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The rigorous solution to Schrödinger's nonrelativistic time-dependent equation of a single electron's spin-orbit or
magnetic hyperfine interaction reveals the full dynamics of angular momentum coupling especially in the presence of
an external, arbitrarily oriented magnetic field. Besides of making a description of major dynamical properties possible
in simple classical terms, it also sheds new light on the seeming quantization of states: They turn out to be exceptional
states of dynamical balance, which in the field-free case are only made possible by the respective pairs of Clebsch-
Gordan coefficients. Moreover, the results not only show that integer and half-integer quantum numbers of the total
angular momentum only apply to this special case but that in the general case these results are also able to obtain the
well-known splitting pattern of the stationary energy levels in the field as produced by separately identifiable, field-
dependent contributions from the spin-orbit or the magnetic hyperfine interactions on the one hand, and the magnetic
dipole interaction with external magnetic fields on the other in a way not accessible to the Breit-Rabi formula. The results
further demonstrate that the total magnetic moment responds quite sensitively to even weak field strengths, i.e., with
substantial changes although the linear Zeeman effect suggests their seeming constancy in low fields also for levels
with |Mj|< 1+1/2. Although Schrödinger's equation is equivalent to an energy representation this detailed description of
the behavior of the total magnetic moment is made possible by the fortunate fact that the coupling magnetic moments
enter the Hamiltonian linearly. This circumstance can be exploited to describe in full detail how the total magnetic
moment behaves in an arbitrarily oriented magnetic field. It is found that its motion in this environment consists of a
basic Larmor precession about the field direction superimposed on which is an oscillation of the coupling angle. The
characteristic frequencies of the total magnetic moment's longitudinal and transverse motions relative to the field
direction are in compliance with Bohr's frequency condition and the selection rules for magnetic dipole transitions in
exactly the way these frequencies and polarizations are also observed experimentally.
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Die strenge Lösung der nichtrelativistischen zeitabhängigen Schrödinger-Gleichung für die Spin-Bahn-Wechselwirkung
oder die magnetische Hyperfein-Wechselwirkung eines einzelnen Elektrons offenbart die volle Dynamik der Drehimpuls-
kopplung vor allem in der Gegenwart eines externen, beliebig gerichteten Magnetfeldes. Außer eine Beschreibung der
wichtigsten dynamischen Eigenschaften klassisch anschaulich zu ermöglichen, lässt sie auch die vermeintliche Quan-
tisierung von Zuständen in neuem Licht erscheinen, nämlich als Ausnahmezustände einer dynamischen Balance, deren
Zustandekommen im feldfreien Fall durch die Clebsch-Gordan-Koeffizienten repräsentiert wird. Dabei zeigt sich, dass
halb- oder ganzzahlige Drehimpulsquantenzahlen nur für diesen Sonderfall zutreffen, und auch das wohlbekannte
Aufspaltungsbild der Energieeigenzustände im Magnetfeld sich aus einzeln identifizierbaren Eigenwert-Beiträgen der
Spin-Bahn-Wechselwirkung bzw. der magnetischen Hyperfeinwechselwirkung auf der einen und der magnetischen
Dipolwechselwirkung mit dem äußeren Feld auf der anderen Seite zusammensetzt in einer Form, die der Breit-Rabi-
Formel nicht zugänglich ist. Die Ergebnisse zeigen weiter, dass das resultierende magnetische Gesamtmoment höchst
empfindlich auch auf schwache Felder mit substantiellen Änderungen reagiert, obwohl bei solchen Feldern der lineare
Zeeman-Effekt dessen scheinbare Konstanz selbst für Eigenzustände mit IM^I+1/2 suggeriert. Trotz der Tatsache,
dass die Schrödinger-Gleichung einer Energiedarstellung entspricht, wird die detaillierte Beschreibung des Verhaltens
des magnetischen Gesamtmoments durch den glücklichen Umstand möglich, dass die koppelnden magnetischen
Momente linear im Hamilton-Operator auftreten. Dieser Umstand erlaubt, das Verhalten des Gesamtmoments in einem
beliebig gerichteten Magnetfeld im Detail anzugeben: Seine Bewegung im Feld besteht aus einer elementaren Larmor-
Präzession um die Feldrichtung, der eine Oszillation des Kopplungswinkels aufgeprägt ist. Die charakteristischen
Frequenzen der longitudinalen und transversalen Bewegungen des Gesamtmoments relativ zur Feldrichtung entspre-
chen der Bohrschen Frequenzbedingung und den Auswahlregeln für magnetische Dipolstrahlung in genau der Weise,
wie die Frequenzen und Polarisationen auch experimentell beobachtet werden.
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Abstract

The rigorous solution to Schrödinger's nonrelativistic time-dependent equation of a
single electron's spin-orbit or magnetic hyperfine interaction reveals the full dynam-
ics of angular momentum coupling especially in the presence of an external, arbitrarily
oriented magnetic field. Besides of making a description of major dynamical properties
possible in simple classical terms, it also sheds new light on the seeming quantization
of states: They turn out to be exceptional states of dynamical balance, which in the
field-free case are only made possible by the respective pairs of Clebsch-Gordan co-
efficients. Moreover, the results not only show that integer and half-integer quantum
numbers of the total angular momentum only apply to this special case but that in the
general case they are also able to obtain the well-known splitting pattern of the station-
ary energy levels in the field as produced by separately identifiable, field-dependent
contributions from the spin-orbit or the magnetic hyperfine interactions on the one
hand, and the magnetic dipole interaction with external magnetic fields on the other
in a way not accessible to the Breit-Rabi formula. The results further demonstrate that
the total magnetic moment responds quite sensitively to even weak field strengths, i.e.,
with substantial changes although the linear Zeeman effect suggests their seeming con-
stancy in low fields also for levels with | Mj \ < l+\. Although Schrödinger's equation
is equivalent to an energy representation this detailed description of the behavior of
the total magnetic moment is made possible by the fortunate fact that the coupling
magnetic moments enter the Hamiltonian linearly. This circumstance can be exploited
to describe in full detail how the total magnetic moment behaves in an arbitrarily ori-
ented magnetic field. It is found that its motion in this environment consists of a basic
Larmor precession about the field direction superimposed on which is an oscillation of
the coupling angle. The characteristic frequencies of the total magnetic moment's lon-
gitudinal and transverse motions relative to the field direction are in compliance with
Bohr's frequency condition and the selection rules for magnetic dipole transitions in
exactly the way their frequencies and polarizations are also observed experimentally.
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Zusammenfassung

Die strenge Lösung der nichtrelativistischen zeitabhängigen Schrödinger-Gleichung
für die Spin-Bahn-Wechselwirkung oder die magnetische Hyperfein-Wechselwirkung
eines einzelnen Elektrons offenbart die volle Dynamik der Drehimpulskopplung vor
allem in der Gegenwart eines externen, beliebig gerichteten Magnetfeldes. Ausser eine
Beschreibung der wichtigsten dynamischen Eigenschaften klassisch anschaulich zu
ermöglichen, läßt sie auch die vermeintliche Quantisierung von Zuständen in neuem
Licht erscheinen, nämlich als Ausnahmezustände einer dynamischen Balance, deren
Zustandekommen im feldfreien Fall durch die Clebsch-Gordan-Koeffizienten repräsen-
tiert wird. Dabei zeigt sich, daß halb- und ganzzahlige Drehimpulsquantenzahlen
nur für diesen Sonderfall zutreffen, und auch das wohlbekannte Aufspaltungsbild
der Energieeigenzustände im Magnetfeld sich aus einzeln identifizierbaren Eigenwert-
Beiträgen der Spin-Bahn-Wechselwirkung bzw. der magnetischen Hyperfeinwechsel-
wirkung auf der einen und der magnetischen Dipolwechselwirkung mit dem äusseren
Feld auf der anderen Seite zusammensetzt in einer Form, die der Breit-Rabi-Formel
nicht zugänglich ist. Die Ergebnisse zeigen weiter, daß das resultierende magneti-
sche Gesamtmoment höchst empfindlich auch auf schwache Felder mit substantiellen
Änderungen reagiert, obwohl bei solchen Feldern der lineare Zeeman-Effekt dessen
scheinbare Konstanz selbst für Eigenzustände mit | Mj \ < l + \ suggeriert. Trotz der
Tatsache, daß die Schrödinger-Gleichung einer Energiedarstellung entspricht, wird die
detaillierte Beschreibung des Verhaltens des magnetischen Gesamtmoments durch den
glücklichen Umstand möglich, daß die koppelnden magnetischen Momente linear im
Hamilton-Operator auftreten. Dieser Umstand erlaubt, das Verhalten des Gesamt-
moments in einem beliebig gerichteten Magnetfeld im Detail anzugeben: Seine Be-
wegung im Feld besteht aus einer elementaren Larmor-Präzession um die Feldrich-
tung, der eine Oszillation des Kopplungswinkels aufgeprägt ist. Die charakteristi-
schen Frequenzen der longitudinalen und transversalen Bewegungen des Gesamtmo-
ments relativ zur Feldrichtung entsprechen der Bohrschen Frequenzbedingung und
den Auswahlregeln für magnetische Dipolstrahlung in genau der Weise, wie die Fre-
quenzen und Polarisationen auch experimentell beobachtet werden.





1 Introduction

As we have exposed in Part I of the preceding research report DLR-FB 2004-32, which
we shall refer to as ref. [1], most textbooks1 on quantum mechanics point out in their
axiomatic parts that one of the most fundamental mathematical foundations of quan-
tum mechanics is the theory of Hubert space2. This is a consequence of the fact that
Schrödinger's time-dependent equation3 is a linear partial differential equation, sec-
ond order in space coordinates, first order in time. Its linearity automatically entails the
principle of superposition4, which is a well-known property of ordinary space. There,
any vector can be composed of multiples of three orthonormal basis vectors pointing
along the axes of Euclidean space. Similarly, in a generalized fashion, any most gen-
eral wave function of a system | *(£)), even if rooted in only a finite subspace of the
infinitely dimensional Hubert space5, can be represented by a superposition of linearly
independent basis vectors | fa) of some complete finite set spanning that subspace. Due
to this, in general, seemingly obvious mathematical equivalence, | *(£)) is called a state
vector6. Although defined for an ensemble of identically prepared identical particles,
the state vector of a pure state7

has been shown in ref. [1] to also hold for single particles in closed systems.
The basis vectors | fa) owe their linear independence to the fact that they are orthonor-
mal eigenvectors that belong to the eigensolutions8 to Schrödinger's equation for a
confining potential. From a purely mathematical point of view this equation need not
necessarily be the one describing the actual problem. Mathematically, it is sufficient
that the eigenvectors constitute a complete orthonormal set. For interpretative reasons
from a physical view point, however, the eigenvectors should represent this problem
as closely as possible. Then, as the related energy eigenvalues determine the eigenfre-
quencies of the system by virtue of their differences, an interpretation of the results is
possible even in classical terms. This has been shown in ref. [1]
Aiming at describing the dynamics of single particles in closed systems, we shall only be

»cf., e.g., [2-7]
2[3,ppl00-103],[5,pl63], [8]
3 [9, plU]
4cf., e.g., [2, ppl5-18], [3, pplOO-103], [6, pp56,65], [8, p45], [10, pl88], [11, p39]
5[3,ppl00-103],[5,pl63], [8]
6cf., e.g., [2, ppl2-18], [3, ppl00-101,342ff], [4, p37], [5, pl63], [6, p65], [10, pl88], [12, p601]
7 [6, p65), [11, pp37-39], [12, p601]
8 [6, p62]
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dealing with pure states9. For these, however, the widely accepted view interprets the
absolute square of the normalized state vector | #(£)) of Eq. (1.1) as the probability den-
sity10, seemingly consistent with the fact, as it has been argued, that upon integration
over all space certainty is attained because, e.g., the electron must be somewhere

f^ = l. (1.2)

Based on this biased notion of (\&(£) | ̂ {t)), a crucial feature of Eq. (1.2) seems to only
allow an interpretation of the absolutely squared coefficients |(0j | ̂ (i))|2 along the
probability line. This is deemed to follow automatically if |( (pi \ ^{t))\2 is independent
of time. However, whether or not this is the case strongly depends on the choice of the
eigenvectors | (pi), even for the same dimension. This choice decides, as we shall show
here for the case of angular momentum coupling, whether a rather simple physical or
only a more abstract mathematical understanding is possible.
It is the objective of this report to demonstrate that some interpretative obstacles, which
seem to exist in a subspace where the absolutely squared coefficients of Eq. (1.2) indi-
vidually are independent of time, can be overcome by tackling the problem in another
subspace of the same dimension where this is not the case. This resolution had al-
ready been touched upon in earlier notes11 indicating that a fully rigorous nonrela-
tivistic time-dependent quantum mechanical treatment of angular momentum coupling
can consistently also explain, e.g., phenomena in atoms, which are usually being in-
terpreted12 as due to "quantum interference". To the contrary, they can be shown13 to
actually be of purely mechanistic origin, i.e., more or less "classical". The possibility of
such "classical" explanations is rooted in Schrödinger's time-dependent equation14: as a
differential equation in both space and time it is based on causality and determinism.

Focusing here on the dynamics of angular momentum coupling, the present report
will be another demonstration [1] that might help to dissolve the long lasting irritation
about the dynamical meaning of superposition states15.

1.1 Dynamical theory of angular momentum coupling in
external magnetic fields

The objects of our scrutiny in this treatise will be the magnetic interactions of lowest
multipole order in general. These interactions, which will be dealt with in full rigor
on the basis of Schrödinger's nonrelativistic time-dependent equation16, include inter-
nal dipole-dipole interactions like the spin-orbit interaction and the magnetic hyper-
fine interaction as well as the simultaneous interaction of the resultant respective total

9cf. [4, p34], [5, p378], [6, p65], [11, p38]
10cf. [4, p38]
11 [13,14]
12 [11, pp46-47,133-138], [15, pl7], [16], [17-19], [20, p82]
13 [13,21]
14 [9, pU2]
15cf., e.g., [2, ppl2-14], [3, pp342ff], [10, pp256-257]
16 [9, p!12]
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magnetic moments with an external magnetic field. As regards this latter interaction,
we shall neglect the small quadratic term17 in the field strength that results from the
square of the vector potential and separately affects only the electron's orbit and, thus,
only its orbital angular momentum18. Therefore, in this approximation, we shall only
be considering the influence of the external magnetic field on the coupling dynamics.
The reason for the choice of these interactions is simple: On the one hand, magnetic
moments are always associated with angular momenta whose finite sets of orthonor-
mal eigenfunctions are well known and, so, allow for being applied as basis sets of finite
dimension in Hubert space19. On the other hand, angular momenta and their coupling
are ubiquitous dynamical properties in atomic, molecular, nuclear, and even semicon-
ductor physics (excitons). Thus, the knowledge of their coupling dynamics is of great
significance not only to the understanding of well-known features in the spectra but
also to the understanding of the dynamics in general. However, as Schrödinger's equa-
tion establishes an energy representation [1], the main and most important reason for this
choice is the favorable circumstance that the magnetic moments enter the Hamiltonian
of the dipole interaction with the external field linearly. Only this makes a direct in-
sight possible. This way, our rigorous quantum mechanical results, by virtue of their
time dependence, will provide new insight into the coupling dynamics and also al-
low to recognize familiar "classical" features in the behavior of seemingly "quantized"
angular momenta. .

The question of the dimension of the matrices involved becomes especially important
in respect of the direction of an external magnetic field relative to that of the quanti-
zation axis: If we take the spin-orbit interaction in an external magnetic field as a first
example, the general dimension we would have to deal with for arbitrarily different
directions would be (2s+l)(2l+l). This means that in the general case of (2s+l)(2Z+l)
independent and orthonormal basis vectors of the product type we would have to face
up to the fact that Schrödinger's time-dependent equation20 then demands for the time-
dependent expansion amplitudes the solution of a (2s + 1)(2Z + 1)-dimensional system
of coupled linear differential equations of first order.

This is why in Part III our first investigation will focus on only those single-outer-
electron atoms whose axes of quantization, the "natural" axis in atoms, happen to be
parallel to the direction of the uniform external field. This axis is "natural" because, as
a result of separation, the eigenfunctions of the orbital angular momentum refer to it
by defining the eigenvalues of its z component relative to this axis. As the eigenvalue
of C2 constitutes the separation constant, the effective potential is related to this axis
via the centrifugal barrier. This makes the quantization axis relevant to the total energy.
As we shall show in Part IV, only atoms with quantization axes collinear with the field
are able to comply with one prerequisite for being capable of physically stationary states
because only this orientation makes sure that their total magnetic moments are no
longer exposed to a field-imposed external torque. Such a torque is always exerted
by an external magnetic field on atoms whose axes of quantization do not coincide
with the field direction. These atoms experience transverse components of the field,

17 [2, pl65], [22, p447]
18 [5, p440]
19 [3, pplOO-103], [5, pl63], [8]
20 [9, pU2]
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and their internal dynamics in the field can neither ever become physically stationary
in a closed system nor can it be treated on a general footing anymore. Even for atoms
with only one single outer electron, this latter difficulty is caused by the fact that then
the electron's behavior depends on its spectroscopic state, i.e., on its orbital angular
momentum, to be specific. In general, its quadratic interaction matrix has the linear di-
mension 2(21+1). We shall treat the simplest possible example in Part IV. This example
will provide proof again [1] for the fact that eigenstates do not necessarily represent
physically stationary states under all circumstances.
Atoms, instead, that are in the "exceptional" situation of having their axes of quanti-
zation collinear with the external field, usually only experience different pulls on their
coupling magnetic moments along the field direction. This difference is due to the dif-
ference of the g factors, which relate the magnetic moments to the respective angular
momenta. So, as a matter of fact, by selecting only atoms with an appropriately ori-
ented total angular momentum, we shall benefit from the fact that in the presence of
a longitudinal field in, say, the z direction, these atoms can maintain the z components
Mj of their total angular momenta as good quantum numbers because the interaction
of the magnetic dipole operator with a longitudinal external magnetic field can only
produce matrix elements diagonal in Mj.

Thus, for the sake of as much generality as possible, we shall confine our investigations
in Part III to the coupling of a spin s = ̂  with any arbitrary angular momentum I and
equal directions for the axis of quantization and the magnetic field. In this case of
directional coincidence the resultant interaction matrix decomposes into a 4 x 4 step
matrix21 with two solitary diagonal elements and a submatrix of dimension 2x2.
As one of the simplest realistic examples, this case applies to the spin-orbit interaction
of a single outer electron as found in group I and III atoms and in the transition elements
copper, silver, and gold as well as in isoelectronic ions. Dynamical results will mainly
pertain to a two-dimensional subspace and, thus, will also apply to any equivalent
interaction of the scalar-product type confined to such a subspace like the magnetic
hyperfine interaction between a nuclear spin I = \ and any electronic total angular
momentum / , as well as that between an electronic total angular momentum J = \ and
any nuclear spin /.

Arbitrarily different directions of the internal axis of quantization and the external
magnetic field, which we shall treat in Part IV for two spins of magnitude \ each,
will confront us with the task of handling an already four-dimensiönal system of cou-
pled differential equations of first order in order to obtain the solution to Schrödinger's
time-dependent equation22 in a time-independent basis. This will bring us almost to the
verge of analytical tractability.
This second case applies to the magnetic hyperfine interaction of a single electron's spin
s — \ with a nuclear spin / = | as encountered in the electronic ground states 2S\/2 of
hydrogen and tritium as well as of the two stable isotopes mAg and W9Ag of silver,
which have an almost equal abundance.
As we shall always be dealing with time-independent Hamiltonians and, therefore, with closed
systems any dependence on the external magnetic field must be understood as a parametric one.

[23, P48]
[9, pU2]



2 Part III: Spin-orbit coupling in
longitudinal external magnetic fields

2.0.1 The operator of the spin-orbit interaction

Spherical tensor components1, which we introduced in Part I, section 2.8.3 of ref. [1]
for the case of the position vector and made use of there in Eqs. (2.190) through (2.193),
have the most appropriate form when it comes to dealing with angular momentum
eigenfunctions in general.
This property proves particularly beneficial to our treatment of the spin-orbit interac-
tion in nonrelativistic approximation. The expansion of this scalar product in terms of
the spherical tensor components then reads for the angular momenta involved2

Hso=ar){l-s) = £ ( r ) £ ( - l ) % a _ , (2.1)
q=-\

Although this interaction is defined for a spherically symmetric potential the way of
how the scalar product decomposes into products of spherical tensor operators auto-
matically renders one direction in space more important than the others: this is the
so-called quantization axis. Its prominence results from the fact that the quantum
mechanical description of the angular momenta involved defines their z components
relative to this direction and, so, makes it relevant to the energy as mentioned.
It is obvious in Eq. (2.1) that the structure of the operator of the spin-orbit interaction
always conserves the sum Mj = mi +ms of the individual z components of the angu-
lar momenta involved. For \Mj\ < J+ = I + \, this feature will become prominently
visible in the off-diagonal matrix elements. It makes the component Mj of the total an-
gular momentum J = 1 + s a good quantum number in respect of any arbitrarily chosen
axis of quantization. Because of the conservation of their sum, only one of the compo-
nents of the coupling angular momenta of orbit, mi, and spin, ms, can be taken as an
independent parameter in such cases. Here, we choose this to be the spin's component
ms and, so, make the replacement mi = Mj — ms .
In Eq. (2.1), the radial part of the operator is given by3 f(r) = (dV/ dr) / {2m2

ec
2 r) =

(Ze2)/(2m2c2r3). After radial integration from zero to oo together with the square of
the radial eigenfunction Ra,i(r) it determines the interaction strength as £Q)/.

1 [24, pp69,124], [25, p67]
2 [5, pp433,482], [12, pp370,372-374], [23, p47], [24, p72], [26, pl20], [27, p73], [28, ppl96,198-2040]
3 [5, pp433,483], [26, pl20], [27, p73], [29, p259], [30, p329]
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2.0.2 The Zeeman operator of the interaction with a longitudinal ex-
ternal magnetic field

The Zeeman Hamiltonian represents the energy of the dipole interaction of the total
magnetic moment with the external magnetic field. The total magnetic moment, how-
ever, is composed of those associated with the coupling angular momenta. In the here
considered case of coincident directions along the z axis, only the longitudinal terms do
matter4

yZeeman _ _^oßo = — (g,/0 + gsSo)Bo (2.2)

where fiB -• eh/(2mec) is the Bohr magneton and gs and gL are the gyromagnetic ratios
for the spin5 and the orbital angular momentum, respectively. Their numerical values
are gs = 2 and gi = 1 where gs is given without radiative corrections. The numerical
values, however, will only be of secondary importance because we want to keep the
expressions, with corresponding replacements, also applicable to the hyperfine inter-
action. Therefore, we shall stick to g\ and gs as indicated and only occasionally resort
to the Dirac values6 where necessary. From Eq. (2.2) it is apparent how the operator of
the longitudinal component of the total magnetic moment is composed of the orbital
and spin contributions.

When setting up these Hamiltonians, we have tacitly assumed that the orbital angular
momentum does not change, specifically that the electronic orbital motion belongs to a
physically stationary state in compliance with what we have discussed in ref. [1], Part I,
section 2.8.1 on pages 112-114 in conjunction with the Kepler problem. Accordingly,
the general expectation value of the coupling constant (£(r)) = £aj will be assumed to
literally correspond to this designation. Otherwise, the electron's orbit would probe
different parts of the effective potential and, thus, make (r~3) dependent on time in an
oscillatory manner similar to {r(t)) of Eq. (2.188) in Part I of ref. [1].

2.0.3 The combined problem

For tackling the combined problem as required by the operators in Eqs. (2.1) and (2.2),
we expand the actual wave function in respect of the time-independent orthonormal
set of "uncoupled" wave functions of orbit and spin \a; I, Mj =F \\ \, ±1)' which we
shall also refer to as representing the spin sublevels. Then,

\ ~^ R 1 \
ib°° (t) = > a ° x it) a;l,Mj — ms:-,+ms). (2.3)

ms

This form includes an implicit summation over the two values J± = I ± | representing
the two possible physically stationary total angular momenta in the field-free case and,
thus makes clear that, in general, the total angular momentum is not automatically
a constant of the motion. Even without an external magnetic field present, this only
happens in exceptional cases, i.e., for the stationary fine-structure eigenstates when

4 [5, p440], [23, p47], [26, pl50]
5 [2, ppl49,166,182], [26, pl50], [28, p209]
6[2,ppl65-166,265-267]



2. Part III: Spin-orbit coupling in longitudinal external magnetic fields 7

the total angular momentum is represented by exactly only one of the quantum num-
bers J± — I ± \. Conversely, as mentioned, its component Mj is always a constant of
the motion in longitudinal fields and, therefore, a good quantum number under these
circumstances. We have made use of this feature when formulating our basis vectors.
Our task is now to determine aB° .. y It), the time-dependent expansion am-

plitudes, such that the wave function ip^°t Mj{t) represents a solution to Schrödinger's
time-dependent equation7 for the combined Hamiltonian

W €}MJ (<) = («S° + KZeeman) < W , (0 = ^ | < I M , (*) (2-4)

and, thus, becomes one in a set of eigenfunctions to this Hamiltonian. This set deter-
mines the dynamics admitted by this Hamiltonian. In view of what we have concluded
in Part I of ref. [1] it is important to emphasize again that the Hamiltonian of Eqs. (2.4),
which is composed of the partial ones of Eqs. (2.1) and (2.2), is independent of time
and, therefore, on its part describing a closed system. Then, under the restrictions men-
tioned, the partial energy represented by this Hamiltonian is conserved.

In doublet systems, as indicated by the basis vectors in the line preceding Eq. (2.3), the
spin's eigenvectors can only take on either of the two projections ms = ±\ onto the
z axis. Therefore, Schrödinger's equation of Eq. (2.4) yields the following system of
partially coupled linear differential equations of first order with constant coefficients8

for the expansion amplitudes a^° M _m .1 +m (t). (In order to avoid an overburdening

of the string of indices, we shall further on write a^°Mj_ms(t) for the amplitudes and
similarly with double indices for the matrix elements. This will still allow us to keep
track of all the necessary information.)

^ t J + + , ( * ) = Hat_J++hat_J+Ha^_J++h{t). (2.5d)

Eq. (2.5) represents a typical step matrix9 equation. It consists of, first, a single diago-
nal element each for what we shall call the amplitudes o °̂±J , (t) of the positively or

negatively stretched states10, respectively, because they pertain to the maximal compo-
nents with Mj = ±J+ — ±(l + ^). They are given by Eqs. (2.5a) and (2.5d), respectively.
Eqs. (2.5b) and (2.5c), second, form the 2x2 submatrix for the amplitudes o,^°Mj_ms(t)
of the so-called precession states with \Mj\ < J+ = I + \.
The stretched states owe their name to the fact that the eigenvectors of the two coupling
angular momenta have maximal components pointing in the same direction, either
positive or negative. Independently of whether or not there is a longitudinal magnetic

7 [9, pll2]
8 [13,14]
9 [23, p48]

10 [13,14]
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field, they are simultaneous eigenstates in the coupled and "uncoupled" schemes, re-
spectively, i.e., | or; I, \\ J+, ±J+) = \a;l, ±1; \, ±\) because their always being station-
ary originates from their inability to respond to the off-diagonal parts in the spin-orbit
operator of Eq. (2.1). This makes them unable to mix. So, their solitariness is a direct
result of the conservation of Mj in longitudinal magnetic fields. Why we have decided
to call the other type of states the precession states will become clear in the course of this
treatise.
For the calculation of the matrix elements, we first make use of the Wigner-Eckart
theorem11, which splits off the integration over the angular part essentially in terms
of a 3-j symbol12. This symbol can be evaluated as described in ref. [1], Part I, section
2.8.3 in conjunction with Eq. (2.192). The rest is the reduced matrix element for the
respective angular momentum. It can be obtained, for instance, from Eqs. (5.4.3/4)
of ref. [24, p76]. This procedure is along the line explicitly followed by Eq. (2.191) of
ref. [1]. For the contributions to the diagonal matrix elements we obtain this way

TSO

TSO

1 1 1
gilo+gssc

(2.6a)

(2.6b)

(2.6c)

«i n>~ö 9llo + gsSo OL\L

9s- (2.6d)

Accordingly, as given by the sums of Eqs. (2.6a) and (2.6c) as well as (2.6b) and (2.6d),
respectively, the two respective diagonal matrix elements of the total Hamiltonian read

(2.7a)

(2.7b)

As stretched states13 do not mix, we note that Eq. (2.7a) also represents the energy eigen-
value of the positively stretched state if Mj = + J+ = I + \ while Eq. (2.7b) also represents

11 [24, p75], [25, p57]
12 [24, p46], [25, p39], [31, p60]
13 [13,14]
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the energy eigenvalue of negatively stretched state for Mj = — J+ = —(I + ~):

(2.8a)

(2.8b)

As a typical feature of nonmixing behavior, which keeps the total magnetic moment
independent of the longitudinal field, increasing magnetic fields here make the corre-
sponding energy eigenvalue increase (decrease) linearly as in the classical case.
Due to our decision to have the axis of quantization coincident with the field along the
z direction only the spin-orbit interaction can contribute off-diagonal matrix elements.
As they are real the Hermitian matrix is symmetric

1 1 1
2 ' 2 ' + 2

1 1 _ 1
2 ' 2 ' ~ 2

(2-9a)

2.1 Calculation of the energy eigenvalues

Eqs. (2.5b) and (2.5c) represent a two-dimensional system of coupled linear differential
equations of first order. The most elegant and, apparently, standard method of solving
such a system consists of making an ansatz with the same time-dependent exponential
for each amplitude aa,Mj-ms (t) of the expansion, but multiplied by a related individual
constant

**:MJ-mß) = c*:Mj_myt. (2.io)
This transforms said system of coupled linear differential equations of first order for
the expansion amplitudes into a homogeneous matrix equation for the eigenvector that
has the individual constants as components. When written out, it obtains the following
two-dimensional homogeneous system of linear equations

0 = K^-i^M.-l-^^. j+H^.i^^C^,, (2,11a)

0 = HaMj+haMj_, C^Mj_k + {HaMMM+h - ihX)^^ . (2.11b)

It is only solvable if the determinant of the coefficients vanishes. This condition de-
mands to find the zeros of its secular equation14, which here leads us to a simple
quadratic one. In general terms, it has the following solutions for the energy eigen-
values

ihX± = \ (Hu + H22) ± \^{HU - Enf + 4 ^ (2.12)

where the denotations Hü and Hij are short hands for the diagonal and off-diagonal
matrix elements of Eqs. (2.7) and (2.9), respectively.

14 [32, P62], [33, 245]
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Insertion of these matrix elements obtains

E£°=ih\± = -—£aj + giMjfiBBo

\

Together with the ones of Eq. (2.8) these eigenvalues denote the spin-orbit and field-
induced energy shifts of the respective eigenstates away from the energy of the degen-
erate Kepler eigenstates \a,n;l,mi).
Following Breit and Rabi15, we introduce the dimensionless field parameter

(2.14)

and note that it not only represents the magnetic dipole energy in the field relative
to the field-free energy of the spin-orbit splitting AEa^j+j_ = -̂£a,z(2/ + l) but, more
importantly, that it owes its existence to the difference of the g factors related to the
spin and the orbital angular momentum, respectively. If these were equal there would
not be any nonlinear field dependence for energy eigenvalues with magnetic quantum
numbers \Mj\ < J+ = I + | . With x substituted, Eq. (2.13) then reads

= ih\± = -j£a,i + giMJfiBBo ± ^^{21+1)^1 + 2 ^ - x + x2 . (2.15)

This equation has become known as the Breit-Rabi formula16. It was originally17 set up
for determining, in a first step, the hyperfine splitting in electronic 2Si/2 ground states
of suitable atoms. This was achieved experimentally by analyzing the field depen-
dence of the deflections that are caused by the forces acting on the magnetic moments
of the atoms in inhomogeneous Stern-Gerlach fields of various strengths. In the case
of hydrogen18 and deuteron19, Fermi's relation20 was applied in a second step. It con-
nects the hyperfine splitting with the nuclear magnetic moment via the exactly calcu-
lable electron density at the nucleus. Thereby, the nuclear magnetic moments could be
determined. To obtain the original form, the following replacements must be made in
Eq. (2.13): / by I, Mj by MF, gs by gj, gifiß by gißN, and h2£,aj by the A factor. As it could
not detectably affect the deflections and, so, did not matter for the data evaluation, the
nuclear magnetic moment gi/u-N was neglected21 in the equivalent of Eq. (2.15) as well
as in the definition of the field parameter x of Eq. (2.14). But despite the smallness of
giUN, as we shall demonstrate in Part IV, this property is an essential, not negligible
feature that determines the whole dynamics.

15 [31, pl96], [34], [35], [36, pp373,392], [37, pP15,34], [38, pP80,86], [39, pl44]
16 [31, pl96], [34], [35], [36, p372], [37, pl5], [38, pp80,86], [39, pH4]
17 [34]
18 [40]
19 [41]
2(1 [42]
21 [34], [35], [40]
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For reasons to become obvious in Part IV we add ± (|^f) to the radicand and, thus,
transform above square root for the precession states with \2Mj\ < 2J+ = 21+1 into

2

+ X — 1 / JL — I „ , | A 1 + ^ ^ A - . (2.16)
1 v 2 n - i ;

We now introduce the modified, additionally Mj-dependent field parameter

x | 2M.,
2'+1

 w . (2.17)

As this notation would add to the lengthiness of the expressions we shall simply write
it as y but have to keep in mind its true dependences. Then, we finally arrive at

° = ih\± = -^Ui + 9iMjtiBBo ± j&,,(2J+i)Wi - ( | ^ 0 \ / i + y2 • (2.18)

Although not possible under the given conditions, we note that for Mj = 0 both field
parameters would become identical. This will play a role in Part IV, which will admit
MF = 0, the equivalent oi.Mj, as remarked above.

For the assignment of above eigenenergies to the respective field-free fine-structure
levels we let be Bo = 0. Noting that then the product of square roots in Eqs. (2.16) and
(2.18) equals unity, we obtain for all fine-structure levels with \1Mj\ < 2J+ = 21 + 1

Ej+,Mj = ihX+(Bo = 0) =+—^tll , (2.19a)

h2

EJ_,MJ = ih\-(Bo = 0) =-—Zctil + l) . (2.19b)

Being independent of Mj, all energy eigenvalues for the same J are degenerate in the
field-free case as proven necessary in Part I of ref. [1]. Thus, Eq. (2.19a) also comprises
the stretched states22 of Eq. (2.8) on page 9. Although J+ = I + \ and J_ = / - ± do
not remain good quantum numbers for \Mj\ < J+ when ß o ^ 0 w e shall keep them as
indices, but in parentheses in order to indicate that they are only meant as labels for
the distinction of their origin. Hence,

(2.20)

It is quite straightforward to show with Eq. (2.17) that for Mj = ±J+ = ±(l+%) Eq. (2.20)
transforms into Eqs. (2.8a) and (2.8b), respectively, and, so, holds for any \Mj\ < I + \.

22 [13,14]
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2.1.1 The eigenfrequencies of the system

The general applicability of Eq. (2.20) permits a single relation for all frequencies

(2.21)

where £la.i;j+,j_ = §£Q,/(2/+l) is the frequency equivalent of the fine-structure splitting
A£a,/;j+,j_ = hnQ<l]J+j_ = y£Q,,(2/ + l). Accordingly, u(Mj; x) is the frequency equiv-
alent of the field-dependent splitting between the two states with the same Mj. Since
Mj remains a good quantum number as a consequence of the here considered case of
coincidence between the axis of quantization and the field direction, all occurring fre-
quencies are related to AM; = 0. These frequencies will turn out to be what one might
call the field-induced nutation frequencies. For the time being, we shall use the term
"nutation" as a terminus technicus. It will be explained in section 2.8.

The fact of the conservation of Mj in longitudinal external magnetic fields, however,
also demands that the stretched states always represent physically stationary situations.
This is obviously being accounted for by Eq. (2.21), which tells us that the stretched
states cannot be associated with any frequency. In view of Eq. (2.19a), this also holds
for the field-free case.
There is another aspect of the conservation of Mj in terms of a good quantum num-
ber and its relation to the occurrence of different nutation frequencies in the field: As
the total angular momentum of a single particle cannot point different ways simulta-
neously components with the same modulus | Mj | but opposite signs must pertain to
different particles. This becomes apparent if we take a closer look: For weak magnetic
fields, x <C 1, the expansion of the root in Eq. (2.21) can be truncated after the linear
term. This obtains with the help of the definition of x in Eq. (2.14) on page 10

2 M j (9S9I)VBB0

(2.22)

Thus, depending not only on the magnitude but also on the sign of the component Mj
and, thereby, on the orientation of the total angular momentum with regard to the di-
rection of the field, the nutation frequency in weak external fields, in general, is always
higher or lower than the intrinsic precession frequency Qa,i,j+-,j-- This indicates the
presence of additional, field-induced pulls that are acting on the angular momenta of
orbit and spin. As these pulls, of course, depend on the orientation of the total angular
momentum relative to the direction of the field, they are either enhancing or counter-
acting, respectively, the effect of the internal torques. These torques, which represent
an important feature of the spin-orbit interaction we shall come back to later, are re-
sponsible for the precession frequency and, thereby, for a fingerprint of the dynamical
behavior in nonstationary spin-orbit states.
In high fields, both kinds of nutation frequencies finally grow linearly way beyond
the magnitude of Qa,ij+;j- but, because of Eq. (2.17), u;( — |Mj\; x) always lags behind
u;( +|M/|; x) and never catches up.
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Summarizing, it must be emphasized that the nutation frequency of Eq. (2.21) is an
intrinsic property of each atom in that it depends on its orientation in respect of the
field and the local field strength it is experiencing. Usually, this frequency is rather
high, for low-lying doublet states, like the first 2P state in the alkalis, typically in the
upper GHz to 10 THz range. In the field-free case (x = 0), all atoms in the same
nonstationary doublet state with | Mj | < +J+ = / + \ have the identical precession
frequency £la^J+-J_ because their different spatial orientations do not matter any more.

For x y£ 0 and a uniform field, to the contrary, a group of atoms in nonstationary
states with the same Mj is distinguishable from another group with a different Mj
by a different nutation frequency, but when in stationary states, by a different energy
eigenvalue. The dynamical reason for this behavior will be explained below. Although
for doublet states the pattern of stationary energy levels in a uniform magnetic field is
well-known since many years23, we shall shed new light on this property.

Having attained all energy eigenvalues, we can determine the time dependences of all
eigenfunctions but not yet the eigenvectors themselves.

2.2 Determination of the eigenfunctions

With coincidence of the directions of the axis of quantization and the magnetic field
those products of basis vectors that do not mix under these circumstances are auto-
matically eigenfunctions. Pertaining to the so-called stretched states2^ with Mj = ± J+,
they belong to the eigenvalues Ej°<±J+ of Eq. (2.8), and, so, have the eigenfunctions

,±J+T\;\,±\). (2.23)

For obtaining the composition of the eigenfunctions for \Mj\ < J+ how it results from
the mixing of the products of basis vectors we insert the eigenvalues of Eq. (2.20) into
the homogeneous system of linear equations of Eq. (2.11) on page 9. We start with
E*f+]Mj of Eq. (2.20), set C*°MJ+)Mj_h = 1 in Eq. (2.11a), and arrive at

* , I . ^ . i l = v^+7-y- (2-24)'a,i;(J+),Mj+i

Normalization of these coefficients makes our task complete for the states that origi-
nate from J+ for Bo = 0 and have \Mj\ < J+ — I + \. With the amplitudes so obtained
we can transform the wave function of Eq. (2.3) into a normalized eigenfunction

(*) =

(2.25)

23 [12, p452], [20, pp81,87], [31, pl97], [43, p474]
24 [13,14]
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It is easy to verify that for Bo = 0, of course, the amplitudes take on the simple form of
those Clebsch-Gordan coefficients25

21+1
l-,*-

, 1
t ; l l 2 ;

(2.26)

that generate the well-known upper-state fine-structure eigenfunction for J+ = l + \.

For the determination of the other eigenfunction in the field Wa°i-(j_) Mjtf) w e P r o c e ed

analogously: We insert E?f , M of Eq. (2.20) into Eq. (2.11a), set CBo. . _ k = — 1, and

obtain

ai(J+) Mj + i = V 1 + 2/ + 2/ • (2.27)

After normalization the resultant amplitudes for \Mj\ < J+ = l+\ give rise to the
following normalized eigenfunction in the field, which originates from J_ = l — \

l+y2+y
(2.28)

Again, for Bo = 0, the amplitudes take on the simple form of Clebsch-Gordan coeffi-
cients26

(2.29)

which generate the well-known lower-state fine-structure eigenfunction for J_ = / — | .

Thus, a// field-free eigenfunctions, which represent degenerate eigenstates and include
the stretched states27, comply with the general analytical relation for angular-momentum

25 [24, pp37-52,75], [25, pp30,136], [31 , p60]
26 [24, pP37-5Z,75], [25, pp30,136], [31 , p60]
27 [13,14]
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coupling

2J+1

a; / IM<7-m,;- ,m s \e" i^ ' (2.30)-

where the expression in parentheses is a 3-;' symbol2*.
As a final step, for the time being, we shall show now the orthonormality of the eigen-
functions. Writing them out in a formal way, we start with

(t) = e-t-i^'iC1

, (2.31a)

(2.31b)

where the CBo. j and CB° . i are the normalized amplitudes how they ap-
pear in Eqs. (2.25) and (2.28), respectively, and CB° i = 1 in compliance with
Eq. (2.23). In vector language, these real amplitudes represent the components of the
eigenvectors relative to the originally chosen products of independent basis vectors.
In Dirac's bra and ket notation29 the orthonormality of the basis vector allows us to
obtain in a first step

i a/;

For J' = J = J±, we have

(2.32)

1

(2.33a)

(2.33b)

which a d d to give unity. In the opposi te case of J+ = J'^ J = J-, w e obtain the results

1 (2.34)

[24, p46], [25, p39], [31, p60]
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which cancel out each other when added. Together, all results thus supply

{^J%M'P)\^{J)MM = SV'UJ)SM'J.MJ • (2-35)

The orthonormality of the eigenfunctions warrants their linear independence. This
verifies their property of being usually nondegenerate eigenfunctions and tells us that
even in the field special linear combinations of the products of the coupling angular-
momentum eigenvectors are orthonormal in respect of their orientations as well as
different origins. This indicates that other spatial arrangements are necessary in the
field. It also makes possible to define a state subvector for the orientation Mj that is
only based on the linear combination of eigenfunctions that originate from different
J but have equal Mj and, so, accounts for the fact that Mj remains a good quantum
number in a longitudinal magnetic field. We shall take advantage of this feature.

For what we intend to make use of further on it appears appropriate at this point to also
give here the results for those combinations of the amplitudes that are not involved in
the orthonormalization

2.2.1 The state vector

Having all eigenfunctions handy now in Eqs. (2.23), (2.25), and (2.28) on pages 13 and
14, respectively, we have all we need to write down the state vector and use it for the
calculation of dynamical features. Although, in general, a state vector is given by any
linear combination of the eigenfunctions in accord with the principle of superposition,
we have to observe here that Mj remains a good quantum number. The reason being
that different values of Mj necessarily have to represent different particles because
they have different orientations of their total angular momenta. So, the particle-related
state vector reads

«3;*, (*) = E 0&JMJ < u « , (0 •

The mixing coefficients ß^J-^Mj a r e r e a ^ o r complex numbers. As, according to Eq. (2.35),
the eigenfunctions are orthonormal, the normalization of the state vector implies that
the mixing coefficients have to obey, in accord with Eq. (1.2), the condition of normal-
ization

Efe/ = l- (2-38)

Representing an essential feature of the principle of superposition, there is no doubt
that the mixing coefficients ß^\ j M can be arbitrarily chosen within the limits set up
by this condition. As a consequence for the here considered two-dimensional case, the
moduli of the mixing coefficients are only free to lie a unit circle. This means that they
can take on individually any value \ßa}.tJtMj\

2 < 1 that conforms to the condition of
normalization. As we have repeatedly pointed out in Parts I and II of ref. [1], this in-
herent variability of any state vector, i.e., of any most general wave function, in respect
of any orthonormal basis set is of fundamental importance because it bestows upon
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any expectation value a continuous, though for closed systems only parametric dependence
on the respective mixing coefficients and allows this way for a general description of all
possible dynamical situations of single particles in closed systems. Thus, in the same way
as for a given Mj the mixing coefficients can have any of the continuously many values
within the limits set by the condition of normalization, a corresponding variability also
holds true for all other properties. But, as any change of energy is excluded for a closed
system, any pair of mixing coefficients is constant and represents a stable but usually
nonstationary dynamical state. So, the possible continuous dependence can only be a
parametric one, meaning that the state of an individual atom is to be characterized by
a correspondingly constant nutation amplitude, which entails a corresponding time-
averaged coupling angle as well as an effective total angular momentum, not to mention
the general expectation values of the spin-orbit and the Zeeman energy.
In the case of different atoms in the same doublet state, which might even have the
same component Mj of their total angular momenta, all of them would have the iden-
tical nutation frequency but, due to different initial amplitudes, would have different
phases and amplitudes of the nutation and, correspondingly, different coupling angles
and related properties. In this case, the interpretation of the condition of normaliza-
tion, Eq. (2.38), would have to be extended such that the sum of each pair of absolutely
squared initial amplitudes represents the probability of finding bulk atoms with identi-
cal coupling parameters. Such an ensemble would have be said to be in a mixed state30,
even though it would be classified by the same Mj. This is because nutation represents
an independent degree of freedom that has obviously been overlooked in the past.
However, when it comes to the question of how to interpret the results of a measure-
ment, this view is not conforming to the current interpretation of quantum mechanics.
The axiom that an atom in an eigenstate cannot radiate is based on Bohr's concept31

of stationary states. But misunderstanding this concept, the axiom identifies eigen-
states, i.e., the eigensolutions to Schrödinger's equations, always with physically sta-
tionary states. As we have exposed in ref. [1], this is the pitfall of this axiom because it
takes for granted that eigenstates can always be equated to physically stationary situa-
tions. Therefore, it claims, as a logical consequence from its point of view, that a single
system can only occupy one of its eigenstates at a time. Undoubtedly, this is true if
the eigenstate represents a physically stationary situation. Accordingly, convinced that
physical systems can observably exist only in eigenstates, the current interpretation
of quantum mechanics denies that anything can be predicted with certainty about the
behavior of a single system32 when the principle of superposition is applied and the
particle's behavior represented by a state vector. As a consequence, any expectation
value is understood as an ensemble average33, i.e., it is held to be the average34 of a
large number of measurements on an observable, carried out on identical and identi-
cally prepared systems35. Thus, only a probability can be given that in a measurement
a certain eigenvalue of the corresponding operator is obtained36.

30 [5, P378], [4, p57], [11, p40]
31 [44, p7\, [45, p478], [46, p5W], [47, ppl25,126,129,151]
32 [2, ppUff], [3, p347], [48, p283]
33 [49, p3]
34 [5, p27\, [50, p227], [51, pl23], [52, p359], [53, p296]
35 [4, p52], [48, p283]
36 [3, plO3], [52, P359], [54, plO3], [55, p94], [56, p803]
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Following this doctrine, one would deduce for our case that the possible result of a
measurement of a real dynamical variable is one of the eigenvalues that is associated
with the respective eigenfunction ^f °t. JMj (t) of Eqs. (2.23), (2.25), and (2.28) on pages 13
and 14, respectively. According to this general concept, the probability for the occur-
rence of such a result37 is | ß^°L.JMj |2 at any time. This is held to be justified by the
individual independence of time that had to be assumed in a closed system for the ab-
solutely squared mixing coefficients | ßa°ltJMj |2 in the superposition of Eq. (2.37). The
probabilistic character of this kind of predictions is seen as reflecting, in principle, our
ignorance of the details of the underlying dynamics38. This interpretation is deemed
to be at the roots of the indeterminacy that has been associated with quantum me-
chanics39. Conversely, with that probability, every eigenvalue is held to be a possible
result of a measurement40 and, therefore, deemed physically real in each and every case.
This, however, has been refuted in ref. [1] by our exposition of the harmonic oscilla-
tor, which shows that mathematical energy eigenvalues are not necessarily related to
physically stationary states. Part IV of this treatise will supply another example.

In this probabilistic sense, the most general wave function has been dubbed a cata-
log41 of possible results of a measurement in respect of the eigenvectors spanning the
respective subspace of the general Hubert space42. The most irritating aspect of this
interpretation, in general, is the notion that in a sufficiently precise measurement any
most general wave function would have to collapse43, as it has been put, into the re-
spective eigenfunction in a way not describable by Schrödinger's equation44. As a way
to mitigate this unfavorable process, not so long ago environmentally induced decoher-
ence has been brought into play45.

Until recently [1], all expounding on superposition states did not give any clue as to
what is going on dynamically in the general case46. Our examples in this report will
show again that if the seemingly obvious concept of Hubert space47 is being used unre-
flectingly the way it seems to be suggested by Eq. (2.37), this effort is doomed to fail as
long as one is not aware of being lured this way into trying to deduce a perception of
the general dynamical behavior from only the knowledge of sometimes not even phys-
ically stationary states, i.e., from the knowledge of the time-independent properties they
might represent.

The action of angular momentum coupling with or without an external magnetic field
is a highly dynamical one, indeed. However, this does not show in the condition of
normalization because in the representation of Eq. (2.37) on page 16 the absolutely
squared mixing coefficients are individually independent of time. But as the state vec-
tor of Eq. (2.37) is supposed to contain all the information48 about the system its dy-

37 [2, ppl2-14], [3, pplO2,344], [4, p50], [6, p66], [10, pl89], [11, p39]
38 [3, p342]
39 [2, ppl2-14\, [3, pp342ff], [6, p63], [10, pl88]
40 [2, p36], [10, pp256-257], [11, p39]
41 [3, pp344ff], [48, p285], [57,pp823-825], [58, p844]
42 [3, pplOO-103], [5, pl63], [8]
43 [3, pp350ff], [4, pp65,370ff], [29, plOl], [48, p285], [50, p220], [54, ppll3-114,222], [59]
44 [3, p350], [48, p285]
45 [60]
46 [2, ppl2-14], [3, pp342ff], [4, pp370ff], [10, pp256-257]
47 [3, pplOO-103], [5, pl63], [8]
48cf., e.g., [3, p344], [10, p!88], [12, pp!90-191), [61, pp3,71]
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namics must obviously be hidden in the eigenfunctions tp^°i-j MjCO °f Eqs. (2-25) and
(2.28) given on pages 13 and 14, respectively. However, as a wave function is not an
observable entity by itself, the question is how to come by this information.
The probabilistic interpretation of quantum mechanics understands the expectation val-
ues as ensemble averages. They must, however, be understood as time averages in the
first place. That this is the case, indeed, has been proven in ref. [1] and will also become
clear in the course of this exposition. In the measuring process as well, there is always
some sort of time-averaging involved due to the finite time resolution. Thus, for de-
scription and verification alike, certainty seems only attainable for time-independent
properties, i.e., for the physically stationary states. These states, however, as has been
shown in ref. [1], are unable to communicate what they are doing.
We have demonstrated in ref. [1] that an interpretation of quantum mechanics in "clas-
sical" terms is possible for closed individual systems. Despite the dynamics dominating
nonstationary states, these systems do have time-independent properties even in such
states. These properties result from time averaging of their usually oscillatory behavior.
For properties commuting with the Hamiltonian, it has been shown [1] that their time
averages have the same analytical form as those expressions that the current interpreta-
tion considers observable and obtains for an ensemble after many individual collapses
as a weighted sum of eigenvalues. Is it then true that only eigenstates, just because
of seeming to be experimentally verifiable with certainty49, can be viewed as physical
reality ? From this point of view, as it is being suggested by the condition of normal-
ization of Eq. (2.38) on page 16, there would be no way of getting any insight into the
coupling dynamics that govern stationary and nonstationary states alike. And, indeed,
this is one of the strong beliefs of the current interpretation of quantum mechanics.
Refuting this belief, we shall prove here again [1] the simple but somehow overlooked
fact that stationary properties are only one aspect of the general dynamics. To this
end, we first of all have to become aware of why we cannot expect from Eqs. (2.37)
and (2.38) on page 16 any information about the coupling dynamics: Being mainly
a consequence of the properties of the spin-orbit operator of Eq. (2.1) on page 5, the
summation over J in Eqs. (2.37) and (2.38) makes clear that the total angular momen-
tum usually is not a constant of the motion. This only happens in exceptional cases,
i.e., for the physically stationary eigenstates. Then, they represent total angular mo-
menta J that are different from the field-free ones J± but nevertheless constants of the
motion because the eigenfunctions themselves are linear combinations of the product
basis vectors with expansion amplitudes that for Bo ^ 0 are different from the Clebsch-
Gordan coefficients50. So, if it were not for indicating their field-free origin we actually
could skip the parentheses and simply write J without specifying the magnitude.

Conversely, as explained above, the total angular momentum's z component Mj along
the axis of quantization is always a constant of the motion in a longitudinal magnetic
field and, therefore, a good quantum number. The constancy of Mj will be shown to be
an essential feature of the coupling dynamics in longitudinal fields and to be express-
ing a necessary condition under which especially the spin-orbit interaction evolves.
But the expansion of the most general wave function in respect of the eigenfunctions
as given by Eq. (2.37) demonstrates through Eq. (2.38) that in cases where the time de-

49 [5, pp46-47], [29, p45], [51 , ppl68-169], [54, plO5], [62], [63, P64]
50 [24, pp37-52,75], [25, pp30,136], [31, p60]
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pendence comes only in terms of eigenfunctions as complex conjugate single phases at-
tached to the eigenvectors like in Eqs. (2.25) and (2.28) on pages 13 and 14, respectively,
the general state of the system can only be classified by properties that are independent
of time per se because the eigenfunctions usually represent time-independent, but not
always physically stationary situations. Hence, this representation cannot provide any
insight into the general coupling dynamics.

Is it at all possible then to learn anything about the dynamics or will they remain hid-
den in the eigenfunctions once and for all? No! This is the answer that the spin-orbit
operator of Eq. (2.1) gives us on page 5: It tells us where to look, indeed, namely, at the
subspace of the "uncoupled" orbital and spin wave functions \a,l, Mj — ms; \ + ms)
used on page 6 in the expansion of Eq. (2.3). Called the spin-sublevel representation,
this is the only subspace where the products of individual wave functions of orbit and
spin can be found that are needed for being acted on by the typical cyclic bilinear
combinations of stepping-up and stepping-down spherical tensor operators in the off-
diagonal parts of the spin-orbit operator of Eq. (2.1) as well as the bilinear product of
the z components in its diagonal part. For this reason, all the actual coupling action
is going on there. Making this space lend itself naturally to deeper insight into the
coupling dynamics, it is the only one where an appraisal of these dynamics is possible.

This is why we have to look at what happens in the subspace of the spin sublevels: By
writing the eigenfunctions out as on page 15 in the formal way of Eq. (2.31) and then
rearranging the terms as amplitudes in the spin-sublevel representation, we make the
components of the state vector appear in this product basis as follows

1 1 1
" J 2 £ Z £1 U | l | " J T 2 Z Z

where

- ^ - i t . (2.40)

The form of Eq. (2.39) is the most appropriate one for the application of the operators.
The condition of normalization is transferred to the newly introduced amplitudes, of
course,

Referring to ensembles, the current interpretation would call \bBo i (t)\2 the proba-

bility of finding, as a function of time, the respective spin sublevel "populated".

2.3 The time-dependent contributions to the total energy

How we understand the term general expectation value of an operator has been ex-
pounded at length in Part I of ref. [1] in conjunction with Eqs. (2.13) through (2.17)
there. In that context, also our way of writing the time dependence of a general expec-
tation value as (O(t)) rather than more correctly51 as (O)(t) has been justified on only

51 cf., e.g., [50, p249]
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esthetical grounds and must not be mistaken for a time dependence of the operators.
All operators we are dealing with are independent of time but their general expectation
values are not.
Starting with the general expectation value of the Zeeman operator of Eq. (2.2) on page 6,
we obtain with the help of the matrix elements of Eqs. (2.6c) and (2.6d) on page 8 and
the relation for x in Eq. (2.14) on page 10

( 2 - 4 2 )

Equally, the use of the spin-orbit matrix elements of Eqs. (2.6a), (2.6b), and (2.9) on
pages 8 and 9, respectively, lets the general expectation value of the spin-orbit operator
of Eq. (2.1) become

(2-43)

It is obvious that the general expectation values of both operators usually depend on
time.

2.3.1 The dynamical meaning of the time-dependent amplitudes

But what does this time dependence look like? This will be worked out next. We shall
do so by introducing the initial amplitudes BB° k, which will permit to get rid of

the mixing coefficients ßB°i.J<Mj. According to Eq. (2.40)

nSo ißo ff n\

Since the condition of normalization is to hold at any time, it is automatically clear that
it also holds for the initial amplitudes

2 2 = l . (2.45)

As a consequence of the state vector of Eq. (2.39), an eigenstate in the field may be char-
acterized by the sum of appropriate initial amplitudes: | BB°.• k | + \BB°^ k\ = 1.
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The initial amplitudes B^°M ±l are of fundamental importance. Since in a closed system
there is no loss of energy, they do not change and will be shown to determine the
time-averaged coupling angle once and for all as well as all related properties like the
general expectation values of the spin-orbit and Zeeman energy and the time-averaged,
i.e., effective total angular momentum. They also decide on whether or not the system
is stationary for a certain field strength.

The two-dimensional system of inhomogeneous linear equations for the ß^}-j± Mj m

Eq. (2.44) can easily be solved by using Cramer's rule. Due to Eq. (2.36) of page 16, the
determinant for the coefficients of the /?f ;.(i/±) Mj is obtained as

r~\ s^tBo /^Bo /^Bo /^iBo i /•y AfS\

Then, Cramer's rule supplies

i_ ( TD

In the field-free case, this reduces to

_ r>

Bo=0 _j [-l)l-1'2+Mjy/2J± + l( I \ J±
— ms ms —Mj

By making use of the orthonormality properties of the 3-j symbols52

JMJ

J
m'i m's -Mj J\ mi ms -Mj

(2.47)

. (2.48)

(2.49)

and observing that here the summation over Mj is only formal because of M/s repre-
senting a constant of the motion, it is straightforward to show that, of course,

Vln¥» 2 =
J

B,a,l,Mj—ms = 1 . (2.50)

In the general case, after inserting ß^lu \ M of Eq. (2.47) into Eq. (2.40) on page 20 and
taking advantage of Eqs. (2.34) and (2.36) on pages 15 and 16, respectively, we finally
arrive at

bBo

(2.51)

From this relation we can immediately deduce

2QlB^°M _IB^°*M I |
, R ^ , \ | 2

bB° Jt)\ =

B JD

2{i+y2

[24, p46], [25, p39], [31, p60]

x h - cosco(Mj; x)t) . (2.52)
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Ever since the probability interpretation dominates the explanation of the behavior
of ensembles, speaking of "populations" has become common practice in quantum
mechanics. Thus, this interpretation would call the absolutely squared amplitudes of
Eq. (2.52) the "populations" of the two spin sublevels involved. This equation features
stationary and oscillatory parts, all dependent on how the initial amplitudes had once
been chosen. Remember that we are dealing with closed systems! What this means
should be emphasized at this point again: It means that without change of energy any
compliant choice of the initial amplitudes would make the state vector of Eq. (2.37)
on page 16 represent, in general, a nonstationary, but energetically stable dynamical
situation of its own. In this sense, only appropriate consecutive choices would formally
allow to model a parametrically continuous transition from one stationary state through
all nonstationary states to the other stationary one. This also holds true for the sublevel
"populations" of Eq. (2.52). But as explained in Part II of ref. [1], any nonstationary
situation cannot be stable in reality because such a situation lends itself to a self-driven
continuous change: As long as the system is not stationary its periodic accelerations and
decelerations feed a radiative loss of energy and, so, produce spontaneous transitions.
For magnetic dipole transitions the oscillation related to Eq. (2.52) will be shown to be
that cause. But when compared with electric dipole transitions, the temporal change is
usually so slow that such situations can be considered almost stable.
The oscillatory parts in Eq. (2.52) manifest the general coupling dynamics in a nonsta-
tionary state. It is obvious that complex initial amplitudes effect a phase shift of the
oscillation that depends on the interplay between the real and imaginary parts of these
amplitudes. The time-dependent terms change sign upon replacement of one spin
component by the opposite one. Hence, the spin-orbit interaction, which is the only
nondiagonal one in the present case, makes the spin sublevels periodically exchange
a certain amount of their "populations". This is exactly what the off-diagonal terms in
the spin-orbit operator of Eq. (2.1) mandate on page 5. It all happens with the nutation
frequency u(Mj; x) given on page 12 by Eq. (2.21), which is an intrinsic property of
any doublet with a given Mj. For this always stationary component of the instanta-
neous total angular momentum, the amount of "population" exchanged depends on
the specifics of the initial amplitudes. But no matter how large or small this amount, it
is clear from the exchange behavior that the sum of the "populations" in the interact-
ing sublevels, i.e., their total "population", is independent of time. This is expressed
for the condition of normalization by Eq. (2.41) on page 20. The total "population"
is the property that is characterized by Mj. So, compliance with the mandated con-
stancy of Mj = mi + ms is automatically warranted. This is implicitly also confirmed
by Eq. (2.41): Being only dependent on Mj, but always equal to unity, this relation
definitely indicates, in the sense of the probability interpretation, that, whatever the
magnitude and direction of the instantaneous total angular momentum, we have cer-
tainty in respect of its component as Mj does not change with time. This is a vital
feature for the classification in terms of the eigenfunctions.

However, here we are dealing with only a single atomic electron. While the probability
interpretation demands an unrealistic amount of coherence among the constituents of
an ensemble, we may interpret Eq. (2.52) more illustratively as describing the angular
momentum components of the electron's orbit and spin at time t. Then, what has ab-
stractly been attributed to a periodic exchange of the sublevel "populations", translates
into a picture where its spin-orbit interaction forces the coupling angular momenta of
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orbit and spin to periodically and observably change their directions in space in a way
that complies with what is being perceived as components along the z direction. This
perception, however, is a restricted one because an energy representation does not care
about the whole picture of what happens dynamically but only about what matters en-
ergetically: This is projected onto the only energy-relevant axis of quantization because
it is coincident with the field direction. Its relevance to the energy is owed to the fact
that the eigenvalue of the orbital angular momentum squared determines the centrifu-
gal barrier in the effective potential. However, as we are looking at what happens in
the subspace where spin and orbital angular momentum interact with each other this
periodic change simply expresses their precession about the resultant total angular
momentum. For the field-free case, this is nicely illustrated in Fig. 7.1 of ref. [24, pll2].
Now, it should be clear why we have chosen to call these states the precession states.

Another aspect of the dynamics is also worth mentioning: Due to the exchange the time
dependence drops out from the condition of normalization in Eq. (2.41) on page 20. As
a result, this condition is equivalent to the demand that the sum of the time averages
of the absolutely squared amplitudes b^° M i (t) be equal to unity. This opens our
minds to address yet another interesting aspect of this condition because it contrasts
with the usual probability interpretation: As a result of calculating the norm of the
time-dependent state vector of Eq. (2.37) on page 16, Eq. (2.41) can also be interpreted
as the expectation value of the identity operator and, thus, rather as a time average than
as an ensemble average because it is obtained from the sum of the time-averaged ampli-
tudes squared. As this time average is directly related to the absolute square of the state
vector this interpretation helps to understand that the indeterminacy, which has been
associated with state vectors, is actually caused by time averaging [1].

Although the state vector is supposed to contain all the informations about the dy-
namics, it should now have become very clear that a superposition of eigenfunctions,
as in Eq. (2.37) on page 16, here cannot supply any details about the dynamics of the
coupling process because its constituent parts represent time-independent properties.
While the summation over J indicates that the total angular momentum usually is not
a constant of the motion, the exchange-related constancy of Mj prevents any direct
insight into why this is the case with fine-structure eigenfunctions. We can illustrate
this behavior by comparing Mj with a sealed-off box: the representation in terms of a
superposition of fine-structure eigenfunctions only allows us to look at the box from
outside and does not give any hint as to what is going on inside.
The spin-sublevel representation, however, can just do that: It tells us that the interior
of this box is subdivided into two, usually differently big compartments that dynam-
ically communicate with each other by exchange. But how can all the facets of the
exchange be interpreted physically? This question will be answered in section 2.6.1
after we have accrued additional evidence.

2.4 The dynamical spin polarization

Before continuing we want to use the proximity to above Eq. (2.52) to define for each
Mj the orientationally and field-dependent general expectation value of the dynamical
spin polarization. We do so in the usual way. By application of Eq. (2.52) and with the
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help of Eqs. (2.41) and (2.45) on pages 20 and 21, respectively, we define

RB° I 2 _ R ß°
Da,l\Mj-l/2\ Da,l

(2.53)

\
J

x 1 - cosuj(Mj;x)t\ .

This dynamical feature represents above-mentioned precession and nutation that are
going on due to a usually unbalanced coupling process characteristic of nonstationary
states. As in the present case only one direction matters, namely, the one chosen as z
direction, it is given by twice the exchange term for the spin sublevels. In the field,
this exchange will be shown to express an oscillation of the coupling angle. Until we
shall have proven it we shall contend this to be the case for the time being, indeed,
not only as regards the oscillation but also as regards the adjustability of the coupling
angle. Its oscillation will turn out to be the reason for quantum beats53 observed in
the fluorescence that is emitted from bulk samples after impulsive excitation. We shall
discuss its mechanical origin in more depth later.
As the dynamical spin polarization affects all properties like the general expectation values
of the spin-orbit and Zeeman energies of the electron, its total magnetic moment and,
concomitantly, its total angular momentum, its time average in nonstationary states is an
important quantity

=y- '0 R RB°
Da,/;Mj+l/2

i+y2

(2.54)
In this context, the field dependence of the time-averaged dynamical spin polarization is
an equally important feature that deserves to be made better visible

,-1/2

1 + + x2

2Mj
2J+1 ) V l ~ V

1 + 2|gf X + X2 (2.55)

The field dependence of the time-averaged value of the dynamical spin polarization is
intimately related to the difference of the g factors of the coupling magnetic moments.
Due to this difference the field exerts different pulls on these moments and thereby

53 [11, p47], [15, pl7], [16, p256]
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calls for a change of the time-averaged coupling angle. But remember that the field
dependence is only a parametric one as long as the system is considered closed.
The demand for a change of the coupling angle is a very stringent one when it comes
to the generation of physically stationary states in the field as this requires that there
be no oscillation of the dynamical spin polarization. It is obvious from Eq. (2.53) that in
the general case of x ̂  0 this only happens if for any given Mj the initial amplitudes
Ba°i-M ±1/2 a r e rea* anc*' a P a r t r r o m complying with the condition of normalization,
additionally obey (BB° . , )2 - (BB° - ,J2 - 2yBB° . lnB

B° . , = 0 as a con-
l h d h d i l i ldition for balance. Only then does the dynamical spin polarization freeze by taking on its

physically stationary value from the very beginning. In this latter case it is, according
tO Eq. (2.53), (P^Mji^stat = (^fj.M,_l/2)

2 ~ (Ba}-MJ+l/2^ = ^^Mj-l^a^Mj + l^
As transitions are excluded in closed systems it is essential to keep in mind that for
any given field strength this condition can only be met by the sets of initial amplitudes
that are related by, e.g., B^].^ 1/2 = ~Ba1-M -1/2^ ̂  V1 + V2) f°r t n e Mj sublevel in/ 1/2'
question. Renormalization brings us back to where we started out from and to what
we have seen as initial amplitudes in the spin-sublevel representation of the eigenfunc-
tions in Eqs. (2.25) and (2.29) on pages 13 and 14, respectively.
In this context, it is not astonishing that the replacement of the pair of initial amplitudes
in Eq. (2.51) by the respective pairs of amplitudes as in Eqs. (2.25) and (2.29) brings
about either one of these amplitudes times the related complex energy exponential.
Thereby, the eigenfunctions of Eqs. (2.25) and (2.29) are being restored from the state
vector of Eq. (2.39) on page 20. This proves the inner consistency of our calculations.

The dynamical spin polarization allows us to obtain in very compact form the expressions
needed for the calculation of the general expectation values of the Zeeman and spin-orbit
energy in Eqs. (2.42) and (2.43) on page 21, respectively,

K-Mj-k®? ~ KUMJ+^)\2-(P^MA^)) (2.56b)

Eq. (2.56a) confirms, that the sum of the spin-sublevel "populations" is constant. Our
single-particle interpretation, however, sees the related exchange as expressing the pre-
cession of the coupling angular momenta of orbit and spin about the resultant total
angular momentum as well as the field-induced nutation of the latter.

For the general expectation values of the spin-orbit energy, we additionally need

23? { b B ° .. x (t) bB°* , ( t ) \ = - ^ ( \ B B ° , , , 2 - \ B B ° . . , I 2 ) (2.57a)

H . 2^\BB°. IBBO*. , }smuj(Mj-x)t

- V l + y 2

x COSUJ(MJ; x ) t
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in Eq. (2.43) on page 21. With the dynamical spin polarization it reads

2.5 The explicit time dependence of the contributions to
the total energy

The introduction of the dynamical spin polarization now helps us to avoid lengthy, en-
tangled, and bulky expressions. Thus, we obtain for the general expectation value of
the spin-orbit interaction in Eq. (2.43) on page 21

/n-tSO
\nMj (*;*)> = j <

21 + 2
, „

and from Eq. (2.42) on page 21 for the general expectation value of the Zeeman energy
with the help of Eq. (2.41) on page 20

h2

-41 (2.59)

Comparing both equations, we only note for the time being that due to the different
signs of the expressions related to the dynamical spin polarization, there is a periodic
exchange going on between the two contributions to the total energy. This is another
indication for above-mentioned oscillation of the coupling angle. We shall come back
to this behavior shortly.
In the present case of coincidence between the axis of quantization and the field di-
rection, the general expectation value of the Zeeman operator is directly and linearly re-
lated to the general expectation value of the total magnetic moment by (HZeeman(t)) =
— (Mo(t))Bo. Therefore, due to this single-term relation, the general expectation value of
the Zeeman energy allows us to simultaneously have available the time dependence of
the general expectation value of the total magnetic moment. The expression in Eq. (2.59)
can be simplified by taking into account the definition of x in Eq. (2.14) on page 10

(2.60)

This reveals that the dynamics of the total magnetic moment are intimately related to
the dynamical spin polarization

= -fJLB (9lMj
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Independently of whether or not there is a longitudinal external magnetic field, this
equation tells us that the always observable z component of the total magnetic mo-
ment is directly determined by the dynamical spin polarization. In nonstationary states
with \Mj\ < J+ = I + \, this property causes, as will be explained in more depth on
page 41 below, the z component of the total magnetic moment to oscillate and, so, to
become the reason for spontaneous magnetic dipole transitions provided the system is
not the idealized, absolutely closed one but, more realistically, somewhat leaky as ex-
plained in Part II of ref. [1]. The approximation made there is a good one especially for
magnetic dipole transitions because they are very slow and, so, take very long. Then
the total magnetic moment's time-averaged field dependence, which originates from the
difference of the g factors in conjunction with the flexible joint between the coupling
angular momenta, effects a hitherto unknown magnetic susceptibility in atoms. The
field additionally determines those initial amplitudes for which the general expectation
value of the total magnetic moment may become physically stationary.

As Mj = ±J+ = ±(Z + |) characterizes the positively and negatively stretched states54,
respectively, they are always physically stationary states because they cannot mix. Ac-
cordingly, in a closed system, their initial amplitudes in the spin-sublevel representa-
tion of Eq. (2.39) on page 20 have to be B^\ ±l = 1 once and for all and, thus, entail a
constant dynamical spin polarization of Pa^J±(x\t) = ±1, independently of the applied
longitudinal external magnetic field. These eigenvalues effect the corresponding eigen-
values of the total magnetic moment in stretched states55: (Mo'l'±J+) = Tßß{l + 1) • As
regards the related eigenvalues of the Zeeman energy, the constancy of (Mo'l'±J+) gives
rise to the familiar, classically well-known linear dependence of the dipole energy on
the applied field.

2.5.1 The nutation of the total angular momentum in the field

If we cancel on either side of Eq. (2.58) the coupling strength £Q)i we obtain the relation

-(2.62)

4

21 + 2
~2l + l

As the coupling angle between the spin and the orbital angular momentum is the only
variable parameter in the scalar product this equation provides irrefutable evidence
for the field-imposed oscillation of this angle by virtue of the dynamical spin polarization
and how the time average of this angle is determined by the initial amplitudes and
the strength of the external field, the latter also has to be seen in conjunction with
Eqs. (2.54) and (2.55) on page 25, respectively.
Using the square of the vector coupling relation J = 1 + s we can directly arrive at an

54 [13,14]
55 [13,14]
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expression for the temporal change of the length of the total angular momentum

(2.63)

There are two cases when the length of the total angular momentum is constant. These
are the field-free case and the case of physically stationary states in the field.
Although the length of the total angular momentum does not change for x = 0, the sys-
tem, nevertheless, is not necessarily in a physically stationary state. That this also hap-
pens in the field-free case can be concluded from the z component of the total magnetic
moment of Eq. (2.61), which is not stationary as long as the dynamical spin polarization
is not. As already explained, the reason is that although there is no field-induced nuta-
tion spin and orbital angular momentum usually keep precessing about the direction
of the total angular momentum. Stationary situations only happen when the appro-
priate pairs of Clebsch-Gordan coefficients56 as in Eqs. (2.26) and (2.29) on page 14,
respectively, are chosen for the initial amplitudes. Then, (^Mj(t))stat = h2J+(J+ + 1) =
h2 (/ + !) (J+f) = I2 + 2/ + I is obtained from Eq. (2.63) for the stationary total angu-
lar momentum of the upper fine-structure eigenstate while for the lower one it is, of
course, (J^(t)) s ( a ( = fi2J_(J_ + l) = h2 (l-%) (/+|) = h2 (l2-\) because the absolute
square in Eq. (2.63) then equals 2 or 0, respectively.

For physically stationary states to occur in the field the time dependence of the dy-
namical spin polarization must vanish. As has been explained on page 26, its station-
ary value then is ( / ^ ( z J U * = (#S A _ 1 / 2 ) 2 - (^}.,MJ+1/2)

2- This seems to cancel
any field dependence in Eq. (2.63). We have to keep in mind, however, that physi-
cally stationary states in the field require special pairs of initial amplitudes that de-
pend on the respective field strength themselves as can be seen in the eigenfunctions
of Eqs. (2.25) and (2.29) on pages 13 and 14, respectively. So, if we assume that the
relation (J2) = h2J(J + 1) holds for any stationary total angular momentum we may
define an effective, field-dependent "quantum number" JMJ{X) by

(2.64)
2-

a,l\Mj-1/2
TDBO

2l + \~n<*.l;Mj + l/2

which, accordingly, is obtained as

~ 2 + B°,
21 + 1 a-l;Mj~1/2 21+1 <*MMj + l/2 (2.65)

where only the positive root has been admitted because as a "quantum number" JMJ (X)
must be positive. How this number depends on the field will be illustrated on page 50.

56 [24, pp37-52,75], [25, pp30,136], [31, p60]
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Without field, when the pairs of initial amplitudes have to equal the pairs of appropri-
ate Clebsch-Gordan coefficients57 as in Eqs. (2.26) and (2.29) on page 14, respectively,
the familiar half-integer quantum numbers are obtained: J+ = - \ + Vl2 + 21 + 1 and
J_ = - \ + VT* because the squared expression in parentheses then equals 2 or 0, re-
spectively.
In the field, however, JM3 (X) loses the property of being half-integer. The reason for
this to happen is that the field perturbs the spherical symmetry of the system of which
the spherical harmonics are the characteristic angular solutions. For a similar reason,
the principal quantum numbers of Rydberg states in alkali spectra deviate from inte-
gers by the so-called quantum defect58 because the outer electron, while orbiting the
nucleus, experiences deviations from the Coulomb potential due to the screening by
the inner electronic core. As we have explained in section 2.8 of ref. [1] dealing with
the Kepler problem, integer principle quantum numbers are a characteristic feature of
a pure Coulomb potential when the z component of the orbital angular momentum59

is only allowed to take on integer multiples of h.

2.6 The total energy

The comparison of the time dependence of the general expectation value of the spin-
orbit energy in Eq. (2.58) on page 27 with that of the Zeeman energy in Eq. (2.59) shows
that a periodic exchange of energy is usually going on between these two contributions
to the total energy. As can be judged from the opposite signs this exchange is mediated
by the dynamical spin polarization. A consequence of this exchange is that their sum, i.e.,
the total energy is always constant and conserved as necessary for a closed system.

What the total energy looks like will be shown next. For this purpose, we first repeat
Eqs. (2.58) and (2.59) in reduced form

' (2-66a)

9iMjnBBo x

where the exchange is apparent. Here, we have taken advantage of the fact that the
zero-field fine-structure splitting is given by AEa^.J+j_ = y£aii(2/ + l) and Eaii-j_ =
— y£a,z(^+l) denotes the zero-field energy eigenvalue of the lower fine-structure eigen-
state with total angular momentum J_. These latter relations have to be kept in mind

57 [24, pp37-52,75], [25, pp30,136], [31, p60]
58 [26, pl42], [64, ppl3,40,198,499]
59:9in Bohr's original atomic model, which he had based on classical mechanics, it was the orbital an-

gular momentum itself whose magnitude was restricted to integer multiples of h (cf. [44, pp4,15], [45,
p477], [46, p510], [65, p396])
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when actual expectation values of the spin orbit energy in different doublet states are
being compared.
There is also another consequence of this exchange, namely, that the constancy of the
total energy is also made sure by the fact that the sum of the contributing energies
consists of their time averages. This underscores the fact that expectation values are
time and not ensemble averages and corresponds exactly to what is found in mechanics
in conjunction with the Virial theorem60. This theorem, as we have repeatedly shown
in Part I of ref. [1], establishes a relation between the time averages (T)t and (V(r))t

of the particle's kinetic and potential energies, respectively, when, e.g., in the simplest
of cases, the particle performs a periodic motion in a potential with radial dependence
rn: 2(T)t = n{V{r))t.

If the time resolution is insufficient time averages play a key role in the determina-
tion of the properties of dynamical systems. Although not applicable to an absolutely
closed system, this aspect of the measurement process helps to understand that the
indeterminacy that has been associated with state vectors and stimulated the resort to
ensembles, is actually caused by time averaging.
Use of the definition of x given on page 10 by Eq. (2.14) and the condition of normal-
ization of Eq. (2.56a) on page 26 as well as some rearrangement finally attains

(HMj{x))-EatliJ_
AEr •J;J+,J- \ 2\

2Mj

21 + 1

J '
j \ M

9s-9i r " J ' \ 9s-9i
B Bo

a,l\Mj+l/2

(2.67)

This is the general expectation value of the reduced total energy in the field. Analogous
to the one defined on page 140 of ref. [1] it is determined by the initial amplitudes
Ba°i;Mj-ms ( t n e r e it w a s the initial parameter angle a) and here additionally by the
external field strength. These parameters fix the total energy of the present closed
system at a respective value.

For any choice of the pair of initial amplitudes BBo . that complies with the condi-
tion of normalization and the condition for balance mentioned on page 25 there is only
one field value where the system becomes physically stationary. Independently of this
special behavior at a special field strength, the general expectation value of the total en-
ergy always grows linearly with the applied external magnetic field and in compliance
with the fact that the dipole energy increases linearly as a function of the field as long
as the time average of the total magnetic moment does not change in the field. This
is the case for a closed system, which excludes transitions, and, therefore, this linear
growth is only a parametric one. With this restriction, it reflects the classical behavior
that can also be expected in this case from the Hamiltonian of Eq. (2.4) on page 7.
Only if we pick selectively the combinations of those initial amplitudes and special
field values that have to come together for generating physically stationary states, we
can appreciate the monotonous nonlinear behavior of these balancing situations as a
function of the field and see that they can only be realized by adjusting the coupling

60 [4, ppl44], [5, pl80]r [29, pl55], [30, pp235,379], [50, p505], [63, pl03]
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angle. As a consequence, the nonlinear field dependence of the energy eigenvalues of
the precession states with \Mj\ < +J+ = l + \ arises from the additional field depen-
dence of those initial amplitudes that are not only real and conform to the condition
of normalization, but also produce physically stationary states in the field by obeying
the additional condition (B*°.Mj_1/?)

2 - (B%.Mj+1/2)
2 - 2yB%.Mj_l/2B%.Mj+l/2 = 0, as

mentioned. They express the additional need to adjust the coupling angle, or put more
appropriately for a closed system, they make sure that at certain field strengths only
particles with a predetermined coupling angle can have physically stationary properties
in accordance with the energy eigenvalue at that field strength.

2.6.1 A first preliminary explanation for the exchange of energy be-
tween the contributions to the total energy

Now, we want to give a first explanation of why the origin of the periodic exchange
is a field-induced breathing of the coupling angle. Its cause will be discussed in more
depth soon, but already here the exchange can be easily understood on the basis of
what we know meanwhile. Consider the following mechanism: The dominant part
of the spin-orbit energy is the scalar product of the coupling angular momenta. We
already exploited in section 2.5.1 that it contains the cosine of the angle between these
two vectors. If this angle gets smaller the cosine gets larger and, concomitantly, the
spin-orbit energy. Simultaneously, however, as can be concluded from Eq. (2.63) on
page 29, the total magnetic moment also gets larger but due to the minus sign involved
the Zeeman energy gets smaller. The opposite happens for coupling angles getting
larger. So, for the energy contributions, the exchange behavior is easily intelligible on
the basis of an oscillation of the coupling angle.

However, as a look at Eqs. (2.58)/(2.66a) and (2.59)/(2.66b) on pages 27 and 30, respec-
tively, also reveals there is no exchange of energy for x = 0. This pays tribute to the
fact that without an external magnetic field the general expectation value of the time-
independent spin-orbit operator alone has to represent the constant total energy of the
closed system. So, in this case, there cannot be any time dependence for the general
expectation value of the spin-orbit energy. Although this indicates that field-related
external pulls are no longer exerted on the coupling angular momenta this circum-
stance does not mean, as we have pointed out before and shall see soon, that without
any field the system is always in a physically stationary state. The constancy of the spin-
orbit energy is only a consequence of the fact that the Hamiltonian's independence of
time entails a closed system, which demands the conservation of its total energy. But,
as we have shown in Part I of ref. [1], this conservation does not automatically spell
standstill in a closed system.

2.7 Dynamical behavior in the field-free case

How the initial amplitudes determine the dynamics also in a field-free environment
will be our next topic. Here, we shall convincingly and irrefutably prove in depth
what we have contended all the time before.
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With no magnetic field applied the field parameter vanishes, i.e., x = 0 because of
Bo = 0, and Eq. (2.67) reduces to

AE,•a,l;J+,J-

«CA -̂
21 + 1 J

Bn (2.68)

This is still the general expectation value of the reduced total energy, but now given by
the spin-orbit energy alone. As such it has to be constant for a closed system.
The only variable feature in the operator of the spin-orbit energy is the coupling angle
contained in the cosine of the scalar product. As Eq. (2.68) clearly shows this coupling
angle is determined for any given Mj by the initial field-free amplitudes Ba^Mj^i/2-
Together with Eq. (2.53) of page 25 defining the dynamical spin polarization this equa-
tion allows for a dynamical interpretation of the meaning of the Clebsch-Gordan coef-
ficients61:
Let us first investigate how these coefficients influence the dynamics of the system
in the field-free case. Dynamical behavior especially shows up in the dynamical spin
polarization of Eq. (2.53) on page 25. In nonstationary field-free situations, it reduces to

(2.69)

R 2 IR 2\
Da.l\Mj-1/2 ~ \Da,l;Mj + l/2 J

1/2B;,MJ+1/2\ ( I -
2Mj_

21 + 1

where fLa,i\j+j- is the frequency equivalent of the fine-structure splitting introduced
on page 12 by Eq. (2.21).
For a fully stationary state in a field-free environment, all periodically time-dependent
parts must vanish in Eq. (2.69). There are two different ways of how this can happen all
of which pertain to the amplitude factors of the oscillatory parts: In the first case, the to-
tal angular momentum's being stationary results from the vanishing of the overall first
square root in front of the opening brace. This factor is proportional to the off-diagonal
spin-orbit matrix element of Eq. (2.9a) on page 9 and, therefore, directly related to the
dynamics of the coupling. It decides from the value of the component Mj of the to-
tal angular momentum whether or not a state must always be stationary, no matter
what the other parameters. It is obvious from the first square root in Eq. (2.69) that
without field as well there is no oscillation at all if Mj = ±J+ = ±(l + | ) . Such config-
urations are only possible 'for states that simultaneously have the maximal projection,
positive or negative, of the maximal possible stationary total angular momentum J+.
This pertains to the positively or negatively stretched states62, respectively. They are the
simultaneous eigenstates in the coupled and "uncoupled" schemes, respectively, i.e.,

61 [24, pp37-52,75], [25, pp30,136], [31, p60]
62 [13,14]
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a; /, \; J+, ±J+) = |ct; / ,±/; | ,±|) because their always being stationary originates
from their inability to respond to the off-diagonal parts of the spin-orbit operator in
Eq. (2.1) on page 5. Therefore, stretched states can only be affected by the diagonal part
of this operator. This is the reason why their amplitudes, as mentioned on page 28, are
Ba<i,±i = 1 and, so, lead to the constant dynamical spin polarization {Pa,i-,J±) stat

 = ^ '
respectively.
The second case pertains to all orientations with \Mj\ < +J+ and requires for any total
angular momentum's being stationary a condition to be met that gives all possibly
time-dependent parts in Eq. (2.69) no choice but demands a standstill from the very
beginning. It is easy to verify that this only happens if we substitute in the expression
in braces of Eq. (2.69) for the initial amplitudes Ba^Mj^i/2 any of the real, stationary-
states-generating pairs of Clebsch-Gordan coefficients63, which have been applied in
Eqs. (2.26) and (2.29) on page 14, respectively. Here for the special case x = 0, this
follows the same line as described on page 25 for the general case. Preventing any
oscillatory action, it leaves for the produced stationary doublet states with J±

f ^ (2-70)
as the respective stationary eigenvalues of the dynamical spin polarization in the field-
free case. This relation also holds for the stretched states64 and, therefore, generally.
Due to their involvement in the magnetic moment according to Eq. (2.61) on page 27
these eigenvalues give rise to the following eigenvalues of the total magnetic moment

) = - (glMj ±i^L^yB. (2.71)

For gi = 1 and gs = 2, i.e., without radiative corrections, they show the familiar Lande
factors65 gJ+ = (2l+2)/(2l+l) and gj_ = 21/(21 + 1), respectively.
These intrinsic magnetic moments include those for the stretched states66 mentioned
on page 28 and , as we learn here, only hold for the field-free case. Despite this fact,
they are usually assumed not to change in low magnetic fields and, therefore, deemed
responsible for the linear Zeeman effect. This has been concluded from the initially
linear splitting of the energy levels at low field strengths. However, as we shall show
below, this is a misconception because it does neither include considerations about
how the necessary change of the coupling angle in the field affects both the spin-orbit
and the Zeeman energy nor does this seemingly straightforward assumption take into
account that the multiplication of the magnetic moment by x has a strongly linearizing
effect on the Zeeman energy in the low-field range up to x < 0.15 even though the
changes of the M/-dependent magnetic moment there amount to up to 9% - 20%.
In the general context of our investigation, it is not astonishing any more that we find in
the field-free case for the reduced eigenvalue of the upper fine-structure state's energy

-—-^± = 1 (2.72)

63 [24, pp37-52,7S\, [25, pp30,136], [31, p60]
[13,14]

65cf., e.g., [5, p464], [24, pll3], [26, pl51], [31, pl90], [43, p439]
66 [13,14]



2. Part III: Spin-orbit coupling in longitudinal external magnetic fields 35

when we use for the initial amplitudes of any specified Mj the respective Clebsch-
Gordan coefficients of Eq. (2.26) given on page 14 and pertaining to J+.
Equally, if we substitute from page 14 the Clebsch-Gordan coefficients of Eq. (2.29)
for the initial amplitudes we obtain the reduced eigenvalue of the lower fine-structure
state's energy pertaining to J_

—r^ = 0 • (2.73)

Along with Eqs. (2.62) through (2.65) on pages 28 through 29 and Eqs. (2.67)/(2.68)
on pages 31/33 these results clearly demonstrate that in the field-free case only those
pairs of Clebsch-Gordan coefficients67 related to stationary states provide the coupling
angles that make the system physically stationary. Thus, it is the linear combinations
with the appropriate Clebsch-Gordan coefficients that turn out to be the combinations
of initial amplitudes that freeze all action in the field-free case. As a matter of fact, these
coefficients have the simple physical meaning of representing exactly those balancing
coupling angles that allow stationary fine-structure eigenstates to exist. As has been
demonstrated in Part II of ref. [1], this shows again that the initial amplitudes must
exactly hit the spot to have this effect.
Since the generation of stationary fine-structure eigenstates involves the same pairs of
Clebsch-Gordan coefficients68 that, as elements of the transformation matrices, diago-
nalize the spin-orbit operator, it is obvious that diagonalization selectively and unduly
emphasizes the stationary aspects of the spin-orbit dynamics. However, as we are see-
ing here again, stationary situations in dynamical systems are not representative of the
general dynamics as they only occur under very special circumstances, which always
involve some kind of balance. As such, although prominent in the first result of the
usual approach, they are the exception, not the rule. Thus, with only the knowledge
of stationary properties as obtained along the regular route with fine-structure eigen-
functions, it is impossible in principle to predict how the system will evolve from a
stationary state after a perturbation. As we have already pointed out in ref. [1], this
intrinsic deficiency cannot be overcome by using time-dependent perturbation theory
because, depending on the order used, the limitations of this theory confine the range
of what is being investigated to the nearer or farther, but still to the vicinity of the eigen-
value where the stationary properties necessarily are still dominant. The opposite is
true, however: knowing the full dynamics, we can tell under which circumstances the
system may really become stationary in a physical sense.

2.8 Nutation - an overlooked degree of freedom

Now, it is about time to discuss in depth the physical reason for the breathing of the
coupling angle in the field. This can be done on the basis of our knowledge of a classical
symmetric top's behavior69 although classical mechanics cannot provide any labora-
tory example of freely coupling angular momenta. But we can observe a phenomenon

67 [24, pp37-52,75), [25, pp30,136], [31, p60]
68 [24, pp37-52,75], [25, pp30,136], [31, p60]
69cf., e.g., [66, ppl44-150], [67, pp82-88]
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of this kind in astronomy where, for instance, the gravitational interaction between the
earth and the moon, in the first place, makes the moon exert a torque on the earth's ro-
tational angular momentum, which causes its axis to periodically sway with a period
of 18.7 years70. The resultant nodding motion is called nutation. It is superposed on the
regular precession and appears as though the earth's axis not only performs its regular
precession but is additionally moving periodically between two precession cones. We
may infer from this knowledge what we can expect here, although classically nothing
is known about the resultant total angular momentum. From the angular momentum's
very definition

l = r x p , ^ = r x F = N (2.74)
at

it is clear that a temporal change of an angular momentum has its origin in accel-
erations caused by an external force F in terms of a torque N and that any angular
momentum can only be stationary if there is no torque exerted on it. This is a neces-
sary and sufficient condition. As the inertial tensor of a classical symmetric top is an
ellipsoid of revolution, the direction of the top's symmetry axis, i.e., its figure axis does
not coincide with the invisible direction of its angular momentum71. In the force-free
case, i.e., without torque, the figure axis is describing a so-called regular precession
cone about the stationary direction of the angular momentum. Conversely, every top
that is being interacted with undergoes a change with time of both direction and /or
magnitude of its angular momentum due to the torque exerted on it as a result of the
interaction. But, all we can perceive, e.g., in the case of a constant torque, is that, like in
the case of the moon's influence on the earth's rotation axis, the figure axis is period-
ically swaying between two precession cones and, thus, performing a nutation. Since
for any given inertial tensor there is a fixed angle between the symmetry axis and the
invisible direction of the angular momentum, we can conclude that the latter does the
same.
Assuming this basic behavior to be identical for any kind of angular momentum, we
may conclude from this knowledge what will happen when two atomic angular mo-
menta like the electron's spin and its orbital angular momentum couple: This interac-
tion will result, according to the principle of actio et reactio, in mutually exerted torques,
which usually will not cancel out each other. So, like in the earth-moon case, a nonva-
nishing net internal torque will keep both angular momenta swaying. This may be the
reason why even without an external magnetic field the dynamical spin polarization is
usually always present in its time-dependent, dynamical form, which is characteristic
of nonstationary states. However, as we learned from Eq. (2.63) on page 29, the length
of the resultant total angular momentum vector is constant without an external field.

Moreover, even in the field-free case when there is no field-related external torque ex-
erted on the atom's angular momenta the magnitude of the net internal torque will
depend on the coupling angle. As a consequence, according to Eq. (2.74), the cou-
pling angular momenta can only be stationary if there exist certain coupling angles
where the mutually exerted torques in fact do cancel out each other. As we have re-
peatedly pointed out, only the appropriate pairs of Clebsch-Gordan coefficients72 ful-
fill this condition in the field-free case. This conforms to what we have explained on

70 [68, pll70]
71 [66, pl45), [67, p83]
72 [24, pp37-5Z,75\, [25, pp30,136], [31, p60]
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page 25 for the general case. Corresponding to a dynamical balance, only these situa-
tions will allow of related physically stationary properties, which, as a result, will have
well defined, balance-related, and, so-to-say, "quantized" values in accord with the
balance-generating coupling angle. The necessity for a balance already makes it clear
that such situations will be exceptional. This has been exploited in Part II of ref. [1] for
the dynamical description of spontaneous transitions.
In the field, there is another feature that seems similar to the classical case: The nuta-
tion amplitude of a symmetric top is the smaller the higher the frequency with which
it is spinning. Then, the nutation can only be perceived as a small wobble of the figure
axis73. One could be tempted to conclude the same from Eq. (2.21) on page 12 and from
Eqs. (2.52)7(2.53) on pages 22/25 because while the nutation frequency increases the
nutation amplitude decreases as a parametric function of the field. Contrary to the clas-
sical case, however, we are dealing with the coupling of two angular momenta. In this
case, a longitudinal field causes only the diagonal matrix elements to grow as a func-
tion of the field strength, thus binding the constituent angular momenta tighter and
tighter to this direction. This way, the magnetic field weakens the relative influence of
the off-diagonal spin-orbit matrix elements and, thus, more and more suppresses the
oscillatory part that is responsible for nutation. Hence, the stationary properties are en-
hanced by strengthening the system's regular precession about the axis of quantization
when it coincides with the direction of the field.
In a longitudinal external magnetic field, different pulls along the z direction are exerted
on the coupling magnetic moments as a result of their different g factors, which connect
them with the respective angular momenta. This difference effects a different impact of
the field relative to the related angular momentum's magnitude despite the fact that,
e.g., for a single electron in a 2P state the respective magnetic moments of its orbital
angular momentum and its spin formally have the same magnitude.
Fig. 2.1 overleaf schematically depicts the situation when the coupling angular mo-
menta oscillate between the most extreme configurations as they are represented by
either spin sublevel. Sketching a maximal exchange for simplicity's sake, the figure il-
lustrates the periodic change between the spin-up and spin-down orientations (single-
headed arrows denoted by s) as going along with a periodic switching between two
different coupling configurations. The switching proceeds under the condition that the
projection Mj = mi + \ of the instantaneous total angular momentum be kept constant.
This is denoted as either "J+" or " J_" depending on whether it refers to the spin-up
and spin-down orientations, respectively, in accord with the subscripts "+" and "-".
The switching action is indicated in the figure by slim, double-headed arrows. This all
happens while the total angular momentum is precessing about the field direction but
due to the energy representation only the projections of the angular momenta onto the
energy-relevant axis of quantization can be represented as observable for a longitudinal
magnetic field. Attention should be paid to an important feature in Fig. 2.1: Accom-
panying the oscillation of the coupling angle, the strongest orientational change is the
up-and-down oscillation of the spin. Therefore, it is not astonishing that the dynami-
cal spin polarization dominates the expression for the magnetic moment of Eq. (2.61) on
page 27. Its dynamics is the essential source for spontaneous magnetic dipole transi-
tions between eigenstates. This will be explained in more depth on page 41.

73 [68, pi 170]
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m, Mj m,+I

Figure 2.1: Sketch illustrating the coupling dynamics in precession states with nutation (cf.
text).

It is evident that the necessary constancy of Mj makes the instantaneous total angular
momentum in the sketched case periodically change its magnitude and spatial direc-
tion. As far as this change of magnitude is concerned, this is what we are also seeing
on page 29 in Eq. (2.63) as being caused by the external field in conjunction with the
dynamical spin polarization. These features identify an oscillation of the coupling angle
as being the reason.

At this point, it should have become clear from the preceding considerations in con-
text with nutation that we should avoid the terms "eigenvalues" and "eigenstates"
altogether when using state vectors for the general situation because the system defi-
nitely is not in such a state. Also referring to a superposition of eigenstates is strongly
misleading as the past has shown because the state vector has nothing to do with a
catalog74 of possible outcomes of a measurement. To the contrary, such nonstationary
dynamical situations leave their own detectable fingerprints, for instance, as sensitized
fluorescence75, dark resonances, also known as coherent population trapping76 or, given suf-
ficient time-resolving power, as fine-structure or Zeeman quantum beats77. As we have
already pointed out and demonstrated exhaustingly in Part I of ref. [1], we should
get acquainted with the fact that each set of mixing coefficients in the linear combination
of eigenfunctions represents a dynamical situation of its own. Because of the structure of
the Hamiltonian the dynamical features here had to be worked out on the basis of the
spin-sublevel representation. For paying tribute to this dynamical behavior, we have
elsewhere78 called the nonstationary states, as represented by the most general wave
function of Eqs. (2.37) and (2.39) on pages 16 and 20, respectively, precession states with
nutatipn and eigenstates were dubbed precession states without nutation. As mentioned,
the stretched states79 belong to that latter category.

74 [3, pp344ff], [48, p285], [57, pp823-825], [58, p844]
75 [13,21,69,70]
76 [70-74]
77 [11, pp47-50], [13,16,21,75-77]
78 [21]
79 [13,14]
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2.9 A parameter-angle representation for the initial am-
plitudes

Since the case of a single-outer-electron atom in a longitudinal external magnetic field
poses an essentially two-dimensional problem, the inclusion of the condition of nor-
malization in the continuous, though parametric dependence on both initial amplitudes
can automatically be met by representing the initial amplitudes by the basic trigono-
metric functions of some parameter angle $f/ . As complex mixing coefficients only
effect a phase shift and the resultant relations will preferentially be used in conjunction
with the physically stationary eigenvalues, we shall limit ourselves to real initial ampli-
tudes, which is one of the conditions that these amplitudes have to meet in order to
have this effect

5 £ W i / 2 = c o s *2r,> Bt.MJ+i/2 = s i n * 5 , • (2-75)

This procedure, which we also applied in Part II of ref. [1], additionally has the fa-
vorable side effect that the seeming dependence on two parameters is simultaneously
reduced to that on a single independent variable. By running through a full period
0 < $M < 2 7T, the parameter angle makes Eq. (2.75) cover all possible combinations
for the initial amplitudes that comply with the condition of normalization.

The roots in Eq. (2.67) on page 31 express the algebraic form of the Clebsch-Gordan
coefficients80 for the upper eigenstate of the fine-structure doublet. We already en-
countered them on page 14 in Eq. (2.26). As the rationals, which occur in the field-free
case, e.g., in the dynamical spin polarization of Eq. (2.69) on page 33, are also related
to these coefficients and as the initial amplitudes take on the values of the Clebsch-
Gordan coefficients for the field-free eigenfunctions anyway, it is appropriate to also
express these quantities in terms of related values of the parameter angle. This can
be done with reference to either the upper or the lower fine-structure eigenstate as
encountered in Eqs. (2.26) and (2.29) on page 14, respectively

(2.76a)

(2.76b)

From the relations on the right hand side of Eqs. (2.76a) and (2.76b) it is obvious that
the parameter angles for the upper and lower fine-structure eigenstates, respectively,
differ by 90°. This property will prove to be a general criterion for mutually orthogonal
eigenstates in doublet systems exposed to a longitudinal magnetic field.

80 [24, pp37-52,75], [25, pp30,136], [31, p60]
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2.9.1 The hidden properties of the dynamical spin polarization and
its role in magnetic dipole transitions

With above relations, all expressions become quite simple and much easier to explain.
With a choice that refers to the upper fine-structure eigenstate, this transformation
yields for the dynamical spin polarization of Eq. (2.53) on page 25

<Pa,w(x;0) =

Written out in a less compact form

y cos 2$2ij + s i n 2®Mij
aMMj i+y2

cos 2 $ ^ - y sin 2 $ ^
+ IW

lj;x)t, (2.78)

it allows us to recognize that where, as a function of $ j ^ , the stationary part Po($f/°j)
has extrema, the amplitude of the oscillatory part Pi^jj^) has zero-crossovers while
the position of the zero-crossover of Po($^//) coincides with the point where the os-
cillation amplitude Pi($^/ ) has a maximum. In a leaky system with transitions, this
point would be reached halfway between the eigenstates. There, the dynamical spin po-
larization would be fully dynamical. Upon time averaging, its contribution to the z com-
ponent of the magnetic moment averages out. According to Eq. (2.61) on page 27, this
produces for the magnetic moment an instantaneous time averaged value of —giMjßß
at this point, i.e., as though the gs factor of the electron were unity there.

This demonstrates again that the zero-crossovers of Pi(^f,fj) define the parameter an-
gles Qfyj of the physically stationary states and that their energy-related properties are
extremes. It is the same spot-like behavior that was explained in general terms in Part II
of ref. [1]. There, it is depicted in Fig. 3.

2.9.2 Magnetic dipole transitions between fine-structure eigenstates

For making fully clear how this is related to transitions, we take an even closer look at
the dynamical spin polarization in order to see how things work in the field-free case, for
example: Using the definition of y = VMAX) m Eq. (2.17) on page 11 and Eq. (2.21) on
page 12 as well as the relations of Eq. (2.76a), we obtain for x = 0 instead of Eq. (2.78)

J+J_t. (2.79)
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Thus, in the field-free case, this makes the general expectation value of the total mag-
netic moment of Eq. (2.61) on page 27 look like

(Mf-M'(t)) = -, 9s-9i 2Mj -•^M,-*UJ) (2.80)

It is easy to see that for gs = 2, gL = 1, and $Mj = $°J+,MJ the eigenvalue of the total
magnetic moment in the upper fine-structure state is obtained with the correct Lande
factor gJ+ — 1 + 1/(2/ + 1). In leaky systems with transitions, however, the stationary
part would become a function of the then time-dependent parameter angle and show
the change of the stationary part of the magnetic moment in this process.
Not so easy to see is how the nonstationary part can be explained. With "transition",
however, the keyword has already been said: Using the Wigner-Eckart theorem81 and
the relations 7.1.7/8 of ref. [24, pill], which allow to calculate the reduced matrix ele-
ments of a single operator in a coupled scheme, we find for the magnetic dipole transition
matrix element between fine-structure eigenstates with the same Mj

a\l,^;J-,Mj
1 , . , \ UR / 1_

_, M 9iU a;l,-;J+,Mj

9s 9i

This matrix element is usually held responsible for the transition probability of spon-
taneous magnetic dipole transitions with AMj = 0 from the upper to the lower fine-
structure eigenstate. Thus, the amplitude of the oscillatory part in Eq. (2.80) taken as
a function of the parameter angle may be called the transition moment function. The
same behavior has already been found in Part II of ref. [1] where similar expressions
have been attained in more general terms. Applying also to the present case, a detailed
description of a complete spontaneous transition has been given there. It explains this
process, which need not resort to vacuum fluctuations, as being solely driven by the
inner dynamics of unbalanced properties that are only present in nonstationary states.

2.9.3 The dynamical behavior of the contributing energies

With the initial amplitudes substituted by the parameter-angle expressions the reduced
general expectation value of the spin-orbit energy of Eq. (2.66a) on page 30 now reads

- *OJ+M,) + \ ( C O S 2 * M , - (Paßtet))) , (2-82)

[24, p75]
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The dynamical spin polarization equally appears in the reduced general expectation value
of the Zeeman energy of Eq. (2.66b)

AEaMJ+<J_ 2\gs-gi
•2Mj + (Pa,hMj(x;t))) . (2.83)

Their sum is independent of time, of course, and obtains the reduced general expectation
value of the total energy of Eq. (2.67) on page 31 now in the form

(2.84)

Like in Eq. (3.4) on page 140 of section 3.2.1 in ref. [1], the total energy of Eq. (2.84)
has extreme values82 only for the eigenstates because the system can be physically sta-
tionary only in the extrema of the energy curve. These features are clearly displayed in
Fig. 2.2. As an example, it shows for Mj = +§ how the reduced total energy of Eq. (2.84)
evolves as a function of the parameter angle <&jĵ  for different field parameters x. The

Figure 2.2: The reduced total energy for Mj — +\ as a function of the parameter angle
$ j ^ for different field parameters x (cf. text).

parameter angle is given in radians; the parametric dependence on x runs from x = 0.0
through x = 4.0 in increments of 0.5.
We have described a similar behavior already on page 40 for the dynamical spin polar-
ization of Eq. (2.78). This is related to the fact that this property plays an important role
in the total magnetic moment and that the total magnetic moment itself is a linear part
of the total energy. Only this fortunate circumstance makes it at all possible to come to
straightforward conclusions in an energy representation.

82 [8, p345]
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A consequence of the extremal features of the total energy is also that spontaneous
AM/ = 0 transitions in a longitudinal magnetic field proceed exactly as described in
Part II of ref. [1]. In view of what we found out there in general terms, the steepening
of the slope for higher x values together with the increase of the energy difference
between the maximum and the minimum indicate that the field not only enhances the
probability for spontaneous transitions significantly but also shortens their durations.
Thus, also in the general case of a nonvanishing longitudinal external magnetic field,
there exist special parameter angles that are associated with extrema of the reduced
general expectation values of the total energy and, so, make physically stationary states
possible. Hence, a characteristic feature of eigenstates is found to be complied with83

and so confirms here the identity between physically stationary states and eigenstates.
This, however, as we have seen in Part I of ref. [1] and shall see further below in Part IV,
must not be taken for granted because it does not hold generally.
For this coincidence to happen, another condition is that the related eigenfunctions be
orthogonal and, thus, linearly independent. As found out earlier for the field-free case
in conjunction with Eq. (2.76) on page 39, the difference of 90° between the parameter
angles for the fine-structure eigenstates reflects their orthogonality. But this principle
also holds true here in the presence of a magnetic field directed along the axis of quanti-
zation: As may be read from the figure, the positions of the extrema of the total energy
differ by 1.57 rad = 90° of the parameter angle. That this actually is the case, indeed,
can easily be checked by comparing the respective values of the parameter angle with
those determined in the next section for the physically stationary states.

2.10 Stationary properties in a longitudinal external mag-
netic field

For the field-free case, we have explained in section 2.7 that it takes appropriate pairs
of Clebsch-Gordan coefficients84 to provide the special coupling angles that let fine-
structure eigenstates originate from a canceling balance of torques that orbital and
spin angular momenta mutually exert on each other as an inherent feature of their
interaction. For providing additional evidence beyond of what has already been said
on page 25 and bolstering the claim that physically stationary states in general here are
only supported by special coupling angles, we now turn to the case where the cou-
pling proceeds in the presence of a longitudinal external magnetic field. Interacting
with the magnetic moments of both orbit and spin, the field exerts additional, though
different pulls on the coupling angular momenta in the z direction. This difference is
caused by the difference of the g factors. For there to be stationary states, the system
must somehow manage to compensate for these pulls. However, as we are dealing
with closed systems, this must happen a priori on the basis of appropriate initial am-
plitudes, not a posteriori. If such initial amplitudes exist, the system succeeds. Then, of
course, the resultant eigenstates cannot be the familiar field-free fine-structure eigen-
states because their existence depends on other coupling angles than those related to

83 [8, P345]
84 [24, pp37-52,75], [25, pp30,136], [31, p60]
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the Clebsch-Gordan coefficients85.
For there to be physically stationary states in the field, any oscillation must vanish. This
concerns, in the first place, the numerator of the time-dependent part of the dynamical
spin polarization in Eq. (2.78) on page 40. As can be verified with the help of the def-
inition of y in Eq. (2.17) on page 11 under inclusion of the relations in Eq. (2.76a) on
page 39, this condition can only be met by the following field-dependent values of the
parameter angle

±nn (2.85)

Here, we find confirmed for the general case what we already saw in Fig. 2.2: the pa-
rameter angles of mutually orthogonal eigenstates differ by 90°. As mentioned earlier
on page 39 for the field-free case, $Mj = ®°J+,MJ ^ n\ 1S contained herein for x = 0.
Mutually orthogonal eigenstates, however, can only pertain to one kind of single par-
ticles. Only then are they capable of representing its dynamics correctly. This way,
orthonormality also provides a simple explanation of the noncrossing rule86 for levels
with the same My. Representing the two possible energy eigenvalues of a single parti-
cle and as such the extrema of its energy expectation value for the respective precession
state with nutation in the field, they cannot coincide anywhere because, mathemati-
cally, their additive constituent parts do not change sign over the whole range of field
strengths. Physically, however, this means that the field can distort but not change the
essential features of the coupling configurations that are responsible for the energies in
the lower and upper states of a single particle.

Eq. (2.85) is a condition for balance, which must precisely be met. It is equivalent to the
one mentioned on pages 26/32. Thus, the integers n = 0, 1 define pairs of parameter
angles that make any nutation disappear for a related value x of the reduced magnetic
field strength. These pairs make up the doublets that belong to the same Mj and,
thereby, to particles with the same physically stationary properties.

2.10.1 Illustration of the field dependence of the eigenvalues of the
total energy, of its constituents, and of the magnetic moment

The so-obtained special parameter angles $ j ^ have to be substituted for the general
one (frĵ  wherever it appears in an expression. In order to inspire confidence in what
we are doing despite the odd looking expressions, we begin with the eigenvalues of
the total energy in a longitudinal magnetic field. For this purpose, we simply have to
make in Eq. (2.84) the substitution mentioned

We start this investigation with the linear Zeeman effect, i.e., for x « 0. In this simplest
85 [24, pp37-52,75], [25, pp30,136], [31, p60]
86 [43, p465]
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limiting case, we can neglect x in the denominator of Eq. (2.85) and obtain instead

*£ , « * } + l W j ± n | . (2.87)

In view of what we have explained on page 39 in conjunction with Eq. (2.76), note that
the unperturbed fine-structure eigenfunctions are being used this way. So, this approxi-
mation is equivalent to the application of first order perturbation theory87!

For n = 0 in Eq. (2.87), the system is close to the upper field-free fine-structure eigen-
states labeled J+ = l + \, MJr and the reduced eigenvalues of its now nondegenerate
energy levels are, according to Eq. (2.86) with <# = 1, gs = 2, and the help of the right
hand side of Eq. (2.76a) on page 39

( ^ ' L - ^ ^ (2.88,

While in Eq. (2.88) the factor (2/ + 2)/(2Z + 1) in front of Mj is the correct Lande factor*8

for the upper eigenstate, 1 denotes the reduced fine-structure eigenvalue of that state in
the absence of the field. Eq.(2.88) holds true for the stretched states as well for which
Mj = ±J+ = ±{l+\). Also be aware of the definition of x by Eq. (2.14) on page 10.
For n = 1 in Eq. (2.87), the reduced expectation values of the energy in the vicinity of the
lower fine-structure eigenstates labeled J_ = I — \, Mj, are obtained from Eq. (2.86)
with gi = 1, gs = 2, and the right hand side of Eq. (2.76b) on page 39. They read

Again, the correct Lande factor is obtained and the missing of an additional term signals
the reduced lower zero-field eigenvalue 0.
The coincidence with the correct Lande factors in the limit of the linear Zeeman effect
might be doubted as accidental. However, the validity of Eq. (2.86), with the actual
values of Eq. (2.85) inserted, is not limited to the linear Zeeman case. Physically more
expressive and transparent than the usual results89, as we shall show below, these equa-
tions hold true for any value of the reduced magnetic dipole energy x as long as the
small term can be neglected that stems from the square of the vector potential.

For the figures, which we are about to present now, we have to make a choice for gs and
gi. Due to the lack of resolution it is sufficient to take gs without radiative corrections.
So, we choose the Dirac value90 gs = 2 and, of course, gi = 1. This makes the factor in
front of 2Mj equal to unity in Eq. (2.86).
Fig. 2.3 overleaf confirms the identity between the usual results91 and Eq. (2.86) when
the parameter angles of Eq. (2.85) are inserted. It depicts, as an example in reduced
form, how the well-known splitting pattern92 of the reduced energy eigenvalues emerges

87 [5, p246] , [26, pp30-35]
88 [5, pp440-441], [26, pl51]
89 [31, pl96], [34], [35], [36, p372], [37, pl5], [38, pp80,86], [39, pU4]
90 [2, ppl65-166,265-267]
91 [31, pl96], [34, p2083], [35], [36, p372], [37, pl5], [38, pp80,86], [39, pl44]
92 [12, p542], [20, pp81,87], [31, pl97], [43, p474]
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+1/2(2P1/2)

Figure 2.3: Splitting of the energy levels of a 2P state in a longitudinal external magnetic
field, (cf. text).

from the original fine-structure doublet states 2Pz/-i,\/2 as a function of the reduced
magnetic dipole energy x. For indicating their origin at zero field strength, the levels
are distinguished here and in all following figures by the designation MJ(2PJ) that is
provided on the right margin.
The single energy levels pertaining to particles in the here always stationary stretched
states with Mj = ± | run linearly up and down, respectively, and are represented by
closely dotted lines. They have been included for completeness's sake. The remain-
ing two pairs of doublet levels represent energy eigenvalues of particles that usually
are in nonstationary situations and have opposite orientations of their total angular
momenta: Characterizing particles with Mj = -\-\ in the figure, the first pair features
heavy solid lines while the levels of the second doublet pair, which are related to par-
ticles with Mj = —\, have been drawn as light solid lines. This kind of first-glance
recognizability will be maintained also for the properties in the subsequent figures.
The fact that due to their being good quantum numbers different Mj have to be as-
signed to different particles in a longitudinal external magnetic field has an important
consequence with regard to the interpretation of the level-crossing effect93 in atoms: As
already mentioned in Part I of ref. [1], this effect shows as a polarization-dependent
bump in the intensity of the resonantly scattered light when two magnetic sublevels
whose magnetic quantum numbers differ by either |AM\ = 2 or |AM| = 1, cross at a
certain strength of the linearly scanned uniform magnetic field, which the atoms are
exposed to while they scatter Doppler-broadened resonant light usually produced in-
coherently by a hollow cathode lamp94. With "incoherently" being the keyword in this
context, our present findings indicate that such an effect can neither be produced by
particles in stationary states nor when their axes of quantization are only aligned par-

93 [17-19], [20, p81\
94 [78,79]
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allel to the field direction. Part IV of this report will provide further evidence that this
effect is produced by individual atoms that must not have their axes of quantization
parallel to the field direction and, therefore, cannot be in a physically stationary state.

Fig. 2.3 shows what we are used to obtain from the Breit-Rabi formula95. Like Eq. (2.15)
on page 10, this relation for the determination of the energy eigenvalues has been ob-
tained from a quadratic secular equation. Associated with a square root, it does not al-
low to identify different contributing parts. This additional information, however, can
here be obtained from the easily discernible two parts in our Eq. (2.86). So, we shall
do now what the original relation cannot, namely, break down the pattern into the
eigenvalues of its different constituents and illustrate them in accordance with what
Eq. (2.86) nicely displays.

As the dynamical spin polarization of Eq. (2.77) on page 40 plays a vital part in each of
them, the calculation of its eigenvalue in the field is a mandatory first step

(PaMMj(x))stat = cos2<|)f;j . (2.90)

The first properties we want to look into next is the reduced Zeeman energy and the
related magnetic moment. With Eq. (2.90) inserted into Eq. (2.83) on page 42, the eigen-
value of the general expectation value of the reduced Zeeman energy becomes

^ 2 M J + cos2*2-) • (2-91)

Recalling the definition of the field parameter x in Eq. (2.14) on page 10 and Eq. (2.60)
on page 27 we can also write the eigenvalue of the Zeeman energy as

<Hf;;™"(z; t))stat = (9lMj + ^ cos2*g,) ßBBo . (2.92)

With the choice of gs = 2 and g\ = 1, Eq. (2.61) on page 27 then transforms into

(M^'Mj(x))stat = - \ (2Mj + cos2*g,) //* . (2.93)

Despite this unfamiliar looking expression, it can easily be checked with the help of
Eqs. (2.76) and (2.85) on pages 39 and 44, respectively, that without field the right hand
side supplies the correct Lande factors96 gj = 1 ± 1/(2/ + 1) for n = 0, 1, respectively.

Fig. 2.4 overleaf depicts how for particles with I = 1 and Mj = ±^ the physically station-
ary values of their total magnetic moments depend on the magnetic field. For clear-
ness's sake, the constant magnetic moments {M""l~1'±3 (x))stat — TPB(1 + 1) = T 2/iß
of particles in the stretched states have not been included, one reason being that they are
not capable of spontaneous transitions in a longitudinal magnetic field.

Here it becomes apparent how strongly the total magnetic moment has to change for
\Mj\ < +J+ even in low fields in order to be stationary for these configurations that
alone are capable of adjusting the coupling angle. For making it really stationary in the
field the corresponding exact initial parameter angle $jj^ has to be provided. If not and

95 [31, pl96], [34], [35], [36, p372], [37, pl5], [38, pp80,86], [39, P144]
96cf., e.g., [5, p464], [2A, pU3], [26, pl51], [31, pl90], [43, p439]
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Figure 2.4: Field dependence of the eigenvalues of the total magnetic moments originat-
ing from 2P precession states (cf. text).
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Figure 2.5: Field dependence of the Zeeman energy eigenvalues originating from 2P
precession states (cf. text).

the system is in the upper state, it would be prone to make a spontaneous transition.
The halfway-points, mentioned on page 40 in conjunction with Eq. (2.78), would lie for
the respective magnetic moments in Fig. 2.4 on the symmetry lines at —gLMj.
The field-mandated change, however, that is necessary for a physically stationary mag-
netic moment gets almost totally masked in the eigenvalues of the Zeeman energy due
to the strongly linearizing effect of the multiplication by —x. Fig. 2.5 shows this effect.
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The linearization effect is further enhanced, as we shall see, by the combination with
the spin-orbit energy, which in the low-field range even augments the impression of a
seemingly linear splitting of the energy levels by the almost complete mutual cancel-
lation of the nonlinear field dependences of both contributions to the total energy, the
magnetic dipole and the spin-orbit energy.
The eigenvalues of the general expectation value of the spin-orbit energy in the field are
given by

(2.94)

The parameter angles $^/ for physically stationary states in the field are obtained from
Eq. (2.85) on page 44. As a function of the field, they make this general expectation
value look like as depicted in Fig. 2.6. It is apparent that the spin-orbit splitting related
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Figure 2.6: Field dependence of the spin-orbit energy eigenvalues originating from 2P
precession states (cf. text).

to Mj — ±\ asymptotically tends toward one third of its zero-field value with levels
of opposite Mj grouping together at one third and two thirds of the original zero-field
spin-orbit energy. In this context, the following is interesting to note: Hitherto, it was
not possible to identify the contributing effects over the whole range of field strengths.
Only in the Paschen-Back regime, the spin-orbit energy was allowed to be treated as a
perturbation97. We can now state that this asymptotic grouping together at one third
and two thirds of the zero-field fine-structure splitting is in compliance with the result
of such perturbation calculations98. But for such field strengths, the quadratic term can
no longer be ignored.

The constant spin-orbit energies of the stretched states with Mj = ±§ have been in-
cluded here for completeness's sake because they do not marginalize the effect of the

97 [12, p541], [22, p450], [80, p709], [81, pp332-334]
98 [12, p541], [22, p450]
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other ones in the figure. When comparing how the contributions in Figs. 2.5 and 2.6
add to give the total energy in Fig. 2.3 be aware of the different scales.
For the field-free case, we have proven in Eq. (2.68) on page 33 that each spin-orbit
eigenvalue corresponds to a special coupling angle. Accordingly, any change of an
eigenvalue reflects a change of the coupling angle. With constant constituent angular
momenta, a field-mandated change can only result in an accordingly changed length of
the vector of the resultant stationary total angular momentum. This was demonstrated
by Eq. (2.64) on page 29. As introduced by this equation and Eq. (2.65) on page 29,
the changing length of the vector of the stationary total angular momentum may be
expressed by a related field-dependent "quantum number" of the stationary total an-
gular momentum. With the help of Eq. (2.76a) on page 39 and the parameter angle for
stationary states defined by Eq. (2.85) on page 44, Eq. (2.65) on page 29 transforms into

•J+,M.
• ) •

(2.95)

For the original zero-field eigenstates 2P3/2,1/2 of our example, the field-dependent
change of this "quantum number" is depicted in Fig. 2.7. Note the close relation-
ship with the field dependence of the spin-orbit energy in Fig. 2.6. This is a con-

MJ( 2PJ)

+/-3/2(2P3/2)

+1/2(2P3/2)

-1/2(2P1/2)

-1/2(2P3/2)

+1/2(2P1/2)

Figure 2.7: Field dependence of the effective "quantum number" JMAX) °f t n e t o*a '
angular momenta in 2Pj(x) precession states (cf. text).

sequence of how JM3{X) has been introduced in Eq. (2.64) on page 29 by using the
vector coupling relation. Accordingly, the asymptotic values of 0.9142 and 1.2321 cor-
respond to the reduced asymptotic spin-orbit energies of | and | , respectively. For the
stretched states nothing changes because they need not adjust the coupling angle. So,
for <£>f°J+ = $}+ .± J + Eq. (2.95) produces J±j+{x) = Z+| at any field strength.
As elaborated on above, the change for \Mj\ < J+ is evidence for the field-imposed
modification of the coupling angle. Eq. (2.95) demonstrates that for stationary total an-
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gular momenta the occurrence of half-integer quantum numbers is only a peculiarity
of the field-free coupling in doublet systems. It is related to spherically symmetric po-
tentials and the resultant magnitudes of the orbital angular momenta. As this spherical
symmetry is first disturbed and then destroyed by the magnetic field, the reason for
a finally strong deviation from half-integer quantum numbers is the same as the one
that produces the necessity of introducing the quantum defect": deviation from the
original shape of the potential. Supportive of this general view is also the fact that
the change of the coupling angle is much stronger for the orientation opposite to the
direction of the field than for the collinear one. In this regard, a common feature of the
asymptotic values of both the magnetic moment and the spin-orbit energy is that the
change of their absolute values is two times bigger for the opposite orientation than
for the collinear one, namely, | as compared with | . The comparison of the light and
heavy lines in Figs. 2.4,2.6, and 2.7 demonstrates this different behavior.

2.10.2 An intermediate summary

The agreement with the well-known splitting pattern100 for the levels of the total en-
ergy depicted in Fig. 2.3 is a convincing confirmation of the correctness of our theory,
which comprises far more than only the stationary properties. For these properties,
this confirmation does not come unexpectedly: All we did and further on will do, is to
simply follow the lines predetermined by the rigorous general solution to Schrödinger's
time-dependent equation101. Covering the full dynamics of closed systems, this solution
does contain the stationary cases, of course, because it results from a superposition of
stationary eigensolutions, which in this case represent physically stationary situations.

However straightforward this splitting pattern as a result of the well-known Breit-Rabi
formula102 might seem, here it becomes apparent that, as a sum of different contribu-
tions, it conceals subtle details, which it cannot make evident because it hides them in a
nonlinear expression: As a comparison of Figs. 2.4 and 2.6 shows, weak fields affect the
spin-orbit energy and the magnetic moment quite differently for different \Mj\ < J+:
Having extrema at x = 0, the spin-orbit energy is only little affected whereas the mag-
netic moment, due to its steep initial slopes, responds rather sensitively even to weak
magnetic fields. This is depicted very impressively in Fig. 2.4: Apart from the numbers
already given for the 2P states in the field range x < 0.15 the practically linear initial
course of the stationary magnetic moments for the levels with Mj = ± | as a function of
the field makes them deviate from their respective gj values by 2.5% to 5.4% even over
the very small weak-field range of only x < 0.04. In weak fields, however, this sub-
stantial change is marginalized in the magnetic dipole energy of Fig. 2.5 by the strongly
linearizing effect of the multiplication by —x. This linearization, though, is not perfect.
In the case of the 2P states of our example, there is an additional weak quadratic field
dependence at low field strengths on top of the dominating linear one. This quadratic
field dependence, which reflects the initially nonlinear part of the dipole energy in the
field, is almost totally compensated by an equally weak but counteracting quadratic

99 [26, pl42], [64, ppl3,40,198,499]
100 [12, p542], [20, pp81,87], [31, pl97], [43, p474]
101 [9, pll2]
102 [31, P196], [34], [35], [36, p372], [37, pl5], [38, pp80,86], [39, P144]
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contribution from the spin-orbit energy. Despite the nonlinear behavior of both con-
stituent parts, this effects an extended quasi-linear field dependence of the levels of the
total energy with slopes very closely proportional to the respective gjMj values. Thus,
the Zeeman relations of Eqs. (2.88) and (2.89) on page 45 conceal the true behavior and
suggest seemingly constant magnetic moments throughout that extended range even
for Mj = ± | although their respective gj values definitely only hold true for x = 0.
There is also another aspect of why the Zeeman relations are so much misleading: This
is the fact that by conforming to first order perturbation theory Eqs. (2.88) and (2.89) on
page 45 suggest that the unperturbed eigenfunctions are still valid. Thereby seemingly
maintaining the zero-field gj factors, they support the wrong conclusion that the sub-
stantially extended field range of the linear Zeeman effect is indicative of an unchanged
magnetic moment. Unfortunately, this pitfall could not be recognized in the past be-
cause the only known way of calculating the splitting pattern for doublet states was
by solving the respective secular equation103. The resultant reliance on an initial quasi-
constancy of the magnetic moments has obviously led to the erroneous conclusion that
the determination of gj factors from high precision measurements of splittings can pro-
vide sensitive experimental hints to relativistic and/or binding corrections to the wave
functions104. So, all numbers obtained in good faith and aimed at determining these
small corrections from differences between the measured and the theoretical gj val-
ues, should be taken with caution, especially when deduced from only a single field
value105. Even perturbation-theoretically determined higher order corrections to the
energy cannot correctly account for the influence of the magnetic field on the magnetic
moment because this way always both the spin-orbit interaction and the Zeeman energy
of the magnetic dipole are simultaneously being corrected. So, without scrutinizing
the origin of the remaining deviations from linearity one cannot tell which contribu-
tion they have to be attributed to or how to split them among both.

The cause for this fallacy has been identified here as the linearizing effect of the multi-
plication by —x in combination with the almost total compensation of remaining non-
linearities by the spin-orbit contribution in this field range. In view of this new knowl-
edge we can say in retrospect that it was certainly not a good idea to attribute the
found nonlinearities straightforwardly and unilaterally to the gj factor and conclude
from its deviation from the zero-field value that relativistic and binding corrections
to the wave functions were necessary106. The need for the targeted corrections would
only arise if the level splittings measured for different field values would differ from
those calculated from Eqs. (2.15), (2.20), or (2.86) on pages 10,11, and 44, respectively.
But even then, as will be shown in Part IV, what is being determined in the first place
are not corrections to the magnetic moment but corrections to the eigenfrequencies of
its motions in the field. As far as the determination of physically stationary properties
is concerned, we shall explain in section 2.10.4 below that even in this case aspects of
dynamics play a role that cannot be neglected in precision measurements.
It should be clear now that, due to the interaction of the electron's angular momenta
with the field, the field-allowed eigenfunctions cannot be those familiar field-free fine-
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structure eigenfunctions any longer for which the total angular momentum is repre-
sented by the half-integer quantum numbers J± = / ± \. As Fig. 2.7 shows on page 50,
these numbers hold true for \Mj\ < -\-J+ in the field-free case only. There, they result
from the fact, as discussed on page 33 in context with Eqs. (2.68) and (2.69), that it takes
the Clebsch-Gordan coefficients107 to generate the stationary zero-field coupling angles
and produce the respective fine-structures eigenfunctions. But in the presence of an ex-
ternal magnetic field the field-allowed eigenfunctions have to account for the fact that,
among other properties, the magnitude of any stationary total angular momentum in
the field, i.e., the length of its vector, must be different from that for the field-free case.
Given the fixed lengths of the vectors of the constituent angular momenta of orbit and
spin, a different length of the vector of the total angular momentum can only be pro-
duced by changing the coupling angle. Apart from what has already been proven on
page 29 in conjunction Eqs. (2.63) and (2.64), this field-dependent change is also appar-
ent in Eq. (2.85) on page 44 where those parameter angles were defined that provide
the appropriate coupling angles for generating eigenstates at any field strength x.
At a superficial first glance, the curves in Fig. 2.4 showing the field dependence of the
total magnetic moment look similar to those for the effective magnetic moment intro-
duced by Rabi et al.108 in conjunction with their deflection experiments. But as the
effective magnetic moment has been defined109 as the negative differential of the energy
eigenvalues (as given by Eq. (2.15) on page 10 with the replacements described there)
with respect to the magnetic field, it not only contains the contributions from the hy-
perfine interaction, but has only something to do with the real field dependence of the
total magnetic moment in so far as it would describe its changes with the field.

2.10.3 The asymptotic eigenvalues of the total magnetic moment

The magnetic moments's'asymptotic eigenvalues in Fig. 2.4 on page 48 can be ex-
plained quite easily from a more straightforward way of obtaining Eq. (2.61) on page 27
that also allows more insight into how the contributions of orbit and spin add up for
the total magnetic moments in this case. For purposes of comparison, we first rewrite
Eq. (2.61) in an adequate stationary form with the help of Eq. (2.90) on page 47

, (2.96)

For gi = 1 and gs = 2, this corresponds to Eq. (2.93) on page 47.
As for a closed system necessarily holds "once an eigenstate, always an eigenstate", we
can take the state vector of Eq. (2.39) on page 20 at time t = 0. This act invokes Eq. (2.44)
on page 21, which allows us to substitute, according to Eq. (2.75) on page 39, for the
initial amplitudes the corresponding expressions with the stationary parameter angle
of Eq. (2.85) on page 44. This turns the state vector into the respective eigenfunction

/;M, + J ; l /2 , - i ) . (2.97)
107 [24, pp37-52,75], [25, pp30,136], [31 , p60]
108 [34], [35], [36, p391], [37, p35]r [38, pp87,104,106], [40], [41], [84]
109 [34], [35], [36, p390], [37, p34], [38, pp87,104,106]
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While for vanishing fields (x = 0), according to Eqs. (2.76) and (2.85) on pages 39 and
44, respectively, the corresponding parameter angles represent the Clebsch-Gordan co-
efficients110 as in Eqs. (2.26) and (2.29) on page 14, respectively, Eq. (2.85) on page 44
makes them tend toward ^ ^ = n\ for very high field strengths (x —> oo). Depending
on the value of n, this renders the wave function of either spin sublevel asymptotically
an eigenfunction in a longitudinal field. Thus, asymptotically we are brought back to
where we started out from, namely, to the "uncoupled" wave functions of orbit and
spin. This asymptotic decoupling111 has a corresponding impact on the asymptotic
eigenvalue of the magnetic moment.

In the general case, the eigenvalues of the magnetic moment result from the general
expectation value of the operator constructed with the eigenfunctions of Eq. (2.97)

+ 9s sz | * 5 E > ) > (2.98)

Application of the operators to the eigenfunction yields

*;, [0 (MJ + ̂  - gs\j } (2.99)

With the help of addition theorems, it is straightforward to verify that Eq. (2.99) is
identical to Eq. (2.96). Using the asymptotic values of Eq. (2.85) on page 44 for the
parameter angle and Mj = mi + ms as stipulated on page 5, we obtain for gt = 1 and

n = 0,Wj = + U = 0 : <MJ±)'+1/2(°o))stat = -pB9. (+ f ) = ~HB if 9. = 2 ,
V J (2.100a)

n = 1, Mj = ~,ml= 0 : ( A ^ ' - ^ o o ) ) ^ = -ßBgs(~) = +ße it 9, = 2 ,
V J (2.100b)

n = 1, Mj = +1 rm=+l: <MiJ±)'+1/2(oo))stat = -ßB \+9l + g.(-\)] = 0 if 9s = 2 ,
1 L V ZJi (2.100c)

n = 0, Mj = - \ , mt =-\ : {M^-^!(oo)>stat = -fxB \-9l + 9,(+\)] = 0 if ̂ s = 2 .
Z L V ZJi (2.100d)

Thus, the asymptotically nonzero eigenvalues of the total magnetic moment are ex-
clusively determined by the spin orientation while the asymptotically vanishing ones
result from a canceling out of orbital and spin contributions as a consequence of the
different pulls on the respective angular momenta. That this is a canceling, indeed, can
also be understood from the following closer inspection and comparison of Figs. 2.4
and 2.7 on pages 48 and 50, respectively: The four curves in each figure can be associ-
ated with four types of particles in physically stationary states that can be distinguished
by the opposite spatial orientations of their angular momenta and, additionally, by the
physically stationary states they occupy in extremely high fields: Two types of particles

110 [24, pp37-5Z,75], [25, pp30,136], [31, p60]
111 [81, pp332-334]
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have total angular momenta that both tend to become equal to 0.9142 in high fields,
the smaller asymptotic value in Fig. 2.7. But although these total angular momenta
are oppositely oriented relative to the field direction, their stationary z components of
the respective magnetic moment, according to Fig. 2.4, nevertheless strongly tend to
vanish in high fields. This is contrary to the other two types of particles with exactly
the opposite labels: approaching finite values asymptotically in high fields, their sta-
tionary magnetic moments of either sign are in agreement with how they are related
to opposite orientations of the bigger asymptotic total angular momentum in Fig. 2.7
they both tend toward. So, the first case really represents an asymptotic canceling by
the constituent parts of the total magnetic moment. It is related to the fact that our
examples apply to 2P states: in these states, gs = 2 makes the magnetic moments equal
that are associated with the spin and the orbital angular momentum, respectively.
However, a decoupling only takes place in atoms, as we shall show in Part IV, that
experience transverse field components, and, so, is not possible in longitudinal fields:
The monotonous change of the total magnetic moment in such fields is evidence that
a time-independent magnetic field cannot cause orientational flips at any field strength.
Independent flips, however, can be induced by additional radio frequency (rf) fields112.

2.10.4 An extended explanation

With the strong backing from the collected evidence that there is a necessity for a field-
conforming change of the coupling angle without which, indeed, a physically stationary
state could not be attained, we may now consider this evidence within the whole dy-
namical context and ask what the stationary results mean dynamically and how the
necessity for changing the coupling angle could be understood physically: In a dy-
namical system, as we have also demonstrated in ref. [1], physically stationary states
always signal dynamically unlikely situations of balance because they are related to
extrema of the energy curve. Not matching this balance is not so detrimental for the
ground state: Since it is always related to a minimum of the total energy it has a built-in
tendency of self-balancing. In an excited exact eigenstate, however, which represents
a maximum or at least a saddle point of the total energy, any deviation from a per-
fect balance makes a realistic system prone to spontaneous transitions. This has been
proven in Part II of ref. [1].

The fact that physically stationary states are possible in an external magnetic field, uni-
form or not, provided it is directed properly at the site of the atom, is astonishing by
itself. Naively, one might have anticipated that the torques exerted by the field on
the magnetic moments associated with the orbital and spin angular momenta, would
always force the resultant total angular momentum into nutation. This is the case, in-
deed, as we shall see in Part IV, for atoms that experience transverse components of the
field. There, it is evidently impossible for the external torques to be in the same plane
with the internal ones. This is necessary for all torques to cancel. But with atoms expe-
riencing a purely longitudinal field, the existence of physically stationary states provides
evidence for this condition's being met. As a consequence, the eigenvalues of both
the spin-orbit energy and the magnetic moment must show a strong field dependence
consistent with the field-mandated change of the coupling angle.

112 [81, pp332-334]
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Corroborating this explanation on equally physical grounds, a special feature of this
mechanism is the lifting of the degeneracy of the energy eigenvalues in respect of Mj.
This can easily be understood as a physically necessary consequence: Without an ex-
ternal field present the canceling of the internal torques is an internal matter only. As a
consequence, the energy of the system is independent of the spatial orientation of the
resultant stationary total angular momentum. This is manifested for the fine-structure
eigenstates by the energetic degeneracy of the different spatial orientations represented
by Mj. Thus, as an energy representation need not care about directions in this case,
species with different Mj have the same energy in their upper or lower eigenstates.

This is no longer true, however, when an external magnetic field is present. What then
matters for generating stationary states in the field, is the compensation of internal and
external torques. Due to the fact that the internal torques's spatial orientation is linked
to that of the resultant stationary total angular momentum, the compensation can only
be accomplished for very definite spatial orientations of the system relative to the field
direction. Therefore, first of all, the condition must be met that the axis of quantization
coincide with the field direction. Then, as will be shown in Part IV, the field cannot
exert torques on the coupling angular momenta but only different pulls in the field
direction. These pulls, however, alter the effect of the internal torques. Therefore, in
order to counter the different pulls for different orientations different coupling angles
are needed. This makes these coupling angles dependent on the orientation and, so,
different for different Mj, which represent different particle classes. As different cou-
pling angles are associated with different eigenvalues of the spin-orbit and magnetic
dipole energy a lifting of the degeneracy is obtained. This illustrative explanation puts
the lifting of degeneracy on far more physical grounds than the established mathemat-
ical one of symmetry breaking which makes degeneracy and nondegeneracy only an
abstract matter of existence or nonexistence, respectively, of rotational invariance.

In medium-range fields, the experimentally verified nonlinear dependence on x of the
energy eigenvalues of the magnetic sublevels in atoms with | Mj \ < J+ results, accord-
ing to Figs. 2.4 and 2.6 on pages 48 and 49, respectively, from the nonlinear changes in
both the magnetic moment and the spin-orbit interaction. These changes, which affect
both parts in an orientationally dependent way, here have consistently been explained
as reflecting the field-imposed change of the coupling angle.

In this context, we should be aware of the fact that an experimental verification113 of
energy eigenvalues is obtained indirectly via Bohr's frequency condition114 through the
measurement of frequencies or their differences.

It has to be emphasized that, no matter what the field strengths, the eigenvalues of
the magnetic moment given by Eq. (2.96) on page 53 strictly only hold true for the
exact eigenstates when there is definitely no nutation at all because the system is in
perfect balance. This spot-like behavior has already been pointed out in conjunction
with Eqs. (2.78) and (2.85) on pages 40 and 44, respectively, when we investigated the
eigenvalues under the aspect of their dependence-on the parameter angle. Missing the
spot in a closed system prepares it in a nonstationary state, but missing the spot in a
system, which is only quasi-closed, makes it prone to a spontaneous transition unless
it is already in the lowest state.

113 [83]
114 [44, p8], [45, p487], [46, p507], [47, pplZ3,135], [65, p396], [85, pl39], [86, p230], [87, p3]
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Eq. (2.78) on page 40 has naturally led us to the observably oscillating magnetic dipole
moment of Eq. (2.80) on page 41. According to classical electrodynamics, any oscil-
lating dipole is an antenna emitting radiation with a frequency equal to that of the
oscillation115. As we have shown in ref. [1], this fact also holds true in very general
terms for any type of quantum mechanical multipole oscillations. These oscillations
are only present, but then" always, when the system is out of balance, i.e., in a nonsta-
tionary state. The concomitant emission of radiation is the loss mechanism that drives
a spontaneous transition. We have mentioned on page 37 in conjunction with Fig. 2.1
and the dynamical spin polarization that it is essentially the oscillation of the spin that
makes an active quantum antenna for spontaneous magnetic dipole transitions.
This oscillation of the spin is also the reason for quantum beats116: As the spin ori-
entation is preserved in the much faster electric dipole transitions the strength of the
individual transition depends on the spin's actual orientation. This makes the individ-
ual transition proceed better or worse. The impulsive excitation of a bulk of atoms,
on the other hand, not only prepares the individual atoms in nonstationary states with
oscillating coupling angles, but simultaneously also synchronizes these oscillations,
which have the same frequency. Together, the individual and the bulk behavior effect
a modulation of the exponentially decaying fluorescence emitted by the bulk.
Thus, as a complete standstill can only be accomplished at the zero-crossovers of the
dynamical spin polarization, an exact physically stationary state pinpoints a hard-to-match
situation of dynamical balance and, therefore, is dynamically very unlikely [1]. Real-
istically, the preparation of an "eigenstate" will most likely result in a quasi-stationary
one, which may also be called a "practical" one. Due to a slight mismatch, it is still
having a small residual nutation. Being an inherent feature that depends on the prepa-
ration, these deviations pose a natural limit to the precision that can be achieved in a
measurement. But, fortunately, owing to the fact that eigenvalues represent extremes,
these deviations are small, indeed, and all "practical" eigenstates lie energetically in
the immediate neighborhood of the exact ones even though their parameter angles may
cover a wider interval [1]. Hence, an ensemble of "practical" systems cannot convey
the impression of a single, well defined expectation value neither for the energy nor for
any other diagonal property. Instead, all properties will show some natural dynami-
cal width because the constituents of the ensemble have small, individually different
amplitudes of residual nutation. Of course, usually a property of a "practical" eigen-
state will be measured, not only in bulk experiments. As a consequence for states
with \Mj\ < J+, time averaging always makes the measured values of any observable
somewhat different from the ideal exact ones. Therefore, one should be aware of the
existence of "practical" eigenstates at any field strength and not blindly take any small
deviations from the exact eigenvalue that results of precision experiments may show,
as indicating a necessity for relativistic and/or binding corrections. As a general fun-
damental feature of the principle of superposition, a small dynamical uncertainty can
never be excluded unless a method is found that would allow to really prepare an ex-
act eigenstate. Stretched states117 show this property, e.g., with regard to the gj value for
\Mj\ = J+, provided the axis of quantization exactly coincides with the field direction.

115 [88, pp410-414)
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2.11 Conclusions that can be drawn for Part III

Our example of angular momentum coupling indicates that what is being called quan-
tization can simply be understood as another expression for the well-known but in this
context unrecognized feature of dynamical balance. As such situations are exceptional,
the dynamical conditions to be met are discrete and, if considered as isolated incidents,
discontinuous. But as also shown in more general terms in ref. [1], our findings suggest
the general conclusion that the common notion of quantal behavior as a discontinuous
one is not in compliance with the principle of superposition: With its constituents's
being the eigensolutions to Schrödinger's time-dependent equation, which is a partial
differential equation with a time derivative, its general solutions demand dynamical
continuity. Thus, the "trademark" of quantum mechanics, the quantized eigenvalues,
must not be misunderstood as representing discontinuous properties but as result-
ing from a preferential description of special dynamical situations of balance, which,
despite of not being representative of the general dynamics, misleadingly have been
considered the most outstanding features.

The reason for this misunderstanding has its roots in the way of how Schrödinger ob-
tained his famous equation and the failure to recognize what this way's consequences
are: As explained in ref. [1], Schrödinger's quest to find a mathematically sound solu-
tion to the Kepler problem led him to his equation by first relating the action function
in the Hamilton-Jacobi partial differential equation to his wave function via the nat-
ural logarithm118 and by then applying Hamilton's principle of least action. As this
is a variational principle in an energy representation it naturally brings about the ex-
trema of the total energy as the most outstanding and fundamental features. With
the concomitantly obtained time-independent Hamiltonian only closed systems can be
described, and the extrema are always minima in such systems. In the case of the Ke-
pler problem, these are the minima in the effective potentials for the different orbital
angular momenta. Therefore, it is not astonishing that the way Schrödinger attained
his equation emphasizes these solutions, which have to have the property of repre-
senting time-independent and physically stationary situations. In more realistic, only
quasi-closed systems, however, the effective potential in excited states is not leak-tight,
so-to-say. This makes its minimum a relative maximum of the total energy.
Physically stationary situations are the favorites of more or less time-averaging mea-
surement procedures. As measurements are our only source for cognitive truth, their
time averaging character seems to have additionally enhanced an inherent property of
the time evolution of the dynamics, namely, of being slow in the vicinity of station-
ary states but, at least in the past, unobservably fast in the peak of a transition [1].
Without giving this fact adequate attention or even recognizing it in the past, we may
inadvertently have allowed this time evolution of the dynamics themselves to unduly
contribute to our impression of quantal behavior. So, as long as a detection system
lacks sufficient time-resolving power and thereby misses the transient features, any
results of measurements can only confirm stationary or, at best, strongly time-averaged
properties. As a consequence, such results can only reflect part of the physical reality.

[90, p361]



3 Part IV: Angular momentum
coupling in arbitrarily oriented
magnetic fields

Part III may be considered an exercise for what is to be treated here in Part IV. While
hitherto, like in Part III, only cases have been looked into in which field direction and
quantization axis were parallel and eigenstates known to exist, the general case of a
noncoincidence of these directions has not been treated yet, presumably because the
disputed axiom of "eigenstates-only" implies that observable properties cannot be ex-
pected anyway. Nonetheless, this is the task we are going to take up now. In this re-
spect, angular momenta are extremely well suited for our scrutiny into what happens
when the directions of the axis of quantization and the field are not identical. This is
because their well-known classical behavior makes it easy to identify correspondences
or deviations in their quantum mechanical description. This is of enormous tutorial
value. Anticipating one result, we shall be able to confirm also quantum mechanically
that any angular momentum can only be stationary if no torque is being exerted on it.

3.1 Theory of hyperfine coupling in atomic 25i/2 states

In this part, we shall present the full nonrelativistic dynamics of the coupling between
two different magnetic moments associated with atomic angular momenta of equal mag-
nitude when their interaction takes place in the presence of an arbitrarily oriented ex-
ternal magnetic field. This spatial configuration will help us to understand that any
choice of an axis of quantization pertains to all those individual atoms that have this
"natural" internal direction in common because the description of their angular mo-
menta refers to it even if they have different orientations due to different components.
The application of Schrödinger's time-dependent equation is equivalent to dealing with
an energy representation. It obtains, first of all, the atoms's inner energy in respect of
this axis. All other properties are also referred to this axis but only to the extent that
matters for the energy. So, usually only the longitudinal components serve this purpose
and are provided. This is why we call the axis of quantization the "natural" one. As
far as the describability of transverse properties are concerned, nothing is possible, as
we have shown in Part III, if only longitudinal external magnetic fields are considered.
If, however, the internal and external directions do not coincide we have a new situa-
tion because both are relevant to the energy. This makes it an important case because
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an energy representation has to account for this fact and can no longer leave properties
unrepresented it would in the collinear case because there they have no influence on
the energy. As a consequence, additional properties will show up that the collinear
case would deem unobservable. This inherent directionality of the quantum mechani-
cal tools will become apparent below in conjunction with the eigenstates in the field.

To be concrete, we shall treat the hyperfine (hfs) interaction between an electronic spin
J = \ and a nuclear spin I = \ in the electronic ground state of atoms exposed to an
arbitrarily oriented external magnetic field. This applies to hydrogen and tritium in
Is 25i/2 as well as to the stable silver isotopes 107Ag and 109Ag in 5s 25i/2. Silver is
the only nongaseous stable element in the periodic table that combines these features.
Thus, dealing only with spins we do not have to worry about the small quadratic field
dependence that bothered us in Part III.

The hfs interaction between the nuclear and the electronic spin in the electronic ground
state of these elements is exceptionally well suited for our purposes because sponta-
neous radiative energy losses could only happen through very low-frequency mag-
netic dipole (Ml) transitions and, therefore, can safely be neglected in time-independent
magnetic fields: In silver1, to give an idea, the frequency emitted in transitions between
the two hfs levels F = 1 and F = 0, is 1.7 GHz for 107Ag and 2 GHz for 109Ag, while
in hydrogen2 it is 1.4 Ghz. As a result, the associated Ml transition probability is some
twenty orders of magnitude smaller than the probability of spontaneous electric dipole
transitions in the optical range and, so, corresponds to a mean lifetime of more than
ten thousand years. Thus, to an extremely good approximation, we may even consider
the system (atom + static magnetic field) a closed one although in the field there are
also frequencies that become the higher the higher the field strength.

The concept of a closed system, as a consequence, allows the application of a time-
independent Hamiltonian and entails the conservation of the total energy of whatever
dynamical state the system is in. Our presentation will rest on the rigorous analyti-
cal solution to Schrödinger's nonrelativistic time-dependent equation for a single atomic
system the angular momenta of which, via their associated magnetic moments, not
only interact with each other but also with a static, arbitrarily oriented external mag-
netic field. Replace arbitrary by longitudinal and we have the situation dealt with in
Part III. For consistency reasons, section 3.5 will address this case.

However, although the interplay between the hyperfine and the Zeeman interactions
in the ground states of the species mentioned belongs to the simplest of its kind,
Schrödinger's equation for this environment already calls for the solution of a four-
dimensional system of coupled linear differential equations of first order. This is the
lowest dimension for a system of two angular momenta interacting in such a field.
Similar to the two-dimensional case treated in Part III, use of an expansion with a time-
dependent linear combination of now four basis vectors for the unknown wave func-
tion will make Schrödinger's time-dependent equation give rise to the just-mentioned
system of coupled linear differential equations of first order for the time-dependent
expansion amplitudes. This system is a homogeneous one with constant coefficients.
Its rigorous eigensolutions will be used as a basis for fully exploiting the principle of
superposition, which, however, will be applied with the eigenfunctions broken up in

'[91]
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terms of the four basis vectors in the same way as already exercised in Part III.
Although the lines of the calculation are clear and easy to follow, even this problem of
the lowest possible dimension will already bring us to the verge of analytical tractabil-
ity: The sheer dimension of the mathematical apparatus, which makes any matrix con-
sist of 16 elements, in principle, proved to be testing our stamina the hard way as it
made necessary to check the consistency of any intermediate result from every con-
ceivable point of view in order to make sure that the next step would be made from
solid grounds. Independently of the huge amount of material that accumulated this
way, even reproducing only the straight line would be beyond the scope of this report.
So for anyone who would want to verify the results, the intermediate results given,
though straightforward but tedious, can only serve as landmarks for orientation. Even
these results will prove to be quite page-consuming and give an idea of the general
case for which a Hilbert space of dimension (2/+l)(2 J+l) would be needed as already
pointed out in Part III. However, despite the structural complexity of the calculations
many final results will turn out quite handy and very rewarding. The whole process is
like working in a gold mine: Before you get to the shiny nuggets, you have to dig your
way through all the rock and debris. However, in order to make it easier on the part of
the reader who might not be interested in each and every detail we shall provide jump
recommendations in boldface wherever things become deterrent or boring.
Before beginning our investigation, we want to emphasize once more that here as well
all we shall be doing is to strictly and rigorously follow the mathematical guide-lines
provided by Schrödinger's time-dependent partial differential equation. In the same
way as before in Part III, nothing will be added or omitted or approximated along
the general line. We reiterate this statement because the results can so easily and un-
ambiguously be explained in classical terms that we keep wondering why the harsh
distinction between quantum and classical physics could ever have become a pivotal
issue in modern physics. Moreover, it seems that many conceptual pitfalls and the
resulting issues on interpretation could have been avoided if early into the develop-
ment of quantum mechanics a greater number of rigorous solutions to Schrödinger's
time-dependent equation had been available.

Excluding any loss of energy as mentioned, we define a time-independent Hamilton op-
erator3 that only comprises the internal hfs interaction between the electronic spin J
and the nuclear spin I and their magnetic dipole interactions with an arbitrarily ori-
ented external magnetic field B

H = A(J-I)+±(gjpBJ + gIfiNl)-B (3.1)

q=~\ g= - l

where A is the hfs coupling constant, \XB Bohr's magneton, and ^ the nuclear mag-
neton. With the (+) sign chosen, the electronic gj factor is positive while gj may have
either sign. In fact, for 107Ag and 109Ag the nuclear magnetic moment is negative4, lead-
ing here to a positive gr.

3 [91]
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If it were not for the full scalar product between the constituent magnetic moments
and the external magnetic field, Eq. (3.1) would fully conform to the sum of the Hamil-
tonians given in Part III by Eqs. (2.1) and (2.2) on pages 5 and 6, respectively,. But this
difference is a decisive one.
It is important to be aware of the fact that by breaking up in Eq. (3.1) the scalar prod-
ucts between the operators into bilinear products of their spherical tensor components,
we are defining a frame of reference the z axis of which automatically determines the
axis of quantization. For reasons that will become clear, we shall henceforth call it the
atomic frame of reference. This automatism results from the directionality of the wave
functions of the angular momenta by defining the eigenvalues of their components al-
ways with regard to the chosen z axis wherever it may be pointing. Thus, the quantum
mechanical way of describing this property makes this choice equivalent to selecting
from an infinite number of possible orientations of the angular momenta only those
that can match their components to the eigenvalues along that direction.

There is another fact we must be aware of that is not less important: By allowing for
different directions of the axis of quantization and the field we are introducing the an-
gle between these two direction as an independent though energy-relevant parameter.
This parameter is constant for a closed system because its energy is constant.
For tackling the problem, we shall proceed as in section 2.0.3 of Part III and expand
the wave function with respect to the basis vectors \K; J, MJ\ /, Mi) that represent the
electronic and nuclear angular momenta in product form often called "uncoupled".
These basis vectors are defined with respect to the chosen axis of quantization and, so,
the orientations of the total angular momentum, which the sought wave functions are
to represent, will also refer to this axis.
We can conclude from the results of Part III that the hfs interaction and the diagonal part
of the interaction with an external magnetic field conserve the component of the total
angular momentum MF = MJ+MJ along the axis of quantization. So, like in Part III, it
is advantageous to express, for example, the electronic component by Mj = MF — Mj.
Although the stepping operators in the transverse components of the interaction with
the external magnetic field separately affect the individual components of the coupling
angular momenta J and I, the hfs interaction effects a coupling of all sublevels.
Here, J = I = | . So, without a field present, the orientations of the physically stationary
total angular momenta would be represented by the four eigenvectors of the hfs inter-
action \K\ J=\,I = \\ F = l, MF = 0,±1) and |K; J=±,I=\;F = Q,MF = 0). These eigen-
vectors are related to the above-introduced basis vectors by Clebsch-Gordan transfor-
mations5 and, thus, are represented by unique linear combinations of the basis vec-
tors. As we have shown in section 2.7 of Part III and elsewhere6, appropriate pairs of
Clebsch-Gordan coefficients7 in linear combinations of angular momentum basis vec-
tors define coupling angles that make any general expectation value of an observable
independent of time for field-free situations. This is not the case for other linear combi-
nations that can equivalently be also expressed by superpositions of the eigenfunctions
here related to the hfs eigenvectors K ; F = 1, MF = 0) and K ; F = 0, MF = 0). In a
field-free environment, they represent the nonstationary states of the hfs interaction in

5 [24, pp37,125], [25, Pp35,36]
6 [13,14]
7 [24, pp37/125], [25, pp35,36]
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a single atom. However, in a longitudinal field, as expounded in Part III, these other
linear combinations of one form or the other may represent physically stationary situa-
tions that pertain to other coupling angles only effective in this sense for specific field
strengths. For other field strengths these linear combinations represent the general,
nonstationary precession states with nutation8. We have called them precession states for
short in Part III if dynamic features are not being addressed explicitly. Contrary to
these states, the stretched states \K; F=l, Mp = ±l) are always eigenstates as long as
Mp is a good quantum number. This is the case under hfs interaction in a longitudinal
field. However, in the most general case to be dealt with here, MF does not remain a
good quantum number, and we have to consider single-particle wave functions of the
type

^ ( 0 = Yl a"ii/2MF-Mi ;I/2,M7(0
Mj,MF

which include a summation over MF as a very important feature.
In order to simplify the notation the way we did in Part III, we shall henceforth replace
the string of indices by its most relevant part MF — Mi, which carries all the informa-
tion about the changes of all components. We shall also identify the respective matrix
elements this way. Inserted into Schrödinger's time-dependent equation, the wave func-
tion of Eq. (3.2) gives rise to the following four-dimensional system of coupled linear
differential equations of first order for the amplitudes of the expansion

i-i/2, +1-1/2 • a+i-i/2(0 + G+i-i/2,0-1/2 • ^0-1/2(0 (3.3a)

+ ^+1-1/2,0+1/2 • o0+1/2(0 ,

ik äo_l/2(O =

G0-1/2,+1-1/2 • 0+1-1/2(0 + £*0-1/2,0-1/2 • «0-1/2(0 (3.3b)

+ 4̂ 0-1/2, 0+1/2 • O0+l/2(0 + -K 0-1/2,-1 + 1/2 • 0-1+1/2(0 )

ihä 0+1/2(0 =

Ä"0+1/2, +1-1/2 • 0+1-1/2(0 + ^0+1/2,0-1/2 -00-1 /2 (0 (3.3c)

+ D0+1/2,0+1/2 • 00+1/2(0 + ^0+1/2,-1+1/2 • o_i + i /2(0 >

,0-1/2 • aO-i /2(O (3.3d)

i0+1/2 • «0+1/2(0 + -C-1+1/2,-1+1/2 • o_i + i /2(0

where the Am,n denote the off-diagonal matrix elements solely related to the hfs in-
teraction, the An,m comprise all diagonal matrix elements, while the Gm,n and Km%n

stand for the off-diagonal matrix elements that solely originate from the interaction of
the electronic and nuclear spin with the external field, respectively. Accordingly

[13,14]
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DMV-
MF-MI,MF-M, =

+ \

1
t ; 2 ' -

= h2AK(MF -

1-1/2, +1-1/2 =

i+i/2,-1+1/2

T^AC + 2

D-i+i/2,-1+1/2 = +-h2AK - -

D0-1/2,0-1/2 = - T ^ 2 A C - -

-D0+1/2,0+1/2 = --h2AK + -

- , A/o /o

1

2 '

c; - , MF-Mr, ^

- .

- M7)

(3.5a)

(3.5b)

(3.5c)

(3.5d)

(3.5e)

G MF±\-M,,MF-M, =

ßz,

;- , MF-M7;-,

(3-6)

KMF±I-M,,MF-M, = — gi^-BTi(K;-,MF-MI;-,MF±l

• 2 , 0 ± 1 / 2 - - - ^ . . . . . ^ 1 (3.7)

Due to selection rules for the linear operators the off-diagonal matrix elements line up
parallel to and on either side of the main diagonal along two side diagonals. They are
either real or complex conjugate as a result of their hermiticity.
In conjunction with the matrix elements of Eqs. (3.6) and (3.7) and the definition of
spherical vector components9 an important and frequently used relation is

(3.8)

-25+iB-i = l
= B2-B2

O
R2

= B

3.2 The energy eigenvalues

In the same way as employed in Eq. (2.10) on page 9 of Part III we make use of the
ansatz

a>MF-Mi(t) = CMF-M, e l • (3.9)

It transforms Eq. (3.3), the four-dimensional system of coupled linear differential equa-
tions of first order, into a homogeneous matrix equation for the CMF-M,- A first step

9 [24, p69], [25, p66]
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toward solving this matrix equation consists of determining the four roots of its secular
equation. With the matrix elements of Eqs. (3.4) through (3.7) inserted, this equation
turns out as

0 =

- 2

+ I -z

- 4
h2

—AA ih\ - --AK + - (3.10)

For finding the roots to this equation of fourth order, we may consider limiting cases
like "no field present" or "extremely high fields". Such situations give us hints as to
how these roots should be composed of in order to incorporate these limiting cases. As
a result of verification, the following eigenvalues are obtained

(3.11a)

(3.11b)

(3.11c)

E2 = ih\2 = + —AK - -

E4 = ih\4 = - —AK - -j

where we have taken advantage of a similar dimensionless field parameter10 as defined
by Eq. (2.14) on page 10 of Part III (upon substitution: xpart m = —xpart iv)

(3.12)

As explained there, this parameter was originally introduced by Breit and Rabi11.
Although the nuclear part may seem negligible in this expression, its presence is es-
sential to the understanding of the general coupling dynamics in the field as they will
turn out to be strongly determined by the difference between the magnitudes of the
coupling magnetic moments. Apart from making life somewhat easier, x has already
proven in Part III to be an important measure for the influence of the external field on
the coupling of the angular momenta and their associated magnetic moments.

Emerging from the field-free hfs eigenstates \K;F = 1,MF = ±1), the stretched states
formally remain this type of state also in an arbitrarily oriented field. They have the
energy eigenvalues E\ and E2, respectively, while the energy eigenvalue E3 belongs
to the upper eigenstate of the precession states12 that originates from the upper field-free
hfs eigenstate \K;F=1, MF = 0), whereas EA roots in the lower one |K; F = 0, MF = 0)

10 [31, pl96], [34], [35], [36, pp373,392], [37, ppl5,34], [38, pp80,86], [39, pl44]
11 [34]
12 [13,14,21]
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of these hfs eigenstates. As MF = 0 for the latter two states, it is easy to verify that
Eqs. (3.11c) and (3.lid) represent a special form of Eq. (2.15) on page 10 of Part III.
In Eq. (3.11), the energy eigenvalues of the two angular momenta of equal magnitude
J = I — \, which are coupling in the presence of an arbitrarily oriented external mag-
netic field, turn out to be only dependent on the local magnitude of this field, but not
on its local direction. Thus, in spherical systems the energy eigenvalues are always
only determined by the magnitude but not by the actual direction of the field.
This finding that the energy eigenvalues are independent of the field direction has a
practical consequence: Even in the general case, the roots of the secular equation can
be found much more easily by choosing, just for this purpose, the field direction as axis
of quantization. Then it is sufficient to only consider those terms of the magnetic inter-
action with the external field that feature Bo. For doublet systems, as in our case, this
makes the secular equation originate from a step matrix13, which has along its diago-
nal a 2x2 submatrix for the precession states with \Mp\ < Fmax and two lxl submatrices
with MF = ±Fmax, respectively, for the two stretched states. This is exactly what we
have exercised in section 2.1 of Part III. Thus, after replacement of Bo by B, the diag-
onal matrix elements for the stretched states, in our case those of Eqs. (3.5b) and (3.5c),
directly represent their eigenvalues. So, independently of the field direction, all en-
ergy eigenvalues in doublet systems can be obtained from the well-known Breit-Rabi
formula14.

As will be shown in this part, physically stationary states in any magnetic field are only
possible if the atom's axis of quantization is parallel to the field direction, i.e., only if
the atom does not experience transverse field components. This is tantamount to the
field's not being able to exert a torque on it.

3.3 The eigenvectors

In general, our numbering of any property pertaining to the respective eigenstate in
the field will be done as in Eq. (3.11) by the sub/superscript j = 1,..., 4. But for j = 3,4,
we shall use k instead in order to underline the special qualities of these states.
With the corresponding eigenvalue inserted into the four-dimensional homogeneous
matrix equation for the CMF-MJ, i-e., into the homogeneous system of four linear alge-
braic equations for the components of the respective eigenvector relative to the chosen
basis, and by always setting the components c^Jy_l,2 = 1, we obtain an inhomogeneous
system of linear algebraic equations for the remaining three components. This sys-
tem can be solved with the help of Cramer's rule. (If not interested in details jump to
Eq. (3.20) on the opposite page). For the determinants occurring, we choose

detU) =
C+l-l/2,0-1/2 -^H-1-1/2,0+1/2 0

^0-1/2, 0-1/2 — ih^j ^0-1/2,0+1/2 -^0-1/2,-1+1/2

^0+1/2,0-1/2 -D 0+1/2, 0+1/2 — ihXj G 0+1/2,-1 + 1/2

(3.13)

13 [23, p48]
14 [34]
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The determinant corresponding to the first eigenvalue is

2 \h2(B \ 2

det{1) = ( — ^ I
V v 2 /

h2

and the remaining components are obtained as

(3.14)

0-1/2 ~~ °o+i /2 ~~ ~p> 7K ' {o.iba)

/ R _ R \ 2

(3.15b)

JD _ B-Bo

( i , _ (B-Bo\
2

Due to the arbitrary initial choice of c^\_l/2 = 1, all components are not yet normalized.
Using Eq. (3.8) on page 64, this can be achieved with the normalization factor

so that

s
'0±l/2

2B(B

I

(

{

-Bo)

1 + B(

2B
B+i^

>B±J

2B

>

\B-B0

1 B '

BV2

(3.16)

(3.17a)

(3.17b)

(3.17c)

From here on, "hatted" components will always denote normalized ones. Using these
normalized components, we obtain for the first eigenvector

B + Bo 1 1 1 -ß+i \ B — Bo 1 1 1

B+l 1 /i 1 1 1 1
~ 5 ~ " ^ V K ; 2 ' ~ 2 ' 2 ' + 2

B
1 1 1 (3.18)

which, upon recognizing the coefficients of the respective Clebsch-Gordan transforma-
tion15 that relates the basis vectors \K; \,Mp — Mi\ | , M/) of the "uncoupled" represen-
tation to the field-free hfs eigenvectors \n; | , | ; F, Mp), we can turn into

Bo

2B

B + I

(3.19)
The real meaning of this relation becomes apparent when we express the spherical field
components with the help of the azimuthal angle $ and the polar angle 6

1+cosG 1—cosQ 1 1 sinG

(3.20)
15 [24, pp37,125], [25, pp35,36]
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Thus, the components of this eigenvector in the Hubert space of the hfs eigenvectors
are found to be identical to the respective elements D^J, M (a, ß, 7) of the rotation ma-
trix16 that expresses the eigenvector el = \K\ 5, \; F = 1, M'F = +l) of the stretched state
in the positive direction of the field in terms of the hfs eigenvectors defined relative to
the axis of quantization in the originally chosen atomic frame of reference. With the
convention of ref. [24, p6], the rotation is through the Eulerian angles a = — 7 = <E> and

For reasons we already explained in section 2.2.1 of Part III we shall keep the form
of Eq. (3.18). This means that we shall write out all eigenfunctions in the field not in
terms of the hfs eigenvectors as in Eqs. (3.19) or (3.20) but in terms of the "uncoupled"
basis vectors as in Eq. (3.18). Doing so for the first eigenfunction, we explicitly get for
i>K,\{t) = exexp{\it):

2B

B

1
" 2 '

1. 1 1
' 2 ; 2 ' + 2 B, B

1 1 1 1

" ' 2 ' 2 ' 2 ' + 2 ' + 4o+2-44
For the second eigenvector we proceed along the same lines as outlined above and
obtain for the second determinant, according to Eq. (3.13) (Bored? Jump to Eq. (3.27)
on the opposite page)

IB \2

det{2) = ( —==- 1
V v 2 /

h2

(3.22)

Again, for the remaining components we arrive at

,(2) _ (2)
'0-1/2 ° 0+1/2

. (2)

With the normalization constant
Bl

\/2 '

B + B,

B-Bo

2B

(3.23b)

and the help of Eq. (3.8) on page 64 the normalized components read

jy> B — Bo

2B
c(2)

(2)
c0±l/2 By/2'

(3.25a)

(3.25b)

(3.25c)

[24, pp55,57], [25, pp22,24]
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thus leading to the second eigenvector

B-Bo

2B
1 1 1 1

+
B4

B,

Bo

B
1 1 1

D A T \ I ' " ' 9 ' " 9 ' 9 ' ' 9 / ' ' " ' o ' " ' 9 ' 9 ' 9 / / ' ( 3 . 2 6 )
D \J Z \ l ^ Z Z Z' Z L Z. ^' /

Again, the use of polar components and of the hfs eigenvectors pertaining to the chosen
axis of quantization produces

1 — cos ©
e2 =

2 ' 2 '

sin©

(3.27)
The elements of the rotation matrix17 equally help to identify the second eigenvector as
the negatively stretched state e2 = exp(i 2$) |K; | , \\ F = 1, M'F = — l), which is pointing
in the opposite direction of the field. Again, it is represented by a composition of hfs
eigenvectors that refer to the rotated frame of reference containing the quantization
axis.

As explained, we keep writing the eigenfunctions in terms of the "uncoupled" basis
vectors

B-Bo 1

B

1 1

^ ' 2 ' U " 2 ' 2 '

B
1 1 1

1 1
(3.28)

Due to the occurrence of the square root in the expressions for the third and fourth
eigenvalue, Eqs. (3.11c) and (3.11d), respectively, which, as we have seen in Part III,
originates from the dynamical interplay between the internal hfs coupling and the
magnetic dipole interaction with the external field, the relations for the components of
the related eigenvectors become more complicated. After normalization, however, the
components for both cases will turn out to have the same structure because for k •= 3.4
their determinants have the following form (Getting frustrated? Jump to Eq. (3.47) on
page 72)

^ (3.29)

For keeping the expressions handy, we introduce the following abbreviation for the
orientationally independent part of Eq. (3.29)

T<fc> = y A < ( ^ / 4 + g]ß2
N - (-l)k2gj^BgißNVlT^) . (3.30)

In the course of calculating the components another expression surfaces that equally
asks for an abbreviation

Sik) = - -J9JPB9I^NB2 (3.31)

[24, pp55,57], [25, pp22,Z4]
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Then, with the initial choice c ^ x l , 2 = 1, the remaining three unnormalized compo-
nents of the kth eigenvector turn out as

4
— 1 / 1 \

C 0^1/2 "" rjPf{k) \ 9 D ° l ' \D.OAV)

With the normalization factor

j r ( f c ) (3.33)

the normalized components of the third and forth (k — 3, 4) eigenvectors are

f - = ^k-y{k) . (3.34a)

Bl

(fc)

where
Zifc) = ±X{k) + Y{k)Bo . (3.35)

X^ and F̂ fc^ have been introduced as two very important abbreviations. They can
be shown to obey some very useful relations: On the basis of their definitions in
Eqs. (3.34a) through (3.34c), the condition of normalization supplies

= l . (3.36)

Additionally, based on Eqs. (3.30) and (3.31), the following relations hold

+ 7 r L = , (3.37a)

(3.37b)

= 1 , • (3.37c)

= 1, (3.37d)

= 0 , (3.37e)
x " (3.37f)

,
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Obviously, the relations in Eqs. (3.37a) through (3.37d) directly reflect Eq. (3.36) whereas
the sum and difference of those in Eqs. (3.37e) and (3.37f) give rise to

2 X
{4)Y{4)B = - 2 X{z)Y{i)B =

O+X2

The next relations also result from Eqs. (3.30) and (3.31)

1

+ r-2 '

B = 1 .

From the sum and the difference of the relations in Eq. (3.39), we obtain

1
/TTxs

l
'l + x2

-1

+ 1

(3.38)

(3.39a)

(3.39b)

(3.40a)

(3.40b)

In conjunction with the relation in Eq. (3.37g), the product of the relations in Eq. (3.40)
supplies

i „

(3.41)-X{3)X{4) = Y{3)Y{4)B2 = - •
2

Relating Eq. (3.41) to Eq. (3.38), we can now realize that

X(4) = Y$)B j X(3) = _

Then, with these relations, Eq. (3.40) immediately produces

X™ = -
0+^

(3.43a)

(3.43b)

where the negative root has been taken for X(3) in order to comply with Eq. (3.41). It
only takes a single glance to recognize that for x —> 0

» 1 . (3.44)

1 1 1

(3.45)

X{3) = -

Accordingly, for k = 3, 4 the eigenvectors in the field are

^Bl

B4 1
C ; 2 '

1 1 1

2 ' 2 ' + 2

1 1 1

1 1 1
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Again, expressing the spherical field components in terms of the azimuthal angle $
and the polar angle 0, we find the basis for recognizing the rotational transformation

sinO
Y{k)B

—'cosOe1*

1 _1.1- I

1 . 1 1 1

sin 6 1 1 1 1
2 ; 2 ' 2

V2

1 1 1
2 ; 2 ' - 2

1 1 1
(3.46)

Use of the hfs eigenvectors with respect to the axis of quantization then yields

sinO

V2
sin©

cos 6 e1

(3.47)

For A; = 3 and no field, we have X(3) = 0 according to Eq. (3.44). Thus, only the expres-
sion in the upper line survives in Eq. (3.47). Featuring elements of the rotation matrix18

it represents the third eigenvector e3 = -exp(i $) | K; \, \; F = 1, M'F = 0) that is related
to the direction of the field, but seen from the quantizing frame of reference. For k = 4,
the same case can only keep the single term in the lower line of Eq. (3.47) that produces
the rotationally invariant eigenvector e4 = — exp(i$)\K\ | , | ; F = 0, M'F = 0).

For nonzero field strengths, this either /or exclusion does not hold because the eigenvec-
tors for k = 3 and k = 4 have to reflect the field-imposed change of the coupling angle
that is necessary for making physically stationary states possible in the field. As we
have explained in Part III, this change matters especially for components of the total
angular momentum with \MF\ < Fmax.

Writing the eigenfunctions for k = 3,4 in terms of \K; \, MF-Mf, | , M/), i.e., in accor-
dance with our stipulation of using the spin-sublevel representation, we attain

1 1 1 1
K ; 2 ' 1 + 2 ; 2 ' ~ 2

1 1 1 1
°

B+\BO

B±B

1 1 1

1 1 1

1 1 1
(3.48)

where Ek is the corresponding eigenvalue according to Eqs. (3.11c) and (3.lid) on
page 65, respectively.

Summarizing up to this point, we find that all eigenfunctions in the field can also be
described from a frame of reference that was used to define the atomic hfs eigenstates
but is rotated relative to the direction of the field. Even if there is no field, they keep

18 [24, pp55,57], [25, pp22,24]
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being eigenfunctions with respect to the original field direction. All what matters is the
rotational transformation found in Eqs. (3.20), (3.27), and (3.47) on pages 67, 69, and
72, respectively. This is not astonishing because in field-free physically stationary states
the atom does not experience any torque that could change the spatial orientation of
its angular momentum. Thus, from whatever frame of reference the physical situation
is being described without a field, it is always the same stationary one. However, rep-
resented by angle-dependent linear combinations of the hfs eigenvectors as literally
expressed by this transformation in Eq. (3.47) with the help of Eq. (3.44) for the field-
free case, eigenfunctions relative to the would-be field direction are not eigenfunctions
relative to the z axis in the original atomic frame of reference where the hfs eigenfunc-
tions were defined. There, these eigenfunctions exist only individually, namely, only as
those unique linear combinations of the basis vectors that are solely determined by the
respective Clebsch-Gordan coefficients19. This accounts for the aforementioned fact
that the choice of an axis of quantization only permits a certain class of spatial orienta-
tions for the angular momenta to be directly represented by eigenvectors defined with
respect to that direction. Their common feature is that consecutive z components of
the angular momenta must have equal spacing intervals of one along that direction.
The reason for this peculiar classification is simple in the field-free case: The quantum
mechanical way of describing angular momenta cannot put the classical spatial orienta-
tions of their vectors first but only that of their components along that axis because it
has to leave the transverse components undefined. This is a consequence of an energy
representation that does not have to care about the azimuthal direction but only about
the z direction which it has to refer to because it is relevant to the energy. But notwith-
standing this fact, the quantization axis defines a direction in space and, so, a set of
possible orientations of an angular momentum referring to it. Accordingly, a different
direction of this axis is linked to a different set of possible spatial orientations of the
same angular momentum. Therefore, the fact of their being also spatially stationary
in eigenstates does not allow that an eigenstate relative to one direction can simul-
taneously be an eigenstate relative to another direction. Although the same physical
property is being represented it is not the same physical situation. If there is no ex-
ternal magnetic field and we are aware of these interrelations it need not hinder us to
describe the same physical situation from any frame of reference.

If, however, a different direction in space materializes in terms of an external field and,
so, claims influence on the particle's inner energy, the situation becomes quite different
because we have to distinguish between the inside and the outside world and how the
latter interferes with the former: Then, the questions are: Can a physically stationary
atomic state exist in an arbitrarily oriented field? Which kind of linear combinations
of hfs eigenvectors will it require in the atomic frame of reference? Will the atom be
able to provide them and if, what- are the conditions? The answers will be given in the
forthcoming sections but without anticipating them it should be clear that the general
case will require the application of linear combinations of all four basis vectors.

19 [24, pp37,125], [25, pp35,36]
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3.4 The dynamics of the interactions

According to the established interpretation, the most general wave function is deemed
to represent the most general dynamical situation of an ensemble of identically prepared
identical particles. This wave function is associated with a pure state and called a state
vector20. Since the eigenfunctions ipK,j(t) of Eqs. (3.21), (3.28), and (3.48) on pages 68,
69, and 72 represent the basis for the description of the general dynamics admitted by
the Hamiltonian we apply the principle of superposition in the same way, but here to
a single atom and write

4

tyK(t) = y~]ay ipKj (t) . (3-49)

As this wave function is not representing an ensemble here but a single atom, it is
important to emphasize at this point again that the absolute squares of the mixing
coefficients ay cannot have anything to do with probabilities. Rather, as we have seen
in Part III, any set of them, which complies with the condition of normalization, will
describe one of the infinitely many allowed and possible dynamical situations that
are energetically stable in a closed system but usually not stationary. This stability
originates from our stipulation of dealing with a closed system: Excluding all energy
leaks, it makes any combination of the ay immune to temporal change.

An essential aspect of our treatment is based on our findings in section 2.2.1 of Part III
that an insight into the full dynamics is only possible in the Hubert space of the "uncou-
pled" basis vectors. Only there, we can, so-to-say, watch the operators at work. This is why
we kept writing out the eigenfunctions in terms of the basis vectors because we want
to arrange all time-dependent amplitudes occurring in the most general wave function
as coefficients of the four basis vectors in a way similar to Eq. (3.2) on page 63. That is,
we use the eigenfunctions in the form

1 1 1 1
1 + 1/2

1 1 1 1

2 ' 1 + 2 ' 2 ' 2

+ c«> X " ' 1 J
'0-1/2

C! 7̂ 1 0 n! r>> + n ) + C-0+1/2 . (3.50)

Considering the different signs related to the Xj in the eigenvalues of Eq. (3.11) on
page 65, we define

(3.51a)

A2 = — i^2 = ~ * \^A ~ MB) , (3.51b)

(3.51c)

= +iuA[l + 2Vl + xi ) , (3.51d)

where
_h _ 1

4 2h
20 [2, pp!2-18], [3, ppl00-101,342ff], [4, p37\ [5, pl63], [6, p65], [10, pl88], [94, p641]
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Obviously, UA is a quarter of the frequency equivalent of the full hfs splitting, and uB

is the Larmor frequency. Then, in the analog of Eq. (3.2) on page 63, the amplitudes of
the basis vectors become for the four combinations ra = ±1=F| , 0=F| of their indices,

bm(t) = a^e-iuit + a^e-1«*1 + a3c£>e+i«*t + a^e^*1 . (3.53)

The basis vectors, as we know, are directly related to the quantizing frame of reference.

We now introduce initial amplitudes for the basis vectors, which, in order not to be
mistaken for the field strength, we shall here call An

Am = bm(t = 0) = aic£> + c*24
2) + a3c£> + a4c£> . (3.54)

They should not be confused with the matrix elements Am,n of the hfs interaction. We
introduce the initial amplitudes in the same way as we did on page 20 of Part III in
conjunction with Eq. (2.39). Thereby, we are transferring the possibility of describing
any stable dynamical situation from the Hilbert space of the eigenfunctions in the field
to that of the "uncoupled" basis vectors. This transformation, as we have explained
on page 20 of Part III, has the advantage of being able to unveil what is going on
dynamically: While any choice of the mixing coefficients a,- in conjunction with the
eigenfunctions in the field can only indicate that something dynamical is going on in
the atom without being able to specify what, the transformation to the Am will just
do that. Additionally, it will allow us to assume initial dynamical situations that will
enable us to make the atom's total angular momentum start its spatial motion in the
field accordingly. Specifically, it will also permit us to answer the question of how the
aforementioned types of dynamical hfs states, i.e., the stretched and the precession states,
behave in an arbitrarily oriented field.

As Eq. (3.54) represents an inhomogeneous system of four linear algebraic equations
for the oij, the connection between the a,- and the Am can be obtained with the help of
Cramer's rule. (If what you are seeing here and on the next pages is making you feel
dizzy jump to Eq. (3.62) on page 77). The result is

D I D D2 D J3 B / \

«i = -yjp4+1-1/2 + - p 1 — ^ 4 _ 1 + 1 / 2 + -^[A0_1/2 + Ao+i/2J , (3.55a)
p

— Bo . , B_1 B+Bo B_i / \ ciri_\

y - 4 + 1 1 / 2 + —2 — A1+1/2 - ^ = [Ao-i/2 + Ao+i/2J , (3.55b)

+Y«)B | ± (A O _I / 2 - A0+1/2)} • (3.55c)

In Eq. (3.55c) the combination of indices and superscripts is restricted to the pairs
(/c, I) = (3, 4) and (k, I) = (4, 3). As above relations are prohibitively long, we shall not
insert them until needed. What will essentially be needed are their absolute squares

(B + Bo\
2
 2 fB-Bo\,. ,2 B\.. .

\ 2B ) A+1-1'2 +{ 2B ) IA-1+1/2I + 4^2-M0-1/2+A0+1/2

B-Bo

(3.56)

n~D -^M _ /T- I -™ 0-1/2T^0+1/2 1-^-1+1/2 f "T^Ji-S ^i_i+i/2^i+i_1/2



76 Continuous quantum mechanics... Parts III and IV

B-Bc

" 2B
B-BOr

2B '
B + Bo

2B

1-1/2 +
Bc

IB 1-1 + 1/2

B2

(3.57)

1-1/2

(3.58)

Bo(\A 2

Before continuing past Eq. (3.61), we want to use the proximity to the relations in
Eq. (3.55) to calculate the following mutual products for which demand will arise later
in conjunction with the general expectation values of the Cartesian components of the
magnetic moment

Oik «1//2 =

0+1/2
B

2 ß
l-l+l/2

(3.59)

2

B±BO
B '±

1-1+1/2-4+1-1/2

B±BO -A'

B-l/2-^0+1/2)^ „ R ° - - ^ -
2B

A*

±

where, again, k = 3, 4 and / = 4, 3, respectively, and the indexing in a*l//2 is to indicate
that the upper signs refer to a* and the lower ones to a2.
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Equally, we shall need

c*4 a3 = - - | A o_i/2 - A 0+1/2 (3.60)

£ 2 Bl
( j -4+1-1/2 I + I -4-1+1/2 I ) + ^~B2 I -4 0-1/2 + -4 0+1/2

M 0-1/2 —-4 0+1/2)

0-1/2 — -4 0+1/2 J

„ ^ I A n_ i /o + A

1-l+l/2

0+1/2

-23?

— ^ ^ 0 - 1 / 2 + -4 0+1/2 J
ß-i ,

These bulky expressions raise the question of whether they can be trusted. As a first
step, the consistency of the relations in Eq. (3.55) may be checked in the following
way: If, following Eq. (3.54), we choose at t = 0 the four initial amplitudes Am with
indices m = ± 1 ^ = 1 , 0 ^ 1 to coincide with the components of the zth eigenvector
out of the set with j = 1, ...,4 according to Eqs. (3.17), (3.25), and (3.31) on pages 67,
68, and 69, respectively, by setting Am = c£, the corresponding mixing coefficients
of Eq. (3.49) on page 74 have to comply with a, = 6jti. An analogous effect holds for
Eqs. (3.56) through (3.58), which, when added with the help of the relations in Eq. (3.37)
on page 70, additionally have to join in the everlasting condition of normalization for
the state vector of Eq. (3.49).

(3.61)

Eqs. (3.55) through (3.61) make clear that the Am are as constant as the a,. Sure enough,
this result is only possible because the dependence on other independent parameters
has dropped out: This is the dependence on the angles between the directions of the
field and the atomic frame of reference.
Now, knowing what all occurring terms look like, we can calculate the relations

rt = I a.|2 £(i)£(i)* + I aJ
2c(2)c(2)* + I a,l2c(3)c(3)* + I aJ2c(4)c(4)*

') I 1 | 771 71 ^ ^ I ^ | 771 71 ' I o | 771 71 I 4 [ 771 77

4-

ffle-*«*-**» , (3.62)

which will be needed for the general expectation values. There, each of the indices m
and n can independently be equal to one of the four indices ± 1 T | , 0 T | -

a*3a2 c
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For m = n =-- q, Eq. (3.62) describes the time-dependent "populations" of the sublevels
that are represented by the basis vectors. Although, as we have explained in conjunc-
tion with Eq. (2.52) on page 22 of Part III, "population" is a term used in connection
with the diagonal elements of the density matrix21 and, so, pertains to the ensemble in-
terpretation, we shall keep using this familiar designation also here for the time being.
But we put it in quotation marks again in order to indicate that this term is misleading
with single particles for which, as will become clear later, an absolute square of an am-
plitude bm(t) in Eq. (3.53) on page 75 actually reflects only part of the time-dependent
change of the spatial orientation of a single atom's total angular momentum, namely,
as already encountered in Part III for the longitudinal case, the projection onto the axis
of quantization in the Hilbert space of the basis vectors where these amplitudes are de-
fined. Apart from the bilinear products aia* of the mixing coefficients of Eq. (3.55) on
page 75, the contribution of each time dependence to this "population" is determined
by c^c^*, the products of the components of the eigenvectors and their complex conju-
gates. Including the stationary parts, all combinations are collected in Tab. 3.1. It shows
that all products turn out real. Further, a consistency check reveals the orthonormality
of the eigenvectors in that in each of the first three rows where i = j , the sum of all
elements in the three columns gives Y2q 4 4 = 1, while for the remaining rows in
this table where i ^ j , this sum is Ylq 4 4 J ) * = 0. Whenever the indices 3 and 4 are
involved, help comes from Eqs. (3.36) and (3.37) on page 70, respectively. Both sum-
mations correspond to summing up over m = n = q all equivalent terms generated
by Eq. (3.62) for the four possible and independent values ± 1 ^ 1 / 2 , 0 =F 1/2 of these
indices. The vanishing of the second sum indicates that the dynamical behavior is gov-
erned by an oscillatory multilevel and multi-frequency exchange of "sublevel population ",
such that together with the first summation the total "sublevel population" meets the

Table 3.1: Factors contributing to "sublevel populations".

s(0 rU)* - W ~{j}

•'-1+1/2-1+1/2

1 1 (B±Bo)2 (B-Bof (B±f
1 / 1 \ 2B J \ 2B ) \2B)

7 7 (B-Bo\
2 I B+Bo \2 / B ± \ 2

' V 2 B / V 2 B / \ 2 B /

k,k

W 1 B± y-(k) B+Bo B± v(k) B-Bo Bx I7(k)
' BV2 ' 2 Bx/2 ' J 2 BV2 ' 2^±

v, 9 J L L y(k) B-Bo B± v(k) B+Bo B± 1 y(k)
K / Z B^2 ' X 2 BV2 ' * 2 BV2 ' 2^±

where k = 3, 4 and from Eq. (3.35) Z{±] =

21[4,p61]
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condition of normalization of Eq. (3.61) at any time

(3.63)

This corresponds to what we have found in Eq. (2.56a) on page 26 of Part III. Here,
however, this is all part of the quantum mechanical way of describing in the atomic
frame of reference a three-dimensional, seemingly complicated periodic change of the
orientation of the total angular momentum (total magnetic moment) about a stationary
spatial direction. It will turn out that this spatial motion is nothing but the Larmor
precession about the direction of the field, though complicated by an inner degree of
freedom of the atom, namely, the oscillation of the coupling angle already exposed in
Part III. The resultant field-induced nutation gives rise to a superposition of a number
of different frequencies in the atomic frame of reference. Thus, given again in terms of
the periodic exchange of "sublevel populations", the projection of this three-dimensional
motion onto the z axis also shows this superposition of different frequencies. As a
consequence of the exchange character, the stationary parts contributing to Eq. (3.63),
automatically are time averages.

Generated by the stepping operators, this exchange character will represent a ubiqui-
tous feature. However, the exchange of "sublevel populations" does not only reflect a
three-dimensional periodic change of the spatial orientation of the total angular momen-
tum in terms of the Larmor precession but also a periodic change of its magnitude due to a
related change of the coupling angle. As a matter of fact, the resultant, seemingly con-
fusing spatial pattern in the atomic frame of reference will be shown to correspond to
the interplay between the Larmor precession and the oscillation of the coupling angle.
There is another feature of the elements in Tab. 3.1: Of those elements responsible for
nonstationary behavior, i.e., with i ^ j , all but the two elements C(Q|1/2C

(O|*1/2 have the
factor B±/(By/2) in common or a power thereof. Thus, in conjunction with Eq. (3.62),
this table shows that one prerequisite for the total angular momentum to become phys-
ically stationary is that there be no transverse field components in the atomic frame of
reference: This corresponds to the longitudinal case addressed in Part III. In addition
to B_L — 0, it takes restricted forms of the condition of normalization to provide those
coupling angles that make physically stationary states possible under this geometry.

This is a propitious circumstance because the general case, due to involving all four ini-
tial amplitudes simultaneously, would not only be hard to discuss in general terms but
also ineffective for a closed system because these configurations only matter in transi-
tions for which, however, the total energetic landscape must be known. Therefore, for
all the examples to be given below, we shall assume that the atom is prepared at t = 0
in one of those states that without the field would be its dynamical hfs states: Then,
owing to the closed system, the atom's initial amplitudes in its own frame of reference
are constant and have only to comply with the condition of normalization, Eq. (3.61),
in one of the following three general forms

" = 0 , (3.64a)

= 0 , (3.64b)

= 1 , (3.64c)

4+1-1/2

4+i-1 / 2

4+1-1/2

2 = 1 ,
2 = o ,
2 = o ,

4-1+1/2

4-i+i/2

4-1+1/2

= 0 ,

2 _ ^

2 = o ,

4 0-1/2

4 0-1/2

4 0-1/2

2

2 =

4+1/2

4+1/2

4+1/2
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This means, as already elaborated on earlier, that the atom is either prepared in one of
the two stretched states as expressed by Eqs. (3.64a) and (3.64b), or in a precession state as
expressed by the third form. Thus, these mutually exclusive specifications of the actual
initial conditions leave no room for the simultaneous occurrence of initial amplitudes
other than those allowed by Eq. (3.64). As a result, the absolute squares of the mixing
coefficient of Eqs. (3.56) through (3.58) on page 75 reduce to • '

COSeV
2 )

2 fl-COsQ\2

sin20

- cose

1-1/21
-coseV

\A-
sin20

+ \A-

1+1/2\

1+1/2\
sin2©

A 0-1/2 + A 0+1/2 | ,

(3.65a)

A A I 2

-fl 0-1/2 + ^0+1/2 | )
(3.65b)

COS20

0-1/2

(3.65c)

With the initial amplitudes specified and the field kept constant, the parametric vari-
ability of the mixing coefficients is solely focused on the angle 6 between the directions
of the field and the axis of quantization. Thus, an unarguably necessary prerequisite for
the system to become physically stationary now is that the field direction seen and ex-
perienced by the atom, be parallel to the atom's axis of quantization, i.e., B±_ = 0. This
means that the eigenfunctions in the field do not necessarily represent physically stationary
situations under all circumstances! If the atoms have randomly distributed initial spatial
orientations of their total angular momenta such a coincidence can only be accidental.
However, as we have already pointed out in Part III, the need for this orientational
preference is easy to understand: A basic prerequisite for any angular momentum to
be stationary is the absence of any torque, internal as well as external. For meeting this
requirement in the case that the external torque has to be compensated by an internal
torque, it is mandatory that all torques be in the same plane. It will be proven below
in conjunction with the expectation values for the Cartesian components of the total
magnetic moment that B± = 0 is the necessary geometrical condition and that, with
the stipulation made, internally only the set of initial amplitudes given by Eq. (3.64) is
capable of making the dynamics-inducing effect of the external field vanish completely,
indeed. Thus, while an atom in a stretched state experiences no torque at all only if its
axis of quantization is parallel to the field direction, atoms in precession states whose
angular momenta in the field-free case would couple to have the stationary resultant
component MF = 0, equally must not experience transverse field components as one
prerequisite for becoming physically stationary in the field. Additionally, however, as
we have shown in Part III, their initial amplitudes A)±i/2 of Eq. (3.64c) also determine
the initial coupling angle. As these amplitudes remain constant in a closed system in-
dependently of our stipulation, it is necessary that from the very beginning the atoms
be in a nonstationary state with their A)±i/2 such as to permit the resultant of the mutu-
ally inflicted torques to compensate for the different field-imposed pulls along the field
direction. Therefore, as in a closed system the atom cannot change the coupling angle
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on its own in order to adjust to a new situation, it has to have such initial amplitudes a
priori that keep it nonstationary without field, but do the job in the field.

3.5 An excursion to the longitudinal case

For explaining this in more detail by simultaneously simplifying the situation at this
point, we assume that B± — 0, i.e., B — Bo for the time being. This assumption not only
gives us the opportunity to demonstrate the above-mentioned oscillatory exchange of
"sublevel population" for a simple case, albeit spatially confined to the field direction,
but also supplies relations needed to explain the change of the coupling angle. With
the elements from Tab. 3.1, we obtain from Eq. (3.62) for m = n = q and B = Bo

bo
+1_1/2(t)\

2 =

= a~ = 1-1+1/2

(3.66a)

(3.66b)

where in both equations the last relation originates from Eqs. (3.56) and (3.57) on
page 75, respectively. As a special case complying with the results of Part III, these
equations demonstrate again that for longitudinal fields the stretched states always re-
main eigenstates. In general, this is not the behavior of the precession states. (If familiar
with the results of Part III and fed up with long equations jump to Eq. (3.76) overleaf)

1
(3.67)

With Eqs. (3.35), (3.36), (3.41), and (3.42) on pages 70 and 71, respectively, a first step
obtains

(3.68)

thus rendering

4

E
fc=3

For B± — 0, Eq. (3.58) on page 76 reduces to

2 / ,wn\2 1 .
^0-1/2

^ = { 1 a l \ 2 - \ a l \ 2 ) . (3-69)

With the help of the relations in Eq. (3.37) on page 70, this yields for

= A 0-1/2 + |.<4 0+1/2 | ,

(3.70)

(3.71a)

(3.71b)
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On the other hand, using Eqs. (3.37) and (3.39) on page 70, we find

= ±- (3.72)

Additionally, we need the expression of a4 a% for B± = 0. Then, as for longitudinal
fields B = Bo, Eq. (3.60) on page 77 reduces to

+ A0+l/2

- A0+1/2) (>0_

( A 0 _ 1 / 2 - ^*0+1/2) (A0-1/2 + A0 + i /2

With the help of Eqs. (3.37), (3.39), and (3.41) on page 70, Eq. (3.73) then turns into

(3.73)

°4a°3a°4a°3* = ^ i o-i/2 A*0+1/2

2

(3.74)

L 0+1/2

Thus, the time-dependent part in Eq. (3.67) has the following explicit form for B = Bo,
respectively

23? (3.75)

0 2 , |2\1

i4 0-1/2 -1 A 0+1/2 I J cos(w4 -
- 2 ö | A0-1/2^0+1/2} sin(a;4 -

making the whole of Eq. (3.67) become

'0+1/2 (*)
1

0+1/2/

0-1/2^*0+1/2}r

(3.76)

where, with the help of Eqs. (3.51) and (3.52) on page 74,

U>4 — UJ3 = AÜJAVI + X2 . (3.77)

Eq. (3.76) is an old acquaintance that we learned to appreciate in Part III: Recalling
that for Mj = 0 the modified field parameter y = yMj=o(x) of Eq. (2.17) on page 11
equals x and that xPart jv = —xpaTt m, we recognize that this equation corresponds to
Eq. (2.52) of page 22. Accordingly, Eq. (3.77) turns out to be a special case of the field-
enhanced nutation frequency of Eq. (2.21) on page 12. Eq. (3.76) displays the same kind
of periodic exchange of "sublevel populations" that we found there. Expressed by their
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condition of normalization this guarantees the constancy of the total "population" in
precession states

|2
I b°0_1/2(t) | + | b ° 0 + l / 2 ( t ) | = | A o - i / 2 1 + | A 0 + l / 2 | = 1 . (3.78)

Eq. (3.76) confirms again what we already explained on page 25, namely, that for physi-
cally stationary states to be possible in a longitudinal field the initial amplitudes must be
real and such that they make the numerator vanish in Eq. (3.76). If, however, an atom
was initially prepared in one of the hfs eigenstates pertaining to MF = 0, for example,
a consequence of the closed system is that it is not possible for this atom to become
stationary in the field because transitions are not permitted.

3.6 The general expectation values of the energies

Returning to the general case, we make the calculation of the general expectation value
of the total energy our next topic. This would be no big deal if we would use the
state vector as a superposition of the eigenfunctions in the field according to Eq. (3.49) on
page 74. However, we have already demonstrated in Part III that we gain much more
insight into the dynamics of the coupling if we take the stony way of using the general
wave function in the form analogous to Eq. (3.2) on page 63 with the eigenfunctions
broken up according to Eq. (3.50) on page 74 and, even more importantly, if we sep-
arately calculate the contributions from the internal hfs interaction and the magnetic
dipole interaction with the external field. Although this separation seems to be only
formal, it is worthwhile undertaking this endeavor because, by doing so, we know to
find additional dynamical features that otherwise would slip away unnoticed as they
cancel in the expression for the general expectation value of the total energy.

3.6.1 The general expectation value of the hfs energy

Starting with the general expectation value of the hfs energy for a single atom and us-
ing the matrix elements of Eqs. (3.4) and (3.5a) on page 63, we have to calculate the
expression

= (*K(t)\A(3-I)\9K(t))

1/2(t)\ (3.79)

6o-i/2(O | 2 - I 6o+i/2(0 |2

In density-matrix language, the expression in square brackets in Eq. (3.79) would be as-
sociated22 with "coherence", the absolute squares of the remainder with "populations".
Expressed in general terms with the help of Eq. (3.62) on page 77, the "coherence" is
represented by (Now, it's getting really nasty. If you want to avoid it jump to Eq. (3.85)

22[4,p62]
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on page 86).

bm(t)b*n(t)±b*m(t)bn(t)

«2 a;

c ( 1 ) c ( 1 ) *±c ( 1 ) c ( 1 M

c(2)c(2)* ± c(2)c(2)*)

s(3)-(3)* , -(3)~(3)*\cm °n -1- c n Sn )

«4 ^

± c.c.
± cc.

± c.c.

± c.c.
) f ± c.c.

± c.c. (3.80)

where c.c. means complex conjugate. In our special case, the combinations of the
components of the eigenvectors are obtained with the help of Eqs. (3.9), (3.17), (3.25),
and (3.31) on pages 64, 67, 68, and 69, respectively. They are listed in Tab. 3.2 on the
opposite page. Thus, using Eq. (3.80), we arrive at

Y
By/2j4

E
fc=3

«fc

By/2

(3.81)

For the "sublevel populations" in Eq. (3.79), Tab. 3.1 provides all necessary relations.
In order not to overload the ensuing expression, we split it up into two parts. The first

sum is

2B2 (I + U*2
\BV2

D

(3.82)
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Table 3.2: Factors contributing to "coherence"

0+1/2(*) &0-1/2 W

°0+l/2 c 0-1/2

0-1/2(0 &
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where k = 3, 4

and the second sum

2
&0-1/2WI + 160+1/2(0! =

fc=3

Thus, we attain for the difference of both sums in Eq. (3.79)

6+1_1/2(i) |2 + | 6_i+1/2(0 |2 - | 6o-i/2(O |2 - I 60+1/2W

2 / 7-, \2

B B J
n* n*^

2 X

fc=3

(3.83)

(3.84)

Adding Eqs. (3.81) and (3.84) according to Eq. (3.79) by making use of Eq. (3.36) on
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page 70, we find for the general expectation value of the hfs interaction in the field

k=3

The oscillatory time dependence of this general energy expectation value does not take
us by surprise any more. Like in Part III, the reason for this behavior is a periodic
exchange of energy. This will become clear when we have calculated the general expec-
tation value for the magnetic dipole energy in the field.

3.6.2 The general expectation value of the Zeeman energy

For getting started in this direction, we use the matrix elements of Eqs. (3.5) through
(3.8) on pages 63 and 64, respectively, and attain in a first step

( H z
K

e e m a n ( t ) ) = ( 9 K ( ^

-
B

+ b*0+1/2(t) 6_

R

- l{gjßB-9ißN)Bo(\b0-m(t)\2 - I 6o+i/2(O T) • (3-86)

(Another big chunk of unpleasant material ahead: Jump to Eq. (3.92) on page 89).
If we look at the expressions in braces making up the first four rows we realize that
the relevant terms in each set can be combined column-wise. So, the expressions

2$R{^6 (m/2(t)6+1_1/2(i)} and 2»{^6*0±1/2(t)6_1+1/2(0} are the ones to be con-
sidered. There, the upper signs apply to the electronic magnetic moment and the lower
ones to the nuclear magnetic moment. Then, by appropriately incorporating the orien-
tational modification, we can apply Eq. (3.62) from page 77. Using the factors with the
upper signs collected in Tab. 3.3, we obtain for the purely electronic part

(3.87)
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Table 3.3: Factors relevant to the calculation of the Zeeman energy.

)* \
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where k = 3, 4

) 2 3?

and with the lower signs for the purely nuclear part

glfiN 125ft | ^ 60+i/2(0 6;i_1 / 2(0} + 2 » | ^ 6*0_1/2(0 6-

\ 9ißN (^ (I ai |
2 - I «2|2) + B\B\ J2 I afc|

2 2X(fc)y W (3.88)

+Bl (X(3)y(4) + I (4)y(3»)2

Thus, by combining Eqs. (3.87) and (3.88) we obtain for the relevant first four lines in
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Eq. (3,86)

RR r i
# [60-1/2(0 6+1-1/2(0 + 60+1/2(0 &UL1+1/2(0J

*+1_l/2(t) + 6*0+i/2(0 6-i

fc=3

(3.89)

The last two lines in Eq. (3.86) can be obtained quite easily with the help of Eq. (3.62)
on page 77 and Tab. 3.1 on page 78. Then, the second last line reads

+

•

and equally the last one

1,

(3.90)

(3.91)

Bo(\b0-i/z(t)\2- 160+i/2(012) =

fc=3

Putting all pieces together according to Eq. (3.86) and also taking advantage of the
relations in Eqs. (3.37) and (3.39) on page 70, we attain for the Zeetnan energy in the
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field

(3.92)

Again, we find an oscillatory behavior for the general expectation value of the second
energy involved. Knowing what this means from Part III, we compare it with the
general expectation value of the hfs energy of Eq. (3.85). For making both comparable
more easily, we use Eqs. (3.41) and (3.43) from pages 71 and 71, respectively, and obtain
for the hfs energy

<«2"(*;t)> = ^ 4 * ( | Q l |
2 + | Q ; ! |

2 - K | 2 - H 2 ) (3.93)

Now, we have the eye-catching situation again that there is a periodic exchange of en-
ergy between the internal hfs interaction and the magnetic dipole interaction with the
external field. However, here, with the field being oriented arbitrarily, we learn that this
is a general field-related property. This dynamical feature has been shown in Part III to
be directly related to the periodic change of the coupling angle in the field. Below, in
context with the discussion of the general expectation values for the Cartesian compo-
nents of the magnetic moment, this behavior will again be confirmed as being spurred
by the fact that we are dealing here with the dynamics of the coupling between two
identical angular momenta that, however, are associated with different magnetic mo-
ments. Therefore, they are affected differently by the external magnetic field and, so,
individually experience different torques. This difference, which also enters the ex-
pressions by the field parameter x of Eq. (3.12) on page 65, has a strongly unbalancing
effect on the coupling-related internal torques and also makes the nutation frequency
depend on the field according to Eq. (3.77) on page 82. As can directly be read from
Eqs. (3.92) and (3.93), an energy exchange is always present in the field if x ^ 0 and
a4a3* T̂  0, i.e., if the atom is not in a state of physical balance. Then, according to
Eq. (3.60) on page 77, the amount of energy exchanged strongly depends on the initial
amplitudes, the relative orientations between the atomic axis of quantization and the
field direction as well as on the strength of the field through, as we shall see later, a
magnetizability term. Including the actual initial states in our discussion, as given by
the initial amplitudes of Eq. (3.64) on page 79 for the hfs interaction, we can gain fur-
ther insight: Eq. (3.60) on page 77 makes clear that an atom in a stretched state can never
be stationary in the field unless its atomic axis of quantization is parallel to the field
direction. Otherwise, there is energy exchange that is maximal if the field direction is
perpendicular to the atomic axis. The reason for this orientational dependence will be
explained below. An atom in a precession state, on the other hand, only seems to probe
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the z component of the field because under the third form of the condition of normal-
ization in Eq. (3.64) only terms survive in Eq. (3.60) that contain x and powers of Bo/B.
However, comparing this outcome with the result of Eq. (3.73) on page 82, we find that
identical results are obtained independently of whether an initial precession state of the
hfs interaction or a longitudinal field direction is assumed. From this we conclude that
in this case as well the energy exchange can only vanish if the z component Bo is iden-
tical to the field itself, i.e., if, the axis of quantization is parallel to the field direction.
The need for identical directions of the quantization axis and the field will further be
discussed and explained in more detail below.
The occurrence of a dynamical feature like this periodic exchange of energy between
Eqs. (3.92) and (3.93) has already been encountered in Part III for the longitudinal case.
There, we have explained in detail how this is effected by a periodic change of the cou-
pling angle that is driven by the unbalancing effect that the difference of the magnetic
moments has on the internal torques in external fields. Consistent with this view, it is
clear from the definition of x in Eq. (3.12) on page 65 that this field-induced dynamical
feature is not present for equal magnetic moments, i.e., if gj^B = gif^N- Electronically,
this applies, for example, to the ground state in helium, where, however, the aspect of
anti-symmetrization has to be considered as well. In general, as can already be con-
cluded from the Hamiltonian in Eq. (3.1) on page 61, magnetic moments with equal
gfi act as though they were without any internal structure because, even if associated
with different angular momenta that even may be pointing differently, these angular
momenta can readily be combined in a single one as a result of vector addition. This
behavior can also be recognized in the energy eigenvalues of Eq. (2.13) on page 10 and
Eqs. (3.11c) and (3.lid) on page 65 where the square roots would become independent
of the field for x = 0. Thus, the coupling between magnetic moments with equal g\x is
independent of the field and, so-to-say, rigid. Later, we shall present further evidence
in conjunction with the general expectation values of the Cartesian components of the
total magnetic moment. On the other hand, whenever the external field can exert dif-
ferent torques on the coupling angular momenta, it makes the coupling soft and, thus,
gives rise to the additional dynamical feature of energy exchange, which, depending
on the coupling strength and the difference of the magnetic moments simultaneously
interacting with each other and with the field, becomes evident for lower or higher
field strengths, respectively. This explains why in context with Eq. (3.12) on page 65
we have called x a measure for the influence of the field on the coupling.

3.6.3 The general expectation value of the total energy

In order to arrive at the general expectation value of the total energy we add Eqs. (3.92)
and (3.93), take advantage of the definition of x in Eq. (3.12) on page 65, and obtain

(HK(x)) = (HhJs(x;t)) + (nz
K

eeman(x;t))

h2 1
4 Z

[ * 2 -i

+ -^AK--
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(3.94)

Featuring the familiar mixture of the eigenvalues of Eq. (3.11) on page 65, this is exactly
the general expectation value of the total energy for the general case we would have ob-
tained by directly applying, in terms of a superposition of the eigenvectors of Eqs. (3.20),
(3.27), and (3.47) on pages 67, 69, and 72, respectively, the wave function of Eq. (3.49)
on page 74 to the Hamilton operator of Eq. (3.1) on page 61. If we neglect, as stipulated
by the use of a time-independent Hamiltonian, spontaneous radiative energy losses
of very low power, which are caused by the exchange-related oscillation of the total
magnetic moment described in Part III, the Hamilton operator of Eq. (3.1) is describing
a closed system in this approximation. As a consequence, the general expectation value
of its total energy must always be independent of time. This is automatically accom-
plished, as we already know from Part III, by the exchange character of the energies
involved and, as a consequence, simultaneously proves that this expectation value is
a time average rather than an ensemble average23 because it can also be thought of as
being made up from the sum of the time averages of the general expectation values of
the contributing energies. This would inherently be true if we were only concerned
with the eigenvalues in which case | oa |2 = Sitj for the j t h eigenstate. In order to give
a visual impression of this case, Fig. 3.1 depicts how, as a function of the field param-
eter x, the eigenvalues of the reduced contributions add to give the eigenvalues of the

+1
o

+1

Figure 3.1: The reduced field-dependent eigenvalues of the Zeeman and the hyperfine
energy add to obtain the reduced field-dependent eigenvalues of the total energy in the
field; cf., e.g., ref. [23, p72]. In 107Ag, e.g., x=4 corresponds to about B = 0.25 T, cf. [91-93].

reduced total energy. Providing generally applicable expressions, as already exercised
in Part III, the reduction is achieved by dividing the eigenvalues by the hfs splitting
h2AK. In this context, it worth drawing the attention to the reduced contribution of the
hfs energy and pointing out that the asymptotic hfs splitting of 0.5 t?AK between the
levels with MF = ±1 and MF = 0 is only being approached very slowly.

23 [4, p52]
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In this context, another aspect of this behavior is the possibility of obtaining, via the
vector coupling relation F2 = J2 + I2 + 2 ( J I ) , concrete information about how the
quantum number of the stationary total angular momentum changes as a function of
the magnetic field due to its coupling-distorting influence. This possibility rests on the
fact that both the hfs interaction and the vector coupling relation contain the scalar
product between the coupling angular momenta. As exercised on page 29 of Part III
and according to Eq. (3.79) on page 83, the expectation value of this scalar product
is obtained by taking a coupling constant A — 1. Then, for J = I = | the "quantum
number" of the total angular momentum in the j t h eigenstate is, in general

and in detail from Eq. (3.93)

Fh2(x) = +1

j u 2
7 _ 1
4 ~ 2

T - ^ 1 +

(3.95)

(3.96a)

(3.96b)

(3.96c)

This behavior is depicted in Fig. 3.2. While the quantum number F = Fi^ix) = 1 of
the total angular momentum of physically stationary stretched states is left unaffected
by the field, this figure shows that for the two eigenstates of the precession states with

Figure 3.2: The field dependence of the "quantum number" of the total angular momen-
tum in physically stationary states. In W7Ag, e.g., x = 4 corresponds to about B = 0.25T,
cf. [91-93].

Mp = 0 this property slowly approaches a common asymptotic value of 0.618 under
the influence of an increasing field.
Getting back to the general expectation value of the total energy of Eq. (3.94) it is inter-
esting to look into how this property depends on the initial amplitudes: As a first step
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in this direction we write Eq. (3.94) somewhat differently

(HK(x)) = %-AK

1 ,

2 I .2 I
- a3 - Oj

(3-97)

Insertion of Eqs. (3.56) through (3.58) from page 75 and use of Eqs. (3.38) and (3.43) on
page 71, as well as the definition of the field parameter in Eq. (3.12) on page 65 yield

(nK(x)) = jAK[ -4+1-1/2
2 - A 0-1/2 + -4-1+1/2

2
-4 0+1/2

+ 2 • 2 üft<M o-i/2-4*o+i/2 j

COS 0 (j

+2 3?

cos0

0~1/2

5 +i
' -1 + 1/2

(3.98)

Bf B
- 2 9? I — ^ (-4 0_i / 2 - A 0+1/2)

It is remarkable that in an arbitrarily oriented external magnetic field also the trans-
verse components contribute to the general expectation value of the total energy. This is
different from the behavior of classical dipole moments. It is effected by the magnetic
interaction between the constituent magnetic moments, here by the hyperfine interac-
tion.

Without a field present but with appropriate initial amplitudes, Eq. (3.98) has to repre-
sent the eigenvalues of the hfs interaction: For the stretched states \K,F=1, MF = ± l )
they are A±iTi/2 = 1, A 0 - i / 2 = ^0+1/2 = 0, and we obtain (H^=1) = ^-AK. For the
energy eigenvalue of the upper precession eigenstate \K, F= 1, M^ = 0) these amplitudes
arei4± iT l /2 = 0, A 0-1/2 = -4 o+i/2 = ^ . This yields for the energy (H%p=1) = ^A K while
for the lower one \K,F = 0,MF = 0) the eigenvalue (7Y^= 0) = -\h2AK is obtained
with Atiipi/2 = 0, Ao_i/2 = —Ao+1/2 = 4g. From what we have learned in Part III it
is clear that these initial amplitudes are equal to the corresponding Clebsch-Gordan
coefficients24.

It is easy to recognize in Eq. (3.98) that the expressions with the transverse field compo-
nents are related to the spherical harmonics25. The same holds true for the longitudinal

24 [24, pP37,125], [25, pp35,36]
25 [24, pl24]
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one. Thus,

B±i _ sin0 ± i $

B~V^ ~^ 2

After substitution of these expressions and some rearrangements we arrive at

( 3 - 9 9 )

(HK{x)) = — AK\ 0+1/2

(3.100)

So, the first part of Eqs. (3.98) and (3.100) represents the contribution from the internal
hfs interaction while the second and third parts represent, respectively, the contribu-
tions from the magnetic dipole interactions of the electronic spin and the nuclear spin
with an arbitrarily oriented external magnetic field.
Inspecting the transverse terms we realize that they can only contribute to the total
energy if, first, the polar angle 0 ^ 0 and, second, the combinations of initial ampli-
tudes A0Ti/2A*±1:fl/2 ^ 0 or A0±i/2A*±1:fl/2 ^ 0. As the total indices of the amplitudes
represent Mj in terms of Mj = Mp — Mi written out, the transverse electronic contribu-
tion involves initial amplitudes whose indices differ by AMp = q=l, respectively, with
AMj = =Fl being the origin because AM/ = 0, while the nuclear contribution features
indices with AMj = 0 so that AMF = ^1 and AM/ = ±1. The differences of MF

correspond to what the component of the related spherical harmonic is indicating.

Generalizing this behavior in terms of AkA*h and applying it to the isotropic first part
in lines one and two as well as to the field-dependent longitudinal part in lines three
and four of Eq. (3.100), we see that the interplay between the initial amplitudes there
involves index differences that correspond to AMp = 0.
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Thus, in a quasi-closed system as discussed in Part II of ref. [1] a change of the total
energy caused by changing initial amplitudes, which have to keep their compliance
with the condition of normalization, would conform to the Ml selection rules.

A preliminary summary

Summarizing up to this point, we find confirmed what we have already seen in Part III:
When we are describing the general dynamical situation by using direct superposi-
tions of eigenfunctions, which, if taken individually and considered from a dynamical
point of view, usually represent the total energies of extraordinary dynamical situa-
tions, namely, those of physically stationary ones, we should not wonder that due to the
mutual orthonormality of these eigenfunctions only time-independent properties like
the total energy of the respective actual dynamical situation are being obtained. This
statement holds true for the general expectation value of any property that commutes
with the Hamilton operator. Thus, due to the eigenfunction's inherent property of usually
also covering physically stationary situations, linear combinations of the eigenfunctions act like
projectors of stationary properties pertaining to the actual dynamical situation.

The constancy of the expectation value of the total energy has been shown to be inti-
mately related to a periodic exchange between the energy contributions involved. This
dynamical feature, which is effected in the static external magnetic field by the differ-
ence of the magnetic moments, provides a favorable environment for reaching some
very fundamental conclusions that clearly contradict essential aspects of the standard
interpretation of quantum mechanics: As just stated, the total energy is independent
of time because the time-independent Hamiltonian establishes a closed system. As a
consequence of the concomitant conservation of energy, the mixing coefficients a,- in
Eq. (3.94) on page 91 must be constant as well because they are the only quantities that
could possibly be time-dependent in a static magnetic field. And, indeed, if we would
allow for spontaneous radiative energy losses like in Part II of ref. [1] they would be-
come time-dependent. But in the approximation discussed here, their constancy sim-
ply means that each combination of the a, that meets the condition of normalization,
represents an energetically stable, but usually not stationary dynamical situation of the
atom. So, for any given field strength, Eq. (3.94) just expresses the total energy of this
situation as a function of the mixing coefficients. As we have already shown earlier in
Part I of ref. [1] and are again proving here for the coupling of atomic angular momenta
in an arbitrarily oriented external magnetic field, this finding impressively refutes the
current interpretation of quantum mechanics that maintains that the absolute square of
the mixing coefficient a.j in a relation like Eq. (3.94) represents the probability of obtain-
ing the j t h eigenvalue in a measurement26. Conceding an observable physical reality
only to eigenvalues, this concept has necessarily been focusing on ensemble averages
rather than on time averages. There, this standard interpretation has led to some bewil-
dering consequences like a seeming lack of determinism in quantum mechanics and,
because of attributing reality only to eigenvalues, to the even more puzzling idea of a
collapse or reduction of the state vector at the instant of measurement27. This notion
not only is at odds with Schrödinger's equation but also entails a number of bizarre

26 [4, p50]
27 [3, pp350ff], [4, pp370ff], [59]
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conclusions if one tries to circumvent the collapse28. Attempts to overcome these well-
known conceptual deficiencies by introducing hidden variables29 have led into troubles
of their own, like nonlocality, i.e., action at a distance in the case of many-particle in-
teractions. As a matter of fact, however, our present deduction proves again [1] that
\&j\2 when pertaining to a single particle, has nothing to do with a probability and that,
consequently, there is no need to consider said collapse. Here, to the contrary, as such
an instantaneous reduction of the state vector would not only imply an instantaneous
change of the total energy but also of any property that commutes with the Hamil-
ton operator, the one-to-one correlation between the properties to be measured and
the result of the measurement would be lost because of representing a totally differ-
ent situation independently of any uncertainty relations. Thus, the whole concept our
cognitive process is based on, would be at stake.

The following sections will provide additional evidence that Schrödinger's equation is
capable of describing in full detail the internal dynamics of angular momentum cou-
pling in a single atom and that, not only in this case, there is no need to introduce hidden
variables in order to be able to do so. Obviously, it has been overlooked in the past that
by incorporating the time dependence it is sufficient for this purpose to just watch the
operators at work. Thus, on the basis of Schrödinger's equation's capability of cor-
rectly describing the microworld for a given total energy, we are again proving true
here Einstein's conviction30 that "God does not throw dice".

3.7 The general expectation values of the Cartesian com-
ponents of the total magnetic moment

The finding that an oscillating coupling angle causes an energy exchange that involves
the magnetic dipole energy in a static magnetic field, raises the question of whether this
dynamical feature can also be deduced from the behavior of the total magnetic moment
in this environment. For answering this question in terms of general expectation values,
we shall first use spherical tensor components for the operators of the total magnetic
moment as in the Hamiltonian of Eq. (3.1) on page 61

) (3.101)

and then switch to Cartesian components. Using the relevant parts of the matrix ele-
ments in Eqs. (3.7) and (3.8) on page 64, we first obtain for (M-i(t))

(M-^t)) = (*K(t)\M-i\*K(t)) (3.102)
r

0+1/2

28 [3, pp350ff], [4, pp65,370ff], [29, plOl], [48, p285], [50, p220], [54, ppll3-114,222], [59], [95-98]
29 [99, ppll4,622], [100]
30' [101, pp99,101], [102, p899]
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andfor(M+1(0)

(3.103)

&+i-i/2(0 + 6*0+1/2(0 6-1+1/2(0 r"

{ fc(*)*>-l/2(*) + 6*0_1/2(0 6-1+1/2(0 | .

and, finally, for (Mo(t)) with the help of the matrix elements in Eq. (3.6) on page 64

(Mo(t)) = («^(Ol-Mol *«(*)) (3.104)

( ) \ \ b ( t ) \ 2 - \b-1+1/2(t)\

The Cartesian components of the operators of the total magnetic moment are obtained
from linear combinations of the spherical tensor ones (Beware, it's getting scary! Jump
to Eq. (3.115) on page 102.)

) , Mz = Mo • (3.105)

Accordingly, the general expectation values of the x and y components are

+60+1/2(0 6*-i+i/2(0 + 6*0+1/2(0 6-1+1/2(0

< 60_1/2(0 611+1/2(0 + 6*0_1/2(0 6-1+1/2(0

+60+1/2(06+1_1/2(0 + 6*0+i/2(06+1-1/2(0} , (3.106)

(My(t)) = - £ ^ £ | 6 o _ 1 / 2 ( t ) 6 ^ / 2 ( 0 -6*0_1/2(0 6+i_1/2(0

-[60+1/2(0 611+1/2(0 - 6*0+1/2(06-1+1/2(0]̂

+ ~ ^ | 60-1/2(0 6*.1+1/2(t) - 6*0_1/2(t) 6_1+1/2(0

- [60+1/2(0 ft+i-i/2(*) - 6*o+i/2(O 6+1-1/2(0]} • (3.107)

The factors important to (Mx(t)) and (My(t)) in Eqs. (3.106) and (3.107), respectively,
as they unfold on page 84 in conjunction with Eq. (3.80), are summarized in Tab. 3.4
overleaf for the electronic contribution and in Tab. 3.5 on page 99 for the nuclear one.
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Table 3.4: Factors relevant to the electronic part in the x and y components of the total
magnetic moment.
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where k = 3, 4 and from Eq. (3.35) Z[±] = ±X^ +

Obviously, the terms in Eqs. (3.106) and (3.107) have been arranged such that these
equations simplify to become

(Mx(t)) = -

, (3-108)

(My(t)) =

+
2

9lßN

- &o+i/2(*) 6*_

As indicated by the way of writing out Eqs. (3.108) and (3.109), the factors that are rel-
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Table 3.5: Factors relevant to the nuclear part in the x and y components of the total
magnetic moment.
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where k = 3, 4 and from Eq. (3.35) Z±

evant in these equations to the electronic parts must be obtained for (A4x(t)) from the
sum of the (+)-marked terms in each row in the columns of Tab. 3.5 and for (My(t))
from the difference of the respective (-)-marked terms. They are listed in Tab. 3.6 over-
leaf.
The factors that are relevant in Eqs. (3.108) and (3.109) to the nuclear parts must be
obtained for (Mx(t)) from the sum of the (+)-marked terms in each row in the columns
of Tab. 3.5 and for (My(t)) from the difference of the respective (-)-marked terms. They
are listed in Tab. 3.7 overleaf. Using these factors, we attain
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Table 3.6: Factors relevant to the electronic parts obtained per row for (Mx(t)) from
the sum of the (+)-marked terms in the columns of table 3.4 and for (My(t)) from the
difference of the (-)-marked terms
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where k = 3, 4

Table 3.7: Factors relevant to the nuclear parts obtained per row for (Mx{t)) from the sum
of the (+)-marked terms in the columns of table 3.5 and for (My(t)) from the difference
of the (-)-marked terms.
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where k = 3, 4

(Mx(t)) = (3.110)
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(My(t)) =

4

fc=3

(3.111)

^

For (Aiz(t)), as given by Eq. (3.104), we can resort to the factors collected in Tab. 3.1.
Instead of the sums as for Eqs. (3.82) and (3.83) on pages 84 and 85, respectively, we
now need the differences of the "sublevel populations" involved. These turn out to be

)|2= (3.112)

B

B±
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As a matter of fact, by the way, we have already calculated quite similar expressions
in another context. They can easily be recognized in Eqs. (3.90) and (3.91) on page 88.
When combined according to Eq. (3.104), above equations yield

(Mz{t)) = (3.114)

+ ^
U=3

In order to make the expressions easier to handle we introduce the following abbrevi-
ations for the time-dependent parts

L k=3

(3.115a)

2 ft

(3.115b)

- 2 ö

(3.115c)

Although t is the only independent variable, we should be aware of the fact that above-
introduced abbreviations also depend, though for a closed system only parametrically,
on the strength and the orientation of the magnetic field relative to the atomic frame of
reference defined by the axis of quantization. With these abbreviations, we see that the
general expectation values of the Cartesian components of the total magnetic moment
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constitute a set of simple geometrical relations

If we multiply these general expectation values of the Cartesian components of the
total magnetic moment with the corresponding negative Cartesian components of the
external magnetic field B and sum up all terms as in a scalar product, we obtain, of
course, the general expectation value of the Zeeman energy in the field

) = -{p(t)}B (3.117)

) - UgJliBa2\
2

Application of the relations in Eqs (3.38) and (3.39a) on page 71 as well as of the defi-
nition of the field parameter x in Eq. (3.12) on page 65 turns this relation into

(nz
K

eeman(x;t)) = - (<M(i)> -B) = -{p(t)}B

(3.118)

which we already obtained in Eq. (3.92) on page 89 and, in this sense, may be consid-
ered a proof of consistency.
What really is remarkable about the last two equations is the fact that {p(t)} obviously
describes the longitudinal part of the motion that the total magnetic moment performs
along the field direction: Since, as expressed by {p(t)}B in these equations, the total
magnetic moment enters the scalar product above by the projection of the length of
its vector onto the field direction, the oscillation of the Zeeman energy, as we find con-
firmed here, is directly related to the oscillation of that length. However, as the total
magnetic moment results from the coupling of the electronic and nuclear ones, which
do not change their magnitudes, said oscillation of its length can only be effected by
the corresponding periodical change of the coupling angle as explained in Part III.

3.7.1 The torque exerted by the external magnetic field

We shall prove now our reiterated claim that an indispensable prerequisite for physi-
cally stationary states to also exist in the field, is the vanishing of any field-generated
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torque and that this requirement can only be met if and only if the atomic axis of quan-
tization is parallel to the direction of the field. As we already remarked on page 36 of
Part III and repeat here, it is clear that any angular momentum, by its very definition,

1 = r x p , ^ = N , (3.119)
at

can only be stationary, whatever the circumstances, if no torque N is being exerted
on it. According to classical electrodynamics31, the torque that the field exerts on the
angular momentum is related to the magnetic moment it is associated with

N = M x B . (3.120)

Hence, with the relations given by Eq. (3.116), the general expectation values of the
Cartesian components of this torque are

( 3 1 2 1 b>

(3.121c)

which, however, can be brought into a much more meaningful form by expressing the
field's Cartesian components in polar coordinates

o s ^ c o s V } <3-i22a>
(3.122b)

(3.122c)

These relations show that all components of the torque cannot vanish simultaneously
unless {q(t)} and {r(t)] vanish simultaneously. This is corroborated by its square

(3.123)

and confirms our contention that the eigenfunctions of Eqs. (3.21), (3.28), and (3.48) on
pages 68, 69, and 72, respectively, usually do not represent physically stationary states.

We have already been able to identify {p(t)} in Eq. (3.118) as responsible for the longi-
tudinal part of the spatial motion of the total magnetic moment. If we take the square
of this vector

(M(t)f = {p(t)}2 + \ ({q(t)}2 + {r(i)}2) (3.124)

and compare it with the square of the field-exerted torque in Eq. (3.123) it is quite
clear that {q(t)} and {r(t)} join in the description of the transverse part of this motion
because in view of Eq. (3.120) this torque can only have transverse components relative
to the field direction. We shall provide further evidence supporting this conclusion.

31 [67, p352], [88, ppl74,190,549], [89, p34-4]



3. Part IV: Angular momentum coupling in arbitrarily oriented magnetic fields 105

3.7.2 The time dependence of the general expectation values of the
Cartesian components of the total magnetic moment

The time dependence of the general expectation values of the Cartesian components of
the total magnetic moment is contained in the abbreviations introduced by Eq. (3.115).
This is the next subject we shall look into. In this context, we shall make use of

J+"k)t} =

*} cos(a;j + uk)t - 2 9{afc a*} sin^- + cuk)t ,
(3.125a)

*} sm{coj + uk)t + 2 Q{ak a*} cos(u^ + uk)t .
(3.125b)

The frequencies occurring in Eq. (3.115) are easy to identify: As we have expounded in
ref. [1], Bohr's frequency condition32 and the respective selection rules define the true
eigenfrequencies of the atomic system. In our case, these eigenfrequencies are deter-
mined by the allowed Ml transitions that may be obtained from the differences of the
energy eigenvalues in the field. As we can deduce from Eqs. (3.11), (3.51), and (3.52)
on pages 65 and 74, respectively, and from Fig. 3.1 on page 91, they read

MF : +1

MF : +1

MF : 0

MF : 0 —> - 1 E3- E2 = huj3t2 = h(uB -2uA + 2ujAVl + x2 J = -h(uj2

MF : - 1

0 Ex- Ez = huhZ = h(2coA+u>B- 2u)A\/l + x2 ) =

0 Ei-EA = huj1A = hhcüA + u>B + 2ujAVl + x2 \ =

0 E3 - E4 = hu>3A = hUuAVl + x2

1 E3- E2 = huj3t2 = h(uB -2uA + 2ujAVl + x2 J = -h(

0 E2 - E4 = hu2A = (

(3.126a)

u4) ,

(3.126b)

u3) ,

(3.126c)

(3.126d)

(3.126e)

A (-) sign has to be attached to the far right hand side of Eq. (3.126d) in order to make
this frequency positive contrary to the way it occurs in Eqs. (3.115b) and (3.115c) on
pages 102 and 102, respectively. This will only affect the sign of the respective sine
expressions.

Using Eqs. (3.125a) and (3.126c), we obtain for the longitudinal time dependence instead
of Eq. (3.115a)

(3.127)

[44, P8], [45, p487), [46, p507], [47, ppl23,135], [65, p396], [85, pl39], [86, p230], [87, p3]
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We proceed with the transverse time dependences in the same way: Use of Eqs. (3.125)
and (3.126) and rearrangement in terms of electronic and nuclear contributions yields
instead of Eq. (3.115b) (What follows is not so exciting. Jump to the opposite page.)

J

+ (X(4) + Y(i)B) 12 $(a4 oti\cosu}h4t - 29 j a 4 a*} si

- (X{3) -Y{Z)B) 2 3?{aza*2\ cosuj2,3t + 2^slazal\ sinu2,3t\

- Y{4)B) \2 ft{a4 al\ cosLJ2At-2 %ia4a*2} si

- Y{A)B)

- (X(3) + Y(3)B)

- (X(4) + Y{4)B) \2 ft{a4a*2\ cosu2At-2%Ia4a*2\ sinu>2At\ I

(3.128)

and instead of Eq. (3.115c)

coswli4t

- (X{3) - Y{3)B) 2Rla3 a*2\ sinu>2,3t - 2 3f{a3 a*2\ cosU2,3t

+ (X{4) - Y^B) \2 ft{a4 a*2\ sinuj2At +2%Ia4a*2\ cosLO2At\ I

\ + (X(3) - y ( 3 )B) [2»{a3al}sinwi,3« + 2 9{Q3al}cosc1;li3t|

- Y{A)B) 2 3?{Ö4 a*} sin wM i + 2 Qf{a4 a j } cos wlt4t

- 2

Y^B) 2 3ft< a4a2 \ sinii^^ + 23ia 4 f t2 f COSW24M

L l J " L J ' J
(3.129)
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What do these relations tell us? Let us start the discussion with what we have iden-
tified as describing the longitudinal motion. Its time dependence is given by {p(t)}
of Eq. (3.127) and exhibits only the single frequency u>3A = 4u>Ay/l + x2 defined in
Eq. (3.126c). That it does not involve the Larmor frequency is characteristic of its longi-
tudinal nature. This frequency is a special case of the field-induced nutation frequency
we have already encountered in Eq. (2.21) on page 12 of Part III. There, we have treated
only the case of a longitudinal field parallel to the axis of quantization and emphasized
that this frequency is related to AM; = 0. This selection rule was explained as a nat-
ural consequence of M/s being a good quantum number in longitudinal fields. This
restriction includes that levels with the same Mj must not cross because each Mj per-
tains to individual particles of the same kind that have the same projection of their to-
tal angular momenta and perform oscillations of their coupling angles with the same
M/-dependent frequency. In a quasi-open system (in the sense described in Part II
of ref. [1]), this linear oscillation with only a single frequency would give rise to the
emission of linearly polarized radiation with the magnetic vector parallel to the field.

Here, Eqs. (3.126c) and (3.127) are telling us now that no matter how the atomic frame of
reference is rotated relative to the field direction the oscillation of the total magnetic moment's
longitudinal component, i.e., along the field direction, is always associated with a frequency
that does not involve a change of the z component of the total angular momentum and has the
same value as given by Eq. (2.21) on page 12 if Bo is replaced by B.
Next, we take a closer look at what is happening in the plane perpendicular to the
direction of the field: There, both {q(t)} of Eq. (3.128) and {r(t)}oi Eq. (3.129) simulta-
neously orchestrate the transverse motions of the total magnetic moment. And simulta-
neousness must be taken literally here because if we compare in {#(£)} and {V(£)| the
expressions with the same frequencies we realize that all those three components of
the transverse motion that feature the frequencies u>it3, LJ1|4, and u3<2 and are commonly
related to MF -> M'F = - 1 according to Eqs. (3.126a), (3.126b), and (3.126d), respec-
tively, have the same direction of revolution in that plane while the forth frequency
ÜJ2,4 describes the motion of a transverse component that rotates in the opposite direc-
tion and is associated with MF —> M'p = +1 according to Eq. (3.126e). Note that all
four frequencies driving the transverse motions contain the Larmor frequency LOB.

In a quasi-closed system (cf. Part II of ref. [1]), these four frequencies would generate
circularly polarized radiation along the field direction, which, however, would appear
linearly polarized with the magnetic vector perpendicular to the field if viewed per-
pendicularly to that direction. Thus, as claimed in section 2.9.1 of ref. [1], we can un-
ambiguously trace all frequencies and polarizations of the emitted radiation to specific
components in the motion of the total magnetic moment. The fact that these frequen-
cies and the related polarizations can be detected experimentally provides irrefutable
evidence that the atomic axis of quantization usually does not coincide with the field
direction and that only nonstationary states can provide information about the inner
dynamics of the particle. Moreover, our findings prove that the principles of classical
electrodynamics also hold in the micro-cosmos not only as far as the behavior of the
source of the emitted radiation is concerned but also with regard to the dipole emis-
sion pattern: The rotationally oscillating transverse components of the total magnetic
moment explain very naturally why circularly polarized radiation is observed along
the field direction while the polarization of the same radiation when detected perpen-
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dicularly to this direction is linear with the field vector perpendicular to the applied
field.
There is another point worth mentioning: If formally used without caring about se-
lection rules, Bohr's frequency condition33 would also produce a frequency equivalent
ujit2 for the difference between the energy eigenvalues of the stretched states. In a quasi-
open system, this would correspond to a transition with |AMF| = 2. We know, how-
ever, that this is forbidden for dipole transitions and we now understand the reason
why: There is no oscillation with this frequency in the closed-system motion of the
total magnetic dipole momentl Its absence is effected by the zeros in the rows headed by
2, 1 in Tabs. 3.6 and 3.7 on page 100.

What is also remarkable is the fact that above frequencies do not depend on the direc-
tion of the field relative to the atomic frame of reference. The reason is simple: The
wave functions for angular momenta express the angular dependence of the motion in
a spherically symmetric potential.

3.7.3 The field dependence of the frequencies determining the mo-
tion of the general expectation value of the total magnetic mo-
ment

The field dependence of the frequencies involved is nonlinear due to the occurrence
of the square root \/l + x2 in Eqs. (3.126a) through (3.126e). However, this nonlinear-
ity only applies to low fields because as the field parameter grows quadratically the
radicand quickly reaches field strengths where x2 > 1 so that the square root becomes
more and more linear, and said term behaves like 2uA x in high fields. This behavior is
clearly depicted in Fig. 3.3 on the opposite page. Due to the definitions of x, uA, and
U>B in Eqs. (3.12) and (3.52) on pages 65 and 74, respectively, and the smallness of giß^
this term is practically equal to wg. So,

Wl^ = 2 LüA + OJß — 2 U>A \

^1,4 = 2 ü ^ + UJß + 2 CJ^4\

W3 4 = 4 W/l v 1 ~\- X

^3,2 = UJB-2uA + 2uAy.

Lü24 = 2UJA-VB + 2LJA\

/l + x2 —

/TTx^ ^
•• « + 2 w ^ ,

•+ w + 2 o;^ + 2 cjß ,

i ^ + 2 o ; ß ,

\ ZZ-2UJA + 2UB,

(3.130a)

(3.130b)

(3.130c)

(3.130d)

(3.130e)

3.7A The field dependence of the general expectation values of the
transverse and longitudinal components of the total magnetic
moment

The simultaneousness of the different oscillation modes of the total magnetic moment
is strongly influenced by how their amplitudes develop as a function of the external
magnetic field (in a closed system, this dependence is a parametric one). In order to

33 [44, p8], [45, p487], [46, p507], [47, ppl23,135], [65, p396], [85, pl39], [86, p230], [87, p3]
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Figure 3.3: The field dependence of the frequencies determining the motion of the total
angular momentum in mAg. x=8 corresponds to about 5 = 0.5T, cf. [91-93].

work this feature out we have to extract the field dependence in |p(i)}, {q(t)}, and
{r(t)} of Eqs. (3.127), (3.128), and (3.129) on pages 105 and 106, respectively. We begin
with the amplitudes of the transverse components and introduce for this purpose the
following abbreviations in the already known relation of Eq. (3.59) on page 76

ak a*1//2 = ( - 1 ) ' (3.131)

where, once again, k = 3, 4 and / = 4, 3, respectively, and the indexing in a\^2 and
) is to indicate, as in Eq. (3.59), that the upper signs refer to a* and

, $)/ the lower ones to a^ and AX/YB,2{Q, $)•
What these abbreviations mean and how they come about becomes obvious through
the comparison of Eq. (3.131) with Eq. (3.59) of page 76

_ B± IB±B,
~ [ 2B 1-1/2

Bo B =F BQ

-4+1-1/2
B - i

0+1/2J (3.132a)

B±BO B2_x

B
_ Bo (B±BO B_!

ß 1,~2S~" B±
 +

ß i
) M 0-1/2+ -4 0+I/2J ,
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A

= ^ 0-1 /2-A 0+1/2

B-x

(^0-1/2 + -40+1/2 (3.132b)

It is clear that these abbreviations serve to expose the field dependence in X^ and
Y^B as given by Eqs. (3.43a) and (3.43b) on page 71, respectively, and, therefore, do
not depend on the index k any longer, but they do remain dependent on the indices
1. 2 via the sign convention mentioned. So, though composed differently, the newly
introduced abbreviations only contain the dependence on the initial amplitudes and
on the angles through which the field direction and the axis of quantization are rotated
relative to each other. (Relax and jump past Eq. (3.134d) on the opposite page).
At this point we should mention that if we would initially prepare a silver atom as
a closed system in any of its ground state hfs configurations defined on page 79 by
Eq. (3.64), Ax;i//2(Q, $) would be reduced to its first line and AYB-,I//2(®, $) to its second
line with the factors in front of the square brackets included in either case. While, then,
Ax;i//2{@, $) would always be real, AYB.^//2(Q, $) would have this property only for
real initial amplitudes.
Pursuing the general line for the time being, we have to observe the factors in front of
aka*1//2 like in (X{k) ±Y{k) B)aka\//2 for the electronic parts and in (X(-k)TY{k)B)aka*1//2

for the nuclear parts in Eqs. (3.128) and (3.129) on page 106, respectively.
The application of Eqs. (3.40a), (3.40b), and (3.41) from page 71 then obtains for the
field dependence of the transverse electronic components in Eqs. (3.128) and (3.129) on
page 106, respectively,

(3.133a)

(3.133b)

, (3.133c)

, (3.133d)
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and for the field dependence of the transverse nuclear components

- y(3)B)

- Y(4)B)

, (3.134a)

, (3.134b)

(3.134c)

(3.134d)

Thus, it turns out that sums and differences of above-introduced abbreviations actually
are the quantities that determine the oscillation amplitudes of the transverse motions.
In order to keep the expressions as compact as possible we shall use abbreviations for
these quantities as well. Before introducing them we want to resume and intensify a
discussion that we touched upon on page 95 in connection with the total energy of
Eq. (3.100): The initial amplitudes express the weight of the respective spin sublevel
in the actual configuration that the state vector is representing. In a closed system, the
occurrence of products of these amplitudes indicates how the interplay of two spin
sublevels contributes to a special feature. However, if we allow the system to be only
quasi-closed in the sense expounded in Part II of ref. [1] and permit the initial am-
plitudes to change with time under compliance with the condition of normalization,
these products signal snapshot-like how in a transition the change of the configuration
involves changes from one constituent spin sublevel into another and what the inher-
ent section rules are. Reading the products from right to left and recalling what we
stipulated with regard to how the indices of the initial amplitudes are to be written
out as Mj = Mp — Mj, we can illustrate the selection rules involved in the respective
change by using the arrows ft and ^ for the electronic spin and | and J, for the nuclear
spin. This also indicates the respective flips in the spin sublevels involved:

= 0 :
L 0-1/2

L 0+1/2

-4+i-i/2-4+ 1_i / 2

A 0-1/2-4 o_i/2 :

-4 o+i/2-4 0+1/2 :

A„1+1/2A*_l+1/2

-4 o-i/2-40+1/2 :

: ft!
#T
fti

: ^1
•II-T

- ftt,

- fti,

<- Ul,
- fti,

no flips,
no flips,

no flips,

no flips,
exchange flips, (3.135a)

AMF = -]

ftl
ft T , electronic flip,

ft T , nuclear flip, (3.135b)
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AMf = +1 : A o+i/2^ii+1/2 1U <- -II-1, electronic flip,
^T <- H-1, nuclear flip. (3.135c)

We have seen in Eqs. (3.98) and (3.100) on pages 93 and 94, respectively, that the
products ^i±i/2-^±iTi/2 °f tne initial amplitudes have no bearing on the total energy.
Equally, as we have said before on page 108, the absence of the related frequency u\^
in the total magnetic moment's motion is another indication that these products cannot
take part in the description of any physically meaningful dynamical property because
they would require spin sublevels with |AMp| = 2 to be simultaneously involved.
These products have their origin in the third line of Eq. (3.59) on page 76 and are nei-
ther affected by the sums nor by the differences of above abbreviations. So, actually,
we could leave them out when we now define new abbreviations for said sums and
differences. Unfortunately, we have to itemize the new abbreviations

si(e,$) =
B ±

(3.136)

2B U + 1~1

B-Bo B2
+1

B-Bo

B+Bo

0-1/2

k

(All new abbreviations have a similar structure. So, you may skip the next ones and
jump past Eq. (3.139) on the opposite page.)

di(e, $) = Ax.je, <*>) - AYB^(e, $)
B± \B+Bof,A ,2

(3.137)

B-Bo B2
+1

B-Bo

B+Bo

k
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s2(0, $) = AX;2{e, $) + AYB.2(0, $)
B± \B~BO

(3.138)

B+Bo B-Bo
ß2 2~ -4-1+1/2 -4+1-1/2

B-Bo

BL I 2B

2B,

B

XJ-\-JD0~~*\ -D+I

2B \ B

~Ao-l/2A+1_l/2 ( "I 7T5 2 ^ 1 ~ D ~ J 4 O + 1 / 2 - 4 _ 1 + 1 / 2 >

"I
— 4o-l/2-4Ii+i/2|

+

L

0,$)->lyB;2(0, (3.139)

1-1/2 0+1/2 ( | , „

B+Bo B2
+1

-~B~'^lA-
B-Bo.

2B
B-Bc

B

2B
B-Bo B\

B ' B*
B+Bo„

+ 1 / 2

• 4 - -4+i+i/2-4+ 1_1 / 2

L 0+1/2^1+1-1/2 [ 2B

I
+ 2B

0-1/2^4+1-1/2

±

2B' B
L 0 + 1 / 2 - ^ -

[2B
Contrary to what we did on page 94 for the total energy of Eq. (3.100), we have re-
frained here from substituting the spherical harmonics for B±i/B. This has, however,
no impact on our ability to recognize the selection rules of Eq. (3.135). Moreover, it
is apparent that essential features of the terms in Eq. (3.100) are reproduced in these
parts of the transverse oscillation amplitudes. A closer look also reveals that si(0,$)
and d2{&, $) are dominated by terms representing nuclear flips while electronic flips
do so in di(Q, <&) and s2(0, $)•
All but those terms in Eqs. (3.136) through (3.139) vanish for B± = 0 where B± occurs in
the denominator. However, due to B± i in the numerator they are independent of the
polar angle 0. Accordingly, they only vanish together with the other ones if simultane-
ously the restricted condition of normalization is imposed that we defined in Eq. (3.64)
on page 79 because when B± = 0 this is the one that applies to the longitudinal case
dealt with in Part III. This shows that for making physically stationary states possible in
the field two things have to come together: The atoms must not experience transverse
field components and their dynamical state must be determined by initial amplitudes
that conform to the longitudinal case.
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3.7.5 The quantities determining the transverse motion of the total
magnetic moment

Now, with the new abbreviations, which only contain the polar angles and the initial
amplitudes, we obtain for the time and field dependence of the transverse motions

{q(t)}=

+

casuli3t-

cos w3 2̂  +

- 2 3

cosa;2 4i - 2

(3.140)

J
sinuh3t\ 1 -

J L

sin w3 2t

sina;2 4t

O + x̂

i +
. + x2

X

l + x2

7=L=
1 + x2

+ x2

+ x2

o T

l + x2

1 r

4t 1+ .
J L v l
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and

{»•(*)} =

+

+

2 9fc

(3.141)

+ x2

+ 2 3t{di(©,'

+ l cosu3 2t

l +

q + z2

£ r ( 6 ) $ ) I s i n W i 3 f + 2 Q r i ( @ ) # ) 1

t + 2 3
+ r

2 3«(si(0, $) ]• si
L ^ J f+x2

sincu2 4t +

=ll
Checking the field dependence, which is depicted in Fig. 3.4 overleaf, we immediately
recognize that most of the transverse oscillation modes die out in very high fields. Of
the eight terms each shaping the transverse motion of the electronic and the nuclear part
in low fields with the same four frequencies only two terms each survive in high fields:
For the electronic part, these are terms related to the frequencies cui)4 and o>3)2 with the
partial amplitudes dj(0, $) and s2(0, $), respectively, while for the nuclear part, these
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Figure 3.4: The field dependence of the transverse and longitudinal oscillation modes.
Where curves group together and tend indistinguishably toward a common asymptote
the first relation refers to the upper curve, the second to the lower one, respectively. The
Lorentzian and dispersion curves only apply to the longitudinal component, cf. text.

are terms related to the frequencies ui>3 and 0̂2,4 with the partial amplitudes si(0,4»)
and d2(Q, $), respectively. The surviving oscillation modes double their amplitudes in
high fields for the respective kind. This happens at the expense of those ones dying
that see their amplitudes more rapidly diminished than those decaying as 1/x in high
fields. (Drawn as light solid lines the Lorentzian and dispersion curves only apply to
the longitudinal component, cf. below). The surviving modes are also related to those
partial amplitudes that feature the respective dominant flips. The field dependence of
the amplitudes represents partial transverse components of the total magnetic moment
because when added under observance of the leading signs their sums obtain 4 in
either case. While the behavior of the amplitudes is equal for the electronic and the
nuclear parts the field dependence of the surviving frequencies is not: As can be judged
from Eq. (3.130) and Fig. 3.3 on page 108 in compliance with the level scheme of Fig. 3.1
on page 91 the frequencies u>i}4 and a;3>2 strongly rise with the field as twice the Larmor
frequency while the frequencies CJ1>3 and a>2,4 level off at half the frequency equivalent
of the hfs splitting. This indicates that the transverse motions of the electronic and
nuclear parts are decoupled. We shall come back to this matter after we have evaluated
the features of the longitudinal motion.
We have explained on page 104 in conjunction with Eq. (3.123) that the vanishing of the
field-exerted torque is tantamount to the vanishing of any transverse motion of the total
magnetic moment, i.e., {q{t)} and {r(t)} must both be zero in order to make physically
stationary states possible in the field. As we have pointed out on page 113 this simulta-
neous vanishing is not possible for any field strength unless the variability of the initial
amplitudes is limited to the cases expressed by Eq. (3.64) on page 79 and the atom does
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not experience any transverse field component in its atomic frame of reference because
the remaining terms have the factor B±/By/2 in common. As a consequence of the
necessity {q(t)} = {r(t)} = 0, which has to imply Bx = By — 0 making B = Bo, the
Cartesian coordinates of the total magnetic moment of Eq. (3.116) on page 103 reduce
to the longitudinal case

(M2*{t)) = (M*°(t)) = 0 , {M?(t)) = {p(i)} • (3.142)

Thus, only the longitudinal case can comply with all requirements. Only if these are
met will the stretched states automatically be physically stationary while for the precession
states, as we have shown in Part III, additionally the correct value of the coupling angle
must be provided by the initial amplitudes.

These findings, however, permit an additional conclusion: What is observable in the lon-
gitudinal case is the total angular momentum itself and not only its z component!

In reverse, this means and, thus, confirms our contention that for being able to emit cir-
cularly polarized radiation the atom must experience transverse field components and, hence,
cannot have its axis of quantization collinear with the field direction. The experimental
fact that we do observe circularly polarized radiation corroborates our point of view
that the usual behavior of atoms is represented by nonstationary states and that the
occupation of a physically stationary state is an exceptional event of dynamical balance.

Moreover, it proves that the eigenfunctions of Eqs. (3.21), (3.28), and (3.48) on pages 68,
69, and 72, respectively, usually do not represent physically stationary states. Simulta-
neously, it disproves the current interpretation's notion that deems eigenfunctions to
automatically represent such states with a single-occupancy claim and, therefore, con-
cedes physical reality only to eigenstates.

3.7.6 The quantities determining the longitudinal motion of the total
magnetic moment

We have seen above and on pages 102 and 104 in Eqs. (3.118) and (3.124), respectively,
that the longitudinal motion of the total magnetic moment is determined by {p(t)} of
Eq. (3.115a) on page 102. We begin our closer investigation into this quantity by writing
it in a way that enables us to easily identify the electronic and nuclear contributions.
Using the definition of x in Eq. (3.12) on page 65, we obtain from Eq. (3.118)

(3.143)

An inspection of Eqs. (3.56) through (3.58) and (3.60) on pages 75 and 77, respectively,

{ B2 1

-^•A_1+1/2A^1_1/2 > occurs. Although
it cancels out in the first differences in Eq. (3.143) it does neither so in the remaining
ones nor in 5ft{0:40:3}. Here, we shall omit this term because, as explained, it involves
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spin sublevels with |AMp| = 2, which do not subtend a related frequency w1)2 as a
possible oscillation mode. This is why this term has to cancel out in the total energy
of Eq. (3.100) on page 94 and, so, cannot contribute to the energetic topography of
its hyper-surface that results from its dependence on the initial amplitudes, the polar
coordinates, and the field parameter x if it varies. The energetic landscape features
local hills, saddles, and valleys. In a spontaneous transition, the atom would follow,
depending on the initial conditions, the steepest local gradient on this surface.

We shall now proceed step by step: Use of Eq. (3.60) from page 77 and application
of Eqs. (3.40) and (3.41) from page 71 then yield (Just routine stuff ahead! Jump to
Eq. (3.148) on the opposite page).

(3.144a)

1+x2 -\A0- 1/2
2 . |2

+ -A-l+1/2

+ :
2B2

(3.144b)

In the next step, we take a closer look at the second stationary part in both lines of
Eq. (3.142). With the help of Eq. (3.58) from page 76 this is

2^ x (3.145)

1+X
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By adding an appropriate zero to the expression with the second square bracket the
equation can be transformed into

(h 2\ x 2$l{a4a*3} [B

j = A | ( 3 - 1 4 6 )

Using Eqs. (3.56) and (3.57) from page 75, we obtain for the remaining expression

Bo

- u_1 + 1/2 (3.147)

-1+1/2

With inclusion of Eqs. (3.125a) and (3.143) on pages 105 and 117 the sum and differ-
ence of Eqs. (3.146) and (3.147) then yield for the time and field dependence of the
longitudinal motion

(3.148)

-2 5ß{yli+1 (e,

H-x2

\
— cos w3 4 i sin w3 4i

The first, truly field-independent parts in lines one through four and six through nine,
which are associated with either the electronic or the nuclear magnetic moment, re-
spectively, would become identical to the field-dependent parts of the total energy of
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Eq. (3.100) on page 94 if they would be multiplied by —B. This is another confirmation
of what has already been said on page 103 in context with Eqs. (3.117) and (3.118).
We have already pointed out that the total magnetic moment's longitudinal oscillation
mode along the field direction features only the single frequency 0*3,4 = 4WAV1 + x2.
It is an integral part of the motion of the total magnetic moment in the field. So, if
the system would not be an absolutely closed one but somewhat leaky (cf. Part II of
ref. [1]) the longitudinal oscillation mode would give rise to the emission of linearly
polarized radiation that has the frequency 0^4 and the magnetic field vector parallel
to the external field. Making up one part of the total magnetic moment's motion this
emission would take place simultaneously with the emission by the transverse modes,
though not survive in very high fields. The currently accepted mainstream interpreta-
tion, however, would associate this emission with a spontaneous AMp = 0 transition
that occurs independently of the AMF = ±1 ones as an either/or matter of branching.

3.7.7 A new type of dynamical magnetic susceptibility

The dependence of the longitudinal oscillation mode on the external field strength,
which is contained in Eq. (3.148) via Eq. (3.144) and can only be a parametric one for
a closed system, is dispersion-type and Lorentzian-type and, if complex initial ampli-
tudes would be involved, also square-root-Lorentzian-type. Thus, it belongs to the
species facing extinction in high fields as just remarked. Especially the first two types
of dependences represent a new kind of atomic magnetizabilities that are a direct con-
sequence of the change of the coupling angle that the external field effects by pulling
differently at the constituent magnetic moments. Therefore, if, with the definition of x
in Eq. (3.12) on page 65 in mind, we apply the usual definition of the susceptibility34,
we obtain

b b (3-149)
Independent of the temperature like a diamagnetic35 one but dependent on the field
strength, this new type of susceptibility does not match any category: As for the sign,
the inspection of Eqs. (3.143) and (3.144a) on pages 117 and 118 makes clear that, for
instance, for the dispersion-type field dependence, it is "diamagnetic" for atoms in
stretched states but can also be "paramagnetic" for atoms in precession states while for the
Lorentzian-type field dependence, which without transitions only pertains to precession
states, it can have either sign in same amounts so that it will cancel out in a bulk.
The fact of a common field dependence makes the opposing cases akin to "ferromag-
netic" behavior, but its form and independence of temperature tell the opposite. Being
of purely dynamical origin because of exclusively pertaining to nonstationary states,
it cannot be obtained by clinging to the "stationary-states-only" doctrine and apply-
ing time-independent first-order perturbation theory with a magnetic moment that
expressly is the unperturbed one at zero field strength36. This perturbation-theory ap-
proach of the paramagnetic susceptibility rests on differences of the thermal occupa-
tion of the eigenstates. Using Boltzmann statistics, it is meant to reproduce Curie's law

34 [103, p3]
35 [103, p91]
36 [103, pl44]
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of an inverse dependence on temperature for the susceptibility of a bulk of paramag-
netic atoms37. In our case, room temperature corresponds to a thermal energy kT that
is about 3.4 x 103 times the hfs splitting in Ag and 4.4 x 103 times in H. Thus, at ambient
temperatures, the Boltzmann factor cannot produce any significant differences in the
occupation of the energy eigenvalues in the field. Consequently, the established the-
ory, which concedes measurable properties only to eigenstates, would predict a van-
ishingly small paramagnetic susceptibility because, without different thermal weights,
all contributions cancel out38. And, sure enough, what we found is not a feature of
physically stationary states.

3.7.8 The implications

More convincingly than for the Kepler problem dealt with in Part I of ref. [1] the al-
lowed transition frequencies between all stationary states have not only been identi-
fied as the eigenfrequencies but also as the necessary simultaneous ingredients for the
correct description of the spatial and internal motions of the atomic total magnetic
moment. In high fields, as we have pointed out, the four frequencies shaping the trans-
verse motion split into groups of two with sharply different influence. We have also
pointed out that the weighting influence on the eigenfrequencies is opposite for the
two contributing magnetic moments. However, as these moments differ by a factor
of about 1.32 x 103 in H and 3.06 x 104 in Ag, the transverse and longitudinal motions
are almost exclusively determined by the heavily weighted frequencies related to the
electronic magnetic moment. Thus, we can imagine that a radio-frequency (rf) field,
which has both its wave vector and the linear polarization of its B field perpendicular
to the direction of the static external B field, would resonantly couple most strongly to
the frequencies o>ii4 and cu3i2 that are related in the field to the biggest transverse com-
ponents of the electronic magnetic moment while the marginal influence of the nuclear
magnetic moment becomes even the more negligible the higher these frequencies grow
with the field according to Eqs. (3.130b) and (3.130d) as well as Fig. 3.3 on page 108.

As for the second pair of eigenfrequencies o>ii3 and o>2,4, which determine the transverse
motion, become equal to half the frequency equivalent of the hfs splitting according
to Eqs. (3.130a) and (3.130e) as well as Fig. 3.3 and, thus, lose their discriminability in
high fields, above-given ratios would usually make exorbitantly high fields necessary
in order to overcome the very slowly decreasing electronic amplitudes and make es-
sentially the nuclear magnetic moment drive a transition at these frequencies: in W7Ag,
e.g., B = LOT corresponds39 to about x = 16. So, genuine nuclear magnetic resonance
(NMR) is not feasible with vastly differing gß values40. Notwithstanding this fact, the
frequencies o>ii3 and 0̂ ,4 have been attributed to weak NMR transition lines41.
On the other hand, if the polarization of the rf B field is parallel to the static magnetic
field, only the oscillation of the longitudinal component, as given in general terms on
page 119 by Eq. (3.148), can resonantly be driven by an external rf field with the en-

37 [103, pp89,231-236]
38 [103, ppl44,181]
39 [91-93]
40 [23, p58]
41 [23, p72]
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hanced nutation frequency w3)4 = 4cou\/l +x2. This frequency also rises linearly in
high fields but the excitation of the longitudinal mode becomes less effective due to its
field-dependent decrease. Here as well, the additionally amplitude-lowering effect of
the nuclear part is negligible.
In high fields, these are the features that have also been found experimentally in elec-
tron spin resonance (ESR) and nuclear magnetic resonance (NMR) experiments42. En-
couraged by the fact that in very high fields all energy eigenvalues of Eqs. (3.11a)
through (3.lid) on page 65 can asymptotically be squeezed into the same formal re-
lation

E°° = H2AK • Mj Mi + gjßBB • Mj + gißNB • Mt , (3.150)

it has been concluded that in such high fields electronic and nuclear spins are fully de-
coupled and, thus, independently precess about the direction of the field without being
able to form a resultant total angular momentum. This conclusion has been supported
not only by the fact that, as discussed in section 2.10.3 of Part III, the eigenvectors in
the field asymptotically tend toward the respective "uncoupled" basis vectors, but also
by the calculation of the Ml transition matrix elements in which, as part of this calcu-
lation, one has to transform into the "uncoupled" basis set because the operator of the
total magnetic moment consists of the sum of the two constituent ones, and these act
independently on the respective parts of the basis vectors. However, even though these
conclusions have been drawn under the impression of the results for the longitudinal
case, we shall show in the next section that this is only possible with transverse field
components.
The field-dependent parts of the transition probabilities, which are proportional to the
absolute square of the transition matrix elements and, thus, determine the line intensi-
ties, are found to be in agreement with the dominant parts43 in Eqs. (3.140), (3.141), and
(3.148) on pages 114, 115, and 119, respectively. The subordinate parts in these equa-
tions are not being accounted for by the transition probabilities given in textbooks44

because hitherto only the case of a longitudinal external field has been dealt with. An-
other feature, which these transition probabilities cannot reproduce for the same rea-
son, is the internal orientational dependence of each transverse component of the total
magnetic moment that is related to a respective eigenfrequency.

3.7.9 Examples illustrating the total magnetic moment's spatial mo-
tion in an arbitrarily oriented external magnetic field

Now, it is about time to do something for a better and more comprehensive under-
standing of the spatial motion of the total magnetic moment by illustrating what is
going on. We have already mentioned before that in an arbitrarily oriented external
magnetic field this motion consists of the underlying Larmor precession superimposed
on which is a multi-frequency oscillation of the coupling angle, which is effected by
9ißN i1 9jßB- What results is a very complicated spatial motion that the atomic total
magnetic moment performs in an external magnetic field with transverse components

42 [23,104,105]
43 [23 , pp56,73]
44 [23, p73]
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relative to the atomic frame of reference. Eqs. (3.140), (3.141), and (3.148) on pages 114,
115, and 119, respectively, do not fail to convey the impression that this a complex
motion. It is complicated, indeed, because in the most general case the field-inflicted
oscillation of the coupling angle causes concomitant oscillations of the magnitude of
the total magnetic moment, i.e., of the length of its vector, as represented by the square
of its general expectation value. This has already been indicated in general terms by the
time dependence of this square as given by Eq. (3.124) on page 104.

Although quite complicated in the most general case, especially because it is repre-
sented as how it is being experienced in the atomic frame of reference, the motion is
easy to understand if it is reduced to the underlying basic one. This reduction can be
achieved by considering the case of identical magnetic moments associated with iden-
tical angular momenta that couple. Taking this case as a first consistency check and
also keeping in mind in this respect that equal magnetic moments imply the vanishing
of the parameter x, we find all relations strongly reduced.

The case of equal magnetic moments

Even before going into details, we immediately realize in Eq. (3.143) on page 117 that
when we put gjßN = gjßß the longitudinal oscillation vanishes leaving for the longitu-
dinal component only a constant term, which becomes with the help of Eq. (3.147) on
page 119

(3-151)

+1

Multiplied by — B this would be equal to the Zeeman contribution of Eq. (3.92) on
page 89 how it also appears correspondingly in the total total energy of Eq. (3.98) on
page 93.

The transverse degrees of oscillatory freedom are also strongly reduced: First of all, the
relations featuring the frequencies o>ii4 and o>2i4 that could make trouble cancel out for
gjfiN = gjßß in Eqs. (3.140) and (3.141) on pages 114 and 115 because equal magnetic
moments also mean x = 0, and this makes all field-dependent amplitude parts of the
transverse oscillation modes equal to unity. The remaining frequencies in these expres-
sions become, according to Eqs. (3.126a) and (3.126d) on page 105, w13 = 0*3,2 = U>B-
Thus, with only the Larmor frequency left over, the amplitude of the cos wB^ part be-
comes, according to Eqs. (3.136) through (3.139) on pages 112/113, the real part of

S!(0, $) + di(0, <E>) + s2(G, $) + d2(0, $) = 2[Ax^{Q, $) + Ax^(ß;&)\ while the ampli-
tude of the sin uBt part becomes the imaginary part of si(0,<fr) + ^ ( 0 , $ ) - s2(0,$) -
d2(O, $) = 2 [Ax-xiß, $) - Ax-^Q, $)], and we obtain instead of Eq. (3.140) on page 114



124 Continuous quantum mechanics ... Parts III and IV

- 2 (3.152a)

and instead of Eq. (3.141) on page 115

{r{t) }e = 9JVB [2

where

(3.152b)

(3.153a)

= V2
B

1-1+1/2

and

2 ö (3.153b)

+2 9 - 2 9 0-1/2A'_

have been obtained from Eq. (3.132a) on page 109. In these relations, the unfitting
terms containing the products ^i±i/2^±iTi/2 °^ ̂ e irüti3! amplitudes have not been
omitted. They drop out "voluntarily" because of fortunately always being related to
the "right" axes in the complex plane that; are not being called upon.
We have already pointed out that there is no longitudinal oscillation. Now, we see that
the transverse motion only features a single frequency, the Larmor frequency u>B. This
shows that there is no oscillation of the coupling angle any more and that the coupling,
as we mentioned earlier, has become rigid.
Another point worth mentioning, which is a consequence of this rigidity, is the occur-
rence of B± in the denominator of the factors in front the expressions containing B±1 in
the relations of Eq. (3.153). This makes the dependence on the polar angle 0 cancel out
in the transverse components for giß^ = gj/ie- On the premise of the restricted form
of the condition of normalization in Eq. (3.64) on page 79 only the stretched states can
make a Larmor precession because only they have a nonzero magnetic moment. How-
ever, as we learn here, dynamical situations can be prepared in the field - and only in
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the field - that one might call a mixture of stretched and precession states. The reason for
this possibility is obvious: It takes the stretched states as a necessary ingredient because
only they have the nonzero magnetic moment.
The fact that the oscillation of the coupling angle is brought about by gißN ^ gjßß can
also be demonstrated by the absence of any periodic exchange of energy for gj/j,N =
gjßB- This exchange has been given much attention in sections 2.5 through 2.6.1 of
Part III and by Eqs. (3.92) and (3.93) on page 89 here. Accordingly, as
implies x = 0,

(3.154a)

(3.154b)

we see that there is no exchange at all. This makes such systems physically stationary
at all times because the tip of its total magnetic moment performs a uniform circular
motion.
While the result for the Zeeman energy can directly be read from Eq. (3.151), as men-
tioned, the expression for the hfs energy needs some further attention: Addition and
subtraction of a4 makes the expression in parentheses, according to Eq. (3.63) on
page 79, equal to |Afl_1/2|2 + |A_1+1/2|2+ |v40-i/2|

2 + |^+i/2|2 -4 |a 4 | 2 . However, for
x = Owe obtain, according to Eq. (3.58) on page 76, | off \ — \\A 0-1/2 —-<4+1/21 , so that

- |Ao-o-i /2 | 0+1/2

.(3.155)

This is exactly the first part of the total energy in Eq. (3.98) on page 93. A comparison
of the remaining Zeeman part with Eq. (3.151) shows that the last part containing the
absolute squares \AoTi/2| of the precession states's initial amplitudes is missing. The
reason is simple: Belonging to Mp = 0 but not being able to change the coupling angle,
the precession states cannot contribute to the Zeeman energy on their own because their
constituent magnetic moments cancel out each other.
For this reason, we take the stretched states as representatives because only they see their
energies independently changed in an external magnetic field when gjßN = gjßß'- In a
very classical way, this turns Eqs. (3.151) and (3.152) into

(3.156a)

(3.156b)

(3.156c)smu.Bt.

Thus, with these relations for equal constituent magnetic moments inserted on page 103
into Eq. (3.116), the general expectation values of the Cartesian components of the total
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magnetic moment are obtained as

(3.157a)

(3.157b)

(3.157c)

Illustrating Eq. (3.157) for J4+1_1/2 = 1 as a function of time for two different field
strengths but for the same orientation of the field direction relative to the atomic frame
of reference, Fig. 3.5 shows the main two features of the Larmor precession how they
will also be presented in upcoming illustrations. In order to make it comparable to a

equal magn. moments: |1,+1> @ 10"2T, 0=K/6, <P=K/3 equal magn. moments: |1,+1> @ 10°T, 0=jt/6, <t>=n/3
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Figure 3.5: The projections of the time-dependent traces of the total magnetic moment's
Cartesian components for equal constituents during their spatial motion in low (left part)
and high fields (right part) as projected onto the z axis and x-y plane of the atomic frame
of reference. For further details cf. text.

real case, e.g., silver, we have used the same coupling strength as for silver. In this
context, we have to recall our starting point, namely, that it is the atom's frame of
reference from where we observe how the dynamics evolve. With the arbitrary choice
0 = | , $ = | for both, the field is 1(T2 T in the left part and 1T in the right part of the
figure. The left pictures in each part of Fig. 3.5 depict (A4e

z
q(t)) while the right pictures

show how the phase shift between (Mlg(t)) and (MyQ(t)) makes the tip of the total
magnetic moment's vector move on an ellipse in the atomic x-y plane. Although the
corresponding parts in the figure seem identical at first glance, note that the durations
of their time windows differ by the factor 100 showing that only the frequency of the
Larmor precession has linearly increased with the field strength by this factor.
How the traces in Fig. 3.5 come about as a result of the projection of the spatial motion
is sketched in Fig. 3.6 on the opposite page, which illustrates the classical Larmor pre-
cession: As the field direction is tilted relative to the x — y plane, the precession of the
magnetic moment about this direction makes the tip of its vector describe an oblique
circle above that plane. The projection of this circle onto the x-y plane produces
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Figure 3.6: Sketch of the classical Larmor precession of a magnetic moment M about the
direction of the magnetic flux B.

an ellipse there, which is periodically run through with the Larmor frequency UJB of
Eq. (3.52) given on page 74. The projection of the tip's circular motion onto the z axis
is perceived there as an oscillation with the same frequency. This is indicated in the
figure by a double-headed arrow on the z axis. This oscillation is the reason holding
generally, that Mp cannot be a good quantum number if B± ^0.
Thus, these figures make clear what happens when the constituent magnetic moments
are identical: As expressed on page 103 in Eq. (3.116) by the first parts containing
{p (t)}r the field tries to align the resultant total magnetic moment along its direction
but the total angular momentum it is associated with, experiences a torque that makes
it evade this would-be directional change perpendicularly. Behaving exactly like the
angular momentum of a classical symmetric top, the general expectation value of the
vector of the total magnetic moment performs a Larmor precession by moving about
the field direction on a precession cone the axis of which is that direction. Projected
onto the x—y plane, the size and ellipticity of the circular Larmor motion depend on
the dynamic opening angle of the precession cone. As we shall see farther below, this
opening angle is constant and identical to the polar angle 0 between the atomic axis of
quantization and the direction of the field only for rigid magnetic moments.
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Thus, for two identical constituent magnetic moments, the identity with the classical
Larmor precession is without question. It demonstrates that the resultant total mag-
netic moment behaves in this case as though it were rigid in the field. This rigidity
originates, as mentioned, from the Hamiltonian of Eq. (3.1) on page 61 and expresses
itself, according to Eqs. (3.157), by a constant length of the general expectation value of
the total magnetic moment's vector

W ( 2 p)2 (3.158)

Thus, equal magnetic moments associated with equal angular momenta obviously ex-
perience identical pulls and torques in the field. Not able to unbalance the coupling,
the field leaves the resultant total magnetic moment constant.
Another important feature intimately related to this independence from the field is that
for equal magnetic moments only the stretched states, as remarked before, have a resul-
tant total magnetic moment of their own, which the field can interact with. That this is
not the case for the precession states is simply a consequence of the fact that their wave
functions consist of linear combinations of spin sublevels that always compensate their
spin orientations to zero. This is why, as mentioned, the related energy eigenvalues of
Eqs. (3.11c) and (3.lid) on page 65 are independent of the field for p///jv = 9J^B-
For identical magnetic moments, the resultant vector's motion on the mantle of the
precession cone can be decomposed into a constant longitudinal component parallel
to the field direction and a perpendicular one circling around about this direction with
the Larmor frequency wß. Clearly, when the components of Eq. (3.157) are multiplied
by those of the external field in a scalar product, only the longitudinal component can
contribute to the potential energy in a static magnetic field

(H*eeman'eq) = - ( (M e < ? (*)) -B) (3.159)

= + 9JPB[\ -4+1-1/2 I2 - | -4-1+1/2 I 2 jBcos0 .

In compliance with Eqs. (3.117) and (3.118) on page 103 this shows that for rigid mag-
netic moments the precession does not matter energetically in a static field. This is in
full accordance with what we would have obtained using classical magnetostatics.

The general case of different magnetic moments

In our actual case of Ag or H, however, the total magnetic moment of these atoms is
not rigid. Due to sharply different magnitudes, the constituent magnetic moments ex-
perience very different pulls by the field that manifest themselves as different torques
on the angular momenta they are associated with. Offsetting the balance between the
internal' torques that made stationary states possible in a field-free environment and en-
tailing periodic changes of the coupling angle during the circular Larmor motion, the
different pulls make, as Eq. (3.124) on page 104 shows in conjunction with Eqs. (3.136)
through (3.141) on pages 112 through 115 and Eq. (3.148) on page 119, the magnitude of
the resultant total magnetic moment oscillate and, concomitantly, that of the total angu-
lar momentum. As a result, both the projection onto the x—y plane and the z axis show
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additional oscillations with frequencies that, according to Eq. (3.116) for the Cartesian
components of the total magnetic moment on page 103, are contained in {p(t)}, {q(t)},
and {r(t)} of Eq. (3.115). In {q(t)} and (r(i)}, they are superimposed on the basic
circular motion with the Larmor frequency U>B in the plane perpendicular to the field
direction. This plane, however, is no longer stationary but also oscillating due to the os-
cillation of the magnetic moment's magnitude as manifested by Eq. (3.124) on page 104.
Contained in these expressions is also an oscillation of the precession cone's opening
angle the amplitude of which depends on the initial conditions and the field strength.
This will be seen in upcoming illustrations. In comparison with the Larmor precession
of a rigid magnetic moment, the additional oscillatory features originate here from a,
so-to-say, "spring-loaded" joint between the constituent magnetic moments.
While, as we have seen on page 103 in conjunction with Eq. (3.118), only the longitudinal
part with {p(t)} can contribute to the magnetic dipole energy in a static field and, so,
can take part in the periodic exchange with the hfs energy of Eq. (3.93) on page 89, the
time dependences {q(t)} and {r(t)} are responsible for transverse oscillatory motions
of the same origin. On page 104, this fact can also be inferred from Eqs. (3.121)/(3.122)
describing the components of the field-imposed torque. For this torque, according to
Eq. (3.120), only those components of the magnetic moment matter, of course, that are
perpendicular to the field direction. Driving the precession, the frequencies occurring
in {q(t)} and (r(£)} are characterizing the transverse oscillations. But neither these
frequencies nor the frequency of the longitudinal one are relevant to the total energy in
a field of given strength as long as radiative energy gains or losses due to stimulated
absorption or emission of radio frequency (rf) radiation as well as spontaneous Ml
transitions are not included in the Hamiltonian of Eq. (3.1) on page 61. Therefore, in
the approximation of a closed system, all oscillations are simultaneous but loss-free.
As announced on page 79 in conjunction with Eq. (3.64), we shall not illustrate the most
general case but concentrate on those configurations that in a field-free environment
constitute stretched states or precession states of the hfs interaction.

The dynamics of the total magnetic moment initially prepared in stretched states

We begin by assuming that we have prepared stretched states in environments of dif-
ferent, but well-defined field strengths. This means that we shall admit only initial
amplitudes that conform to Eqs. (3.64a) and (3.64b) on page 79. As a result, the rela-
tions of Eqs. (3.136) through (3.139) on pages 112/113 are not only strongly simplified
but, additionally, they also coincide pairwise in this case

^ ^ 2 ) (3.160a)

(3.i60b)

It is apparent that these field-independent parts of the transverse oscillation amplitudes
are real. As Eq. (3.64) allows either | A+i-i/2 |2 = 1 for a positively stretched state or
| A-i+i/2 |2 = 1 for a negatively stretched state but not both simultaneously because
they are zero-field stationary states, we can further simplify our notation by indicating
in the superscript, according to the value of Mp = ±1 for the stationary case, the
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positively and negatively stretched state by (1, ±1), respectively. Then, the transverse
time dependences to be inserted into Eq. (3.116) on page 103 read

{«<«)} = B x - 1

1+-

+ [ 1 -
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0+x2
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(3.161)

(3.162)

The time dependence of the longitudinal component, as obtained from Eq. (3.148) on
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page 119 with the help of Eq. (3.144a) on page 118, equally becomes much simpler

(3-163)

9HJ-N \ Bo

With the same sign convention as above it then reads for |^4±iTi/21 = 1

<3164>

As a first consistency check of above relations we may consider the situation at the
time of preparation t — 0:

{p(«=ö)}(l.±l)

= -J-

Bz

^

= 0 .

Insertion into Eq. (3.116) on page 103 then yields

0)) = 0,

0)) = 0,
_ * \ J- /

(3.165a)

(3.165b)

(3.165c)

(3.166a)

(3.166b)

(3.166c)

(3.166d)

There is no doubt that Eq. (3.166c) represents the total magnetic moment's general ex-
pectation value of a positively or negatively stretched state, respectively. This shows
again that what is usually being called its z component is the magnetic moment itself,
indeed, when it is in a physically stationary state.

A comparison of Eq. (3.166c) with Eq. (3.165a) makes clear that the sum of the first
stationary terms in each line of Eq. (3.164) is the projection onto the field direction of
the regular magnetic moment that the atom would have in the field if the total magnetic
moment of a stationary stretched state would not be composed of its constituents and,
thus, only show the classically known behavior of a rigid one.
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The second terms in Eq. (3.164), however, which not only make up the difference of the
magnetic moments but also depend on it explicitly via the field parameter x and, so, si-
multaneously make it a function of the field, oscillate about a time-averaged value that
is single-signed. This is the above-mentioned term responsible for the dynamical, field-
induced magnetization. It describes a totally new dynamical property, an individual
atomic magnetizability, hitherto not known to exist in atoms. This property originates
from the difference of the constituent magnetic moments. Dynamically, its stationary
value corresponds to a warped coupling angle that results from the unbalancing pulls
as the time-average of the so-driven oscillation. The effect is single-signed because the
magnetization is always antiparallel to the direction of the field for gjfj,B > 9IVN, of
course.
Furthermore, the atomic magnetizability has a dispersion-type field dependence. This
is an important feature in conjunction with the field-enhanced nutation frequency of
Eq. (2.21) on page 12 of Part III and Eq. (3.126c) on page 105 here that drives the lon-
gitudinal oscillation. Such a field dependence seems to indicate an inertia-type behav-
ior: As long as an increase in field strength is limited to the low-field region, i.e., to
small x, the amplitude of the oscillation of the coupling angle is able to linearly follow
the increase of this field-dependent nutation frequency, which, according to Fig. 3.3
on page 109 grows only slightly nonlinearly in that range. However, as the coupling
magnetic moments are associated with the respective masses of the magnetically in-
teracting particles, one might think that at some field strength, for reasons of inertia,
the oscillation amplitude cannot follow the rising frequency any longer. So, upon fur-
ther increase, the growth of the amplitude slows down, comes to a standstill at the
maximum for x = 1, and then becomes negative when its amplitude drops off.
The true reason for this behavior, however, is that with rising field strengths the con-
stituent magnetic moments, especially the much larger one of the electronic spin, are
more and more tightly bound to the field. This makes the coupling stiff er and has a
corresponding effect on the time average of this oscillation mode, the magnetizability.
This interpretation of the second term is also supported by its angular dependence: In
an atomic stretched state the coupling angular momenta are both aligned with maximal
components of the same sign along the atomic z direction. For B± = 0, even differ-
ent pulls in this direction cannot change an alignment that quantum mechanically is
the utmost possible. The situation is different, however, if these pulls have a trans-
verse component due to B± ^ 0. Then the field can exert its unbalancing action on the
coupling. Like the string on a violin, in order to make it sound, we have to excite it per-
pendicularly. This explains why in stretched states the atomic magnetizability depends
on B\/B2 = sin20. Even in more complicated cases, this explanation pattern will hold.
For a positively stretched state and different field strengths, Fig. 3.7 on the opposite page
illustrates the effect of the field-dependent time dependences in Eqs. (3.161) through
(3.163) after insertion into Eq. (3.116) on page 103. The different field strengths increase,
apart from the case of B = 5x10~2 T, consecutively by a factor of 10. The figure displays
the different cases in the same fashion and for the same angles 0 = TT/6 and $ = TT/3 as
Fig. 3.5 did so on page 126 for equal magnetic moments. For each field strength, there
are two pictures: the left ones always show (Mz(t)) while the right ones illustrate the
motion of the tip of the total magnetic moment's vector how it is being projected onto
the atomic x—y plane due to the phase shift between (A4x(t)) and {My(t)).
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Figure 3.7: The projections of the time-dependent traces of the total magnetic moment's
Cartesian components in l07Ag during the early periods into their spatial motion in a field
increasing in strength at the fixed values of 1CT4 T, 1CT3 T, IGT2 T, 5 x 10"2 T, KT1 T, and
LOT (from top left to bottom right) with an arbitrarily chosen spatial orientation relative
to the atomic frame of reference of 0 = TT/6 and $ = 7r/3. For all field strengths, the left
pictures depict the projection onto the atomic z axis, the right ones that onto the atomic
x-y plane, and the atom was always prepared with A+1_i/2 = 1 to initially occupy the
posit ively stretched state \K;F — 1,MF =+1).

As an overall impression, this figure allows to directly follow the evolution especially
of the transverse motion as a function of the applied magnetic field. How this motion
develops in different magnetic environments will be discussed in detail now:
For very low field strengths of about 10~4 T, the x and y components still move on a
seemingly unperturbed ellipse because the internal oscillations of the coupling angle,
which are also projected onto the x — y plane, are still very small. This conveys the
impression as though the total magnetic moment were rigid in this case. And, indeed,
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since B very small is equivalent to gjßB ~ 9ißN in the field parameter x this is the be-
havior that Eqs. (3.161), (3.162), and (3.164) on pages 130 and 131, respectively, suggest
for x < 1

, (3.167a)

7={gjßB + 9i^N)^cosüjBt, (3.167b)

' %l ±( )±sinu}Bt • (3.167c)

When these relations are compared with those of Eq. (3.156) on page 125 for the rigid
magnetic moment they are found to be totally equivalent. This also holds for the length
of its vector in Eq. (3.158) on page 128, which here reads

(M^(t))2 *£ ±{gJßB + g^N)2 . (3.168)

Already at 10~3 T, however, the inner oscillations become visible as a jitter of very
small but much faster vibrations. With increasing field strength, the Larmor frequency
eventually becomes larger than the frequencies of the inner oscillations. Thus, at high
fields of 1T the motion is again dominated by the Larmor frequency. The Larmor
ellipse, however, shows a limited, periodic in and out spiraling that makes the ellipse
smear out in the x—y plane as a result of the still present but now comparatively slow
internal motion with RJ 2UJA of Eqs (3.130a) and (3.130e) on page 108.

A closer look at the other extreme case x » l reveals how this pattern comes about

(1'±1) *>i f l , *B2 1, v B\
T< {gß + gfi)-ß + ^{9jßB gßN)

(3.169a)

+ - ^ | ( l ± - ^ ) + ( l T - ^ ) | c o 8 2u,At } , (3.169b)

B7

B± { ( Bz \
± —-= < gjiiß I cos 2ujßt cos 2u)At =F -5- sin 2ujßt sin 2cüAt 1

BV2{ \ B )

B

where the asymptotic frequencies of Eq. (3.130) on page 108 have been used. It is ev-
ident that in the asymptotic range the transverse motion of the electronic part is dom-
inated by a Larmor precession with twice the Larmor frequency 2uB and fed by two
counterrotating contributions with different amplitudes. Superimposed on this preces-
sion is a residual oscillation of the coupling angle with the frequency 2U>A- Obviously,
the nuclear part is decoupled because it is not able to follow the fast Larmor preces-
sion but rotates with only the frequency 2u>A in opposite directions and with different
amplitudes.
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So, the loops at IT are run through at twice the Larmor frequency and the residual
spiraling goes at half the frequency equivalent of the hfs splitting. Due to the Lar-
mor frequency's increase with the field strength, soon LUB » uiA so that the coupling in
stretched states seems to asymptotically become physically stationary with a rigid-type
Larmor precession. This is not the case, though, because the spiraling persists.
The traces in the x — y plane look somewhat bewildering in the case of B = 1CT2 T.
What may irritate at first glance are the narrow loops that can be recognized in the
right picture displaying the projection onto that plane. However, we have to keep in
mind that the motion of the total magnetic moment's tip is three-dimensional and that
the projection of a sudden upward or downward movement, which is also visible in
the projection onto the z axis, may appear in the x—y plane even as a kink.
All traces, but especially those in the x — y plane, are strongly influenced by how the
amplitudes of the different transverse oscillation modes develop as a function of the
external magnetic field. Similar to Fig. 3.4 on page 116, Fig. 3.8 depicts the field de-
pendence of the total magnetic moment's transverse and longitudinal oscillation modes
when the atom would initially be prepared in a positively stretched state. For an assess-

x+ 1

-0.5

Figure 3.8: The field dependence of the transverse and longitudinal oscillation modes
for stretched states. Where curves group together and tend indistinguishably toward a
common asymptote the first relation refers to the upper curve, the second to the lower
one, respectively. Drawn as a light solid line, the dispersion curve only applies to the
longitudinal component, x — 16 corresponds to about B — IT in 107Ag, cf. [91-93].

ment of what is being displayed in Fig. 3.7 for high fields we have to remember what
we have mentioned earlier, namely, that B = IT corresponds45 to about x = 16 in W7Ag.
Now, Fig. 3.8 is telling us that the return to Larmor-type-precession behavior at 1T is
related to the fact that in high fields only those electronic transverse oscillation modes

45 [91-93]
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survive (the nuclear ones do not matter anyway) that go along with the frequencies
^IA(X > 1) ~ 2O>B + 2UA and 0^2(2 > 1) ~ 2uB — 2U>A clearly dominated by the Lar-
mor frequency. This is what we are also seeing in Eq. (3.169). These frequencies have
already been analyzed on pages 108/109 in Eq. (3.130) and Fig. 3.3, respectively.

Eqs. (3.161) through (3.164) on pages 130 and 131, respectively as well as Figs. 3.7
and 3.8 show that the spatial Larmor precession of an atom's magnetic moment in a
stretched state can fully be described by simultaneous, but varyingly field-dependent
and, so, differently strong vibrations on all allowed eigenfrequencies. Under the un-
balancing influence of the external field on the coupling magnetic moments of different
magnitudes, the field-imposed oscillations of the coupling angle are superposed on the
regular and uniform Larmor motion. However, this unbalancing action, as can be easily
recognized in Eqs. (3.161) through (3.164), is only possible here with transverse field
components. Longitudinal fields leave it in a physically stationary state.

The total magnetic moment's dynamics in precession states

The next step is to address the precession states in general terms. They represent the
second category of possible initial states whose behavior in the field we want to look
into more closely.
As long as transitions are excluded, these states are characterized by those initial am-
plitudes that comply with the third form of the condition of normalization, Eq. (3.64c)
on page 79: |̂ 4 0-1/21 + | A 0+1/21 = 1- We distinguish this form by an "o" in the super-
script in order to indicate that it would belong to Mp = 0 in a longitudinal field.
As regards the transverse motion under this condition, the abbreviations of Eqs. (3.136)
through (3.139) on pages 112/113, which are responsible for the field-independent
parts of the transverse oscillation amplitudes, become significantly simpler

+ A

An-0-1/2 I
Bo

L 0+1/21V -
/ SD

0-1/2 + A

0+1/2

0+1/2

1 0+1/2

A 0-1/2A 0+1/2 } •

(3.170a)

(3.170b)

(3.170c)

(3.170d)
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Simplified are also the parts determining the longitudinal motion that were given by
Eqs. (3.144), (3.146), and (3.148) on pages 118 and 119, respectively,

f (3.171a)

1 ß o r
0+1/2

With these quantities the time dependence of the longitudinal oscillation mode looks
like

(3.172)

1 .
J

The variability of the initial amplitudes within the limits of the condition of normal-
ization |̂ 4 0—1/21 + | A o+i/21 = 1 makes atoms in precession states statistically the most
numerous species.
We begin our investigation into how these species behave in an arbitrarily orientated
magnetic field by assuming that the atoms initially occupy the hyperfine-structure
eigenstates \K; \, \\ F = 0, MF = 0) and |re; | , | ; F = 1, MF = 0), which represent the
physically stationary situations of this interaction in afield-free environment.
Example (1): We start with the lower hfs eigenstate \K\ \, \\ F = 0, MF = 0), which
has no resultant total angular momentum and, therefore, no total magnetic moment
although it is composed of two magnetic moments of strongly different magnitude.
With no resultant total angular momentum, the action of the field cannot provoke a
perpendicular Larmor motion by which a nonzero total angular momentum would try
to evade that action. Therefore, as the Clebsch-Gordan coefficients46 that apply to this
state are 4̂ 0-1/2 = —--4 0+1/2 = l/\/2, a look at Eq. (3.170) immediately makes clear that
this is the case, indeed, and that these atoms cannot show any transverse motion of their
total magnetic moments because the vanishing of sf'°\<d, $) = df'0)(Q, $) = 0 for any
j = 1,2 effects, according to Eqs. (3.140) and (3.141) on pages 114 and 115, respectively,

that {g(i)}(°'0) = {r(t)}m = 0. Thus, as a consequence of Eq. (3.116) on page 103, this
type of atoms can only have an induced total magnetic moment in the direction of the
field

<M(*)> = !{p(i)}(°'0) (3.173)

because, as a matter of fact, due to its rotational invariance this state cannot have a
directional preference of its own and, therefore, the induced magnetic moment can
only oscillate longitudinallyr with the field-enhanced nutation frequency of Eq. (3.126c)

46 [24, pp37,125], [25, pp35,36]
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on page 105. That this is really an induced magnetic moment becomes doubtlessly
clear when we take a closer look at the time dependence of the longitudinal motion

f

\P(t)
(0,0)

— cos oJz^t) (3.174)

where the magnetizability term is the most outstanding feature. Here, we see again
that this could not happen for identical constituent magnetic moments.
As an induced quantity in an isotropic body the total magnetic moment can only os-
cillate linearly along the field direction. Accordingly, the projection of this motion onto
the atomic x—y plane is perceived there as a periodically run-through straight line. This
is depicted in Fig. 3.9, which displays, representative for all, the case of B = 10~2 T.

107Ag magn. moment: |0,0 > @ 10'2 T, 0=K /6 , 3>=JI;/3

< Mz(t) >AiB < My(t) >/[xB

0.05

0 1

Figure 3.9: The projections of the time-dependent traces of the total magnetic moment's
Cartesian components in 107Ag, which was originally prepared in the field-free hfs eigen-
state \K;F = 0, MF = 0), during the early periods into their spatial motion in a field of
B = 10~2 T and with an arbitrarily chosen spatial orientation relative to the atomic frame
of reference of 9 = n/6 and $ = TT/3. The left part depicts the projection onto the atomic
z axis, the right part that onto the atomic x - y plane.

For varying field strengths, the magnetization only changes the magnitude of the time-
averaged induced magnetic moment and equally the oscillation amplitude according
to the dispersion-type field dependence.
Example (2): We now turn to the second state that is physically stationary in a field-
free environment. Represented by the eigenfunction K; | , \\ F = 1, MF — 0), this is
the -precession state that only emerges from the linear combination of the sublevels
if the initial amplitudes coincide with the respective Clebsch-Gordan coefficients47:
-4 0-1/2 = 4̂ 0+1/2 = l/\/2. This state has a non-vanishing total angular momentum but
nonetheless does not seem to have a resultant total magnetic moment, at least none that
is observable in an energy representation as a non-vanishing component along the quan-
tization axis. Even under spherical symmetry, which allows the direction of this axis to
be freely selectable, it is the only direction in space that is relevant to an energy represen-
tation under these circumstances because the wave functions of the angular momenta,

47 [24, pp37,125], [25, pp35,36]
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which serve to establish the centrifugal barrier as an additional potential energy in the
separation process (cf. section 2.8 in Part I of ref. [1]), are only defined with regard
to this direction. So, if in this case MF — 0 would mean that only the projection onto
the atomic z axis vanishes there should be a nonzero total magnetic moment pointing
somewhere perpendicularly to this axis. Then, it should show up in a magnetic field
whose direction is different from that of the quantization axis as not being only brought
about by magnetization.
For the time dependence of the longitudinal motion, Eqs. (3.171) and (3.172) on page 137,
respectively, provide for the case of yl 0-1/2 = ^0+1/2 = l/\/2

(1,0)
(3.175)

This relation clearly shows that longitudinally there is only an induced magnetic com-
ponent.
In the present case, the existence of a nonzero total angular momentum should im-
mediately become visible once the field has a transverse component B^: Only then
the field can exert a torque on the angular momentum. An additional prerequisite
for this to happen is that above-mentioned initial amplitudes make sure that the field-
independent parts of the transverse oscillation modes do not vanish but reduce to

R R

(3.176)

Then, effecting that the time dependences {q(t)} and {r(t)} of the transverse mo-
tion do not vanish either, they make the total magnetic moment perform an involved
Larmor precession as expressed by the following relations

xl(i,o)

1+ x — I--) ~cos(2ujA-ujB + 2ujA\/Y+x2)t >,•) B \ / JJ
(3.177)
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A comparison with the time dependences of the transverse motions in stretched states as
given by Eqs. (3.161) and (3.162) on page 130 shows that, apart from the change of the
leading sign, ±1 for Mp = ±1 in the second pair of parentheses is replaced by the zero
for MF — 0 in Eqs. (3.177) and (3.178). This may be seen as another proof of consistency.
Like Eq. (3.175) for the time dependence of the longitudinal motion, the time depen-
dences of the transverse motions vanish for x = 0 although they leave no doubt that
there is a Larmor precession in the field. This shows, as already remarked in con-
junction with Eq. (3.175), that it is the Larmor precession of an induced total magnetic
moment. So, our speculation about the possibility of a nonzero total magnetic moment
perpendicular to the quantization axis is proven wrong. Thus, the different behavior of
both hfs eigenstates in the field despite only induced magnetic moments in either case
is definitely related to the absence or presence of an angular momentum, respectively.
It is apparent that at t = 0, the instant of preparation, both types of atoms are in hfs
eigenstates that do not possess a resultant total magnetic moment. Under these cir-
cumstances, an induced magnetic moment only comes about as an intimate part of the
coupling dynamics in the field. For a longitudinal field, both cases for MF = 0 become
special cases of what has been dealt with in Part III. With pulls only along the axis of
quantization, only linear oscillations along this direction are possible. Moreover, apart
from a phase shift by -n both longitudinal oscillations are identical.

How the precession evolves with time is depicted in Fig. 3.10 on the opposite page and
in Fig. 3.11 on page 142, again for the values48 for 107Ag. As especially the traces in the
x-y plane get looking the more complex and entangled the wider the time window, i.e.,

48 [91-93]
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Figure 3.10: The projections of the time-dependent traces of the total magnetic moment's
Cartesian components in W7Ag, which was originally prepared in the field-free hfs eigen-
state \K; F = 1, MF = 0), during the very early periods into their spatial motion in a field
increasing in strength at the fixed values of 10~3 T, 10~2 T, and 1CT1 T (for two different
time windows each) with an arbitrarily chosen spatial orientation relative to the atomic
frame of reference of 0 = n/6 and $ = ?r/3. For each field strength, the left part depicts
the projection onto the atomic z axis, the right part that onto the atomic x — y plane.

the longer we watch, we use two figures to make the circumstances more transparent.
In order to make it easier on the part of the reader to follow what is happening, we start
the illustration of the motions in Fig. 3.10 by depicting for, the field strengths given how
the motions get started from zero and then develop in very early stages. It is clearly
visible how the unbalancing effect of even a low external magnetic field provokes an
oscillation of the coupling angle, which is much faster in low fields of, e.g., 10~3 Tthan
the Larmor precession. This is obvious in both pictures displaying the behavior of the z
component. For the two time windows given, we see that the Larmor frequency makes
the magnetic moment spiral out in the transverse plane. At higher field strengths of
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Figure 3.11: The projections of the time-dependent traces of the total magnetic mo-
ment's Cartesian components in 107Ag, which was originally prepared in the field-free hfs
eigenstate \K;F = 1,MF — 0), during the early periods into their spatial motion in a field
increasing in strength at the fixed values of 1(T4 T, 10~3 T, 1(T2 T, 5 x 10~2 T, 10"1 T, and
1.0 T (from top left to bottom right) with a spatial orientation relative to the atomic frame
of reference of 6 = n/Q and $ = n/S. For each field strength, the left part depicts the
projection onto the atomic z axis, the right part that onto the atomic x-y plane.

1CT2 T, the inner oscillation frequency is still higher than the Larmor frequency, but
the difference is not so dramatic any more. Comparing both pictures showing what
is happening in the x — y plane, we also see that after a field-dependent characteristic
time related to the lowest frequency of the transverse motions the outward spiraling is
reversed into an inbound one. This process is periodic and the out-and-in pulsing is a
general feature. At 10"1 T the Larmor frequency is already higher than the frequency
of the inner oscillation.
Fig. 3.11 covers the development over longer periods of time. It begins at 1 Gauss. At
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this field strength the frequency of the internal oscillation is still very close to the zero-
field hfs frequency49 AUJA = 2TT x 1,712.5 MHz and the induced magnetic moment has
a mean value of about 1.42 x 10~3 \iB- Further on, as we can see here for the longer
periods of time> the much lower Larmor frequency makes the combined oscillation
of the x and y components spiral out from the origin in the x — y plane. Since the
very small longitudinal component along the field direction does not change its induced
mean value nor its oscillation amplitude for a given field strength, the spiraling means
that the total magnetic moment stretches out by increasing the coupling angle. This
leads to a simultaneous increase of the dynamical opening angle of the precession cone
in a way that a very flat, disk-like precession cone about the origin of the z axis is
generated. If we would take consecutively longer time windows we would find that
the disk so obtained reaches its maximal diameter after the first quarter-period of the
lowest frequency component in the transverse Larmor motion and then contracts again
during the second quarter-period, only to dive through the origin and repeat the same
during the second half-period. In higher fields, say, between 10~2 T and 10"1 T, the
above-mentioned kinks become visible in the x — y plane. They indicate fast upward
and downward movements of the magnetic moment's tip during the precession.

In high fields of 1T, the periodic out-and-in spiraling becomes quite regular. This
is corroborated by the total magnetic moment's behavior for x > 1. Then, the time
dependences of the transverse motions in Eqs. (3.177)/(3.178) on pages 139/140 read

% + J- ° gjßB sin 2uBt sin 2uAt
ß V 2 L

(3.179a)
J

cos2u)Btsm2ujAt

?IEE ( s i n 2ujAt + sin 2uAt)\ (3.179b)

where use has been made of the asymptotic frequencies of Eq. (3.130) on page 108. This
equation shows again that the nuclear spin cannot follow the fast Larmor precession
of the electronic one and, so, its transverse motion is decoupled.
In this range of field strengths, according to Eq. (3.175) on page 139, the amplitude of
the longitudinal oscillation mode behaves as

) x* ~{9jßB - 9il*»)j^jjkO- - c o s 2 ^ ) • (3.180)

because, as we remarked on page 108 in conjunction with Eq. (3.130), in very high
fields 4O>AV/1 + x2 x« 2uB. Obviously, {p(0}l^i decreases as 1/x in this regime.
There is another feature of the hfs eigenstates with MF = 0 that should be mentioned:
While for the rotationally invariant hfs eigenstate |«;0,0) the longitudinally induced
magnetic moment is independent of the relative orientation between the field direction
and the axis of quantization, of course, this is not the case for the second hfs eigenstate

49 [91]
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«; 1,0). Due to its nonzero angular momentum it has, according to Eq. (3.175) on
page 139, the strong orientational dependence on Bj/B2 = cos2©. This makes above-
mentioned precession cone become the flatter the closer 0 to TT/2. Simultaneously,
however, also the "diameter", so-to-say, of this cone tends toward zero, so that for
0 = TT/2 there is no precession at all because there is no torque any more in compliance
with Eq. (3.120) on page 104. Thus, in order to be able to induce a magnetic moment,
the field must have a component that can pull perpendicularly on the coupling plane.

In conjunction with Eq. (3.116) on page 103 this also shows that for the original hfs
eigenstate with F = 1, MF = 0 the field, via magnetization, produces a stationary and
observable magnetic moment in its direction. The dependence on cos2© is equivalent
to the one on B\/B2 = sin2© in Eqs. (3.163) and (3.164) on page 131 for the stretched
states. In either case, by pulling perpendicularly to the original coupling plane, the
field generates a finite induced component in its direction.

The next two examples will be dealing with precession states that are nonstationary
without a field but could accidentally become stationary in a longitudinal field for a
special field strength we do not want to go into.

Example (3): In this example, we shall assume to have prepared the atom in a precession
state with the initial amplitudes A 0-1/2 = 1/2 and A 0+1/2 = — VÜ/2. These amplitudes
are far away from any pair of Clebsch-Gordan coefficients50 that could generate hfs
eigenstates. Except for an accidental coincidence with the special value of the field
strength at which these initial amplitudes would generate a physically stationary state
in a longitudinal field this precession state is nonstationary. It has a nonzero total angular
momentum with a "quantum number" somewhere between unity and zero. Therefore,
we shall designate this state as K; 1/0,0#). Contrary to the preceding examples, it has
a nonvanishing total magnetic moment. As a result, we can expect to see it oscillating
from the very beginning of its time evolution.

We start with the time dependence of the longitudinal oscillation mode. From the rela-
tions in Eqs. (3.171a) and (3.172) on page 137 we obtain with above initial amplitudes

d/o,o#) 1 si Bo

For the same initial amplitudes, the partial oscillation amplitudes of Eq. (3.170) on
page 136 become

s* (0, <&) = -s*(e, *) = - J ^ = [l + ^ (2 - >/§)] , (3.182a)

df (6,*) = -d*(0,*) = + ^ = [l - § (2 - V5)] (3.182b)

and, thereby, reduce the time dependences of the transverse motions given on pages 114
50 [24, pp37,125], [25, pp35,36]
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and 115 by Eqs. (3.140) and (3.141), respectively, to
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(3.184)

In order to make at least the two limiting cases "very low fields" and "very high
fields" better comprehensible we begin by looking into the limiting case for x<^i 1: For
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A o_i/2 = 1/2 and A 0+1/2 = -VS/2, the time dependences of the transverse oscillation
modes in Eqs. (3.183) and (3.184) take on the simple form

(i/o,o#) x<ci 1 B±
( ^ 4 (3.185a)

C 1 (i/o,o#) x < g l 1 ß ±

|r(t) I « - {gjßß ~ 9IHN) 7-7= sinuBt c o s 4 ^ , (3.185b)

which shows that superimposed on the very slow Larmor precession there is the com-
parably fast but linear oscillation with the frequency equivalent of the zero-field hfs
splitting AojA. This is also the frequency, of course, that determines the linear longitudi-
nal motion in this regime

{p(t)\

For the other extreme x ;»
verse motions

r -» (i/o.o#)

{«(«)}

< ^ (l/0,0#)

X>1 Bj^

~ 25^2
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{9,
-9i

L

00340;^^ . (3.186)

we obtain the following time dependences for the trans-

r Bo
,ßB ^COS LÜB COS UA + B

AiN COS UA j ,
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rßB sin 2cjRi cos 2ujAt

L B

( r\ • 1
V ) J

(3.187a)

( r\ • 1^ j cos ws sin Wi4 1

—- 2 - V3) sin 2ujAt > . (3.187b)
B V / J

We note that we could similarly have written the equivalent Eqs. (3.169b) and (3.169b)
for the stretched states. The longitudinal oscillation mode, to the contrary, tends to freeze

(i/o,o#) „^1 1 B
' * ±. (3.187c)

Although for x » 1 , as a comparison with Eqs. (3.169b) and (3.169c) on page 134 shows,
the time dependence of the transverse motions in the electronic parts of Eq. (3.187) looks
pretty much the same as for the stretched states in high fields, the trace pattern in the
x—y plane is found to be quite different in Fig. 3.12 on the opposite page. The reason
is simple: due to the additional factor (2 - \/S) the influence of the second term is
diminished to about a quarter only. This way, the modulation with the low frequency
2uA extends over almost the full disk and not only over a comparably narrow ring.

How under the influence of increasing field strengths the different motions evolve with
time is depicted in Fig. 3.12 for early stages into the development. As the ratios of the
contributing frequencies are not integers it will take very long until, if at all possi-
ble, the initial situation could recur. Therefore, the initial traces shown are far from
being representative of the longterm motion pattern! Especially when some of the
field-dependent frequencies become similar with similar weights the trace pattern in
the atomic x — y plane becomes the more complex and involved the wider the time
window.
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Figure 3.12: The projections of the time-dependent traces of the total magnetic moment's
Cartesian components in mAg. The atom is assumed to be initially in the precession state
|«; 1/0,0#) with initial amplitudes A 0_i/2 = 1/2, A 0 + 1 / 2 = -Vs/2. The figure depicts early
periods into the spatial motion in fields of increasing strengths with a spatial orientation
relative to the atomic frame of reference of © = TT/6 and $ = vr/3. For each of the
adjusted time windows, which range from 800nsec down to lnsec, the left part depicts
the projection onto the atomic z axis, the right part that onto the atomic x-y plane.
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As depicted in Fig. 3.12, essentially in low fields of up to B = 10~3 T the projection of
the transverse motion onto the atomic x—y plane consists of a butterfly-shaped pattern
that, with rising field strengths, eventually transforms into the disk-like shape men-
tioned before. Note that the linear extension of the pattern has shrunk to about half of
its initial size. For 107Ag, this happens in a field of 1T so that this case can already be
counted as belonging to the extreme case of x > 1: The Larmor precession is in high
gear from the very beginning, and use of wider time windows shows that this time the
breathing of the Larmor disk is effected by a periodic in-and-out pulsing.

Example (4): In this last example, we shall assume to have prepared the atom in an-
other precession state, this time with the initial amplitudes A 0-1/2 = 1 arid A 0+1/2 = 0.
These amplitudes are again far away from any pair of Clebsch-Gordan coefficients51

that could generate hfs eigenstates. As they represent one of the spin sublevels, we
only know, as mentioned, that asymptotically, i.e., at extremely high field strengths,
these initial amplitudes tend to generate a physically stationary state in a longitudinal
field, but elsewhere this precession state is always nonstationary. It has a nonzero total
angular momentum with a zero-field "quantum number" somewhere between unity
and zero. Therefore, we shall designate this state as |K; 1/0,0*). Like in the preceding
example, it has a nonvanishing total magnetic moment. As a result, we can equally
expect its oscillation from the very beginning of its time evolution.

We start again with the time dependence of the longitudinal oscillation mode. From the
relations in Eqs. (3.171a) and (3.172) on page 137 we obtain with above initial ampli-
tudes

{p(t)\ = -2{9JHB-9J»N) j - g + j j ^ ä F " I T ^ ~ B \ ( 1 -COSUJ3At)S •
(3.188)

For the same initial amplitudes, the partial oscillation amplitudes of Eq. (3.170) on
page 136 become similar to those of Eq. (3.182) on page 144

§] (3.189a)

(3.189b)

and, thereby, reduce the time dependences of the transverse motions given on pages 114
and 115 by Eqs. (3.140) and (3.141), respectively, to the same structural appearance as
in Eqs. (3.183) and (3.184) on page 145. Only the diamond sign has to be replaced by
the star sign, which we embrace by parentheses here in order not to confuse it with the
sign indicating the complex conjugate.
For again making the two limiting cases "very low fields" and "very high fields" better
comprehensible we first look into the limiting case for x <C 1: For A 0-1/2 = 1 and
A 0+1/2 = 0, the time dependences of the transverse oscillation modes take on the simple

51 [24, pp37,125], [25, pp35,36]
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form

( -»(1/0,0-) „.̂ -i ß x

— 9I^N) 7= cos u>ßt cos Au>At , (3.190a)

(i/o,o-) x < 1 B±

~ + {9J^B — 9I^N) —?= s\n Ußt cos AujAt . (3.190b)
ßV2

These relations indicate the same behavior as in our previous example: superimposed
on the very slow Larmor precession there is the comparably fast but linear oscillation
with the frequency equivalent of the zero-field hfs splitting Aw A- This is also the fre-
quency, of course, that determines the linear longitudinal motion in this regime

(i/o,o*) x<^1 i Bo

~ ^\9J^B ~ 0//ijv)~5~(l — cos40^) . (3.191)
Z B

Here, however, the direction of the Larmor precession is opposite to the previous one
and the amplitude is doubled, but this cannot change the butterfly-shaped pattern in
the atomic x — y plane.
A closer look at the other extreme case x > 1 reveals that we can expect a similar
pattern as given for the stretched state by Eq. (3.169) on page 134

(3.192a)
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where we have made use of the asymptotic frequencies given by Eq. (3.130) on page 108.
As for the case of the stretched state, it is evident again that in the asymptotic range the
transverse motion of the electronic part is dominated by a Larmor precession with twice
the Larmor frequency 2UB- This precession here is equally fed by two counterrotating
contributions with different amplitudes. Superimposed on this precession is a resid-
ual oscillation of the coupling angle with the frequency 2UJA- In this case as well, the
nuclear part is not able to follow the fast Larmor precession but only rotates with the
frequency 2u>A in opposite directions and with different amplitudes so that it essentially
performs two independent linear oscillations with that frequency as in Eq. (3.187).

How in this case the different motions evolve with time is depicted in Fig. 3.13 overleaf.
For rendering it comparable to the previous case the same field strengths have been
chosen. This makes it possible to follow the initially identical low-field patterns until a
substantial change sets in at about ß = 10"1 T.
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Figure 3.13: The projections of the time-dependent traces of the total magnetic moment's
Cartesian components in W7Ag. The atom is assumed to be initially in the precession state
|K; 1/0,0*) with initial amplitudes A 0_1/2 = 1, ^0+1/2 = 0. The figure depicts early periods
into the spatial motion in fields of increasing strengths with an arbitrary spatial orienta-
tion relative to the atomic frame of reference of 6 = n/6 and $ = n/S. For each of the
adjusted time windows, which range from 800nsec down to lnsec, the left part depicts
the projection onto the atomic z axis, the right part that onto the atomic x-y plane.
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We have contended in section 1.1 of Part III that atoms experiencing transverse com-
ponents of the external field can never become physically stationary in the field. This
statement needs some refinements and additional explanations. First of all, we have
seen in Fig. 3.5 on page 126 that the coupling of two equal magnetic moments leads
to a uniform Larmor precession about the field direction. The form of this precession
is independent of the field strength, only its frequency changes linearly with the field.
As there is no oscillation of the coupling angle there cannot be any concomitant ex-
change of energy between the contributing energies. The consequence is, as we stated
on page 125 in conjunction with Eq. (3.154), that such a situation is physically stationary.

As regards the high-field behavior of more realistic cases like, for example, of a stretched
state, which is illustrated in Fig. 3.7 on page 133, or of the precession state with the initial
amplitudes A 0_i/2 = 1 and A 0_i/2 = 0 depicted in Fig. 3.13 on page 150, the narrowing
of the precession rings projected onto the atomic x—y plane seem to indicate a tendency
of becoming physically stationary. This seems to be corroborated by their longitudinal
components of the motion, which are definitely becoming stationary.
However, as the description of their asymptotic behavior by Eqs. (3.169) and (3.192)
on pages 134 and 149, respectively, shows this could be called quasi-stationary at best,
namely, in the sense that the Larmor precession is becoming so high that it takes very
many revolutions to see any change due to the superimposed, but in comparison very
slow residual oscillation of the coupling angle. As this transverse oscillation persists
the Larmor precession cannot become truly stationary. The only way to get rid of this
residual oscillation is to align the system longitudinally. While stretched states then
are always stationary the situation for the second case is described in section 2.10.3
of Part III and the just-mentioned becoming physically stationary of the longitudinal
component conforms to the scenario that physically stationary states are only possible
in longitudinal magnetic fields.

3.7.10 The interpretation of the Stern-Gerlach experiment

The interpretation of the Stern-Gerlach effect belongs to the early myths of quantum
mechanics: In 1922, i.e., four years before the advent of Schrödinger's equation, Stern
and Gerlach52 came forward with the results of an experiment that stunned their con-
temporaries53 although in view of the theoretical discussions54 of the Zeeman effect in
terms of the new quantum theory the verification of the so-called space quantization
in a magnetic field did not come unexpectedly at that time:
Using an oven as an effusive source, Stern and Gerlach sent a well collimated beam
of neutral silver atoms through an inhomogeneous magnetic field. This field was pro-
duced by an electromagnet with opposing wedge and groove-shaped pole pieces at a
distance of 1 mm and over a length of 3 cm. Evaporated at a temperature of 1,323 K the
silver atoms had a most probable thermal velocity of about 500 m/s. After having tra-
versed the magnetic field with a transverse field gradient of about 13 to 17 Tjcm they
precipitated on a glass plate. The reason for the use of silver was two-fold: First, silver
was known to have an electronic spin s = | in the ground state and, second, equally

52 [109], [110], [111]
53 [89, p35-3+4], [112]
54 [89, p35-3], [113]
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important at that time, the nucleation of the silver precipitation could be enhanced by
a photographic development process with silver bromide.
Contrary to what was to be expected from classical magnetostatics, namely, a smearing
out of the precipitation spot compared to that of an undeflected beam, they found a
precipitation pattern that reminds of the lips of a slightly opened mouth: Thus, along
the symmetry line in the direction of the field gradient the silver atoms were deflected
in opposite directions.
This was and still is held to be the experimental verification of the quantum mechan-
ical claim55 that the magnetic moment associated with the spin s = ~ can either only
point up or down in a magnetic field. The origin of this effect remained a myth56 to
this very day because no classical explanation has been found yet of how the atoms
miraculously manage to do so after starting from the thermal source with randomly
distributed orientations of their total magnetic moments. So, this is one of the effects
that have strongly contributed to the belief that quantum mechanics is inexplicably
different from classical physics.

However, our new knowledge of the coupling dynamics in an arbitrarily oriented mag-
netic field makes us confident that an understanding in classical terms is possible of
what is going on in the silver atoms during this experiment. Confidence alone, though,
is not enough. Our first attack to find a classical explanation was a failure: Numerical
simulations aimed at finding out whether the inner coupling dynamics could possibly
influence the initially random orientations of the resultant magnetic moments while
the atoms travel in the inhomogeneous but static magnetic field did not show any spa-
tial splitting of the atomic beam unless the exclusive spin-up and spin-down orienta-
tions were assumed to exist in the field from the very beginning.
On the other hand, Rabi57 has nicely demonstrated theoretically as well as experimen-
tally that the effort of machining the wedge and groove-shaped pole pieces is expend-
able because the strongly inhomogeneous fringe field has the same splitting effect in
spite of the atoms's traveling afterwards in a homogeneous magnetic field produced
by flat and parallel pole pieces. The requirement for this to work is, however, that the
gradient of the fringe field establish a force component perpendicular to the direction
of the injected beam, i.e., the atoms must not be directed along this gradient because
then only a longitudinal acceleration or deceleration would be effected but no per-
pendicular one necessary for a deflection. In his theoretical deduction, Rabi imagined
an analog of optical refraction for setting up the equations of motion. Prisoner of the
Zeitgeist like most if not all, he followed the mainstream notion and equally took for
granted that the atomic spin can either only point up or down in the field.

The decisive point, however, that, to the best of our knowledge, has never been inves-
tigated before, obviously because the space quantization was tacitly always implied by
the prevalent Zeitgeist is the question of what happens in the fringe field while the atoms en-
ter the field. Although we cannot answer this question by irrefutably calculating what is
going on, our knowledge of the dynamics allows us at least to imagine what might hap-
pen. The reason we cannot directly calculate this event is rooted in the fact that we are
always dealing with time-independent Hamiltonians whenever we apply Schrödinger's

55 [89, p34-12]
56 [89, p34-2]
57 [114]
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equation. For the atom, however, the situation in this most important part of the Stern-
Gerlach experiment is a time dependent one that this equation cannot handle because it
is meant to only describe closed systems. This situation occurs during the short instant
of about 10//sec when the silver atoms enter the magnetic field with a most proba-
ble velocity of about 500 m/s: During this period of time while traversing the fringe
field region of about 5 mm they experience a very strongly rising magnetic field with
a time-dependent field gradient in the order58 of (3 — 4) x 105 Temps'1. Such a strong
increase in field strength, as we have seen in Eq. (3.130) on page 108 and in Fig. 3.3
on page 109, effects an equally strong increase of the field-dependent internal frequen-
cies. As a matter of fact, there the most important frequencies increase, according to
Fig. 3.3, by a factor of 27 - 36. Any increase of these frequencies, however, is equiv-
alent to an acceleration of the related motions that goes far beyond the accelerations
and decelerations related at fixed frequencies to the periodicity of these motions.
As regards the deliberately crafted inhomogeneous field, although the nominal field
gradient in the vicinity of a wedge-shaped pole piece is significantly higher, the change
of field strength that the atoms actually experience during a period of 60 ßsec while
traveling along the wedge depends on the distance of their trajectory from the wedge
tip and is only of the order of (0.05 - 0.1)xl05 Temps'1. So, the atoms see the strongest
temporal change of the field only while entering it. As Rabi's experiment59 has impres-
sively demonstrated they also feel comparable transverse forces on their total magnetic
moments in this region and are accordingly deflected. This is a strong indication that
essential things are happening in this region.
Based on our knowledge of the coupling dynamics, our point is that upon entering
the field with randomly oriented magnetic moments the silver atoms experience in-
duced transitions in a way that effects the finally observed, preferential up or down
orientations of the electronic spin. (The orientation of the nuclear spin is of no concern
because, as Fig. 3.1 indicates on page 91, due to its small magnetic moment its orien-
tation in high fields has only little influence on the total magnetic moment's energy in
this environment.) How this might happen will be explained now on the basis of the
evidence we have obtained in this respect:

In regard of this explanation, our focusing on the behavior of zero-field stretched and
precession states in all preceding examples was not done without second thoughts be-
cause these internal configurations together with the random spatial distribution of the
directions of their total magnetic moments are the initial conditions the silver atoms
start with when they enter the fringe field.
On the one hand, we have mentioned on page 137 that the variability of the initial
amplitudes makes atoms in hfs precession states the most numerous species. This is not
only expressed by how these initial amplitudes affect the total energies of these atoms
but also by how their oscillation amplitudes depend on them. Additionally and not
less importantly, we equally had to point out, and our examples have shown that, that
the polar angle 0 between the axis of quantization of the atom and the field direction
has to be considered a time average of what is dynamically going on in the preces-
sion cone while the coupling angle is oscillating. This polar angle, on the other hand,
strongly determines not only the value of the total energy as in Eqs. (3.98) and (3.100)

58 [114, pi 96]
59 [114]
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on pages 93 and 94, respectively, but also the oscillation amplitudes of the transverse
modes in Eqs. (3.136) through (3.139) on pages 112 and 113, respectively, as well as of
the longitudinal mode in Eq. (3.144) on page 118. So, in a similar way as the total energy
the amplitudes of all oscillation modes depend on this angle. Like all types of initial
amplitudes, this angle is a constant parameter only for a closed system. Hence, as all
relations mentioned show that all these parameters are interrelated in a similar way
as we have exploited in Part II of ref. [1] they are likely to change simultaneously in
a transition if the change of the total energy involves such changes. Thus, the change
of the precession angle is linked to a change of the inner configuration. In this regard,
it is an important feature that the initial amplitudes of the precession states appear as
simultaneously connected with those of both types of stretched states and vice versa and
not only among themselves. For all connections to be effective during a transition in
regard of a simultaneous change not only of the inner configuration but also of the pre-
cession angle it is necessary that the condition of normalization be extended beyond
Eqs. (3.61) and (3.63) on pages 77 and 79, respectively, to include this angle appropri-
ately weighted in an even more general form. If the dominant majority of atoms in
precession states would change into either of the stretched states and this change of their
inner configuration would be accompanied by a change of their polar angles toward
a longitudinal orientation of their axes of quantization we would see the necessary
spin-up and spin-down arrangements that conform to the measured results. However,
as mentioned on page 118, how all these parameters change in a transition depends
on how the energetic landscape changes along the trajectory of the atom and how it
experiences the energetic step marked by the spatially confined magnetic field.

If this step in the fringe-field region really induces transitions how can they be de-
tected? As the sensitivity is most probably not sufficient for a direct detection we
propose an indirect verification that exploits the fact that the acceleration of the inner
motions and thereby the transition probability depends on the velocity with which the
silver atoms enter the field: By employing a mechanical velocity selector the behavior
of different velocity groups in the thermal beam can be compared. If the historical as-
sumption of a spontaneous space quantization were correct the slowest species should
show the widest splitting because the perpendicular acceleration due to the deflecting
force, which would be the same for all kinds of velocity groups, would make the ratio
between the perpendicular momentum and the longitudinal momentum the biggest.
Contrary to this behavior our prediction is that the slow species do not experience the
high accelerations necessary for transitions and, so, show the weakest splitting if any.
Thus, the higher the velocity upon entry the more pronounced the splitting should be.
The idea of using a mechanical velocity selector is not new, by the way, but the in-
tention how to use it. In the first of a series of 30 consecutively numbered communi-
cations60 from his institute all published in Zeitschrif für Physik during the years 1926
through 1933, Stern announced61 the upcoming employment of such a device. His in-
tentions, however, were directed at applying this device for monochromatizing62 the
velocity of molecular beams used in scattering experiments off crystalline cleavage
surfaces. It was never applied as a refinement of the original deflection experiments.

60 [115]
61 [116, p760]
62 [117]
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The essence of all what we have expounded in Parts I through IV of the preceding [1]
and the present report will be summarized here.
First of all, we have to recapitulate what we already exposed in Part I of ref. [1], namely,
how modern quantum mechanics came into being, i.e., how Schrödinger1 attained his
famous equation: Inspired by de Broglie's wave-particle concept2 he related the action
function in the Hamilton-Jacobi partial differential equation to his wave function via
a natural logarithm and then used Hamilton's principle of least action to arrive at his
equation. Note that originally this was the time-independent equation!

In this context, it is very important to keep in mind that his endeavor was aimed at ex-
plaining the hydrogen spectrum, i.e., the origin of the spectral lines emitted by a single
electron that is bound to a nucleus in a Coulomb potential. Schrödinger's goal was to
solve this atomic Kepler problem without resorting to postulates like Bohr, but instead
to place it on a mathematically sound foundation. To understand the implications of
his procedure it is necessary to take a closer look at Hamilton's variational principle,
which is an extension of the Euler-Lagrange formalism addressed in Part I of ref. [1].
Basically, the procedure is such that the variation of the fundamental integral aims
at finding among all possible curves $(£) those n ones that make this integral an ex-
tremal for any arbitrary time interval to < t < t\ over which the integration is performed.
Thus, this variational principle selectively favors those orbits where the particle's en-
ergy is either minimal or maximal as compared to all other possible orbits in a given
energy range. Usually, the stable equilibrium in the minimum of the potential energy3

is found this way. As regards Schrödinger, his luck was the fortunate circumstance
that the Coulomb potential is capable of these extremal situations not only mathemat-
ically but also in terms of representing them as physically stationary states as we have
explained in Part I of ref. [1]: As favorites of Hamilton's principle, these situations of
dynamical balance occur in a Coulomb potential when there is an equilibrium between
the centrifugal and the centripetal forces. Then, the particle can move uniformly and
without accelerations or decelerations on the equipotential line in the minimum of the
effective potential. This minimum designates the radius of the related orbital angular
momentum for which said equilibrium or dynamical balance is possible.
On the other hand, and this is related to the zero-point energy, which is a consequence
of the fact that the Hamilton function must not vanish identically4, the potential of

' [90]
2 [106]
3 [8,pp210-2U]
4 [107, p246]
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the linear harmonic oscillator, for example, does not admit physically stationary states
as we have also set forth in Part I of ref. [1]. Nevertheless, without being aware of
the implications inherent to the deduction of Schrödinger's equation Eckart5 almost
instantaneously after getting knowledge offered an extension to arbitrary potentials.
Later, Schrödinger's discovery of how to implement the time completed his equation6.
The extension to arbitrary potentials is the root of many interpretative difficulties be-
cause it makes believe that any eigenfunction related to the respective potential auto-
matically also represents a physically stationary situation in that potential, in the case
of the linear harmonic oscillator even contrary to any classical experience. Among
other aspects of the theory, the identification of mathematically stationary solutions
with physically stationary states as the only ones that a particle can occupy, has obvi-
ously also contributed to the general confusion about the true meaning of quantum
mechanics. This confusion is still lingering on till this very day. As a result, the time
dependence of the solutions to Schrödinger's time-dependent equation was generally
deemed to only come into play when a perturbation had kicked the system out of the
stationary state it is supposed to occupy until such a perturbation takes place. The
effect of such a perturbation was and still is held to make the particle prone to transit
into another stationary state at an unpredictable instant of time after the perturbation
but in an instantaneous and discontinuous manner by virtue of the so-called "quantum
jump". Thus, with this identification and the interpretation that only eigenstates repre-
sent physical reality a very selective perception of the general dynamics and, thereby,
of reality has been raised to the doctrine of seemingly quantal behavior.

Although it is much too early and the material too few to draw general conclusions and
in view of that we should act very cautiously in order not to repeat historical mistakes
by making too far reaching and possibly premature judgments we feel safe to state, at
least in respect of what we have investigated very thoroughly in the present and the
preceding report [1], that all our findings point in the same direction, namely, that, at
least as far as nonrelativistic single particles are concerned, quantum mechanics seems
to offer a hitherto unrecognized side that allows for ä continuation of the description
of classical mechanics by other means:
These other means, in the first place, are related to the fact that Schrödinger's time-
dependent equation is a pure energy representation. As such, it puts all spatial and orien-
tational configurations with the same total energy into the same drawer. As a result,
degeneracy is a ubiquitous feature and a necessary one, too, as we have explained in
Part I of ref. [1]. Although Schrödinger's equation is a partial differential equation in
space and time only the time can be an independent variable in an energy representation
and, therefore, the integration over all space in the matrix elements is a stringent neces-
sity for binding potentials where the energy is localized. The time dependence, how-
ever, spells continuity, determinism, and causality for any given nonrelativistic total
energy. Apart from Schrödinger, however, these properties of a single particle's behav-
ior were vigorously denounced by his contemporaries like Bohr, Heisenberg, Born, and
Jordan who strongly believed in discontinuities and the lack of causality and determin-
ism in the behavior of individual small-scale particles. Only when crowded together in
terms of ensembles of identically prepared identical particles would they allow prob-

5 [108, p722]
6 [9]
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abilistic predictions of possible results of measurements on individual particles. This
view still persists and is at the center of today's mainstream interpretation.
As regards the effective potential in the Kepler problem, for instance, it is always re-
lated to the orbital angular momentum via its eigenvalue in the centrifugal barrier and
as the eigenfunctions of the orbital angular momentum are always defined relative to a
so-called axis of quantization whose direction can always be chosen arbitrarily as long
as the surrounding space is isotropic, it is a simple consequence of this definition that
with no external field present the axis of quantization is the only direction in space
that is relevant to the total energy of a single particle. Therefore, an energy representa-
tion can take care of other properties only to the extent that they have projections onto
the quantization axis, usually called z components. Without external energy-relevant
directions materializing in space it has to leave other components unaccounted for.
In quantum mechanics, the total energy is a feature that is inseparably related to the
fact that Schrödinger's equation is defined for time-independent Hamiltonians. With
such Hamiltonians only closed systems can be described because their total energy
has to be conserved independently of the actual dynamic state the respective system is
in. What makes such a general description of closed systems possible is the linearity of
this differential equation, which in conjunction with the complete sets of orthonormal
eigensolutions in binding potentials admits the applicability of the principle of super-
position. This has been exploited in all our examples. However, these examples also
show that the eigenfunctions are solutions to an energy representation in the first place
and, therefore, not straightforwardly extendable to the description of other properties
because they usually involve other selection rules for obtaining nonvanishing matrix
elements. A reliable description only works with properties that are linearly incorpo-
rated in the Hamiltonian as we have shown in Part IV of the present report for the case
of angular momentum coupling in an arbitrarily oriented external magnetic field. This
case also demonstrates like the linear harmonic oscillator dealt with in Part I of ref. [1]
that the eigenfunctions do not represent physically stationary states under all circum-
stances. Such situations are always very unlikely events of dynamical balance in the
system, which are sometimes directly related to the eigenfunctions and sometimes not.
In the case of the Kepler problem they are because its dynamics include the possibility
of these situations.
However, what can generally be said is that the eigenfunctions represent, from an en-
ergetic point of view, the basic elements for the description of all possible dynamics
in the potential they have solved Schrödinger's equation for. This feature must not
be underestimated because it allows to obtain all the eigenfrequencies that pertain to
the motion in the respective potential as provided by the differences of the energy
eigenvalues in conjunction with the application of selection rules. In favorable cases
like the motion of the total magnetic moment in an arbitrarily oriented magnetic field
dealt with here in Part IV it is even possible to directly trace the frequencies and the
polarizations of the detected magnetic dipole radiation to the respective components
in the motion of the total magnetic moment. This is what Bohr, Heisenberg, and their
contemporaries had desperately looked for but finally came up with only an approx-
imation: the correspondence principle. These eigenfrequencies can only play their key
role in the general expectation values if the time dependence of the wave functions is
properly incorporated in the state vector that is representing the dynamical situation
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related to a given total energy. This is why, as we always emphasized, the stationary
part of a general expectation value represents a time average and not an ensemble average
and, so, does not imply the necessity of assuming the collapse of the state vector upon
measurement.
This property of being a time average comes to light whenever the time dependence
of the general expectation values of partial energies in the Hamiltonian is scrutinized:
In smooth binding potentials, there is always a periodic or even multiply-periodic ex-
change of energy going on between the contributors to the total energy when the sys-
tem is not in a physically stationary state. This allows to verify the Virial theorem of
mechanics also by means of the quantum mechanical tools for classically well-known
potential forms. Moreover, as we have also shown in this report, this exchange is insep-
arably connected with the particle's dynamic behavior in nonstationary states. Since
the exchange goes along with periodic accelerations and decelerations it is the ener-
getic source that drives spontaneous transitions in more realistic systems that are only
quasi-closed in so far as the instantaneous loss of energy is so small that the driving
dynamics are only marginally affected. This has been described in Part II of ref. [1].
In this context, the key point is that what would be one of the relative minima of the
potential energy in a closed system like the physically stationary orbits in the Kepler
problem mentioned above, becomes a relative maximum of the energy as soon as a more
realistic, i.e., leaky system can lose energy, for instance, by the spontaneous emission of
radiation because the system's dynamical balance is not perfect. This feature has been
exploited in Part II of ref. [1] for the description of the time evolution of a complete
multipole transition between two isolated energy levels.

Thus, summarizing we can state that all we know about atomic systems we owe to its
nonstationary states and not to the stationary ones because these are mute and cannot
communicate what happens.
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