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Abstract

We present exact results on the behavior of the thermodynamic Casimir force and the excess

free energy and the C-function in the framework of the d-dimensional spherical model with a

power law long-range interaction decaying at large distances r as r-d-a, where < d < a

and < < 2 For a film geometry and under periodic boundary conditions we consider the

behavior of these quantities neax the bulk critical temperature T, as well as for T > T. and

T < T,. The universal finite-size scaling function governing the behavior of the force in the

critical region is derived and its asymptotics are investigated. While in the critical and under
-d -d-,critical region the force is of the order of L , for T > T, it decays as L , where L is the

thickness of the film. We consider both the case of a finite system that has no phase transition

of its own, when d - < as well as the case with d - > when one observes a dimensional

crossover from d to a d - dimensional critical behavior. The behavior of the force along the

phase coexistence line for a magnetic field H = and T < T. is also derived. We have proven

analytically that the excess free energy is always negative ad monotonically increasing function

of T and H, while the C-function is always nonnegative and monotonically decreasing function

of T and H. For the Casimir force we have demonstrated that for any a > it is everywhere

negative, Le. an attraction between the surfaces bounding the system is to be observed. At

T = T, the force is an increasing function of T for > and a decreasing one for < For

any d and a the minimum of the force at T = T, is always achieved at some H .
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I. INTRODUCTION

When a fluid is confined in a film geometry with a thickness L, the boundary conditions which

the order parameter has to f ilfll at the surfaces bounding the system lead to a L dependence of

the excess free energy. In its turn, the last lead to a force, conjugated to L, which is called the

Casimir (salvation) force and the corresponding effect - the thermodynamic Casimir effect. In

this form it has been discussed for the first time by M. E. Fisher and de Gennes in 1978 [1]. The

effect is dubbed so after the Dutch physicist Hendrik Casimir who first, in 1948 2 predicted

it considering the influence af the zero-point quantum mechanical vacuum fluctuations of the

electromagnetic field on thE resulting force between two infinite perfectly conducting planes

placed against each other. I that form the effect is known as the quantum mechanical Casimir

effect. For a long time the eff 3ct was considered as a theoretical curiosity but the interest in it has

blossomed in the last decade. Numerous calculations and experiments have been performed both

on the thermodynamic and the quantum Casimir effect. For a review on the thermodynamic

effect the interested reader might consult 351, and for the quantum one 6-9].

The Casimir force in statistical-mechanical systems at a temperature T and in the presence

of an external magnetic field H is characterized by the excess free energy due to the finite-size

2contributions to the total free energy of the system. In the case of a film geometry L x oo and

under given boundary conditions imposed across the direction L, the Casimir force is defined

as

Erasimir (T) H, L) :,= 9fe- (T, H, L) (1.1)
OL

where fe(T, H, L) is the ex(ess free energy

f,"(T, H, L = f,(T, H, L) Lfbulk(T, H). (1.2)

Here f(THL) is the full free energy per unit area and per kBT, and fbulk(TH) is the

corresponding bulk free ener.nr density. According to the standard finite-size scaling theory [5,

10], under periodic boundary conditions = p near the critical point T = T, H = (of the bulk

system) one expects

fpex:T, H, L = L-(d-I)X(P) (atL'/" bhLAIv), (1.3)
f

wherefrom. one has

R(P) indr(T, H, L = L -d y(P). - (atL'lv bhL"'Iv). (1.4)Cas "Casimir I

Here the universal scaling unctions of the free energy X)(xl X2) and the Casimir force
f
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Y(P)-Casimr(X1, X2) are related via the relation

Y(P)
-Casimir(X1, X2) (d - 1X(P (X1, X2)f

-- Xi
YX-jX(P)(X1,X2)

X2 a X(P) (X1, X2), (1.5)
V aX2 f

A and v are the standard critical exponents, a and b axe nonuniversal metric factors, t

(T - T)ITc is the reduced temperature and h = PH ( = kBT)-'). We recall that, according

to the general theory of the thermodynamic Casimir effect 35], 1Y(P) imir(X1, X2) is supposed

to be negative under periodic boundaxy conditions (which corresponds to a mutual attraction

of the 'surfaces' bounding the system). The boundaries influence the system to a depth given

by the bulk correlation length �,,,(T) - IT - I-", where v is its critical exponent. When

�,,,,(T) < L the Casimir force, as a fluctuation induced force between the plates, is negligible.

The force becomes long-ranged when �,,,(T) diverges neax and below the bulk critical point Tc

in an O(n), n > 2 model system in the absence of an external magnetic field 11-131. Therefore

in statistical-mechanical systems one can turn on and off the Casimir effect merely by changing,

e.g., the temperature of the system.

The temperature dependence of the Casimir force for two-dimensional systems has been

investigated exactly only on the example of Ising strips 14]. In O(n) models for T > T, the

temperature dependence of the force has been considered in [11). The only example where it

is investigated exactly as a function of both the temperature and of the magnetic field scaling

variables is that of the three-dimensional spherical model with short range interaction under

periodic boundary conditions 12, 13, 15]. There results for the Casimir force in a mean-spherical

model with L x oo d-1 geometry, 2 < d < 4 have been derived. The force is consistent with

an attraction of the plates confining the system. In 16] some of the results of 12, 13] have

been extended to a quantum version of the model. There the interaction has been taken to be

long-ranged, with < o < 2 where a/2 < d < 3a/2, and the corresponding quantum phase

transition has been considered axound T = . Very recently in [15], based on a derived there

stress-tensor-like operator for critical lattice systems, the scaling functions of the force for the

3d Ising, XY and Heisenberg models have been obtained by Monte Carlo methods. The results

suggest that, under periodic boundary conditions, the scaling function X ) imi, (x) /n of all theCas

O(n) models practically coincide for large x, say, for x = Ll� 2 where is the true bulk

correlation length. The last increases the helpfulness of the spherical model results (i.e. of the

results in the limit n - oo), which are available in an explicit analytic form.

Most of the results for the Casimir force are available only at T = T, i.e. for the Casimir

amplitudes. They are obtained for d = 2 by using conformal-invariance methods for a laxge class

of models 3 For d 5 2 results for the amplitudes axe available via field-theoretical renormal-

ization group theory in 4 - dimensions 3, 11, 171, Migdal-Kadanoff real-space renormalization
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group methods [18], and, by Monte Carlo methods [15 1]. In addition to the flat geometries

some results about the Casimir amplitudes between spherical particles in a critical fluid have

been derived too 17, 20]. For the purposes of experimental verification that type of geometry

seems especially suitable. Fb- d 3 the only exactly known amplitude is that one for the spher-

ical model [13]. In the case d o, the amplitude is also known 16] for the quantum version

of the model with long-ranged power-law interaction (in that case the amplitude in question

characterizes the leading temperature correction to the ground state of the quantum system).

It should be noted that in contrast to the quantum mechanical Casimir effect, that has been

tested experimentally with high accuracy 21-24] (for a recent review on the existing experiments

see, e.g. 25]), the statistical-mechanical Casimir effect lacks so fax a quantitatively satisfactory

experimental verification. Nevertheless, one has to stress that all the existing experiments [26-

29] are in a qualitative agreement with the theoretical predictions.

In this paper a theory of the scaling properties of the Casimir force of a spherical model
d+o,with a power-law leading long-ranged. interactions (decreasing at long distances r as 1/r

with < < 2 and < d < 2o) is presented. These interactions enter the exact expressions

for the free energy only through their Fourier transform which leading asymptotic behavior

is U(q - f [5, 30]. As it -was shown for bulk systems by renormalization group arguments

a > 2 corresponds to the case of subleading long-ranged interactions, i.e. the universality

class then does not depend on 31] and coincides with that one of systems with short-ranged

interactions. Values satisfyin < a < 2 correspond to leading long-ranged interactions and the

critical behavior depends thEn on (see Refs. 32, 331 and references therein). In the current

work we will restrict ourselves,. to the consideration of this case only. The other case of subleading

long-ranged interaction, i.e. hen > 2 is also of interest (involving, e.g., a serious modification

of the standard finite-size scaling theory, see e.g. 33-37]), but will be considered elsewhere 38).

The investigation of the Casimir effect in a classical system with long-range interaction pos-

sesses some peculiarities in (Comparison with the short-range system. Due to the long-range

character of the interaction t'iere exists a natural attraction between the surfaces bounding the

system. One can easily estimate that in systems with real boundaries (i.e. with no translational

invariance) in the ordered stAe the L-dependent paxt of the excess free energy that is raised

by the direct interparticle (:3pin) interaction is of the order of L-'+l. In the critical region

one still has some effects steaming from that interaction on the background of which develops

the fluctuating induced new ;attraction between the surfaces that is in farct the critical Casimir

force. In the definition (1.1) sed here, that is the common one when one considers short-range

systems, these effects are superposed simultaneously. In the current article we will investigate

their interplay. An interesting case when forces of similax origin are acting simultaneously is

that one of the wetting when the wetting layer is neaxly critical and intrudes between two non-

critical phases if one takes into account the effect of long-range correlations and that one of the

long-range Van der Waals forces 39, 401.
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The structure of the article is as follows. In Section II we briefly describe the spherical model

(which, in systems with a translational invariance, is equivalent to the n --+ oo limit of the 0(n)

models) and give all basic expressions needed to investigate the behavior of the Casimir force.

In Section III we derive the scaling function of the excess free energy and the Casimir force, and

investigate the leading asymptotic behavior of the force both above and below the critical point.

In Section IV we consider in some detail the behavior of the force along the phase coexistence

line T < T, H = . In Section V we comment on the connection of the excess free energy

with the generalization of the C function of Zarnolodchikov. In Section VI we investigate the

monotonicity properties of the excess free energy, C function and the Casimir force, and prove

analytically that both the excess free energy and the force axe negative for any T and H (for

> ). The last implies that the force between the boundary surfaces of the system is always

attractive. The axticle closes with a discussion given in Section VII. The technical details needed

in the main text are organized in a series of Appendices.

11. THE MODEL

We consider the ferromagnetic mean spherical model with long-range interaction confined to

a fully finite d-dimensional hypercubic lattice Ld of N = jLdj sites. The model is defined by

I
'H= -- E jj SS -HE Si, (2.1)

2
i

where Si is the spin variable at site i, J is the interaction matrix between spins at sites i and

j, and H is an ordering external magnetic field. The long-wave length asymptotic form of the

Fourier transform J(q) of the interaction potential is

J(q),,::t�j(0)f1-pLu,(q)], lql--+O, p,>O.

We suppose that the interaction in the system is long-ranged with < < 2 i.e. W,(q) f qj0'.
d-,This corresponds to the inverse power-law behavior J(r - r- , for laxge spin separations

r = Irl. The spins in the model under consideration obey the spherical constraint

E(Sj2 = N, (2.2)
i

where denotes standard thermodynamic averages taken with the Hamiltonian H and N is

the total number of spins located at sites i of finite hypercubic lattice Cd of size L 1 x L2 X - - -Ld

N (here Li are the linear sizes of the system measured in units of the lattice constants)-

Under periodic boundaxy conditions imposed along the finite directions of the system, the
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free energy density of the model is given by [5]

1
OTd,, (, I-, LI A) - sup I Ud,, (, L I A)

2 >o

0,7(0)p", OH 2
+ In I 27r '7(0)P'0

-0,7(0)p, 0 + - (2.3a)
Pla

where

Ud,,(,O, LIA) In[0 + w,(q)]. (2.3b)
N q

Here the vector q has thE components qIq2,''' qd} where j = 2rnj/Lj and n E

I-Mj, Mj - 1} with M = jAj/(27r) > 1 being integer numbers, and Aj the cutoff at

the boundaries of the first Erillouin zone along the j direction. The spherical field is intro-

duced to ensure the fulfillmeat of the constraint 2.2). It is the solution of the equation

H2 ) 1 Z 1
0j(0)P- 1 - (2.3c)

02j2(0)p2 N 0 +
a q

Equations (2.3a) and 2.3c) contain all the necessary information for the investigation of the

critical behavior of the model under consideration.

In the bulk limit, when aI the sizes of the system are infinite, the d-dimensional sums over

the momentum vector q in EIs. (2.3b) and (2.3c) transform into integrals over the first Brillouin

zone. For example one has

1 A A

Uda(,0IA = (2ir)d fA dqj ... fA dqd

In [0 + war (qj, q2, - - , qd)] - (2.4)

By analyzing the equation for the spherical field (2.3c) in the bulk limit it is easy to show

that the system exhibits aphase transition for d > a at the critical point, 3c, given by

1 A A 1

fl�'7(0)p = (27r)d L A dql ... f A dqd Loa qj I q2 ... I qd)' (2.9

III. SCALING FORM DF THE EXCESS FREE ENERGY AND THE CRITICAL

CASIMIR FORCE

d-1In the remainder we consider a system with a film geometry L x oo which results after

taking the iits L2 --+ 00 - , Ld --+ oo and setting LI = L. For the simplicity of notations we

will only consider the case when all cut-off variables are taken to be equal to each other, i.e.

Ai = A, i = 1, d. Then I,, (, LIA) becomes

1 1 A A
Uda(O.LIA = dq2 ... f dqd

L E (27r)d-1
q, fA A

In [,O + L,,,,, qj, q2, qd)]- (3.1)
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The above sum can be evaluated using the Poisson summation formula and the identity

ln(l + z = a dx (1 eZX) Ea -Xa), (3.2)
fo X

where E(x) = E,l(x) ad

"O kE.,,6(z) E Z (3.3)
k=O r(ak +,3)

axe the Mittag-Leffler functions. For a review on the properties of E,,6(z) and other related

to them functions, as well as for their application in statistical and continuum mechanics see

Ref. 41] (see also Ref. 42]). The properties used in the current axticle axe summarized in

Appendix A.

After some algebra for the full free energy density we receive:

-d13.Fd,,: (3, H, L) (,3, H - 1 L Kd,, (LaO), (3.4)
2

where

JId,, (,3, H) = lim d,.:, 3, H, L),
L--+oo

and

01 00 00 dXX-dl2-1 12
Kda(Y) exp -(47r) d/2 fo H x)

X El,/2,1 (-X a12 Y) (3.5)

The main advantage of the above expression for the free energy, despite its complicated form

in comparison to equation (2.3a), is the simplified dependence on the size L which now enters

only via the arguments of some functions. This gives the possibility, as it is explained below,

to obtain the scaling functions of the excess free energy and the Casimir force. It is worthwhile

noting that under a shaxp cutoff A special caxe has to be taken when performing finite-size

scaling calculations in order to avoid receiving artificial, i.e. not existing in real systems, finite-

size A-dependent contributions. This question is considered in detail in 371. In obtaining 3.4)

the suggested there recipe has been applied (see Eq. 27) in 37] and the discussion devoted to

it). According to these findings, for the finite-size contributions in the following we are going to

send the cutoff to infinity.

In equation 3.4), is the solution of the corresponding spherical field equation that follows

by requiring the partial derivative of the right-hand side of equation 3.4) with respect to to

be zero. Let us denote the solution of the corresponding bulk spherical equation by Then,

for the excess free energy (per unit area) it is possible to obtain from equations 1.2) and 3.4)

the finite size scaling form, valid for or < d < 2o,,

f-(,3,HLjd) =3L-(d-1)Xf (X1, T2) , (3.6)
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with scaling variables

X = 3 J(O)pL'I" (3.7a)

and

X = HL6'1v-,'43�19(0)�Pl- (3.7b)

Here v = 1 / (d - o) and A = d + or) / 2 d - o)) axe the critical exponents of the spherical model

(for < d < 2or, and < < 2 In equation 3.6) the universal scaling function X XI, X2)

of the excess free energy has the form

2
Xf G 1, X2 = X2 1 1X1 (YL Y-)

2 YL Yoo 2
d1a dlo- 1

Dd,,, I(YL YOO 1Cdo,(YL), (3.8)2d 2

where the YL = OLL', y = and

DI, = 7r (47r)d/2 r (d) or sin (7rd)] (3.9)
1 2 a

In Eq. 38) YL is the solition of the spherical field equation for the finite system obtained

by minimizing the free energy with respect to yL

X2

2 - jDdcr1Y dl,-l /Cd,, (YL) (3.10)2 L aYL
YL

For the infinite system the corresponding equation is

2
XI = - jDd,,1Yd1O'-I. (3.11)

According to equation (1.1), the finite-size scaling function of the Casimir force for the system

under consideration is

+ 2
XC.imi, (XI, X2 = '7 X2

2 (YL Yoo

O' - or(d - 1) d1a _ d1a
2 XI (YL Y.) 2d Dd,,, I(YL YOO

(d 1)lCd,. (YL) (3.12)
2

In the present aticle we will concentrate on the investigation of the behavior of the above

mentioned functions in the different regions of the phase diagram. We win also evaluate some

critical amplitudes for selected values of the parameters d and o. The analysis is done analytically

for special cases where one cl obtain simple expressions and is then extended numerically to

cases which axe not accessibly by analytical means.

In FIG. we present the umerical evaluation of the Casimir amplitudes as a function of d

for some selected values of o. The results show that the amplitude is an increasing function of
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.......................

.......................................................................... ----------
------------------- -............ ..... ------------------------

-0.5

-1.U c = 075
Cy = 1.00 -------

c = 1.50
a = 2.00 ................

-1.5

1.00 1.25 1.50 1.75 2.00

Reduced dimensionality &a

FIG. 1: Behavior of the Casimir amplitude as a function of d.

d at fixed or, and an increasing function of a at a fixed d. Note also that in accordance with the

general expectations, the amplitudes are negative.

In order to obtain the amplitudes, one needs to know the value Of YL(T) at the critical point

T = T, that is the solution of the equation for the spherical field 310). These results have

their own important physical meaning. We recall that YL is directly connected to the finite-size

correlation length � = Ly- 11a of the system [5]. The results for YL(T,) axe shown in FIG. 2.L

In FIG. 3 we present our results for the Casimir force evaluated at the bulk critical point of

the model as a function of d for some selected values of a. We observe that the Casimir force

behaves in a different way depending on whether a is smaller or laxger than = For < 

it is decreasing monotonically as a function of d, while for O > it is not.

In the following we turn our attention to the investigation of the thermodynamic functions

of interest as a function of the scaling variable x for fixed d and o. Let us first consider the

situations where it is possible to obtain some results analytically.

Let us first consider the asymptotic of the excess free energy and the Casimir force in the

under critical region (i.e. T < T). Taking into account that then (i.e. when xi 1, X = 0),

according to Es- 310) and 3.11) YL -- 0, y... = 0, as well as the asymptotic B13) of the

function Cd,,(YL) for small values of the argument (derived in Appendix B) it is easy to see that

below the critical temperature

Xf (xi --+ 00, 0) - or r (d) C(d), (3.13)
Trd/2 2
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1.00
..................................

0.75

..........

0.50
78

CT = 01.

0.25 CT = 1.00 -------
= 1.50

c = 200 ................

0.00

1.00 1.25 1.50 1.75 2.00

Reduced dimensionality &cr

FIG. 2 Behavior of the scaling variable L as a function of d at the critical point T T, We recall that

the finite-size correlation length �L is related t YL via �L Ly-1/cr [5].L

0.0

-O. I
C)
C;

-0.2

--------------------------------------------------

-0 .3 ..................................................................... ...............................................

cF = 075
VS C = 1.00

-0.4 c = 1.50
c = 200 ................

-0.5
1.00 1.25 1.50 1.75 2.00

Reduced dimensionality &a

FIG. 3 The behavior of the Casimir force at T = Tc as a function of d.

and

o,(d - )
Xcas mir (XI --+ 00, 0 = - r ()((d). (3.14)

27rd/2 2

The above results reflect thE dominating contribution of the Goldstone modes in the under
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critical-regime of an O(n) model - both the excess free energy and the Casimir force do not tend

exponentially-in-L to zero, but to finite constants. For a = 2 these constants coincide with those

known from short-range systems (see, e.g. [15] and the references cited therein). Note also that,

in contrast with systems with real boundaries, the direct inter-spin long ranged interaction below

T, does not lead to a L-('-') contribution, which is well known from studies of van der Waals

systems exhibiting wetting phase transitions 39, 431. This is due to the application of periodic

boundary conditions, i.e. the system under consideration lacks real physical boundaries.

Let us consider the critical behavior of the force for T > T, in a bit more detail. Then, when

X = and xj -+ -oo from 3.10) and 3.11) one obtains yL y,"'(1 + d,,), where

Edo- ado, (3.15)
(d 1) d1o,+1

or IDd,.,l YO

and

d-a

YOO IDd,,l (3.16)1X1 )

Therefore, the leading behavior of the scaling function of the force in that region is

XCasimir -AdcrYc�l

-Ad,., [,3: -3)J(O)p�,1jDd,,j] O L-Or,

(3.17)

where

Ado- adO' (or + d - 1) (3.18)
2

-(d+or) -y = ol (d - or), and X > ,
Eq. 3.17) implies that above T, Fc,, -X+Itl--YL with

i.e. the force remains attractive and decays in a power-in-L and not in an exponentially-in-L

way, as it is in systems with short ranged interactions. This behavior is in full correspondence

with the long-ranged character of the interaction. Similar is, as it has been recently established,

also the behavior of the Casimir force and the excess free energy in systems with van der Waals

type interaction 371 (see also 38]), despite that their critical exponents axe those ones of the

short-ranged systems.

The obtained aalytical results axe supported by numerical analysis of the expressions for

the scaling functions of the excess free energy and the Casimir force at zero external field. The

corresponding data is presented in FIG. 4 (for the excess free energy) and in FIG. (for the

Casimir force). While the scaling function of the excess free energy is monotonic regardless of

the used values of d and o, the behavior of Casimir force depends strongly on the range of the

interaction or. For a > it is monotonically increasing as it can be seen from the case = 2,

corresponding to short range interaction, and the long-range case with O = 1.5. For or = I the

monotonicity changes and XC.frnir(X1, 0) becomes decreasing for values of or < 1. As an example

we show its behavior for a = 075.



0.0 --- --- --- - --- -- -

-0 .2 ............... ..............................................................

-0.4 -----------------------------------

-0.6
lt3

c = 075, d = 125
c = 1.00, d = 1.50 -------

-0.8 a = .50, d = 200 --------
a = 200, d = 300 ................

-1.0
-10 -6 -2 0 2 6 10

Scaling variable -x,

FIG. 4 The universal finite-Si2 e scaling function of the excess free energy Xf xi, 0) from Eq. 38 as

a function of -xi - T - Tc)1,11", for some selected values of at zero external magnetic field. One

observes that, in fll accordance with the corresponding statement from Section VI, XC&simir(xl, 0) is a

monotonically increasing ftinction of the temperature T regardless of value of C.

We close this section by presenting the outcome of the numerical analysis of the behavior

of the scaling functions of t ae excess free energy, shown in FIG. 6 and that of the Casimir

force, shown in FIG. 7 as a unction of the scaling variable X2 at the bulk critical temperature.

One observes that the excess free energy is a monotonically increasing function of the external

magnetic field H independently of the range of the interaction. However the Casimr force is

a nonmonotonic function of H and has a minimum at X2 -7� 0 which depth depends of the

parameter a. The minimum found to be at X = 0084 0145 0263 and 0416 for = 2 1.5,

1 and 075, respectively. So, as long as a goes smaller the minimum becomes deeper. Indeed

the ratio of the Casimir form evaluated at the minimum to its value at H = is a decreasing

function of o,. It is given by 1017 1073 1215 and 1513 for = 2 1.5, 1 and 075, respectively.

IV. CASIMIR (SOLVAT[ON) FORCE ALONG THE PHASE COEXISTENCE LINE

Here we investigate the behavior of the Casimir force along the line H = when T < T,

This is a line of a first order phase transition with respect to the magnetic field H. The finite-

size rounding of the first-ordor transitions in 0(n) models has been already studied by Fisher

and Privman in 44] for fully finite and cylinder geometries. Later their predictions have been

verified in details for the spherical model system with such a geometry in 45], while in 46, 471

their aguments have been extended to a geometry of the type Ld-d x ood, where d has been
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Scaling variable - x,

FIG. 5: The universal finite-size scaling function of the Casimir force ,,,i .. , xi, 0) as a function of

the scaling variable -xi (T - Tc)L'lv, at zero external magnetic field H = . One observes that,

in full accordance with the corresponding statement from Section VI, XC..imir(xi, 0) is a monotonically

increasing function of the temperature T (for a > ) and possesses a complex behavior for a < .

chosen so that no phase transition of its own exists in the finite system, i.e. d < a has been

supposed. Here we extend these investigations to cover also the cases d = a and d > a in

systems with a film geometry, i.e. when d = d - 1. We will be only interested in the behavior

of the Casimir force.

For T < T and small H Eqs. 36)-(3.12) are still valid, but there the limit YL < has to

be taken (i.e. we suppose that x, > x2). It is clear from Eq. 1313) that then there axe three2

subcases to be considered.

i) ne case d - I < a.

Then in the finite system there is no phase transition on its own. For the excess free energy

one obtains

01 (d-1)
f'(,3,H) -_ r(d/2)C(d)L-2.7rd/2

+#mOHL I i (MO ML)
2 ML MO

a MO ML) , (4.1)
2(d - 1) (ML MO

where

ML IDd-1,al :2 1 Dd- 1, I
+ - (4.2)

MO 2xm I 2x,,,
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-0.4
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FIG. 6 The uiversal finite-siz e scaling fnction of the excess free energy Xf (0, X2), for some values of

a, as a unction of the scaling variable X - H6'1' at the bulk critical point T = T. One observes

Xf (0, X2) is a monotonically increasing function of the field H for arbitrary a.

Here ML = H1[pJ(0)0] is the magnetization of the finite system, MO = V�Jl �-TlTc is the

spontaneous magnetization, nd x =flmo(T)L�d- 'H, which has the meaning of the ratio ofL

the total magnetic energy in the correlated volume Vc = �d-l to the thermal energy kBTL

per degree of freedom, is the scaling variable. (We recall that in the spherical model the true

finite-size correlation length �-,L is equal to Va 5, 471.) Next, it is easy to see from Eq. 42)

that x = 0(l) involves H = (L -a1(1+a-d))' that is the scale on which the jump in the bulk

magnetization is rounded off rom this observation and from Eq. 41) one obtains that the

H dependent correction to the Casimir force is then of the order of L'I(I+a-d) (Note that

al(I + o - d > d for d > 7 and, so, the term proportional to H in Eq. 41) will indeed

contribute as a correction towards the Casimir force.)

ii) The case d - = a.

This is the borderline c&&e between the one when in the finite system there is no phase

transition of its own (for d - < and the one in which in the finite system there is such a

phase transition (for d - > . In this case a essential singular point exists in the finite-size

system at T = H = . For the excess free energy one now obtains

Px(0, H) O, r(d/2)((d)L-(d-1)
2.7rd/2

+PmOHL 1 - 'O (4.3)

1 ML
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FIG. 7 The universal finite-size scaling function of the Casimir force XCasimiri for some values of a, as a

function of the scaling variable X - HL6'1" at the bulk critical temperature T = T.. One observes that,

XC.imir(O, X2) is not a monotonically increasing function of the field H for all values of a < 2 including

the short-range case.

where

ML 1 1 2 1 1
+ 1 + (4.4)(47r)-/2r(o,/2) (4ir)o,/21'(o,/2) xnMO I Xn

and.tn = j3mo(T)HL�d-ll ln(LAL). The above equations are to be compared with the previousL

case. One observes, that the main difference is the existence of logarithmic-in-L dependence

that is introduced via the scaling field variable i�, As a result the rounding of the jump in the

magnetization takes place on a scale given by H = L-'exp(-const L e. the scale in this

case is exponentially small in L.

iii) The case d - > .

In this case there is a true phase transition of its own in the finite system at some T,L

T - EL-111, i.e. no rounding of the jump of the magnetization is possible. One only observes

L-dependent corrections of the finite-size magnetization ML with respect to the spontaneous

magnetization o. One finds that the crossover from d to d - critical behavior happens at

T,,L with

.7r(d-l)/2 C d (4.5)
(2-7r)o, rd12)&J(0)p,'

and, when JHJL' < ,

f 'B. (0, H) 01 r(d/2)((d)L-(d-1) +,3moHL a (4.6)
27rd/2 Ld-a
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with

a = 7r(d-l)/2 do' (4.7)

2(27r)- r(d/2)'3M 2(T)J(O)p,'0

and ML MO ( - a/2).

Finally, we would like to r.ote that in 0(n) systems one observes for T < T, in addition to the

rounding of the jump of the order parameter also the rounding of the spin wave singularities.

According to the general theory 44, 45], their rounding occurs on the scale for which x =

JHJL = 0(l). As it is cleaj- from Eq. 37) (and taking into account that if T < T, one can

rewrite x as x = mO(T)2,)'j(0)' with x > 1) the scale on which the rounding of the spin

wave singularities sets in involves that xi - x 2 there. Then, in this regime, the solution of the2

spherical field equations for the finite and the infinite system 3.10) and 311) will be again

YL = 0(1) and y = l). Since x and X2 can be expressed from Eqs. 310) and 311)

in terms of yL and y,, we conclude that, according to 3.12), in the regime in which the spin

waves are of importance, the Casimir force will be Fcagmi = (L -d), possessing a nontrivial

H dependence. If one would like to reveal more on this dependence the numerical treatment is

unavoidable. Note that when the field is strong enough to suppress the spin-wave excitations,

i.e. when x., > and T < T, one will have an Ising-like system. In this regime YL > 1,

yc,, > 1, and the Casimir foice will be of the order of L -(d+o,) (see Eq. 317)) under periodic

boundary conditions. (If the system was possessing real bounding surfaces like, say, under

Dirichlet-Drichlet boundary -conditions, one would expect that the corresponding contribution

in the force is of the order of L-'.)

V. RELATION WITH THE C-FUNCTION

The Zamolochikov C-theorem 48] is initially formulated for the description of critical systems

near their fixed points in the context of conformal field theory. According to this theorem it

is possible to define a function C depending on the coupling constants of the theory which

behaves monotonically along the renormalization-group trajectories. This result indicates that

the function C measures the nimber of fluctuating degrees of freedom. They must decrease when

we integrate over the small scales in the renorinalization-group flow.

In quest of finding an anal:)gue of the Zamolochikov C function, permitting the investigation

of quantum systems with arbitrary dimension, a function has been proposed in Ref. 49]. The

analysis of the behavior of tis generalized C-function appeared to be difficult from a general

point of view. That is why, fr any dimension d 4 the properties of the C-function have been

considered exclusively in the framework of concrete models 49-51]. Taking advantage of the

fact that the temperature can be considered as an inverse size in Ref. 52 a counterpart of the

C function has been investigated in the framework of the quantum spherical model with short-

ranged interaction. In addition a extension of the C-function suitable for the investigation of

16



critical quantum systems with long-ranged interaction has been proposed in 16].

Following 49] and 13], for a classical statistical-mechanical model with long-range interaction

we introduce the following dimensionless C-function:
d

C(L, 0, ald, o = -L d
n(d, o)

x [F (L,,3, a I d, o - Y (oo,,3, a Id, I (5.1)

where is the inverse temperature (the Boltzmann constant is taken to be kB = ) and the

characteristic length scale of the lattice a is fixed to unity. Here n(d, a) is a positive real number,

which depends on d and a, and v is a characteristic velocity (e.g. the velocity of quasiparticles in

the system (in the remainder v = will be taken). Here Y (oo, 0, a Id, a) is the free energy density

of the bulk system and Y (L,,O, al d, a) is the full free energy density. Normally one chooses the

normalization constant n(d, a) so that at the critical point T = T the corresponding Gaussian

model with the same type of interaction will have C(L,,3, ald, a) = 1. For the interactions

considered here one has

- dJ2 (d) C(d).n(d, o = 0'-7r r (5.2)
2 2

The function C(L,,3, a Id, a) is supposed to be positive, and, in the region of the phase diagram

where the critical behavior is bulk like, a monotonically decreasing function of the linear size of

the system. Obviously, the exact choice of n and v does not affect the monotonicity properties

of the C-function (5-1).

At the critical point the Zamolochikov C-function takes a specific value, which characterizes

the universality class. This quantity bears the name of 'central charge' in conformal field theory

context. At the critical point the value of the generalized C function defined by 6(d, a) =

C (L, 0,, a Id, a) can be deduced from the definition of the Casimir amplitude 3.8). The general

relation between them is given by:

E(d, a) Xf (0, 0) (5.3)
n(d, o)

For the particular case of a 3d spherical model with short-range interaction, i.e. a = 2 taking

into acount that 13] Xf (0, 0 = 2((3)/(5-7r) and that n(3,2 = (3)/(27r), we imediately

derive 3,2 = 45. For abitrary d and = 2 Eq. 53) has been considered in Refs. [51, 52].

Here we extend the investigation to arbitrary a. Analytical results are then difficult to be

obtained, rendering the evaluation of Z(d, or) numerically unavoidable. In FIG. we present our

results for the Ed,, for some values of the parameter a as a function of d. Let us remind that

our results are restricted only to dimensions satisfying a < d < 2a.

The behavior of the C-function as a function of the scaling variable x, at zero magnetic

external field is presented in FIG. 9 As expected, the C-function is found to be monotonically

decreasing with respect to xj, which is also in agreement with the analytical results of Section

VI (see below). In addition, at T = T, the C-function is also a monotonically decreasing function

Of X2. This is shown in FIG. 10.
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FIG. 8: The 'central charge' Ed., as a function of d for some representative values of the parameter a.
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FIG. 9 The dependence of the C -function on the scaling variable x, at zero external magnetic field X2 0

is presented. Note that C is a mnotonically decreasing function of x, regardless of the choice of .
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FIG. 10: The dependence of the C-function on the scaling variable X2 at the bulk critical temperature

T = T, is presented. One observes that C is a monotonically decreasing function Of X2 for any value of o-.

VI. MONOTONICITY PROPERTIES OF THE EXCESS FREE ENERGY AND THE

CASIMIR FORCE

Let us denote by 9L(X2,y) and o.(X2,Y) the right-hand side of Es. 310) and 311),

respectively. Now we prove that

i) L (X2, Y > . (X2, y) and

ii) that L (X2, Y) and o, (X2, y) are monotonically decreasing functions of y.

i) First, let us note that E,p(-x) is a completely monotonic function of x > 3-56] for

< a < and a. (In 53] this property was shown to hold for E,,(-x) =_ E,(-x)

and was latter extended to E,,o(-x) in 54] and [55]; see also 56].) This means that for all

n = 0, 1 23, one has

(_j)ndnE.,0(-x) >0, x>O, <a<l, )3>a. (6.1)
dXn -

Then, from n 0 it immediately follows that E,,,,,(-x > when x > . Now, from Eqs. 310)

and 3. 1 1), it immediately follows that L (X2, Y > . (X2, Y) 

ii) The required property follows from the monotonicity of the function E,,,,(-x) for x > 

and the explicit form of the right hand sides of Eqs. 3.10) and 3.11).

Having proved i) and ii), it is easy to understand now that for ay given values xj and X Of

the scaling variables the solution of the spherical field equation for the finite system will be larger

than that for the infinite system, i.e. Yxlx2 > Y.(X1,X2)- (Since the correlation lengths
L 11a -'/' [5], correspondingly, the

in the finite and the infinite systems are �L = Y and YOO
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physical meaning of the above result is that the correlation length of the finite system is always

smaller than that of the infinite one.) We are then ready to prove that

A) For XI > and 2 = the excess fee energy scaling function is negative, i.e. Xf (xi 

OX2 = 0 < -

B) The excess free energy scaling function Xf XI, X2) is a monotonically increasing function

of the temperatur T and the magnetic field HI.

Let us start with statement A).

A) From the explicit form of Eq. 38) it is clear that the statement A) will be true if

E,,,, (-x > when x > . The latter follows from 6. 1) for n = , and, thus, Xf XI, X2 < .

Let us now prove the statement B.

B) Rom Eq. 38) one obtains

axf (Y. - YL < 0, (6.2)
7xl- 2

and

-9xf = X2( 1 1 > . (6.3)
49X2 Yoo YL

Eq. 62) implies that Xf (Z 1, X2) is a monotonically increasing function of T, whereas Eq.

(6.3) states that it is a monotonically increasing function of IHI too.

Using B) one can now prcve that:

Q The excess fee energy scaling function is negative for any T and H, i.e. Xf (XI, X2 < 

for any XI and X2 

Indeed, from the monotonicity property B) and from A) it is clear that in order to prove )

it is enough to show that it holds for values of T above Tc, i.e. when YL > and y, > 1. Then,

from Es- 310), 311) and the asymptotic 1314) one obtains YL Y.(1 + E), < 1,

where

ado- (6.4)
2 A dl -1(d adYOO 2 -Y-t + IDd,,l Y.0' a - 1) 2

Next, from Eq. 38) it follows that

Xf XI, X2) ad,, (1 E < 0. (6.5)
2 y...

Thus, the excess free energy i3 indeed always negative.

Next, let us note that, according to Eq. 51), the scaling function of the C-function is, up to

a multiplication with a positive constant, equal to minus the excess free energy scaling function.

D) The C-function is a nornegative and monotonically decreasing function of the temperature

and the magnetic field.

Finally, we prove that

E) For a > the Casimirforce is always negative, i.e. it is a force of attraction between the

surfaces bounding the system.
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FIG. 11: The uiversal finite-size scaling function of the Casin-dr force as a function of scaling variables

XI and X2 for some values of the parameter a and the corresponding values of d. The visualization is

limited to positive values Of X2 since the function is even in H.

We start by multiplying Eq. 311) with y... and Eq. 310) with yL, and then adding the

results together. One obtains

2( d1a d1a
XI (YL -Y.) = X2 IDd,.,, i YCO

YL Yoo

-YL d kd,, (YL) (6.6)
dYL

Inserting the above expression in Eq. 312), one obtains

2
XC.imir (XI, X2 = 2

YL Yoo

d1 _ d1a
(I - 7) Dd,-l Y� YOO (d - 1))Cd,,,,, (yL)

2 d 2
0, 1 d

+ 2 YL- 1Cda(YL)- (6.7)
dYL

Since, according to what already has been proven, YL > yoo, and ]Cd,,(YL) is a positive and

monotonically decreasing function of yL (the latter follows from the explicit form Of Cd,,(YL)

given in Eq. 35) and the property 6.1) of E,I(x) for n = and n = ), from the above

expression one immediately confirms the validity of statement E). In addition, from Eq. 312)

it is easy to see that XCasimir (XI, X2 < also for < if XI < 0, i.e. for T > T,. Furthermore,
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from Eqs. (1.5) and 3.12) i -, follows that

0 or

-- XCasimir (XI -= 0, X2 = 0) - YLc) (6.8)
490-1 2

wherefrom we conclude, that at T = Tc the Casimir force is an increasing function of T for

a > (see FIG. 5), and a dcreasing function of T when a < (see FIG. 5). Therefore, at the

critical point the monotonic ity of the force changes as a function of o at a = where we have

an inflection point.

VIL DISCUSSION

In the current article we consider the behavior of the excess finite-size free energy and the

Casimir (salvation) force ad the generalization of the C-function in a classical system with

leading long range interactions in the limit n - oo of the 0(n) models (i.e. within the spherical

model). The dimensionality d and the parameter controlling the range of the interaction a are

chosen so, that the hypersca�ing is valid, i.e. a < d < 2o, is supposed. In this regime the critical

exponents depend on o-. We demonstrate that, despite of the choice of a, the excess free energy

scaling function Xf (see FIG. 4 ad FIG. 6 as well as the C-function (see FIG. 9 and FIG. 10),

axe monotonic functions of the temperature T and the magnetic field H with C being always

positive, while Xf being always a negative function. Surprisingly, to a given extend, the above

properties do not hold in such a general fashion for the Casimir (salvation) force (see FIG. 

and FIG. 7. This is in line with the results of Section VI where we show analytically that the

force is attractive for any T and a > , as well as for any T > T� if o- < 1. The monotonicity

of the force turns out to depend on o-. For example, if > at T = T and H = the force

is an increasing function of T and L-1, while for u < it is a decreasing function of both T

and L-1 at this point (see E q. 68) and FIG. 5). In addition, one derives that for T = T,

the minimum of the force is not at H = (see FIG. 7 Indeed, at T T, the minimum has

been found to be at some finite value of the scaling field variable X2 HL,6,1-. For a = 2,

1.5, 1 and 075 the lnininl= at T = T is found to be at X2 = 0084, 0145, 0263 and 0416,

respectively. Such an occurrence of a force minimum for a nonzero bulk field has also been

reported for the case of , -- ) boundary conditions 57, 58]. Here, in this section, we provide

more details for the universe finite-size scaling function of the Casimir force ,.imir(x,,X2)

presenting the numerical results for it as a function of both x and X > in FIG. 11. There

the effects due to both the temperature and the magnetic field are demonstrated (we recall that

xi T - T)L'I', X - HLAII'). We observe that for T < T. and H a cavity shows up

in the vicinity of the critical temperature that disappears for temperatures fax away from the

critical point. More precisely, one observes that there exists a finite value x of x, such that for

any x > x there is a lo al minimum of the force at some finite X2,mj, i.e. at H 0. For

x > x* there is no such minimum at nonzero H. In FIG. 11 the latter is shown for the cases
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a = 075,1,1.5 and = 2 (the short-range case). Note, that for = 075 one needs to go deeply

in the under critical region to find out where exactly the cavity vanishes. In the short-range

case = 2 we established that x* 028.
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APPENDIX A: SOME PROPERTIES OF THE MITTAG-LEFFLER TPE

FUNCTIONS

The Mittag-Leffler type functions are defined by the power series 41]:

E,,,6(z) E F(ak +,6)' a, > (Al)
k=O

They are entire functions of finite order of growth. The functions axe named after Mittag-Leffler

who first considered the particular case = These function are very popular in the field of

fractional calculus (for a recent review see Ref. 41]).

One of the most useful properties of these functions is the identity 41]

1 00
dxe-'x"-'E,,# (_X Z), (A2)

1 + Z

which is obtained by means of term-by-term integration of the series (Al). The integral in

Eq. (A2) converges in the complex plane to the left of the line Re zl/c = 1, I axg z I a-7r.

The identity (A2) lies in the basis of the mathematical investigation of finite-size scaling in the

spherical model with algebraically decaying long-range interaction (see Ref. [5 ad references

therein).

In some particular cases the functions E,p(z) reduce to known functions. For example, in

the case corresponding to the short range case we have

El, (z = exp, (z). (A3)

Setting z = y-', y > , and x = ty, we obtain the Laplace transform

Ya-)3 co
dte (A4)

+ a I

from which we derive the useful identity

1 00
+ ZC1 = fo dx exp, (-xz) x-'E.,. (-x') (A5)
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by setting = a.

The asymptotic behavior for large arguments of the Mittag-Leffler functions is given by the

Lemma 591:

Let < a < 2 be ar arbitrary complex number, and be a real number obeying the

condition

a7 < y < minf7r, a7r}.
2

Then for any integer p the following asymptotic expressions hold when jzj oo:

o At I arg zj y,

00 -k
E,,,,,3(z = -z( e -E + 0 (jzj-P (A6)

a k=1 rp -ak)

At -y i arg zi 7,

00 -k
E.,,3 () _Ef Z + 0 Ozi-P-1) (A7)

k=1 - ak)

APPENDIX 3: ASYMPTOTICS OF THE FUNCTION lCd,,(Y)

Here we will evaluate the asymptotic behaviors of the uxiliary fnction Cd,,(Y) used in the

expression of the free energy and the quantities descending from it. It is defined by:

01 00 d
dxx [A

2(47r)d/2 fo 4x

xEsj 2) (131a)

where

U12
A(u) e- (131b)

1=-00

Using the identity

E.,l(-z = - zE.,.+l(-z), (132)

it is possible to write down Eq. (Bla) in a more convenient form, which will allow us to extract

the asymptotics of the function under investigation. After some algebra one obtains

d/2 (d)
KI"(Y = 0,7r- r C(d - 71d,,,(y), (133a)

2 2

where we have introduced the auxiliary function

_d_l-Tda (Y) Y dxxs2 2 [A
(47r)d/2 0 4x

E
XE�E z1 -X2Y (B3b)
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Now, setting x = z(2,7r) -2 and with the help of the identity

1r2) ,
A(u) 'A - (B4)

VF: 
we rewrite equation (133b) (after some algebra) in the form

7r(d-l)/2 00 d a-d-1 X 2
Id,, (Y = Y ZX A(x - 1 Es 1 -y

(2-7r)- 10 2,2 (2-7r)-

(d- 1)/2 oo7r dXX d 1 E2Z 'i � e+l _Y (135)
+Y__C2_7r)' f 2, 2 (2ir)- -

The integral in the second term on the right-hand side of (B5) can be evaluated exactly with

the help of the identities

V 1 00 1 Ut
U fo dttv e (136)

and
00 (arl- 7r

UP-' In (a + bu' = - (137)
fo b sin(7rp/v)

to yield the result

(d-1)1a2(d - 1)-1Dd-1,,Y (138)

For the evaluation of the first integral on the right hand side of (B5), we note that the

two terms in the square brackets in (135) cannot be integrated separately, since they diverge.

Nevertheless, it is possible to outwit this divergence, by transforming further (B5) by adding and

subtracting from the function E,,,+l(z) its asymptotic behavior at small arguments, leading,

after some algebra, to

2Y 7r (d-l)/2 C d 2d-'Dd "Yd1a, + ld,,(Y). (B9a)
a (2-7r)o' 17(o-/2]

Here we introduced the notations
00 00

E X120. 2 --- !Cd, fo dxx - 2 e- d- < ,, (139b)

and
7r(d-l)/2 co dXXad_1 X12

lZd,, (Y)= 2y E i e--(2,)' 1=1 fo

a
X2

x -a+1 -Y- (B9c)
12 (27r)o� IF[' + 112

Collecting the above results, we obtain

Kd,,(y = oir-d/2r (d) C(d)
2

_Or(d - l)-'Dd- I"Y(d-1)101 - Y7r(d-l)/2 C d
(27r)o' ral2l

01
+ad-'Dd,,Ydlo - _'Rdo,(Y)- (1310)

2
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The constant Cd,, introduced in Eq. (B9b) is the so-called Madelung constant (see eg.

[60, 61])

C!d,, = lim 2 r[(u - d 1/2, j12]
6�O (a-d+1)12

00 dl Qo - d 1/2,6121 d - < a,

00

(B11)

where r[a, xi is the incomplete gamma function. It has been shown that this constant has a

remarkable property of symmetry 61], which relates its values in the case d - < to those in
the case d - > a. On the Aher hand, it has been shown that Cd,, can be expressed in terms
of the analytic continuation, over d - < a, of (for details see 61])

'+o--d d - a
Cda = 20 r ( 2 ) C (d - d - > (B12)

Eq. B10) is the general form of the functions Kd,,(y). According to Eqs. (B11) and B12)
it can be used to investigate the critical behavior of the system for ay dimension less than d.

For smal y the asymptotic behavior of the function d,,(Y) is easily deduced from equation

(B10). It is given by

a IDd I (d-l)la
d/2r (d) C(d - 'y < d - <

7r 2 d-1

lCd,.,- (Y) 'Izt� -cr r(d) C(d - y [(47r)-/20,F[o,/2j] 1 (1 - In y), o = d - ,
jrdF2 2

-O' II (d) �(d) _ 7,1d-1)/2 Cd jDd- 1 1 < a < d - .
7rdF2 2 F2 T- Y M2 a

(1313)
For large y the asymptotic behavior of the function lCda (y) is obtained by substituting the

large x behavior of the functions E,,o(x) (given in Eq. (A7)) in the definition (Bla). After
some calculations one ends up with

)(-d,,(Y) �-- ad,.,Y (B14a)

where

ada 21+0'r [(d + a/2] C(d + o). (B14b)
7rd/2 IIF[-o,/211
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