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In these lecture notes we talk about kinetic simulations in 
plasma physics. We present a general view of the different 
approach that can be given to kinetic plasmas depending on 
the physical problem to be investigated. Some applications 
of kinetic simulations to space plasma phenomena and Pierce 
electrodes are introduced. 

I. INTRODUCTION 

Plasma is a special type of fluid composed of mobile 
charged particles. Charged particles interact through the 
electric and magnetic fields they produce. These interac-
tions are long ranged and give rise to the so-called col-
lective motions (motions where many particles move co-
herently). Besides the numerous types of collective mo-
tions tha t can exist, these modes can interact nonlinearly, 
giving rise to a wide range of nonlinear and turbulent 
behaviour. Thus, plasmas present us with a wealth of 
complexity not easy to understand. 

Traditionally the investigation of the behaviour of com-
plex physical systems has been carried out through the 
application of two well tested techniques: experimental 
techniques in which one disturbs the system in some con-
trolled manner and observes its behavior, and theoreti-
cal approach in which one uses analytical mathematical 
techniques to determine the behaviour consistent with 
well established physical laws. 

High-speed computers offer us a powerful tool for gain-
ing an understanding: computer simulation or computer 
(numerical) experiment. The basic idea of computer ex-
periments is to simulate the physical behaviour of com-
plicated natural systems by solving an appropriate set of 
mathematical equations based on an accepted and fun-
damental physico-mathematical model. One then carries 
out a numerical experiment in a computer allowing the 
system to evolve from some initial situation of interest in 
accordance with the fundamental physical laws adopted 
in the physico-mathernatical model. One can compare 
the results of each simulation with theoretical predictions 
based on simplified analytic models, with experimental 
observations or with observation of natural phenomena, 
or one can use the results to predict the behavior of un-
performed experiments. 

Computer experiments yield clues and hints to com-
plicate problems otherwise opaque to more traditional 

methods of investigation. They are close in method to 
traditional laboratory experiments where physical pa-
rameters are easily changed and controlled. Some ad-
vantages over real experiments should be pointed out. 
First, the computer can give one as detailed informa-
tion about what happens, as it is desired. In fact, the 
amount of information can be so high tha t par t of the 
art of computer modeling is in knowing what measure-
ments will give useful information. Second, diagnostics 
are non-invasive, which means tha t measurements do not 
disturb the system in any way. Third, one can turn effects 
on and off and see how this change the results. Finally, 
computer experiments are exactly reproducible. 

Another important advantage of computer experi-
ments is that complicated physical systems, including 
non-linearity and non-uniformity or inhomogeneity can 
be treated without difficulty as easily as much simpler 
linear and homogeneous systems are dealt with. They 
usually allow non-local, nonlinear, and time-dependent 
effects to be addressed. 

Plasma can be categorized as those which can be de-
scribed by fluid equations and those for which a more 
complex (kinetic) representation of the particle distri-
butions functions is needed. Kinetic simulations has 
been particularly successful in dealing with basic physi-
cal problems in which the particle distributions deviate 
significantly from a local Maxwellian distribution, such 
as when wave-particle resonances, trapping, or stochastic 
heating occur. Fluid simulation, on the other hand, has 
generally been applied to large-scale problems directly 
related to the behaviour of experimental devices or, for 
example, to simulate the global structure and dynam-
ics of the large-scale magnetosphere. The techniques for 
simulating fluid and kinetic plasma have developed along 
separate lines over the years. 

In general, kinetic simulations involve solving 
Maxwell's equations (or some subset thereof) based on 
self-consistent source terms (plasma density and cur-
rents), which in turn are generated from particles that 
represent the plasma subject to the electromagnetic 
fields. Kinetic simulation is quite complex and diverse. 
There are a number of different tools and techniques 
available. How one chooses the appropriate technique 
for each individual problem depends on the physics of 
the phenomenon of interest, particularly the timescales 
and length scales involved. 

One of the oldest method of kinetic simulation in 
plasma physics is the particle model. In these models 
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one simulates na ture by following the motion of a large 
number of charged particles in their self-consistent and 
applied electric and magnetic fields. The first example of 
a computer experiment using the particle model can be 
found in the electronic microwave device studies, such as 
magnetron and T W T (traveling wave tube) design and 
development, which were carried out in the 1940's and 
1950's. The pioneers of computer experiments in plasma 
physics were O. Buneman and J . M. Dawson. During 
the 60's the computer simulation was extended in its ap-
plication to space plasma research and also to the drive 
towards nuclear fusion. Since then, particle simulations 
have been used to investigate a large variety of problems. 
Many different codes and techniques were developed, ac-
cording to the focused problem. 

In Section II we talk about the different approaches 
tha t can be used in kinetic simulations. In Section III 
we present some topics in space plasma tha t can be 
addressed using kinetic simulations. In particular we 
present some results obtained for an old problem with 
still a lot of questions to plasma physicists: electron 
beam-plasma interactions. We use parameters relevant 
to the solar wind and the Type III solar radio bursts. In 
Section IV we present the problem of Pierce diodes and 
some results we have obtained using bounded particle-
in-cell codes. In Section V we summarize these lecture 
notes. 

II. KINETIC MODELS 

Particle models for plasmas come in a large number 
of varieties. There are one-, two-, and three-dimensional 
models; there are electrostatic, magnetostatic, and elec-
tromagnetic models [1-4]. In the most general case, the 
trajectories of a large number of particles are followed in 
time according to the relativistic equation of motion 

dpi ( x , , ?jX B{fj)\ 
-d[=qi [ E { r i ) + — ^ r ) { ) 

where É and B are the self-consistent plus externally ap-
plied electromagnetic fields at position of the particle, f i , 
and 7j = (1 + pf/m'fc2)1/2. From particle positions and 
velocities, vl, or momenta, pi = 7m^üí, one calculates the 
charge and current densities in a spatial grid. Maxwell's 
equations are then integrated forward in time: 

ÕÊ 
^ = cV x B - J (3) 

^ = - c V x £ (4) 

V.B = 0 (5) 

V . J = — . (6) 
eo 

These equations are written in rationalized c.g.s. (or 
Heaviside-Lorentz) form which eliminates almost all oc-
currences of factors of 4tt during problems design and 
physical interpretation of the results. There are differ-
ent techniques of solving these coupled equations [5]. To 
preserve space-time symmetries (and the reversibility of 
collisionless plasma physics), all finite-difference imple-
mentation of differential operators must be space- and 
time-centered. This also guarantees second order accu-
racy. A typical cycle, one time step, in a particle simu-
lation program is shown in Figure 1. 

FIG. 1. A typical cycle, one time step, in a par-
ticle simulation program. The particles are numbered 
i = 1 ,2 ,3 , . . . , Ntotal ] the grid indices are j, which become 
vectors in 2 and 3 dimensions. (Prom [3]). 

The simulation proceed step by step, (At), using nu-
merical methods tha t provide sufficient accuracy and sta-
bility. The time step should be small compared to the 
wave period, ojpAt < < 1. Usually the fields are calcu-
lated in a spatial grid, from charge and current densities. 
Accuracy requires tha t grid spacing be small compared 
to the shortest wavelength of interest, kAx < < 1 The 
use of temporal and spatial grids, which are mathemati-
cal and not physical, causes concern about accuracy and 
may create what we will term " nonphysics". Suffice is to 
say: the possibility of nonphysical effects may restrict our 
choices of parameters on occasion, but generally these ef-
fects can be avoided; innacuracies will always be with us 
and simply must be made small. 

The cycle starts at t = 0 with some appropriate initial 
conditions on the particle positions and velocities (mo-
menta). The field quantities will be obtained only on 
the spatial grid, known only at discrete points in space, 
E j , Bj . The ties from particle position and velocities to 



the field quantities are made by first calculating charge 
and current densities on the grid; this step requires stat-
ing how to produce the grid densities from the particle 
positions and velocities. This process of charge and cur-
rent assignment implies some weighting to the grid points 
which is dependent on particle positions. Once the den-
sities are established on the grid, then we can use various 
methods to obtain the electric and magnetic fields. With 
the fields known on the grid, but with the particles scat-
tered around within the grid, we interpolate the fields 
from the grid to the particles in order to apply the forces 
at the particles by again performing a weighting [1-4]. 
It is desirable to use the same weighting in both density 
and force calculations in order to avoid a self-force (i.e., 
a particle accelerates itself) [3]. 

This general model would result in a full electromag-
netic code, which solves all the kinetics of both electrons 
and ions under the self-consistent electromagnetic and 
electrostatic fields and thereby is most accurate with 
least artificial assumptions. However,if it is applied, for 
example, to a large scale and low-frequency (heavy ion 
timescale) phenomena, it demands a huge amount of 
CPU time resources and lots of computer memory. 

Prior to running the simulation, there are a number 
of basic decisions about the calculation which must be 
made. The first two of these decisions are: 1) determin-
ing which plasma species will be represented by parti-
cles; 2) deciding on what subset of Maxwell's equation to 
solve. Answering these questions determines what type 
of simulation code should be used (only particles, hybrid, 
electrostatic, or electromagnetic). One also must to de-
cide on the geometry of the calculation, and devise initial 
conditions to start the problem. In addition, one must 
choose boundary conditions to be obeyed by the particles 
and the fields. 

The choice of the physical model to be used in the 
simulation is based on the physics of the phenomenon of 
interest. Each kth species of the plasma is characterized 
by representative scales associated with kinetic processes. 
These include timescales related to the inverse of plasma 
frequency, u>pk, and cyclotron frequency in a magnetic 
field of strength B, Í Í T h e length scales involving these 
frequencies and relevant velocities, thermal velocity, Vtk, 
and bulk velocities, 14, are the Debye length, AD, the 
thermal gyroradius, ptk, and the direct gyroradius, pk-
A kinetic description is required when these timescales 
and/or length scales are larger than or comparable to 
the scales of the phenomena of interest. If the problem 
involves a kinetic description of both electrons and ions, 
then a full particle code is a technique of choice. 

For some problems the representation of the various 
plasma species can be different, which turns out into hy-
brid models. For example, hybrid models with kinetic ions 
and massless fluid electrons are suitable for studying low 
frequency electromagnetic phenomena in magnetospheric 
plasmas (see Chap. 5 of Ref. [6]). In the hybrid models, 
the electromagnetic fields are given in the Darwin limit, 
which implies that the displacement current is negleted 

in Ampére's law (Eq. 3), the electrons are described as 
a massless fluid and ions are treated as in particle codes 
(kinetic). The equations used in these models are the 
Maxwell's equation in the low frequency approximation, 

V x B = J/c (7) 

supplemented by Equations 4 and 5. 
Electrons are described by fluid equations including fi-

nite electron temperature (Te) in the limit of zero electron 
mass. The electron momentum equation is thus 

d(nemeVe) - Ve x B g g -
= 0 = —ene(E H ) — V • Pe + eneR • J 

dt 
(8) 

with electron pressure tensor Pe = neTe 1. The assump-
tion of isotropic pressure is not required, it brings sim-
plicity. The last term in Eq. 8 represents the effect of 
the collisional drag between electrons and ions, where R 
is the resistivity (tensor) that describes short wavelength, 
high frequency anomalous wave-particle scattering due to 
me / 0, CJ ííj, instabilities not explicitly included in 
the hybrid model. We also need an equation of state. 
Neutrality is assumed, n e = ra, which replaces Eq. 6. 

Ions are treated kinetically and they follow equation 2 
and a modified equation 1 

dvi tf ViXB -> 
mi— — e(E -I ) - erjj 

at c (9) 

The last term in equation 9 balances the corresponding 
term in the electron momentum equation (8). The nu-
merical implementantion of the equations for the hybrid 
model is well described in Chap. 5 of Ref. [6]. 

One can also have a problem where kinetic effects 
along an external magnetic fields are important while 
effects transverse to the fields are not; in this case a 
guiding center or gyrokinetic description is may be more 
appropriate. Basically, gyrokinetic models suppress the 
high-frequency gyromotion of the charged particles about 
magnetic field lines by treating particles as rings of charge 
and current perpendicular to the magnetic field lines; the 
rings have the average charge and current of a charge gy-
rating about magnetic field. These rings of charge un-
dergo the usual E x B, grad B, and curvature drifts for 
charged particles in magnetic and electric fields. The 
motion along the magnetic field is obtained from 

dv li m-J=gE| | - / iV | | |B| . (10) 

In the calculations of the drifts, appropriate average 
values of the fields over the rings must be taken. In calcu-
lating the motion, the magnetic moment (/i = mv'^/eB) 
is conserved; this requires the size of the rings to shrink 
or expand as one moves from regions of one field strength 



to another. This also requires the inclusion of the mag-
netic mirroring force (Fy = - / iVy R) in the equation for 
the motion parallel to B. 

The polarization drift, due to a time-varying electric 
field, adds some difficulties because it gives rise to a cur-
rent tha t produces an electric field of its own through the 
Equation 3. The quantity J depends on dE/dt (the asso-
ciated current is known as the polarization current); it is 
nonlocal because the finite Larmor radii, so to find dE/dt 
we must know dE/dt. The polarization drift tends to re-
duce the magnitude of dE/dt-, the effect can be treated 
to a high degree of accuracy as a ^-dependent dielectric. 
In existing gyrokinetic code, this is what is done [7]. Gy-
rokinetic simulations of tokamaks are being carried out 
by a number of groups associated with the "Numerical 
Tokamak " program (LLNL, P P P L , University of Texas 
at Austin, UCLA). 

In the models previously mentioned the magnetic field 
as well its fluctuations has been considered. However, in 
some cases the magnetic field is so high that one can ig-
nore magnetic field fluctuations at all frequencies. In this 
case, only charge density perturbations are important, 
and one calculates the electrostatic fluctuations through 
Poisson's equation (Eq.6). Both electrons and ions are 
treated kinetically, and relevant spatial scale is the elec-
tron Debye length and the timescale is the inverse of 
the electron plasma frequency. Sometimes, if only low-
frequency (less than the ion plasma frequency) electro-
static perturbat ions are of interest, an adiabatic electron 
fluid is used instead. In tha t case the electron density is 
given by 

ne = rie0 exp(e0//cBTe) (11) 

where neo is the unper turbed electron density and <p is the 
electrostatic potential ( E = — V0) . Poisson's equation is 
then nonlinear, more complex to solve, but it involves 
only the ion density; the spatial scale is still \De-

To summarize the need for different physical models, 
we could say the following: for lengths L >> pu and 
times T > > Í2"1 (i for ions), the MHD approximation 
is most appropriate. For scales somewhat larger than 
i i t

_ 1and pti, but shorter than MHD scales, the hybrid 
approach is most useful. For smaller scales, full parti-
cle codes are best to resolve the physics. In the par-
ticle regime, when one is interested in long timescales 
but not in spatial scales, a Boltzmann approximation for 
electrons may be more appropriate. For very short time 
scales and /o r spatial length one may ignore ion dynamics 
entirely. 

III. SPACE PLASMAS A N D KINETIC 
SIMULATIONS 

Almost every issue of Journal of Geophysical Research 
Space Physics is well stocked with articles concerning 

plasma simulations and their relations to space plasma 
phenomena. The role of computer experiments in space 
plasma physics is not only important but now demon-
strably indispensable. The combination of computer ex-
periment with theory and space experiments turns out 
to be must more effective and useful than expected in 
early times in understanding large-scale phenomena and 
highly nonlinear kinetic macroscopic processes in space 
plasmas. 

Kinetic simulations have been widely used to investi-
gate plasma phenomena troughout the Earth 's magneto-
sphere, and in the solar wind and foreshocks of planets 
and comets [8,6]. 

When one looks at spacecraft data, e.g., time series 
of magnetic field components, plasma velocity moments, 
and wave intensities at various frequencies, one is usually 
overwhelmed by their complexity. It is evident that a 
wide variety of physical phenomena are taking place on 
a vast range of time and distance scales. It falls on the 
shoulder of the space scientist to separate out the various 
effects and their relevant temporal and /or spatial scales. 

One of the major area of investigation in space plasmas 
is collisionless shock waves. It has been a favorite subject 
for simulation studies over the past three decades. The 
most common type of magnetic shocks are fast shocks, 
which arise from the steepening of magnetosonic waves. 
The Earth 's bow shock is the most studied example, 
but other planets and comets have bow shocks as well. 
The bow shock is formed in the solar wind ahead of the 
magnetosphere and causes the solar wind to be slowed, 
heated, and deflected. Fast shocks involve a wide range 
of phenomena over diverse scales and have been studied 
kinetically by a number of techniques, including explicit 
[9], and implicit codes [10], particle codes and hybrid 
codes [11,12], Winske and Omidi use this subject to il-
lustrate the main steps we should follow prior to running 
the simulation [8]. 

Another well studied example in space plasmas is the 
upstream region of the Earth 's bow schock, known as 
the foreshock. The foreshock is characterized by parti-
cles that are leaked or reflected from the shock which 
stream back into the solar wind. The geometry of the 
shock causes one part of the foreshock to be dominated 
by backstreaming electrons (" electron foreshock"), while 
another, larger part of the foreshock is dominated by 
backstreaming ions ("ions foreschock"). The phenomena 
observed in the two foreshocks are quite distinct. 

The ion foreshock, is dominated in some region by well 
defined low frequency (ULF) waves with characteristic 
period of one-half to one minute, shown clearly by the 
wave data. Theory has shown tha t the observed waves 
can be generated by an electromagnetic ion beam insta-
bility, involving the relative field aligned drift of the back-
streaming ions with the solar wind [13,14], The wave 
generation process involves a cyclotron resonance of the 
beam ions with an electromagnetic wave. This mech-
anism has been shown to be the most consistent with 
the observations. In the instability the electrons play 



rio significant role, and observations show no interest-
ing electron effects, such as acceleration, heating, or high 
frequency waves, in the ion foreschock. It thus suggests 
that the relevant phenomena can be studied numerically 
using a model in which the electrons are treated pas-
sively, as a charge neutralizing massless electron fluid, 
but ion kinetic effects are necessary. Hybrid simulations 
reproduce the essential features of the (linear)theory and 
demonstrate that nonlinear processes are needed to ex-
plain many of the foreshock observations [15]. 

The excitation of Langmuir waves by a gentle bump-
on-tail of the electron distribution, a classical example 
of kinetic instabiliy, has been recalled to explain Lang-
muir waves observed in some regions of space. It forms, 
for example, the basis for Type III solar radio bursts 
[16]. They have been also observed in the Earth's elec-
tron foreshock [17] and in the auroral ionosphere [18]. An 
important question that still remains concerning genera-
tion of type III solar radio bursts is how the solar flare 
electrons can propagate such great distances ( > IAU) 
without being disrupted by the Langmuir waves which 
are in resonance with the beam. It is now widely believed 
that nonlinear mechanisms must act to limit the growth 
of the waves, thereby allowing the beam to propagate 
with little or no disruption. In all nonlinear mechanisms 
proposed, the electrostatic waves are shifted out of reso-
nance with the beam, thereby preventing the growth of 
electric fields that are sufficiently intense to disrupt the 
beam. Understanding these phenomena from experimen-
tal data requires measuring both wave fields and electron 
distribution functions at the same location, which is not 
always possible. Particle simulations offer this diagnos-
tic. 

Beam-plasma instability has been investigated by sev-
eral authors under different approaches. It will be men-
tioned a few of them, relevant to space plasmas. 

Cairns and Nishikawa [19] have used two-dimensional 
particle simulations to study the reactive instability, in 
which narrow-band waves grow by bunching the electrons 
in space, for Maxwellian beams and cutoff distributions. 
The simulation results indicate that the effects of spatial 
inhomogeneity are vital for a quantitative understanding 
of the foreshock waves. 

Dum [20] investigated the generation of Langmuir 
waves by a gentle bump-on-tail electron distribution by 
kinetic simulations. He shows that with appropriated 
designed simulation experiments, quasi-linear theory can 
be quantitatively verified for parameters corresponding 
to the electron foreschock. 

Dum and Nishikawa [21] investigated the modifica-
tion of quasilinear and nonlinear evolution of the elec-
tron beam-plasma instability by oblique wave propaga-
tion and an ambient magnetic field. The two-dimensional 
code they have used allows the inclusion of some effects 
relevant to interplanetary plasmas, auroral zone, besides 
the electron foreshock. 

Muschietti et al. [22] used particle-in-cell simulations 
to investigate the bursts of Langmuir waves observed in 

the auroral ionosphere. Those bursts are interpreted as 
localized wave packets of tens to a hundred wavelengths 
along the geomagnetic field, which interact with stream-
ing, energetic electrons. Their PIC codes include a lo-
calized, self-consistent Langmuir structure traversed by 
fast, resonat electrons in the presence of a realistic dis-
tribution function and open boundary conditions for the 
particles. 

Akimoto et al. [23] investigated, mainly via particle 
simulations, the self-consistent evolution of weak elec-
tron beam-plasma instabilities, with particular empha-
sis on the wave localization of the wave. They used a 
two-halves-dimensional, full particle codes with periodic 
boundary conditions. 

Goldman et al. [24] presented results from kinetic simu-
lations for beam-driven Langmuir turbulence. They have 
used parameters relevant to the beam-generated Lang-
muir turbulence in Earth's electron foreshock. Here we 
present results of electrostatic, one-dimensional, particle-
in-cell (PIC) simulations of Langmuir waves driven by an 
electron beam for parameters relevant to observations in 
the solar wind. 

The simulations were done using the particle-in-cell 
code XPDP1 (Plasma Device Planar one-dimensional) 
[25-27], This PIC code is one-dimensional, electrostatic, 
and simulates a plasma contained between two bound-
aries that can be coupled to an external RLC (resistive, 
inductive, and/or capacitive) circuit and/or rf source. 
The simulation system implements nonperiodic bound-
ary conditions and allows the injection of fresh distribu-
tion functions at both ends of the simulation box. The 
system is thus open, with a prescribed flux of particles 
that enters from one end and interacts self-consistently 
with the electrostatic fields. Once the particles reach the 
boundaries they are absorbed, contributing for the in-
ternal surface charge [26]. Both boundaries are kept at 
the same potential. Fields are calculated on a grid of 
a given number of points using a finite-difference Pois-
son scheme (equivalent to the flux conserving method 
[3]). Poisson's equation is solved each time step with 
the given boundary conditions. The time step is deter-
mined ensuring that the Courant-Friedrichs-Levy (CFL) 
condition, 7C = vmaxAt/Ax < 1, is satisfied as well as 
Atu)pe < 0.2 to avoid numerical instability and to assure 
accuracy to the solution of Poisson's equation [3]. 

For the proposed study, the simulation code incorpo-
rates three species of charged particles: background elec-
trons and ions with Maxwellian distribution functions, 
with density no , temperatures Te and T*, and beam 
electrons with a drifting Maxwellian distribution func-
tion with density rib, a drift velocity vi, and temperature 
Tb. We use a system length L = 1024Ax, where the 
grid size Ax is 2 Ad- Since nf , /n 0 > 10 - 6 , the distribu-
tion requires a prohibitive number of macroparticles with 
standard PIC simulations. On the other hand, a large 
number of particles in the beam is essential to provide 
a realistic kinetic environment to the problem . Thus to 
resolve the important features of the distribution func-



tion of the beam we use mesoparticles with smaller mass 
and charge values than the macroelectrons that describe 
the bulk plasma, yet with the same charge to mass ratio. 
The procedure preserves the effective plasma frequency 
and allows us to observe the evolution of distribution 
function [2]. 

Preexisting wave packets are not assumed, and all the 
waves grow self-consistently out of noise. The simulation 
model includes the competition between beam relaxation 
and the free energy source provided by continued beam 
injection. 

We choose the following set of parameters, typical for 
solar wind [16]: n 0 = 7 x 1 0 6 m - 3 ,Te/Ti = 5 ,vb = 
3.5 x 107m/s « 20vte ,Av/vb = 0.1 ,me/mi = 1836, 
and J\/Te = 1. The total run time of the simulations 
described here is l e O O w " ^ » 37w"1). Due to its low in-
tensity in the solar wind, we do not expect any influence 
of the static magnetic field. We use n j / n o = 3 x 1 0 - 4 , 
two orders of magnitude larger than the observed, in or-
der to decrease the necessary length of the system and 
the total time of the run. It is impossible, at present, to 
simulate the entire region and time covered by a satel-
lite while resolving the small length and timescales which 
must be resolved to compute the plasma evolution with 
accuracy. 

The excitation of the wave can be seen from the spa-
tial variations of the electric field and of the wave en-
ergy W. Figure 2 (a) presents the spatial profile of 
electrical potential (E — - V $ ) at t = 1 m s ( « 20cope

1)-, 
it shows the excitation of the wave out of noise, with 
A « 11)km, as predicted by the resonant condition 
ui w kvt, « u p e . This wave grows in amplitude as pre-
sented in Figure 2 (b). This figure shows the spatial pro-
file of wave energy normalized to plasma thermal energy, 
W = ( l / 2 ) e 0 | E \ 2 / ( n 0 T e ) , obtained at t « lOOu"1, and it 
is an average in time over . For the chosen param-
eters, the time t « lOOw^,1 corresponds to Q-,',"1 , where 
rhp i s the growth rate for a warm beam plasma instabil-
ity, = ujpefab/no)(vb/Av)2. The wave amplitude is 
large when compared to the observed values but agrees 
well with the values predicted by theory when the pilled 
up effects of continuous injection of a beam is taken into 
account [28]. The difference between the simulation and 
observational results can also be explained by the value 
of r i j /no, much larger than the experimental one. 

As the beam plasma instability develops we expect to 
observe t rapped electrons in the phase space (x versus 
vx) and plateau formation in the beam distribution func-
tion. Those results are shown in Figure 3. Figures 3 (a) 
show the phase-space at times t « 1 OOw . Observe the 
t rapped electrons in positions were the wave amplitude 
is maximum (see Fig. 2). Figure 3 (b) shows the beam 
distribution function at different times, up to t « 5 0 . 

The power spectrum of the high frequency wave in dif-
ferent positions in the system shows tha t ui « ui~e

l , as 
predicted by theory. We obtain a power spectrum for 
the electrical potential (less noisy than E or W) at four 

different positions: x = L/4 , 3L/8, L/2 , and 5L/8. A 
typical power spectrum at í w IOOCJ",1 , and x — L/2 is 
shown in Figure 4 (a). Figure 4 (b) shows the same plot 
in a later time, t « 1 5 0 0 I t is clear the existence of 
two peaks close to u p e , with the difference between both 
of them being w uiPi, an indication of the wave-wave in-
teractions. 

In conclusion, our very simple numerical experiment 
shows that for typical solar wind parameters a strong 
Langmuir wave is excited as predicted by beam plasma 
instability theory. The excitation of the wave can be seen 
from the spatial variations of the electrical potential and 
in the power spectrum for the potential in a chosen posi-
tion of the system. As the wave grows, the beam distri-
bution function changes, spreading out for lower energies, 
but still presenting d f / d v > 0. The beam persists after 
the wave has reached its maximum. At longer times of 
the simulations it is possible to observe the excitation of 
new waves, in different positions and with smaller am-
plitudes. We also observe the presence of low frequency 
waves, indicating that nonlinear processes are present. 

(a) 

W V v - i 

y__v 
0 x/XD 2048 

FIG. 2. Spatial profile of excited wave; excitation out 
of noise. (a) spatial profile of electrical potential at 
t = lms(~ 20ujpe : (b) space profile of wave amplitude W, 
at t « lOOw"1. 



numbers Rs, 0 < Rs < 1 will produce the rs correspond-
ing to the distribution n(r„) . 

How have we used those concepts in our codes? The 
first step is to calculate the total number of particles we 
will have. In cylindrical coordinates, considering n(r ) = 
A/r, A being a constant, we have: 

r ' 2 r h iTb 
Ntotal — / / / -rdrdOdz = 2nhA(rb - ra) (17) 

J 0 J 0 Jra r 

Between one particle and the following Ntotai — 1, and 
we can write: 

1
 = 2irhA(ri+l - n) = ( r i + i - r{) 

Ntotai 2nhA{rb - ra) rb ra 

r-j being the position of ii/i-particle. We can now find the 
position of the first particle: 

r\ = ra + (rb-ra)/(Ntotai) (19) 

Observe tha t the last term in Equation 19 is a constant 
tha t we call Np. We can now write that: 

r j + i =n + Np, (20) 

and we have the positions of all particles in the simula-
tions. It is important to keep in mind that Ntotai is the 
total number of macroparticles to be used in the simula-
tions. In our list of input parameters we have a variable 
tha t gives the relation between the macroparticle and the 
real particle, nc2p. For the spherical case we follow the 
same procedure, now considering n(r) = A/r2 and spher-
ical coordinates. The results of those algoritms are shown 
in Figure 6. Figures 6(a)-(b) show examples of initial 
density profiles for cylindrical and spherical geometries, 
respectively. 

The electron beam current as well as the value of A are 
determined from a given value of D, for a particular value 
of Xi. The time step is determined by ensuring that the 
Courant-Friedrichs-Levy (CFL) condition vmaxAt/Ax < 
I is satisfied. A value of vmax = 3vb is assumed, after 
concluding from a series of numerical experiments that 
this is an upper bound for the velocity. This condition 
means tha t no disturbance can propagate more than Ax 
in a time At , and avoids numerical instabilities. 

In the numerical experiments, the perturbation of the 
system is obtained by a small shift of the neutrality, at 
t = 0.0. The stability of the system can be analyzed 
by the time evolution of the electric field at the emitter 
electrode E0, or the potential 0 in a chosen position of 
the system. 

For the cylindrical case we found that the alternating 
succession of oscillatory unstable and monotonically un-
stable modes tha t appear in the system as D increases, 
are different in systems with Xi < 1 and Xi > 1, compared 
to the planar case. 

We studied in detail a system with x* = 100, so that 
the cylindrical geometry, the radial density variation and 

the divergence of the flow should have a strong influence. 
We have confirmed by several computer experiments that 
the stability properties of the regions defined by the val-
ues of Di change for D below and above the boundary 
values. We have also studied in detail a system with 
Xi = 0.1, which corresponds to a strong convergence of 
the beams. The case x, = 1.3 (pseudo-planar) was inves-
tigated as a benchmark to the code. Results agreed with 
the ones obtained for the planar case. 

For the cylindrical case, we could say tha t computer 
experiments show tha t region 1 is stable in both cases, as 
expected. The behaviour of regions 2, 4, and 6 depends 
on the initial conditions of space charge. Positive initial-
ization, ne slightly smaller than rij at, t = 0.0, can leads 
the system to a nonlinearly stable solutions. Regions 3, 
5, 7, present unstable behaviour. We should point out 
that we have chosen, in each region, values of D where 
the linear growth rate is maximum. 

Convergent and divergent flow present some differ-
ences, as illustrated in Figure 7. Figures 7 (a)-(b) are 
for the case x* = 100, region 3. Figure 7 (a) shows the 
phase space (vr versus r) and Figure 7 (b) shows the time 
evolution of the mid-potential (potential at the mid of the 
system). Figures 7 (c) -(d) are for the case Xj = 100, 
region 5; (c) the phase space , and (d) the time evolu-
tion of the mid- potential. Figure 8 shows the results for 
Xi — 0.1, region 3. Figures 8 (a)-(d) are the phase space 
at times t — lOr, 12r, 15r, and 20r, where r is the transit 
time. 

160 

n[1o'V] 

1.51 — 
0.1 r [m] 1 

FIG. 6. Examples of initial density profile (a) cylindrical, 
and (b) spherical.(From [42]). 
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FIG. 3. Time evolution of the beam-plasma instability, (a) 
Phase-space (x versus vx &t t ft, 1 OOu;",1: (b) beam distribu-
tion function at different times up to t ss 50a;"1. 

f [kHz] 

FIG. 4. Power spectrum of potential (time average over 
640;^) at x = L/2, (a) t = 4.3ms(« lOOw",,1) and (b) 
t - 65ms(a 1500a;-1). 

IV. PIERCE ELECTRODES [29] 

For many years plasma simulations were focused on the 
behaviour of the bulk of the plasma, since many oscilla-
tions, waves, instabilities, and transport problems occur 
in the bulk. Plasma-vacuum interfaces and gentle den-
sity gradients were included; once particles approached 
boundary, they usually were specularly or otherwise re-
flected so as to create no edge physics. For many of 
such models, periodic boundary conditions were accept-
able, essentially ignoring boundaries. Including realistic 
boundaries to plasma models in analysis and simulations 
has strong motivations. One is the desire to describe 
plasma edge transport in all kinds of fusion hot plas-
mas devices; another is the desire to model dc, RF, and 
microwave discharges used in plasma-assisted materials 
processing, such as for etching, sputtering, deposition, 
and ion implantation [25]. The importance of the bound-
aries can be exemplified in the classical problem of Pierce 
diodes. 

When an electron beam flows in a region between grids 
that are at the same potential an instability may de-
velop. This effect is unexpected since in the absence of 
boundaries a mono-energetic beam is stable. The insta-
bility and associated limit current for classical (planar 
grids) Pierce diode have been extensively studied in ex-
periments, theory, and particle simulations [30-32], A 
survey [33] of classical Pierce diodes (dated 1987) covers 
about 150 references. Recent literature indicates a per-
sistent interest in Pierce diodes and shows new features 
( [34] and papers quoted therein), like the subtle effects 
produced by a spread in velocity of the electron beam. 

Pierce like configurations appear in a variety of plasma 
systems of current interest, including inertial fusion, 
collective processes accelerators, Q-machines, and high 
power microwave amplification. Thus the classical Pierce 
diode is both fundamental and applied interest. 

In many electronic devices, thermionic cathodes with 
large curvature are used for practical reasons [35]. We 
will call electronic devices with cylindrical and spherical 
electrodes as Pierce electrodes. In inertial fusion experi-
ments with injection of convergent beams neutralized by 
acompanying electron currents, systems with cylindrical 
and spherical geometries are considered. In these configu-
rations the Pierce instability effect is relevant. Similarly, 
the dynamics of the Pierce process including boundaries 
with curvature is of interest in ion deposition experiments 
[36-39], and for microwave amplification [40]. We have 
recently investigated the stability and nonlinear dynam-
ics of Pierce electrodes using particle-in-cell simulations 
[41—43]. The knowledge of the Pierce instability in these 
systems is not well advanced as in the planar case. We 
present here a survey of results for both cylindrical and 
spherical electrodes that we have obtained. The aim is 
to put in evidence the strong density gradients parallel 
or anti-parallel to the flow of electrons on the nonlinear 
behaviour of the instability. 



We consider systems with radial flow trough coax-
ial cylindrical or spherical grids. In the unperturbed 
steady state, the flow of electrons has a constant velocity 
vr = v = ± ? v Ions are also flowing with the same speed 
so tha t charge and current neutrality are ensured. How-
ever in view of the high frequency of the electron dynam-
ics we ignore the movement of the ions (infinite mass). 
For geometrical reasons, both electrons and ions have 
an unper turbed density distribution with strong density 
gradient, n 0 = A/rl ,1 = 1 for cylindrical and Z = 2 for 
spherical geometry. Thus, initially no electric fields exist 
in the interelectrode space. 

While classical Pierce diodes depend on a single nondi-
mensional parameter a , the behaviour of Pierce elec-
trodes depend on two parameters: — 1{:/ II.r, ratio 
between one electrode and the emitter (Re) electrode, 
and D — 2Reu>p/vt,, where up is the plasma frequency 
with the emitter density. 

The laminar behaviour of the system can be pre-
dicted using the following model, where we have set 
Er = —d<p/dr, and assuming a monoenergetic beam 
(pressureless cold fluid) 

dv/dt + vdv/dr = e/md<f>/dr (12) 

d(rln)/dt + 1 /rld(r'nv)/dr = 0 (13) 

d(rld<p/dr)/dr = -e/e0(A - rlne) (14) 

For the Pierce problem the boundaries are equipoten-
tials, so tha t we assume 4>(Re) = <j>{Ri) = 0. Assuming 
linear modes varying as exp(7<), the roots of the disper-
sion relation can be examined numerically near 7 = 0, 
[41,43]. This fluid model relies on the assumption of a 
unique value of the radial velocity at every r position. 
However, the nonlinear evolution of the flow may lead 
to multivalues of velocities because of the overcrossing of 
different electron elements (break down of the laminar 
model). Therefore the fluid t reatment is suplemented 
with the particle-in-cell model tha t adequately describe 
the dynamics of the system in phase space (r,v). 

As we have already said, the properties of Pierce elec-
trodes systems depend on two parameters, xi and D. 
Classification and understanding of linear and nonlinear 
behaviour can be achieved, for a given through a set 
of threshold values D, < D-2 < D?J < ... for which the 
normalized eigenfrequency s is zero. We shall denote the 
interval 0 < D < DX,DX < D < D2,D2 < D < Dz,..., 
as regions 1 ,2 ,3 , . . . of the parameter space, respectively. 
The system is linearly stable below the first threshold, 
i.e., for D < D\, corresponding to region 1. In the other 
regions it can be nonlinearly stable or unstable, depend-
ing on initial conditions of space charge [41]. 

For the numerical experiments we use one-dimensional, 
radial, electrostatic codes tha t can simulate a beam flow-
ing between two concentric grids, shaped as cylinders 
or spheres [44]. The grids can be coupled to an exter-
nal RLC (resistive, inductive, and /or capacitive) circuit 

and/or rf source, as indicated in Figure 5. During the 
simulations the applied boundary conditions ensure that 
electrons are injected at a constant ra te from the emit-
ter, inner electrode for a divergent beam (vo = 
and outer electrode for a convergent beam (vo = —vi,). 
When electrons reach the collector they are absorbed, 
and contribute to the external surface charge [26]. Both 
electrodes are kept at the same potential, <j> = 0. 

All runs where initialized by prescribing electron spa-
tial distributions as A'/rl. Normally A' is taken close 
to A, but in some instances the difference \A' — A\ may 
be a significant fraction of A. A background of immo-
bile ions with Ajr1 density profile was assumed, A being 
determined by the value of D. 

V(t) or I(t) R 

FIG. 5. Configuration in cylindrical and spherical coor-
dinates with series RLC circuit and voltage/current source. 
(From [44]). 

One question tha t could arise is how to give a desired 
distribution of density. The answer can be found, for 
example in Ref. [3], page 388. Suppose tha t we wish to 
place particles in phase space so as to form a density n(r ) , 
from r — r„ to r = n, assuming tha t we know n(r) ei-
ther analytically or numerically. We form the cumulative 
distribution function 

N(r) 
fry(r')dr> 
C n(r')dr' 

where N{ra) = 0, N(rb) - 1, and 

dN(r) n(r) 

(15) 

(16) 
dr 12 n(r')dr' 

We see that equating N(rs) to a uniform distribution of 
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FIG. 7. Results for Xi = 100 in region 3[(a) and (b)] and in 
region 5 [(c) and (d)]: (a) final space phase; (b) time evolution 
of mid-potential; (c) final space phase; (d) time evolution of 
mid-potential.(From [42]) 

0.01 r[m] 0.1 
FIG. 8. Results for Xi = 0 . 1 in region 3: (a) phase space 

at t = lOr; (b) phase space at t = 12r; (c) phase space at 
t = 15r; (d) phase space at t = 20r. (From [42]) 

The strongly divergent case manifests unusual dynam-
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0.1 r [m] 1 
FIG. 10. Results for spherical Pierce diode, Xi — 10.0 and 

/t = 4.5. (a) phase space (vr versus r) at initial time, laminar 
flow; (b) phase space (vr versus r) at later time, after break 
up. 

dEg/dt 

0 T[1<RTS] 5.5 
FIG. 11. Results for spherical Pierce diode for Xi = 10.0 

and fj, = 5.0. (a) final potential profile; (b) time evolution of 
Bo, showing damped oscillations. (From [42]). 

FIG. 12. Results for spherical Pierce diode with x, = 10 
and /i = 4.7. (a) time evolution of Eo up to t = 16r; (b) time 
evolution of Eo after stabilization (t = 32r); (c) final potential 
profile; (d) phase space, dE0/dt versus E0, corresponding to 
the time interval shown in (b). (From [42]). 

V. SUMMARY 

In these lecture notes we have introduced different ap-
proaches that can be given to kinetic plasmas. Depend-
ing on the physical problem of interest, we can use a full 
particle model, an hybrid model, or a gyroninetic model. 
The choice is basically determined by the timescales and 
length scales involved. Also the Maxwell's equations to 
be solved are dependent on the problem. In some cases 
the magnetic fluctuations can be ignored and Poisson's 
equation is solved complemented by some assumption 
concerning the density of species involved. In particu-
lar we have presented some results we have obtained us-



ing full particle model, electrostatic and one-dimensional. 
We have treated the electron beam plasma interaction us-
ing parameter tha t are relevant for solar wind and Type 
III solar radio bursts. Pierce electrodes, cylindrical and 
spherical geometries, have also been investigated using 
particle simulations. Results agree with the ones ob-
tained using a fluid model. 
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