followed by rearrang-
ing gives the net result. An important special case used hereafter is when the medium
is semi-infinite whereby there is no net change by adding a layer of thickness dz which
means that

dY(E0,nQ,E,n) _ dY{oo,EQ,n0,E,n)
dz ~ dz

Thus, taking the limit dz —• 0 gives the general invariant embedding equation which
reads as

, E, /x) = ^-c(E0)f(E0,«, - E,
A*o

'o)J°Yl f(Eo,»o^E',fi')Y(E',n',E,fi)dE'+

lf->E,IJ.)x ( 6 )

M"=±I ' ^ '

Y A*" "> F ' A * ' ) ^ ( ^ . A»'» ̂ , A*) dE>] dE"

Using the following notation for abbreviation

SO, E0)dz
c{z, Eo) • f{z, Eo, Qo ^E,Q) = G(E0, fi0, E, Q)

G{E0,Qo,E\Q!) • Y{E',Q',E,Q)dE'dQ! = G®Y



the above general invariant embedding equation (6) becomes

This equation can be expressed in an alternative way, such that iterative equations for
the n-times collided particles can be derived from lower order terms. The first term is
known explicitly from equation (7) considering only the left hand term and the first term
on the right hand side that remains when accounting only for particles collided only once

^ ^ ^ p Q o , E 1 Q ) (8)
Mo |M|

The equation for the higher order terms can then easily be seen to be

(9)
The right hand side of equation (9) above contains only terms of order n — 1 or lower,
making it easy to use an iterative scheme, since they are already known when calculating
Yn.

3 One-dimensional scattering model

The first example is a model of a transport problem with a so called synthetic kernel,
where the particle is only allowed to move in one dimension, i.e backwards or forwards.
This corresponds to the "forward-backward" scattering model by Fermi. In the examples
in the following sections this restriction is used everywhere in order to be able to compare
the invariant embedding solutions with analytical calculations. Hard sphere scattering is
also assumed. Throughout this text only semi-infinite and infinite material geometries
are considered, even though the embedding equations can be extended to cylindrical and
spherical geometries as well [11].

We shall consider processes both with and without multiplication. In the first exam-
ple, that will be treated in this section, there is no multiplying processes present, so the
only thing that can happen is that the particle gets scattered forwards of backwards. In
later sections recoil production will be allowed (two particles created in every scattering
event). The following simplifications are introduced into the I.E. (invariant embedding)
equation (7):

• /x = ±1 corresponds to only allowing the particle to move along a straight line,
which means that all integrals over the solid angle become the sum ^2 =±i



Scattering kernel in the case of recoil production: If the kernel is under an integral
sign

/ (* , Eo, ̂  _> £ , At 1 /> £ , At)
-fro

or, otherwise

— • (5^+1 + 5Mi_i)
fro

Scattering kernel in the case of no multiplying processes: If the kernel is under an
integral sign

f(z, EOi Vo^E, (*) =

Otherwise

• c(z, EQ) — 1 since the only interaction considered is scattering

• only down-scattering is allowed which means that the domain of the integrals range
from a minimum energy E up to the incoming energy EQ.

Using the simplifications above the embedding equation without multiplying processes
becomes:

+ j^] +

E

E T^L lA* I ^ f r

E'-

I
E

Looking at the yield of reflected particles (/z = —1) given one incoming particle (A*0 = +1)
and using energy independent cross sections (E(£?o) = ^{E) — 1) further simplifies the
embedding equation to:

E° rE°
J

where

Y (Eo, E) = Y (Eo> Mo = +1, Eiti= -1 )



3.1 Demonstration of the power of the I.E. method

Consider the energy independent transport equation with only forward and backward
scattering and no recoil production. One particle is assumed to enter the medium at
z = 0, in the direction fj, = +1, which corresponds to the direction of the positive z-axis.
The task is to calculate how many particles that are moving in the direction /J, = —1 at
z — 0, i.e number of particles exiting the medium due to the initial particle.

The analytical calculation is somewhat lengthy, even though not difficult, but the I.E.
method reduces it to a trivial problem.

3.1.1 Analytical solution

In this model the target is modelled as a semi-infinite, homogeneous medium. Neither
multiplying processes nor absorption are present. Since there is neither absorption nor
fission the total cross section and the scattering cross section are equal, and a + b = 1.
In the case of isotropic scattering one has a = b. The transport equation reads as [12]

^ } + Y(z, u,) = aY(z, fi + bY(z, -p) (10)

One particle is entering the semi-infinite medium at z=0 giving the boundary condition

Y(z = 0,fi = +l) = l (11)

Introduce the following notation

Rewriting equation (11) gives

y+(0) = 1 (12)

while

y-(o) = K

where K is an unknown constant, whose determination is our task.

Rewriting equation (10) and separating fi = +1 and /z = — 1 gives two coupled differential
equations

_ I ^ y~j v~.i K~J T Ul \6) \XOJ

— -\-Y~(z) = nY~(z) -A- bY+(?) (14A
dz



Taking the Laplace transform x —> s of equations (13) and (14) gives

which can be solved for the transformed fluxes with the result

^ £ > ^ (IB)

Transforming back s —>• 2; gives

l)z (19)

Y~(z) = K + b(K-l)z (20)

So, even using the boundary condition in equation (12) the solution is undetermined, and
one more restriction needs to be implemented. Using Y±(z —> 00) < 00 will give K = 1,
which leads to the final expressions for the fluxes

Y±{z) = 1 (21)

This is the expected result, since it only states that if one particle is entering a medium
where there is no multiplication or absorption processes, there will continue to be one
particle in the medium. It is seen that in order to get the flux at the surface, i.e z — 0,
one had to use a boundary condition of Y < 00 at z = 00

3.1.2 Solution with the I.E. method

Here we have to use the invariant embedding equivalent of the simplified transport equa-
tion (10). The simplifications from the one-dimensional scattering model are inserted into
the general embedding equation (7). Furthermore, the problem is independent of energy,
so the integrals over the energy-domain disappear. This reduces the general equation (6)
to a simple second order algebraic equation, where /xo = 1 (one incoming particle going
in the direction of the positive z-axis), and Y±(fiQ, /j) = Y(/JQ, ±1):

v) + l = 0 (22)

It is easy to see that this is much simpler to solve than equation (6). It has the solution
Y± = 1, in accordance with the previous analytical result.
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4 Reflected flux in a semi-infinite medium

4.1 Energy independent cross sections

4.1.1 Analytical solution

When the cross sections are independent of energy, the one-dimensional solution for the
reflected flux in a semi-infinite multiplying medium can be calculated analytically. This
corresponds to one-dimensional forward- backward transport with recoil production and
only down-scattering. This means that two new particles are created in every collision
and the solid angle reduces to the sum over fj, = ±1. If the scattering kernel is chosen to
be

,*' - E, ft) = ±[

it corresponds to recoil production and optical path (Sr = 1). The transport equation
reads as [12]

with the boundary condition

F(0,1, E) = 5{E - EQ)

which corresponds to one incoming particle on the surface with energy EQ and direction
[i = +1. The searched quantity is Y(0, —1, E), i.e the outgoing flux at the surface.
Rewriting the transport equation (23) into the lethargy variable u = \n(Eo/E) gives

and the boundary condition becomes

according to the rule in equation (87) in Appendix (A).
Laplace transforming equation (24) u —> s, separating ji — ±1 using the same notation
as before and rearranging gives

^ i ) + r ( z , s ) ( 1 _ I ) _ 5tM (26)

«^_r(,,.)(1_I) _ -T^l ( 2 6 )

with the solutions

(27)

(28)
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where A\ = A$ = 0 for the solutions to be finite. Hence, with the use of the boundary
condition and some algebra the solutions can be written

(29)

(30)

1 — | = A / ^ indicates that there is a branch cut on the real axis of the complex plane

between s = 0 and s = 2, shown in Figure 2.

Alms

Figure 2: Branch cut and integration contour

First, we investigate the behavior at infinity, using

Y(*f 5) = ))+(z, s) + T(z, s) = —-s(l - v)

where

v=\\\--
s

Therefore, the inverse transform will have a term

5(u)e~~z

Eo

The inverse transform is given by

J
pC+ioo

C-ioo
'ds (31)

When the dumbbell shaped contour in Figure 2 closes in around the branch cut, the
contribution from the outer circles goes to zero. The only thing left is the integration
just below and above the real axis.

12



Let

v= / - - I~ V s
The complex number s is represented in its polar form [13]:

s = reie

On the upper side of the real axis of s, 6 — 0, giving s ~ r

On the lower side 9 = 27r, giving s = re= re2m

= </I —- = :«/ = :\ 1 = — iv
\j re2m em V r em\r

Inserting rel6 = r(cos9 + ism8) and the different expressions for u from above into
equation (31):

esus(l — v)e~uz ds — —-—: / esu(l + iv)(cos vz + i sin vz)ds+

l f ° If2 [ }

-—; / esu(l — iv)(cosvz — ismvz)ds = —— / s(sinuz + ucosvz)esuds
'Qiti J2 Eon Jo2E0

The full solution is thus given by

8{u)e-z 1 f2

Y(z, u) — - ^ h —— / s(sin vz + v cos uz)esu ds (33)
Eo EoTT Jo

This integral can be solved with the help of Laguerre polynomials, as was previously noted
by I.Lux and I.Pazsit [14]. Here, the solution of interest is at z = 0, so it is sufficient to
look at

Y(0,«) = r ^ + _ L / Svesu dssY+ + Y~ (34)
So EQTX JO

The first term on the right hand side can easily be seen to be Y+(Q, u) from equation (29).
The integral is given by Gradshteyn [15] which gives the solution for the reflected flux at
z = 0 as

eu

EQU
 l

where I\ is the modified Bessel function of the first order.

13
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4.1.2 Invariant embedding solution

Using the iterative scheme described in equation (8) and (9) a numerical solution using
the invariant embedding technique can be obtained and the solution can be compared to
the analytical solution. We have written a program using Matlab for this purpose (for
details, see Appendix (D)). The results obtained with the use of the algorithm are shown
in Figure 3. One can see that the iterations approach the analytical solution after some
ten to fifteen iterations, as seen in the figure below, where the first ten iterations are
shown.

10
analytical solution
invariant embedding

4 5 6 7

Incoming energy/Outgoing energy

10

Figure 3: Sputtering spectrum with constant cross-sections

4.2 Power law cross sections

So far, the cross-sections were considered constant with respect to energy and space
dependence. In this section, the cross-sections are assumed to exhibit a power-law de-
pendence on energy:

£(£) = CE~q (36)

where C is an arbitrary constant and q lies between zero and one. Using this in the
general invariant embedding equations (equation (7)) gives

14



U E2) =
h H

r(9+1) /
JE

Ei

E2

>, Eh) dE>

E"-(q+1)Y-(EuE")dE" (37)
B2

+ f 1 £"-(<?+Dy- ( £ l f E»} f Y~ (E1, E2) dE' dE")}
J Ei J E2

where E\ = incoming energy and E2 = outgoing energy. This problem cannot be solved
analytically, therefore we cannot compare the results of invariant embedding with such
solutions. However, one can make a qualitative comparison with the trends in published
numerical results by for instance Urbassek [16]. Again, we have written a Matlab code
(Appendix (E)) and using the iterative scheme for the n-times collided particles, a recur-
sive solution can be sought. The results are shown in Figure 4. The sputtering spectra
themselves, and hence also the integrals below the sputtering spectra decrease with in-
creasing value of q. In Figure 4 the plot is shown for q = 0, q = 0.5 and q = 1. When
q = 0, the solution is identical with the solution for the energy independent cross sections,
as it should be.

2

4 5 6 7

Incoming energy/Outgoing energy

10

Figure 4: Sputtering spectrum from three different power law cross-sections £ = CE q

Urbassek found, by Monte-Carlo simulations, that the sputtering yield, which is an in-
tegral of the sputtering spectrum with respect to energy, decreases with increasing q,
which is also found in our results in the figure above. Our results are therefore in agree-
ment with other work in the field. An advantage with the invariant embedding approach
compared to Monte-Carlo simulations is that the sputtering spectrum can be calculated.
With Monte-Carlo techniques, only the sputtering yield can be calculated conveniently;
calculation of energy resolved quantities takes much longer computing times.

15



5 Path length distribution

5.1 Analytical calculation
In this calculation, the one-group " forward-backward" scattering kernel is used in a half-
space, along with optical path. No recoil production is included, hence the scattering
kernel is normalized to unity, and we only follow the history for one single particle. The
task is to calculate the path length distribution of the reflected particle. The path length
is defined as the total length the particle travelled in the medium before reflection. The
time-dependent transport equation can be rewritten in terms of the path length variable
R using t -+ R = v -t, where R is the total travelled path in the medium. The modified
transport equation reads as [12]

R) + fi9*^'® = aY (*» A*, R) + bY(z, -VL, R) - Y(z, /*, R) + 5{x) • 5(R) • 5,,+1

(38)
where the last term on the right hand side represents the source particle. Since the
source particle is explicitly written in the equation, it does not show up in the boundary
conditions:

Y(Z = 0,IM = +1,R) = 0 (39)

Y(z,ii=l,R = 0) = 0 (40)

Y(z = 0, fi = — 1,R) — unknown (41)

Separating \i = ±1 in equation (38) and once more using the notation Y(z, ±/x, R) =
Y±(z, R) gives the coupled differential equations

Laplace transforming z —* k and R —> s gives

T(ks) - l-a-bY-(0,s)-k + s

V-(ks) - b + Y-(Q,s)(a-l-k-s)

The quantity of interest is Y~(0,R) so it is sufficient to concentrate on equation (45),
which can be rewritten as

_ b-Y-(0,s)(l-a + k + s)

-(k + ko)(k - k0)
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where

ko = y/(a — l — s)2 — b2

An inverse transform of equation (46) with respect to k —> z gives

[[ 2k0
 }

(47)
The solution with the term ek°z diverges for z —» oo and must therefore be equal to zero
which implies

-ft - U-(0, s)(~1 + a-ko-s) ^
2k0

This gives

and finally

The desired quantity is Y~(0, R), so z is set equal to zero. Inverse transform s -* R gives

1 fico psRhrI<*
Y-(0,R)=L-^-(0,s)} = JL / 7 5 = (49)

2-KI J_ioo (l - a + s) + y/(l -a + s)2-b2

Just like in Section 4.1.1, there is a branch cut on the real axis of s between s = a — 1 — b
and s = a — 1 + b, and the equation can be solved in a similar manner. However, with
t = 1 — a + s equation (49) becomes

e(a-l)fl£ fioo tR

This transform is listed by Prudnikov [17], and gives the final result as

e(o-l)H
Y-(0R)Y(0iR)

which, when there is no absorption present (i.e a + b = 1), reduces to

p-bR

(51)

(52)Y(0)R)

This is the analytical solution to which we shall compare the invariant embedding results.
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5.2 Path length distribution using invariant embedding

In the work of I.Pazsit and R.Chakarova [18] and M.Vicanek [5], a correlation between the
path-length distribution and the distribution of elastically scattered particles has been
investigated. In the article by Vicanek, an invariant embedding approach is used to get
balance equations describing this correlation.
Just like in previous sections, the probability of backscattering after n collisions is de-
scribed by Yn(Eo, QQ, E, Q). Using the invariant embedding technique, the balance equa-
tion (7) is found

and the equation for the n-times scattered particles as (equation (9)).

y n ( E 0 ) n O ) £ , n ) = ( + % )

Similarly to the derivation by Vicanek, in order to get an expression for the path length
distribution, the generating function is introduced

and using optical path, equation (7) can be written as

(— + ~ ) - y = (i + y)®G(8)(i + y) (54)
fJ-0 \fj,\ Z

Even though neither the number of collisions a particle has suffered nor the path length
distribution Q(R)dQ.dR is a directly measurable quantity they still are useful concepts
for calculating the sputtering spectrum for charged particles, where the electronic energy
loss can be calculated from the path length travelled in the medium. Using invariant
embedding once more, an equation analogous to (7) can be found, namely the balance
equation for the path length distribution

(— + ~)(-^- + l)Q(R) = S(R)G+G®Q{R)+Q{R)®G+ [Q{R')GQ(R-R')dR' (55)
/io W OK J

where optical path (E = 1) is used for simplicity. Taking the Laplace transform R —> p,
simplifies equation (55) to

( l + iT)(i+p)Q(p) = (i + Q(p))®g®(i + Q(p)) (56)

If (1 + p) is substituted for 1/z this equation is identical to equation (54), and so their
solutions are closely related

bb (57)

If the right hand side of the above equation is Laplace inverted term by term an equation
for the path length distribution in terms of the collision number distribution is found
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= ^2 Y~ (Eo, fi0, E, Ct)Qn(R) (58)

with

Qn(R) =
Rn - l

(59)

where Qn{R) is the path length distribution of a particle that has suffered n elastic colli-
sions before leaving the medium. This means that once the quantities Y~ are calculated,
the path length distribution can easily be calculated via equations (58) and (59).

5.3 Comparing the analytical and numerical results

Returning once more to the extremely simplified example in Section (3.1), the coeffi-
cients Y~ are easily calculated by Matlab (using the code described in Appendix (F))
and thereafter the path length distribution using Matlab as in Appendix (G). In the
following figures, the path length distribution is iterated using an increasing number of
these coefficients into equation (58).
It can be seen in the figures below that especially when absorption is present, only a few
of these coefficients are needed for convergence, and as few as the first two Yf and Yf
are sufficient. Without absorption, more coefficients are needed for convergence, and in
Figure 5 and Figure 6 only every third iteration is shown for clarity. With just small
absorption present, the number of coefficients needed have decreased, as shown in Fig-
ure 6, while it is enough with only the two first coefficients to get convergence when the
absorption is large, as shown in Figure 7

o
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Figure 5: Path length distribution with no absorption present
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Figure 6: Path length distribution with small absorption
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Figure 7: Path length distribution with large absorption
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6 Relationship between the solution in a half-space
and in an infinite medium

It is possible to reconstruct the solution in a half-space medium from the solution in
an infinite medium and vice versa [6]. The reflection problem in an infinite medium is
defined by the current of particles leaving an imaginary surface at z = 0 into the negative
direction, induced by one incoming particle starting at the surface into the positive in-
direction. In this case the reflected flux is not only due to particles leaving the right
hand side half-space only once, since they can re-enter the domain z > 0 and leave it
again, thereby adding to the reflected current in a multiple way. Since the half-space
solution is the starting point in the previous sections, the infinite medium solution is here
reconstructed using the half-space one. To be sure that the correct solution is obtained
using this technique, it is first necessary to calculate an analytical result for an infinite
medium.

6.1 Analytical calculation in infinite medium
With an infinite, homogeneous medium and using one-dimensional scattering model the
transport equation reads as [12]

dY(z ii E) PE°P
'*A'g) = JEdz JE

(60)
Unlike in the previous sections that dealt with the semi-infinite medium, the solution is
here sought for -co < z < oo. This requires the use of a two-sided Laplace transform [19]
in z

/•OO

= / f{z)e~kzdz (61)
J —oo

and corresponding inverse transform

^{f(k)} = f(z) = — / f(k) ek* dk (62)
2TU J_ioo

Rewriting equation (60) into an equation in the lethargy variable, u = ln(Eo/E) and also
using Appendix (A) gives

^dYiz^ul + Y{^ ^ = /- ^ + _^ ^ + £fu) 5{z)
oz Jo h,Q

Laplace transform of equation (63), fj, —*• s, gives

dY(z,u,s) _.. . Y(z.ix.s) Y(z,—u,s) 1 _, . . .
OZ S S £yQ

Since the boundaries are at ±oo, there are no boundary conditions in Y(z = 0, /i, s) and
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Transforming equation (64), z —> k gives

, y,, s) + y(/c, //, s) = (65)

Using notations and a procedure similar to that in previous sections, the transformed
fluxes become

1-1 /a - fc

where î  = -^/l — 2/s. The interesting factor is
sputtering spectrum.

(66)

(67)

'{k,s), since the aim is to calculate the

The inverse transform back from k to z needs to be done in two steps, one for z > 0
and one for z < 0. The transform is done along the imaginary fc-axis. The contour is
closed differently depending on whether z > 0 or z < 0. The contour is closed to the left
for z > 0 and to the right for z < 0, which is shown in Figure 8. If not done this way,
the contour integral on the semi-circle at infinity will not be equal to zero. The contour
integrals are then calculated based on respective residue of the poles they encircle. Two
poles are located on the real axis of k at k = ±u.

for z > 01^» '

t
\

forz<0

\
>

k=-v

I

Figure 8: The two contours for z > 0 and z < 0

The residue theorem [13] gives

1. for z > 0

2. for z < 0

2sE0u
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where consequently V (0,s) = 1/{2SEQ) for both. The total solution to the problem is
available as an inverse transform, but here it is chosen to look at the flux only at z = 0,
which means inverse transforming

1 1

Inverse Laplace transform s —>• u yields

y-(o, u) =

{witht = s — 1, dt = ds\ =

According to Prudnikov [17]

1

2m

•C+ioo J,uetudt

(68)

where Jo is the modified Bessel function of order zero. This gives the total reflected flux
at z — 0 in an infinite medium as

Y~(u) =
e«I0(u)

2E0

The solution in a semi-infinite medium is known from before (equation (35)) as

euh(u)
Y-/2{u) =

Eou

(69)

(70)

Comparing Y^ with the earlier derived Y1,2 in the asymptotic region of the Bessel func-
tions, Appendix (B) gives

lim Y, /0 =
1/2 2E0

1
u->0+

(71)

(72)

This means that for small lethargies (incoming energy and outgoing energy are close to
each other), the functions for the semi-infinite and the infinite medium are identical. This
can be understood, since there is a very small probability for a sputtered particle with
small lethargy to cross the plane 2 = 0 more than once in the infinite medium. The
asymptotic properties for large lethargies, are, on the other hand, quite different:

lim Y, ln = +
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lim

The sputtering spectrum diverges faster for an infinite medium than for the semi-infinite
one. This can be physically understood, since while a particle that leaves the semi-infinite
medium never returns, it can return and induce further scattering reactions in the infinite
medium, and be scattered back again into the left half-space.

6.2 Correlation between semi-infinite and infinite medium

Starting once more with a mono-atomic semi-infinite medium bounded by a plane surface
at z = 0, let us use the following notations:

• Yy2(Eo, E) = the reflected flux in a semi-infinite medium

• Yo^)(E0, E) = all outgoing passages including the first particle in an infinite medium

• Y^(EQ, E) = all ingoing passages except the initial particle in an infinite medium

This means that Y~,2(EQ,E) can be seen as a reflection term, where Y^(EQ,E) is the
total reflected flux and Y^(EQ, E) the total transmitted flux in an infinite medium. This
means that Y^(Eo, E) can be expressed as the sum over the flux that does not return
and the flux in an infinite medium as

Y-(E0, E) = Y-/2(E0, E) + J Y+(E', E) • Y~/2{E0, E') dE' (73)

E) can be regarded as the fraction of the particles that gets turned back into the
medium

, E) = J Y'/2(Eo, E) • Y~(E', E) dE' (74)

Using the following notation

A*B= I A{E0,E')B(E!,E)dE' (75)

equations (73) and (74) can be rewritten

(76)

(77)

from where it is obvious that both Y^ and Y^ commute with Y-[~,2.
Defining

S(E0,-E) = Y-(E0,E) + Y+(EQ,E) (78)

-JS?) = Y-(Eo,E)-Y+(Eo,E) (79)

where S describes all passages through z = 0 except the initial particle and A describes
the asymmetry of the system.
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Inserting equations (73) and (74) into equations (78) and (79) the following relationships
are readily derived:

s = Yr,2+Yr,2*s (so)
A = Y^-Y-^A (81)

Equations (78) and (79) give

YZ = ^ (82)

Prom equations (80) and (81) the solutions to S and A can be expressed in the form of a
Neumann series expansion according to Appendix (C) that contains nothing more than
integrals over Yr/9:

$ = *i/2 + *i/2 * Y1/2 + Yl/2 * Y1/2 * Y1/2 +... (83)

A = Yxj2 — Yxj% -k Yy2 + Yy2 * Yxj2 -k Yxj2 — . . . (84)

Combining equations (82)-(84) gives the solution for the infinite medium as

_ *l/2 + M/2 * *l/2 * M/2 + ^1/2 * *l/2 * M/2 * M/2 ^ M/2 + • • • , .

In many cases, the infinite medium solution is easier to calculate, and using the same
procedure but expressing Y^2 instead of Y^ one can just as easily get equations to go
from the solution in an infinite medium to the solution in a semi-infinite medium using
only integrals over Y^.

6.3 Reconstructing the solutions in an infinite medium from
those in a half-space

Starting with only the first term in equation (85) in the first iteration, followed by the
two first terms in the second iteration, one gets

Yl/2 • Yy2 -k Y1/2

• Ylj2 + Y1/2 • Yx/2

and so forth.

The solution converges very rapidly to the analytical result as seen in Figure 9. It is
obviously not necessary to include more than three or four terms. The rapid convergence
is due to the fact that the involved integral equations (83) and (84) are linear equations
of a Fredholm type, like the one in equation (88) in Appendix (C). The corresponding
Matlab code is shown in Appendix (H).
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Figure 9: Going from semi-infinite to infinite medium

7 Conclusions
The invariant embedding technique has given very promising results in the different ar-
eas it was tested. The embedding solutions using iterative methods converged to the
analytical solution without failure. In the calculations of the sputtering spectrum from
half-spaces, one can change how the energy dependence of the cross sections looks, with
minimum effort. The technique also has an advantage compared to usual solution meth-
ods, since it is not necessary to calculate the flux inside the medium. Both path length
and path length distribution are given rapidly by mathematical software, even though a
quite large number of coefficients are needed when dealing with a non-absorbing medium.
The correlation between half-space and infinite medium gives yet another tool to further
simplify complicated problems, since problems in infinite medium often are easier to
solve. The embedding like technique used in these calculations converged after only a
few iterations.
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Appendices

A Dirac Delta Function

If the Dirac delta function contains a function, there is a very helpful rule that one can
use [20]

where Xi are roots to h(x). For functions with only one root, the rule simplifies to

5[/l(x)] = . r-j— (8^)

where XQ is the root to h(x).

B Bessel Functions

The asymptotic behavior of the modified Bessel functions In is given by [13]

1. x —* oo
ex

2. x -> 0+
, , 1 .a;

nl 2

C Neumann series

The neumann series method can be used to solve a Fredholm equation of the second kind

(f,(x) = f(x) + A / K(x, t)4>(t) dt (88)
J a

The integral equation can be solved in a manner described by Arfken [21] as follows. Take

= /(*) (89)

) + A / K{x,t)fo(t)dt (90)
Ja

fb
) + A / if(x,i)^i(t)dt (91)

Ja
(93)

which can also be written
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i=0

where

uo(x) = f(x) (94)

ui{x) = / Kfatjfitjdti (95)
J a

/

b rb

/ K{x,tl)K{tut2)f{t2)dt2dtl (96)
_ J 0,

) = f f f K{x,t1)K(t1,t2)---K{tn_utn)f(tn)dtn---dtl (97)
Jo, Jo Jo,

The Neumann series solution is then

= lim (pn(x) = lim S^ X^x) (98)
n » o o n > o o ^—'n—>oo •

i=0

If equation (88) is identified by the integral form of the transport equation, then it's
easy to see that UQ(X) is the uncollided flux, U\{x) the flux of particles that collided once,
etc, un(x) being the flux of particles collided n times. It is seen that in this sense the
collision number expansion of the embedding equation, such as in equation (9), is in
principle similar to a Neumann-series expansion, but it is not a Fredholm-type (linear)
integral equation.

D Matlab code for energy independent cross sections

clear

% DEFINITIONS

Ed=0.1; % minimum energy
E0=l; % maximum energy dE=0.005;
rmax=25; % number of iterations
Rrange=[Ed:dE:EO];
dim=length(Rrange);
R,=zeros(rmax,dim,dirn);
Rtot=zeros(rmax,dim,dim);
Il=zeros(rmax-1 ,dim,dim);
I2=zeros(rmax-l,dim,dim);
I4=zeros(rmax-2,dim,dim);

% FIRST ITERATION

I3=zeros(l ,dim,dim);
for i=l:dim

for j = l:i
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if j>i

else

end
end

end

for i=2:dim
()

for k=j:i
y(k)=R(l,k,j);
x(k)=Rrange(k);

end

end
end

for i=2:dim
()

for k=j:i
y(k)=(l/(Ed+(k-l)*dE))*R(l,i,k);
x(k)=Rrange(k);

end

end
end

for i=l:dim
for j=l:dim

end
end

% SECOND ITERATION

for i=2:dim
for j=l:(i-l)

for k=j:i
y(k)=R(2>kj);
x(k)=Rrange(k);

end
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end
end

for i=2:dim
for j=l:(i-l)

for k=j:i
y(k)=(l/(Ed+(k-l)*dE))*R(2,iIk);
x(k)=Rrange(k);

end

end
end

for i=2:dim
for j=l:(i-l)

for k=j:i
y(k)=(l/(Ed+(k-l)*dE))*R(l,i,k)*I4(l,k,j);
x(k)=Rrange(k);

end

end
end

for i=l:dim
for j=l:dim

end
end

for i=l:dim
for j=l:dim

Rtot3(i,j)=Rtot2(i,j)+R(3,i,j);
end

end

% ITERATIONS 3-24
for n=3:rmax-l

I3=zeros(n-1,dim,dim);
for i=2:dim

for j=l:(i-l)
for k=j:i

y(k)=R(n,kj);
x(k)=Rrange(k);

end
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end
end

for i=2:dim
()

for k=j:i
y(k)=(l/(Ed+(k-l)*dE))*R(n>i,k);
x(k)=Rrange(k);

end

end
end

for m=l:n-l;
for i=2:dim

for j=l:(i-l)
for k=j:i

y(k)=(l/(Ed+(k-l)*dE))*R(m,i,k)*I4(n-m,kj);
x(k)=Rrange(k);

end

end
end

end

for i=l:dim
for j=l:dim

end
end

for m=2:n-l
for i=l:dim

for j=l:dim
I3total(m,i,j)=I3total(m-l,i,j)+I3(m,i,j);

end
end

end

for i=l:dim
for j=l:dim

end
end
I3=zeros(rmax-2,dim,dim);

end
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for i=l:dim
for j=l:dim

Rtot(l,i,j)
end

end

for r=2:rmax
for i=l:dim

for j=l:dim
Rtot(r,i,j)=Rtot(r-l,i,j)+R(r,i,j);

end
end

end

for i=2:dim
heltriktig(l,i)=(besseli(l,(log(Rrange(i)/Ed))))/(Ed*log(Rrange(i)/Ed));
% analytical solution

end

heltriktig(l,l)=l/(2*Ed);

for i=l:rmax
for j=l:dim

Rplot(i,j)=Rtot(i,j,l);
end

end

plot(Rrange/Ed)heltriktig(l,:),'-r','Linewidth',2)
hold on
for i=l:rmax

plot(Rrange/Ed,Rplot(i,:),'-b')
hold on

end

xlabel('Incoming energy/Outgoing energy')
ylabel( 'Yield') legend ('analytical solution','invariant embedding')
hold on

E Matlab code for power-law cross sections
clear

% DEFINITIONS

E0=l;
dE=0.005;
rmax=20;
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Rrange=[Ed:dE:EO];
dim=length(Rrange);
Eq=zeros(l,dim);
Eqf=zeros(l,dim);
faktor=zeros(l,dim,dim);
inversfaktor=zeros( 1 ,dim,dim);

for q=0:0.5:l
for i=l:dim

Eq(l,i)=(Rrange(i)r (-q);
Eqf(l,i)=(Rjange(i))- (-q-1);

end
for i=l:dim

for j=l:dim
faktor(l,i,j)=Eq(i)+Eq(j);

end
end

for i=l:dim
for j=l:dim

inversfaktor(l,i,j)=l/(faktor(l,i,j));
end

end

R=zeros(rmax,dim,dim);
Rtot=zeros(rmax,dim,dim);
Il=zeros(rmax-1 ,dim,dim);
I2=zeros(rmax-l,dim,dim);
I4=zeros(rmax-2,dim,dim);

% FIRST ITERATION

I3=zeros(l,dim,dim);
for i=l:dim

for j=l:i
if j > i

R(l,iJ)=0;
else

end
end

end

for i=2:dim
forj=l:(i-l)

for k=j:i
y(k)=R(l,k,j);
x(k)=Rrange(k);
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end

end
end

for i=2:dim
for j=l:(i-l)

for k=j:i
y(k)=(Eqf(l,k))*R(l,i,k);
x(k)=Rrange(k);

end

end
end

for i=l:dim
for j=l:dim

faktor(l,i,j)=Eq(l,i)+Eq(l,j);
R(2,i,j)=inversfaktor(l,i,j)*(Eqf(l,i)*Il(l,ij)+I2(l,i,j));

end
end

% SECOND ITERATION

for i=2:dim
for j=l:(i-l)

for k=j:i
y(k)=R(2,k,j);
x(k)=Rrange(k);

end

end
end

for i=2:dim
for j=l:(i-l)

for k=j:i
y(k)=(Eqf(l,k))*R(2,i,k);
x(k)=Rrange(k);

end

end
end

for i=2:dim
for j=l:(i-l)
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for k=j:i
y(k)=(Eqf(l,k))*R(l,i,k)*I4(l,kj);
x(k)=Rrange(k);

end

end
end

for i=l:dim
for j=l:dim

Rtot(2,i,j)=Rtot(l,i,j)+R(2,i,j);
end

end

for i=l:dim
for j=l:dim

end
end

for i=l:dim
for j=l:dim

Rtot(3,i,j)=Rtot(2,i,j)+R(3,i,j);
end

end

% ITERATIONS 3-20

for n=3:rmax-l
I3=zeros(n-l,dim,dim);
for i=2:dim

forj=l:(i-l)
for k=j:i

y(k)=R(n,kj);
x(k)=Rrange(k);

end

end
end

for i=2:dim
forj=l:(i-l)

for k=j:i
y(k)=(Eqf(l,k))*R(n,i)k);
x(k)=Rrange(k);

end
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end
end

for m=l:n-l;
for i=2:dim

(
for k=j:i

y(k)=(Eqf(l,k))*R(m,i)k)*I4(n-m)k)j);
x(k)=Rrange(k);

end

end
end

end

for i=l:dim
for j=l:dim

I3total(l,i,j)
end

end

for m=2:n-l
for i=l:dim

for j=l:dim
I3total(m,i,j)=I3total(m-l,i,j)+I3(m,i,j);

end
end

end

for i=l:dim
for j=l:dim

R(n+l,i,j)=(inversfaktor(l,i,j))*((Eqf(l,i))*Il(n)i)j)+I2(n,i)j)+I3total(n-l)ij));
end

end

I3=zeros(rmax-2,dim,dim);

for r=4:rmax
for i=l:dim

for j=l:dim
Rtot(r,i,j)=Rtot(r-l,i,j)+R(r,i,j);

end
end

end

end
for i=l:rmax
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for j=l:dim
if q==0

RplotO(i,j)=Rtot(i,j,l);
elseif q==0.5

Rplot2(i,j)=Rtot(i,j,l);
elseif q==l

Rplotl(i,j)=Rtot(i,j,l);
end

end
end

for i=2:dim
heltriktig(l,i)=(besseli(l,(log(Rrange(i)/Ed))))/(Ed*log(Rrange(i)/Ed));

end

heltriktig(lll)=l/(2*Ed);

end

plot(Rrange(l,:)/Ed,heltriktig(l,:),'-r','Linewidth',3)
hold on
for i=l:rmax

plot(Rrange(l,:)/Ed,RplotO(i,:),'-b')
hold on

end

ylabel('Yield')
xlabel('Incoming energy/Outgoing energy')
legend ('analytical calculation', 'invariant embedding')
figure
plot(Rrange(l,:)./Ed,RplotO(rmax,:),'-r')
hold on
plot(Rrange(l,:)./Ed,Rplot2(rmax,:),'-b')
hold on
plot(Rrange(l,:)./Ed,Rplotl(rrnax,:),'-c')
ylabel('Yield')
xlabel('Incoming energy/Outgoing energy')
legend('q = 0','q = 0.5','q = 1')

F Matlab code for path length coefficients

clear
rmax=5000; % 5000 coefficients gets calculated
R=zeros(rmax,l);
Rtot=zeros(rmax,l);
a=(l/2); % a=b=l/2 corresponds to no absorption b=(l/2);
R(l,l)=b/2;
Rtot(l,l)=R(l,l);
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R(2,l)=a*R(l)l);
Rtot(2,l)=Rtot(l,l)+R(2,l);
for n=2:rmax-l

summa=0;
for m=l:(n-l)

summa=summa+(b/2)*R(m,l)*R(n-m,l);
end
R(n+l,l)=a*R(n,l)+summa;
Rtot(n+l,l)=Rtot(n,l)+R(n+l,l);

end

for k=l:rmax
W(l,k)=R(k,l);

end

G Matlab code for path lengh distribution calcula-
tion

clear
a=l/2;
b=l/2;
xrange=10;
r= [0:0.01 :xrange];
rpunkter=length(r);
load W % loads the path length coefficients

for iterationer=l:3:101
WW=zeros (iterationer, 1);

for i=l: iterationer
WW(i,l)=W(l,i);

end

En=zeros( 1 ,rpunkter);
En(l,:)=exp(-r);
Q=zeros(rpunkter,iterationer);
faktor=zeros(iterationer,rpunkter);
Qtot=zeros(rpunkter,l);

for k=l:rpunkter
for i=l: iterationer

Q(k,i)=(((r(k))-(i-l))/faJcultet(i-l))*En(k);
end

end

Q(Q =Q)=0;
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for k=l:rpunkter
for m=l:iterationer

faktor(m,k)=Q(k,m)*WW(m,l);
end

end

for k=l:rpunkter
Qtot(k,l)=sum(faktor(:,k),l);

end
plot(r,Qtot(:,l),'-b')

for i=2:rpunkter
riktig(l,i)=(exp((arl)*r(i))*besseli(l,(r(i)*b)))/r(i);

end

riktig(l,l)=b/2;

plot(r,riktig,'-r','Linewidth',2)
xlabel('path length R')
ylabel('path length distribution Q(R)')
legend('embedding solution'/analytic solution')
hold on

end

H Matlab code for correlation between semi-infinite
and infinite medium

clear
Ed = 0.01; % minimum energy
dE = 0.001; % energy step
E0 = 1; % maximum energy
evektor = [Ed:dE:E0];
epunkter = length (evektor);
varv = 4;
Y = zeros(epunkter,epunkter); % Reflection function for halfspace
R = zeros(2*varv,epunkter,epunkter); % help function
Rinf = zeros(varv,epunkter,epunkter); % Reflection function for infinite medium
Riktiglnf = zeros(epunkter,epunkter);

for i =l:epunkter
for j = Lepunkter

i f i = = j
Y(i,j) = l/(2*evektor(l,i));
Riktiglnf(iJ) = l/(2*evektor(l,i));

else
Y(i,j) = (besseli(l,log((evektor(l,i))/(evektor(l,j)))))/(evektor(l,j)*log((evektor(l,i)
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(evektor(lj))));
Riktiglnf(iJ) = (besseli(0,log((evektor(l,i))/(evektor(l,j)))))/(2*evektor(l,j));

end
end

end

for i = l:epunkter
for j — l:epunkter

if j > i
Y(iJ) =0;

end
end

end

%Y*Y
for i = 2:epunkter

for j = l:(i-l)
for k = j:i

y(k)=Y(i,k)*Y(kj);
x(k) = evektor(l,k);

end

end
end

for i =l:epunkter
for j =l:epunkter

end
end

% Y*Y*Y
for i = 2:epunkter

for j = l:(i-l)
for k = j:i

y(k) = Y(i,k)*R(2,k,j);
x(k) = evektor(l,k);

end

end
end

for i = l:epunkter
for j = l:epunkter

Rinf(2,ij) =
end

end
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% Y*Y*Y*Y
for i =2:epunkter

for j = l:(i-l)
for k = j:i

y(k) = Y(i,k)*R(3,kj);
x(k) = evektor(l,k);

end

end
end

% Y*Y*Y*Y*Y
for i = 2:epunkter

forj = l:(i-l)
for k = j:i

y(k) = Y(i,k)*R(4,k,j);
x(k) = evektor(l,k);

end

end
end

for i =l:epunkter
for j =l:epunkter

Rinf(3,ij) = Rinf(2,ij)
end

end

% Y*Y*Y*Y*Y*Y

for i = 2:epunkter
forj = l:(i-l)

for k = j:i
y(k) = Y(i,k)*R(5,k,j);
x(k) = evektor(l,k);

end

end
end

%7*Y
for i = 2:epunkter

forj = l:(i-l)
for k = j:i

y(k) = Y(i,k)*R(6,k,j);
x(k) = evektor(l,k);

end

end
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end

for i = l:epunkter
for j = l:epunkter

Rinf(4,i,j) = Rinf(3,i,j)
end

end

for n = 1:4 % n = chosen number of iterations
for i = Lepunkter

Efix(n,i) = Rinf(n,i,l);
end

end

plot(evektor(l,:)./Ed,RiktigInf(:,l),'-r','Linewidth',2)
hold on
plot(evektor(l,:)./Ed,Efix(l,:),'-b')
xlabel('Incoming energy/Outgoing energy')
ylabel('Yield')
legend('analytical solution','invariant embedding')
hold on
plot(evektor(l,:)./Ed,Efix(2,:),'-b')
hold on
plot(evektor(l,:)./Ed,Efix(3,:),'-b')
hold on
plot(evektor(l,:)./Ed,Efix(4,:),'-b')
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