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ABSTRACT

A number of computational quantities exhibits certain variability. Therefore, these quantities can be considered
to be random variables or stochastic processes, and the structure lifetime can be calculated by means of probabilistic
procedures. In piping systems operating under creep conditions, this involves mainly creep properties and geometrical
parameters. The presented probabilistic assessment of lifetime and reliability is based on calculations of the stress
redistribution (using the creep constitutive equations) and of the accumulation of creep and fatigue damage (as
stochastic process). Failure risk is calculated not only for critical localities but also for the piping system as a whole. As
an example, the residual life of a piping system is predicted and the inspection periods optimised by means of a
posteriori (conditional) probabilities. 
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INTRODUCTION

Most of current stress analyses and lifetime assessments are based on the extreme values method. These extreme
values are so defined that it is highly improbable that they could be exceeded. However, accumulation of these extreme
values (minimal wall thickness, minimal material properties and maximal load) in every part of the pipeline seems to be
unrealistic and lifetime calculations with such values can give very conservative results. More realistic approach is
application of probabilistic procedures. The quantities describing a piping system (the material, the dimensions) can be
considered to be random quantities (they have certain variability). Using such description of the system parameters, the
lifetime can be calculated by probabilistic methods and the result is risk of failure of the assessed structure.   

This approach also enables to take into account real conditions of system found out during inspections of the
system and to update the risk of failure using a posteriori (conditional) probabilities.

The probabilistic assessment, which theoretical framework is outlined below, has been already applied in
remaining lifetime analyses in energy and chemical industry. As an example, the calculation of the lifetime of an outlet
steam pipeline made of 0.5Cr0.5Mo0.3V steel is demonstrated. Basic parameters: ∅ 273/25 mm and 219/20 mm;
effective temperature of steam 536.7°C, mean pressure 9.6 MPa. In the presented study is also shown the influence of
inspection interval on the lifetime prediction.

BASIC CALCULATION PRINCIPLES AND STAGES

The integrity and lifetime of creep-damaged structures are, in the first place, calculated from the accumulation of
creep material damage, and also from the stress redistribution which is a result of the development of permanent time-
depending deformations under creep. Therefore, the lifetime calculation has the following steps:
1. Working conditions of the piping system assessment - temperature and load spectra.
2. Calculation of primary elastic or elastic-plastic stresses.
3. Calculation of stress redistribution during creep.
4. Determination of stationary state of stress after the stress redistribution and the calculation of the relevant creep

damage.
5. Calculation of failure risk (crack initiation) for each critical locality.
6. Assessment procedure of failure risk for the piping system or its parts.
7. Calculation of the residual lifetime and optimisation of inspection periods.

PRINCIPLES OF PROBABILISTIC CALCULATION

The basics of the probabilistic calculation are introduced in the following chapters. The methodical procedure is
described in more detail in Report [1].

Stochastic Model of Creep - Constitutive Equation
If we wish to use probabilistic methods, we need a mathematically formulated stochastic description of creep

including strain characteristics. This model can be described by the following constitutive equations [1]:
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where εc(t|σ,T) is creep strain (creep curve) at time t under constant  stress σ and temperature T, εm(σ,T)  is limit
creep strain (ductility) as a random quantity (under  stress σ and temperature T),  εo  is initial strain - may/may not be
considered to be random, g[π(t)] is damage function, π(t) is creep damage in time t  as a random process, τ(σ,T) is time
to rupture as a random quantity (under  constant  stress σ and   temperature T),  N, M, K1, K2   are material parameters
evaluated from the creep data.

The random quantity εm(σ,T) – the limit creep strain – can be described as follows:
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where M1 – M5 are material parameters, δm is standard deviation of natural logarithm of limit creep strain and Θ
is random variable having unit Gaussian distribution.

The time to rupture τ as a random quantity can be described by the relationship:
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where µm(σ,T) is expected value of logarithm of time to rupture at constant stress σ and temperature T, δc is
standard deviation of natural logarithm of time to rupture, Ωc is random variable having unit Gaussian distribution and
A1 – A6 are material parameters estimated from creep rupture data. 

Material Damage Accumulation Law
The common damage accumulation law shall be modified into a discrete form: the state of rupture shall be

characterised by damage value of 1. The pre-rupture state (material damage) shall be characterised by a damage value
of less than 1. Then, the damage accumulation law for series working conditions characterised by stress σi, temperature
Ti and exposure time ∆ti shall be as follows:
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Time to rupture, τ(σ,T), can be expressed by the normalised random variable Ωc (see Eq. (3)) and the Eq. (4) for
material damage can be rearranged:
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where µci = µc(σi,Ti)  is the mean value of logarithm of the time to rupture at stress σi and temperature Ti,
tci = exp(µci) is the delogarithmed mean value of logarithm of the time to rupture (see Eq. (3)). 

If the exposure times, ∆ti, at temperature and stress levels are described in terms of frequency functions, i. e.
using relative times rti (it si valid ∆ti = t ⋅ rti), we obtain Eq. (5) in the form:



3

.otherwise1)t(

1)t(for
t
t)..exp(.t)t(

c

c

n

1i ci

i
r

ccc

=π

<πΩδ−=π ∑
=

(6)

Similar relationships can be derived for the fatigue-damage accumulation law. If we characterise the fatigue-
amplitudes spectrum by relative numbers rNi, i. e. ∆Ni = N ⋅ rNi, the fatigue-damage accumulation law shall be as
follows

.otherwise1)N(

1)N(for
N
N)..exp(.N)N(

f

f

n

1i fi

i
r

fff

=π

<πΩδ−=π ∑
=

(7)

The number of cycles to crack initiation, ν(∆σi,Ni), can be expressed by a normalised random variable Ωf

( )[ ] ( )iifffii T,T,ln σ∆µ+Ω⋅δ=σ∆ν , (8)

where µf (∆σi,Ti) = µfi is the mean value of logarithm of number of cycles to crack initiation at stress amplitude
∆σi and temperature Ti, Nfi = exp(µfi) is the delogarithmed mean value of logarithm of number of cycles to crack
initiation, δf   is a standard deviation of logarithm of number of cycles to crack initiation, Ωf   is a random quantity with
unit Gaussian distribution expressing a random  nature of the number of cycles to crack initiation.

The limit state, i. e. crack initiation, is defined by the state when the total damage π(t) reaches the value of one.
In other studies [2, 3] however, different values are mentioned for the total material damage under the interaction of
creep and fatigue. Generally, it is valid [4]:

D)]t(N[)t()t( fc =π+π=π . (9)

We can presume, however, that there is a limit curve D1 in the coordinate system (fatigue damage versus creep
damage). This curve defines safe and failure regions. Better than by an Eq. (9), the state of material damage can be
represented by vector 

)]t(,)t([)t( cf ππ=ð . (10)

Hence, the fatigue-creep damage shell be defined as a ratio of distances of a point given by the coordinates [πf(t),
πc(t)] and a relevant limit-curve point with coordinates [pf1(t),pc1(t)] taken from the beginning of the coordinate system
(see Fig. 1).

Fig.1 Material damage definition at creep – fatigue interaction
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The damage shall be defined as a ratio of absolute values of the damage vector π(t) and the limit vector p1(t)  on
D1 curve
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The crack initiation risk at the time t is given by the probability of event
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Failure Risk and Residual Lifetime 
Applying probabilistic method, failure risks for each critical location are calculated first of all and then failure

risk of the whole system is calculated, by means of the following relationship. 
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where P(m)(τ ≤ t)  is the total failure risk for a piping system or subsystem – crack initiation before time t,
P(τi ≤ t) is failure risk (crack initiation) for the i-th critical location, τ = min{τi},  i = 1,2,…m; m is the total number of
critical locations.

The risk defined by Eq. (13) represents the probability of failure during the time from beginning of operation, i.
e. in the operational interval 〈0, t〉  – a priory risk. More important, however, is the failure risk related to the operating
time after time t, i.e. in the interval 〈t0, t〉 – a posteriori (conditional) risk from which the remaining lifetime can be
predicted. The remaining lifetime is calculated from relation between the a priori and a posteriori (conditional)
probability [5]
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where P(A|B) is a posteriory probability of random event A under event B realisation, P(B) is a priori probability
of event B and P(A ∩ B) is a priory probability of random events A and B. The events A and B shall be defined as
A = {τ > t > t0} (the failure after time t) and B = {τ > t0} (the failure after time t0) and it is valid certainly that A ∩ B =
{τ > t > t0} ∩ {τ > t0} = {τ > t > t0}. According the above definitions for the event A|B is valid A|B = {τ > t > t0|τ > t0}.

After substitution into Eq. (14) we obtain relationship for the calculation of failure risk occurring during the
service interval 〈t0, t〉
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where P(m)(τ > t0) is an a priori probability of failure occurring after the time t0, P(m)(τ > t > t0) is an a priori
probability that the failure occurs after  the time t > to, P(m)(t0<τ ≤ t | τ > t0) is an a posteriori probability that the failure
occurs before time t > t0  -  on condition that there has been no crack until the time to.

CALCULATION OF FAILURE RISK AND LIFETIME OF STEAM PIPELINE

The lifetime was calculated from the project documentation and by using of material properties declared by ČSN
41 5128 (Czech National Standard). As the dimensions were taken from the drawings and as nominal dimensions were
used, their variability was also taken into account. The wall thickness was described in a relative form and the state of
stress was also corrected, as follows:

− the relative wall thickness ρ of elbow as a random quantity 

ρ = s/s0 or in the logarithm form log ρ = log ρ0 + ξδs (16)

− the stress σ  as a random quantity as a result of  variability of  the wall thickness ρ
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σ = σ0s/s0 or in the logarithm form log σ = log σ0 – log ρ (17)

where s, so is the wall thickness as a random variable and the nominal wall thickness, respectively, ρo is the mean
value of the relative wall thickness, σ0 is the stress for the nominal wall thickness, ξ is a random quantity having the
unit Gaussian probability distribution, δs is a standard deviation of the relative wall thickness ρ of the elbow.

The above steps were carried out and the failure risk calculated from the Eq. (13) and (15). The results of
calculations of the a priori risks of crack initiation in the piping system are shown in Fig. 2 which demonstrates the total
risk dependence on the time of operation, see Eq. (13). Total risks calculated for all critical localities (BM - base
material, elbows and welds) are rather high. From the Fig.2 it can be seen that the welds are the critical parts of the
piping system, as the welds exhibit about ten times higher risk than the base material. Therefore, another calculation
was carried out - for BM, elbows and a reduced number of welds.

Fig. 2 Comparison of total risks of crack initiation in critical localities

The above calculations make the basis for finding risks of crack initiation during the operational time. After
rearranging the Eq. (15) the risk of crack initiation during the k-th period ∆t (ie., during the time intervals t0 + (k – 1) ∆t
< τ <  t0 + k∆t)) can be calculated from the relationship :
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The Eq. (18) can only be used if there was no crack initiation during the operation time t0 + (k – 1) ∆t.
The risk of crack initiation during periods of operation is shown in Fig. 3 for BM and elbows for different

intervals (∆t = 5 000 − 20 000 hours). It is obvious that if the periods ∆t are constant, the failure risk is higher in the
following operational periods. The failure risk can be decreased by making the periods shorter (see Fig. 3).

Fig. 3 Total a priori risk of crack initiation in BM and dependence of risk on service time between inspections
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Fig. 4 shows results of a similar calculation which was carried out for a complete system of critical locations of
the steam pipeline (BM, elbows and welds) and Fig. 5 represents results for the system of critical localities of BM,
elbows and a reduced number of welds. The essential character of dependencies and qualitative changes remain the
same in all cases. 

Fig. 4 Total a priori risk of crack initiation in steam pipeline (BM and welds) and dependence of risk on service
time between inspections

Fig. 5 Total a priori risk of crack initiation in steam pipeline (without extremely loaded welds) and dependence of risk
on service time between inspections

MORE ACCURATE CALCULATION OF RESIDUAL LIFETIME

As some localities show risks of enormous size, it is not always possible to optimise the inspection periods.
There are three main solutions to this problem:
1. the procedure is the same as above but the inspection period is shorter
2. a continuous inspection
3. a more accurate calculation.

The first solution can only be used if we have a relatively smaller number of localities inspected. Moreover, it
may be difficult to carry out frequent inspections. This problem can be avoided by using the continuous inspection.
Very efficient seems to be the third solution where more accurate calculations are carried out. If we look at the most
important service-life related factors, they are mainly the creep resistant properties.

The effect of the creep resistant properties can be seen from the time to rupture as a random quantity. The time to
rupture as a random quantity can be expressed as follows

logτ  = µ(logτ T,σ) +Ωc.δ(*) , (13)
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where τ is the time to rupture as a random variable, µ(logτ T,σ)  is the mean value of logarithm of the time to
rupture at the temperature T  and the  stress σ, Ωc  is a random quantity having the unit Gaussian distribution function,
δ(*) is a standard deviation of logarithm of the time to rupture.

If the calculations are carried out according to Czech National Standard (ČSN 41 5128), the creep resistance
variability of all produced heats must be respected (the standard deviation δ(S)). If the creep resistant properties are more
accurate, there shall be a change in the creep resistance mean values µ(logτ T,σ), but also in the standard deviation δ(*).
This is why real elbow dimensions (diameters, wall thickness and ovalities) and the real creep strength were found
during the inspection of the steam pipeline [6].

The post-operation residual creep rupture strength is based on a correlation between the creep rupture strength
and the yield point. The time to rupture of the 0.5Cr0.5Mo0.3V steel was demonstrated to grow with increasing yield
point up to about 550 MPa. For this reason the constitutive equations were developed, describing long-term creep
rupture strength and strain behaviour of low-alloy creep resistant steel of 0.5Cr0.5Mo0.3V type. The necessary material
parameters enabling the realistic modelling of the creep process in dependence on the yield point or tensile strength -
considered alternatively as independent variables - were identified [7]. The examples of estimated dependencies of
creep rupture strength (for 10 000 hours and temperature 600oC) on the yield point are shown in Fig.6.

Fig. 6 Dependence of creep rupture strength on yield strength for 0.5Cr0.5Mo0.3V steel

Therefore, the creep resistant properties of the steel after creep exposure are fully defined by the current yield
point.

New a priori risks for the above mentioned critical-locations systems are shown in Fig.7 (see also Fig.1). They
were calculated from the updated creep resistant properties, which were determined from the current yield point found
by the inspection. It is obvious that this is how the objectiveness and accuracy of the crack initiation calculation can be
achieved. 

Fig. 7 Dependence of risk of crack-initiation on time of operation (and time after inspection) calculated from residual
creep rupture strength
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CONCLUSIONS

The analysis of the steam pipeline lifetime is based on:
1. Technical procedures supplied by Nuclear Electric R5 [8].
2. Random interpretation of material damage accumulation laws for creep and fatigue.
3. Stochastic model of the creep process (creep rupture strength, deformation characteristics).
4. Probabilistic description of geometrical quantities of the steam pipeline.

The above probabilistic procedure results in the calculation of the crack initiation risks both for the critical
localities and for the steam pipeline as a whole (its subsystems, if need be). The residual lifetime was calculated from
the conditional (a posteriori) probabilities. The risks of crack initiation was calculated for different operating periods
(inspections frequency), and the periods were optimised to meet:
1. the minimum risk of crack initiation;
2. the operation and economy criteria.

The method also involves the calculation of the residual lifetime from the updated data (material properties,
dimensions). 

In the standard service-life calculations there is no difference between the weld and BM, the justification being
that the weld is exposed to the axial stress caused by inner pressure, which is one half of the hoop stress.  

Thus, the low creep resistant properties of the weld have been ignored, as well as the uneven state of stress and
its redistribution. In a number of cases it is the welds that are a weak point and therefore they should be paid great
attention. 

The probabilistic method of lifetime and reliability assessment has been verified on more than 29 piping systems
in power and petrochemical plants [1].
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