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1. INTRODUCTION: SOFT CONDENSED MATTER AND
COMPLEXITY

Technical skill is mastery of complexity while creativity is mastery
of simplicity.

E. Christopher Zeeman1

Soft condensed matter science is the study of the collective and often com-
plex2 behavior and properties of interconnected many-body system. Such
systems of particles are connected and interact with each other over short or
long distances via different potentials and forces such as electric, magnetic,
entropic or hard-sphere contact. At present, there is a large fundamental and
industrial research effort on soft materials. Examples of soft materials spans
from everyday life materials like food, plastics, paper, and living biological
tissue to more specialized materials like colloidal dispersions, gels, biopoly-
mers and charged polymer solutions, protein/membrane complexes, nucleic
acids and their complexes. Indeed, most forms of condensed matter are soft
and these substances are composed of aggregates and macromolecules, with
interactions that are too weak and complex to form crystals spontaneously.
Systems of soft materials often exhibit emergent properties that are not pos-
sessed by any of the individual components. This means that the detailed
knowledge of the components is insufficient to describe the whole system.

A characteristic feature of soft material is that small external forces, slight
perturbations in temperature, pressure or concentration, can all be enough
to induce significant structural and dynamical changes. Non-equilibrium
systems are generally in various forms of excited states seeking towards equi-
librium. For many-particle system, the path to this equilibrium is manifold,
and by adjusting the external field parameters it is possible to have a be-
havior which continuously visit different excitative states. This means that
small changes in the external parameters changes the behavior considerable.
Systems which show complex behavior are thus in a state on a thin border-
line between order and disorder, and often denoted nonlinear systems. For

1 From Catastrophe Theory, 1977.
2 From Latin: com- plectere to braid or to twist together.
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Fig. 1.1: Complex motion of ink in water. A droplet of ink is injected into a
water tank and creates cascades of vortices at different length scales. This
motion is not yet fully understood.

this case the system has numerous possible paths from one state leading to
the next state. But the probability that the system chooses different paths
are very diverse. The task is to gain information about the groups of paths
which are the most probable. This we want to categorize and order in some
manner.

Physicists have always sought to reduce the phenomena under study to a
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minimum, i.e. to find the basic laws [1]. From these basic laws every system
should in principle be able to be predicted and described. This reductionism
is profound in areas like elementary particle physics. The problem is how
to scale up from atomic level to our every day life. Even a molecular sys-
tem of about 500 particles takes several CPU-hours for only calculating its
behavior for 10 picosecond by ab initio methods. It seems that systems on
different scales in both time and size obey different laws [2]. This has been
evidenced for some decades, especially after the introduction of chaos theory,
advanced application of physics into biology, and in the recent nanoscience
where quantum mechanics meets classical mechanics.

Nanoscience is often the question of what happens in the borderline be-
tween classical mechanics and quantum mechanics [3]. A typical example is
the quantum Hall effect; the electrical current is measured in classical sense,
but from the steps in this current it is possible to derive the value h

e2 , which
is the ratio of Planck constant h divided by the electron charge e, with a
high accuracy. Another case is what happens when the statistical physics is
not applicable due to too few particles in a system, and at the same time it
contains so many interacting particles that the description of their motion
appears too complicated to adhere.

1.1 Complexity

The phenomena covered by the term complexity are vast and diverse. Cur-
rently, it seems like that the concept of complexity is connected to the ob-
server’s analytical skill [4], and not to an universal definition. Such definition
seems unattainable, but if a single function may describe complexity it must
intrinsically be a complex function. There has been proposed some measure
for complexity for physical systems, as discussed in Ref. [5]. However, no
such universal measure exists for complexity in the same way as e.g. the
Lyapunov exponent characterizes chaotic behavior.

No framework motivated from physics has been given with similar impact
on science as Newton’s laws and thermodynamics did. One exception is the
behavior only at the transition to chaos [6]. The self-organized criticality [7]
was proposed as a framework to understand complex phenomena. However,
this approach is criticized [8] as an universal source of complexity.

In Nature order and organization seem ubiquitous despite the second law
of thermodynamics. It has been pointed out [9] that these ordered systems
are taking in energy from the outside, and this allow ordered structures to
form over a local region. Maybe this spontaneous step from randomness to
order in complex dynamical systems is a driving force in the evolution?
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1.2 Outline of the thesis

The bulk magneto-rheological properties of beads-ferrofluid systems are be-
lieved to posses quite different properties than for pure ferrofluids. In this
study we want to go into more detail and analyze what happens locally -
from few particles to a larger assembly of particles. For this purpose we
have used the magnetic hole system [10], see section 2.1. With this system,
many new phenomena have been discovered in the past two decades. Some
of them have been analyzed and described, and still many phenomena might
be unveiled. The challenge is to apply suitable analyzing tools. One tool,
which is applied here, is braid theory for measuring the dynamics of a few
body system.

In this thesis we have focused on cooperative phenomena, and tried to
understand systems which are described by simple laws, but produce compli-
cated results. Two apparently different cases are taken under consideration:

(i) rapid sedimentation of particles.

(ii) complex dynamics of few particles.

The rapid sedimentation is well modelled by a hard sphere interaction. The
dynamics in the magnetic holes system is evolving due to magnetic dipole in-
teractions and Stokes viscous drag forces, and may be used to model complex
dynamics of few particles. By changing a small set of parameters, the system
behavior in both cases may changes considerably, a characteristic feature in
complexity.

First, I address the challenge of describing the collective dynamics in the
micrometer-scale magnetic hole system, see chapter 3. This is to simulate a
diluted beads-ferrofluid system, where the spheres tend to form small groups.
Both experiments and numerical simulations have been done. Aperiodic
modes of motion and complicated dynamical behavior have been studied
using notations from knot and braid theory. The idea is that one particle
moving in a plane can be represented as a curve in a three dimensional
space-time diagram, and several particles in motion produce a set of braided
curves. Once a sequence of motions has been converted into a braid, it can be
further examined to obtain numbers and power-law relations characterizing
the structure and complexity of the braid. The use of knots and braids
to describe complex processes is an emergent field and the work points to
new and interesting directions of research [11]. The modes of motion have
been analyzed with rank-ordering statistics. The overall aim for this is to
investigate the transition from few-particle to many-particle complex and
collective behavior.
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Another system displaying collective behavior is the rapid sedimentation
of colloidal particles, see chapter 4. This may have applications to e.g. ceram-
ics and powder technology. For two dimensional sedimentation the magnetic
hole system can serve as a model. For the three dimensional case, a numerical
study of a random dense packing model resembles the rapid sedimentation.
We have performed such numerical simulations and compared the results
with previous experimental results.

History tells us that many phenomena and relations in Nature are still
to be unveiled. Classification is the central scheme for gaining insight into
phenomena and an important step towards building conjectures. Repeated
experiments are needed to study formation of pattern, and numerical simula-
tions are useful to couple possible outcomes to existing theories. The goal is
to obtain one of very many small step forward for our collective knowledge,
as I have tried to do with this thesis.
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2. EXPERIMENTAL SET UP

"I am never content until I have constructed a mechanical model
of the subject I am studying. If I succeed in making one, I un-
derstand; otherwise I do not."

Lord Kelvin

In natural science, observations in Nature and results from experimental
models are used for testing hypothesis and theories. The very subject for
this work has been the question: How do particles interact and self assemble
in fluids? Consider two macroscopic particles in a fluid. They are subjected
to the electromagnetic and gravitational forces and a range of other inter-
actions. E.g. for electric interaction there are Coulomb and van der Waals
forces, objects of finite sizes excludes each other, and in motion each object
experiences viscous forces or Stokes’ drag. This means that the description of
their motion can be very complicated. More particles necessarily introduce
more competing interactions. Then the question is: Is there any collective
behavior in the system?

For more practical reasons we are interested in how ferrofluid behaves
under the influence of external magnetic fields, or more specifically their
magneto-rheological properties. It is known that the viscosity of a ferrofluid
changes in an external magnetic field [12]. This is in commercial use, e.g. in
damping systems in passenger vehicles or for magnetic clutches. One way of
studying the magneto-rheological properties is to introduce small beads in
the fluid and follow the dynamical behavior of these beads. In this chapter I
will first discuss the various phenomena that can be studied using this model
system. In the last section I will discuss in more detail the background and
some of the properties of ferrofluids.

2.1 Magnetic holes system

For the experimental part of this work I have used a dispersion of monodis-
perse polystyrene spheres, the so-called Ugelstad spheres [13], in a ferrofluid
[14, 15] as a model system for studying interacting particles moving in a
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Fig. 2.1: A photography of the setup. The central tool is the light microscope. The
sample under view is surrounded by two pair of coils which generate mag-
netic field. A video camera is attached to the microscope and connected
to a workstation for analyzing the pictures, see Appendix C.

fluid. The mixture of the spheres and ferrofluid is confined by two glass
plates, thereby producing an effectively two dimensional system. The num-
ber of spheres in the sample can easily be controlled. An external magnetic
field gives rise to magnetic dipole-dipole interactions between the spheres.
The magnetic field magnetize the ferrofluid and the diamagnetic spheres cre-
ate holes in this uniformly magnetized fluid. Two pairs of coils perpendicular
to each other and in the same plane as the sample generate a nearly ho-
mogenous magnetic field [16]. Sinusoidal currents through the coils with a
phase shift of π/2 between the pairs generate an elliptically polarized mag-
netic field. When the spheres move in the fluid, they are subjected to viscous
forces. The combination of magnetic interaction and viscous forces can result
in complex dynamics.

The ferrofluid consists of magnetite particles of nanometer size in a carrier
of kerosene which makes the ferrofluid fluid like. The ferrofluid used in this
work [17] has a susceptibility χ = 0.8, saturation magnetization Ms = 20 mT ,
viscosity η = 6 · 10−3 N s m−2, and specific weight ρ = 1020 kg m−3. The
Ugelstad polystyrene spheres have a specific weight ρ ≈ 1050 kg m−3, so they
with move downwards in the ferrofluid due to gravity when the cell is placed
vertically. The ferrofluid has very homogenous magnetic properties on µm
length scale, see section 2.2.

Viewed through the microscope the spheres appear as white disks in a
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(a) (b) (c)

(d) (e) (f)

Fig. 2.2: Snapshots of the motion of seven spheres. Its about 5 periods of the
external magnetic field between each frame shown here.

uniform red background. A video camera is attached to the microscope and
the video signal is connected to a workstation. The workstation grabs each
picture and a specialized computer program finds the center of each sphere.
To establish trajectories, sufficient temporal resolution is used such that each
sphere in a frame can be connected with the closest sphere in the subsequent
frame. For our purpose up to 5 frames per second are grabbed providing
a real-time measurement of the trajectories. Figure 2.2 shows a series of
pictures illustrating the motion of the spheres. More on the technical setup
is found in Appendix C.

For a few body system the braid notation describes the complicated mo-
tion of the spheres rather well [18]. The essential features needed for ana-
lyzing the dynamics of the few body magnetic holes system, is given in Fig.
2.3. This picture includes the various steps from the observed 2D motion in
the laboratory frame via the 3D spatiotemporal trajectories to the symbolic
dynamics in terms of braid notation. Each crossing seen in Fig. 2.3 (c) is
assigned a symbol, σi. This means that strand number i crosses over strand
number i + 1. If i crosses under i + 1, the symbol will be σ−1

i . The sequence
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of σ’s is the so-called braidword. One important topological invariant is the
Writhe Wr(t), which is the number of overcrossings minus the number of
undercrossings starting with Wr(0) = 0. Invariant means that this number
will not change under continuous transformations. The time scale used is
half periods of the external rotating magnetic field, as argued below. Wr(t)
will be used later in analyzing the dynamics of a few body system.

The microspheres are diamagnetic and will modify the magnetic field in
the ferrofluid by introducing nonmagnetic voids, called magnetic holes [10].
Due to the demagnetization of the void, the magnetic hole will carry an
apparent magnetic moment m(t), located in the center of the microsphere
and pointing in opposite direction of the magnetic field H(t),

m(t) = −χeff
πd3

6
H(t), (2.1)

where χeff = 3χ
3+2χ

includes the demagnetization factor of a sphere, χ is
the bulk magnetic susceptibility of the ferrofluid, and d is the diameter of a
sphere.

The magnetic holes interact via dipolar interactions, and the interaction
energy U for a collection of n magnetic holes is given by:

U(r1, ..., rn, t) =

{ ∑n
i>j

m2(t)

r3
ij
− 3·[m(t)·rij ]

2

r5
ij

, rij > d

∞, rij < d
, (2.2)

where rij = ri − rj is the vector joining the centers of the magnetic holes.
This expression is in cgs-units. In SI-units, one has to multiply by µ0

4π
, where

µ0 = 4π · 10−7 Wb A−1m−1 is the magnetic permeability in free space. The
Eq. 2.2 is symmetric when H(t) is reflected 180◦. Hence, we can choose
our time scale as the half of the period of the external magnetic field. The
magnetic force on microsphere i is then given by:

F M
i = −∂U(r1, ..., rn, t)

∂ri

. (2.3)

The viscous force on a microsphere is to first order (neglecting sphere-sphere
and sphere-wall effects) given by Stokes’ law:

F Stokes = 3πηdv, (2.4)

where η is the viscosity of the ferrofluid and v the velocity of the sphere. Since
the diameters of the microspheres and their velocities are relatively small, the
Reynolds number, Re = ρvd/η ¿ 1, where ρ is the ferrofluid density. The
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Fig. 2.3: An illustration on the procedure in going from (a) the observable motion
in 2D via (b) the spatiotemporal picture to (c) braid notation. This figure
is taken from paper P2.
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system is therefore overdamped and we may neglect the inertia forces [19].
By assuming equilibrium between the magnetic and viscous forces,

∑
F = F M + F Stokes = 0. (2.5)

The equations of motion of n microspheres are a set of 2n nonlinear first
order differential Eqs. [20], which can be simulated on a workstation using a
fourth order Runge-Kutta algorithm [21].

2.1.1 Model applications and related work

During the past 20 years many different kinds of physical phenomena have
been studied by the magnetic hole model. The phenomena span from static
structures via order-disorder phenomena to complex dynamics [22]. Some of
the current activities are described in paper P4. For the magnetic hole model
the effects of the walls have to be taken into consideration due to mirror im-
ages. The existence of an equilibrium configuration without contact between
the spheres can be explained by this effect. This has been demonstrated for
various external fields consisting of a constant normal component and a high
frequency rotating in-plane component [23]. With lower frequency of the
in-plane field, the equilibrium position display an oscillatory motion. This
motion can be used to carry out local viscosity measurement [24]. Other
recent studies on the effect of confinement has been carried out, as well. Op-
tical tweezers experiments have been used for investigating how a flat surface
induce hydrodynamic coupling in colloidal suspensions [25]. In this case the-
oretical investigations agreed well with experiments, while for other types of
confinements the solutions are still not unveiled.

Another interesting aspect discussed in paper P4 is the aggregation and
chaining of magnetic holes. The length s of any cluster was measured as
function of time t, and using the dynamical scaling relations for cluster-cluster
aggregations, it was possible to collapse all the cluster size distributions ns(t)
to a scaling function curve [26]. At low frequencies of the external magnetic
field together with a weak constant field normal to the sample plane, pairs
of microspheres will form an ordered triangular lattice [27]. By increasing
the frequency above a certain critical frequency the lattice melts and form a
liquid-like structure. In section 3.1 we will discuss the motion inside such a
structure.

Spheres with diameter less than 5 µm will experience Brownian motion
in a fluid. Chains of spheres will roughen due to this stochastic motion, but
in a collective manner. It has been shown that dynamical roughening of
these chains complement existing results on polymer chains [28]. The main
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advantage working with spheres on micrometer scale is the direct observation
of single spheres in the chain.

The usefulness of the writhe invariance was shown in the description of
both periodic [20, 29] and aperiodic motion [30] of few body systems of
magnetic holes. The aperiodic motion was shown to be well modelled by an
one-dimensional Lévy walk, and thus displayed anomalous diffusion. This is
also discussed in papers P3 and P4.

2.2 Ferrofluid

The simple numerical model given by Eqs. 2.2 and 2.4 is found to describe
well the magnetic hole system. One key factor for this is to have a uniform
magnetic background. This is provided by the ferrofluid, which exhibits fast,
strong, and reversible changes in its magneto-rheological properties when a
magnetic field is applied. The ferrofluid even preserves its liquid character
under attraction by permanent magnets. We will discuss these properties in
this section.

Ferrofluids consist of colloidal magnetic particles of typical size of 10 nm
in a non-magnetic solvent like water or organic fluids [15]. These particles
are often covered with a thin layer of a polymer surfactant, e.g. a monolayer
of oleic acid which makes the particles soluble in many organic solvents and
prevents aggregation. The colloidal particles are larger than molecules, but
small enough to perform Brownian motion which will counteract sedimenta-
tion due to the gravitational force.

Ferrofluids do not exist in nature and are thus artificially prepared. This
substance has a relatively young history. The first ferrofluid was synthe-
sized in 1938 by Elmore [31], but extensive research started around 1960s by
Rosensweig [32] and Papell [33]. They developed the synthesis of oil-based
ferrofluids, which are still used today. An example of how to synthesis mag-
netite colloids is by adding a base to an aqueous solution of ferric and ferrous
salts [14]:

2Fe3+ + Fe2+ + 8OH− → Fe3O4 + 4H2O, (2.6)

where the magnetite (Fe3O4) is ferrimagnetic. In ferrofluids the magnetite
particles are mono-domain and hence have a permanent magnetic moment
proportional to their volume. Although magnetic colloids are ferromagnetic
on the scale of their magnetic particles, they resemble a paramagnet on the
colloidal scale.

The dipole moment of each particle must be free to rotate on the time
scale of the external rotating field which is typically tm = 5 s. The two major
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contribution to magnetic relaxation in the ferrofluid are Brownian motion and
Néel rotation.

The Brownian motion has hydrodynamic origin [34] with relaxation time:

τB =
3vη0

kT
(2.7)

where v is the volume of the particle, η0 the viscosity of the solvent, k the
Boltzmann constant, and T is the temperature. For a kerosene based fer-
rofluid with η = 6 · 10−3N · s · m−2 containing particles of size 10 nm at
25◦C,

τB = 3
(π/6)(10−8m)3(6 · 10−3N · s ·m−2)

(1.38 · 10−23J/K)(298K)
= 2.3 · 10−6 s. (2.8)

The Néel rotation [35] takes into account the rotation of the magnetization
with respect to the crystal lattice of the magnetic particle:

τN = f−1
0 exp

Kv

kT
(2.9)

where K is the (material- and shape-dependent) anisotropy constant, and f0

is the Larmor frequency. A relevant example with f0 = 109 s−1 and K =
1.1 · 104 Jm−3 and d = 10 nm [36], gives:

τN =
1

109 s
exp

1.1 · 104 Jm−3 4
3
π(5 nm)3

(1.38 · 10−23J/K)(298K)
= 4 · 10−9 s. (2.10)

Both τB and τN are much less than tm in the magnetic hole system, and
the ferrofluid is thus well behaved.

As pointed out above, Brownian effects cause the ferrofluid to have no
spontaneous net magnetization, but when a magnetic field is applied the fluid
becomes strongly magnetized. The equilibrium magnetization of a ferrofluid
is well described by the Langevin equation [37]:

ML = Ms L(x)
H

H
, (2.11)

where Ms is the saturation magnetization, L(x) = coth(x)− 1
x
and x = 3χH

Ms
.

In a weak field the magnetization can be approximated by,

Mweak = χH, (2.12)

where χ is the magnetic susceptibility. This weak field approximation can
be tested by inserting the proper values of the variables. Typical fields used
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in the present work are about 27 Oe. The ferrofluid properties are given by
Ms = 20 mT and χ = 0.8, or in CGS-units1, Ms = 200 Oe and χ = 0.8

4π
. With

these values, ML = 1.72 Oe, which is relatively small and is equal to Mweak.
This means that the system is in the linear response regime of the ferrofluid,
and no saturation takes place and viscous properties are only weakly changed.
We have also controlled that the temperature is stable during experiments.

1 The conversion factor from Gauss to Tesla is 1 G = 10−4 T . And 1 G = cm− 1
2 g

1
2 s−1 =

1 Oe.
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3. COMPLEX COOPERATIVE DYNAMICS

"Nature can produce complex structures even in simple situa-
tions, and can obey simple laws even in complex situations."

Nigel Goldenfeld and Leo P. Kadanoff 1

In this section we will focus on the nonlinear dynamics of magnetic holes
in a ferrofluid. The equations of motion are described in section 2.1. A
discussion of diffusive processes in two dimensions is made. Firstly, the two
dimensional motion of a few body system of the magnetic holes is studied
using braid theory. The number of crossings in the braid Wr(t) shows a
diffusive behavior and can be modelled by an one dimensional random walk.
The braid theory also provides a method to characterize the various dynam-
ical modes. These modes describe the physical behavior of the interacting
particles. One way of making a systematic study of these modes is by or-
dering them after their occurring frequencies. This rank-ordering statistics
takes care of both common and rare events at the same time and this proce-
dure is useful for displaying the whole range of the mode distribution. The
distribution is found to show a hierarchical structure of the Zipf-Mandelbrot
type, which will be discussed below in Section 3.2.

We will also analyze the behavior of magnetic holes within an ensemble.
A combination of a repulsive magnetic field perpendicular to the sample and
an attractive in-plane magnetic field generates soft potential between the
magnetic holes. The ensemble of magnetic holes behaves then in a liquid-like
manner. Depending on the time scale the variance of displacement for these
particles display three different behaviors as discussed in the next section.

3.1 Diffusion processes

Diffusive processes are common in Nature, and are also important in many
industrial processes. In systems where the particles are less than about 1 µm
these processes have usually origin in thermal fluctuations. Brownian motion

1 From Simple lessons from complexity, Science, 284 (1999) 87.
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is one of the main and well known examples. Robert Brown, while studying
pollen particle in a fluid cell, was the first to realize it was a physical pro-
cess which included randomness [38]. This was confirmed when he found that
other inorganic particles also showed the erratic motions. A theoretical back-
ground of the phenomena was first given by Albert Einstein in 1905 [39]. He
showed that the displacements are given by the Gaussian distribution func-
tion. The main motivation for his work was to express a theory that would
prove the existence of atoms of definite size, which was a highly debated issue
at that time. Working with colloidal particles Jean-Baptiste Perrin verified
Einstein’s analysis and ended the skepticism about the existence of atoms
and molecules as actual physical entities [40].

The Brownian motion has a characteristic erratic and random behavior
and may be well simulated by a random walk model [41]. Other diffusive
processes showing persistent or anti-persistent motion exist. These motion
give rise to more enhanced or more suppressed diffusive behavior, and are
so-called super- and sub-diffusion [42], respectively. A characteristic method
to determine the behavior is by looking at the variance of the displacement,

σ2(t) ∝ tγ, γ





< 1 sub
= 1 normal
> 1 super

(3.1)

The displacement as function of time ξ(t) in one dimension may be simulated
by the discrete function [41]:

ξ(t) =
n−γ/2

Γ((γ + 1)/2)

{
n∑

i=1

i(γ−1)/2η(1+n(M+t)−i)

+

n(M−1)∑
i=1

((n + i)(γ−1)/2 − i(γ−1)/2)η(1+n(M−1+t)−i)



 ,

(3.2)

where Γ(x) is the Γ-function, {ηi} is a set of Gaussian random variables with
unit variance and zero mean, and n and M are two variable where M À t
otherwise the displacement will become independent.

The position x(t) is then the accumulative sum of ξ(t) starting with
x(0) = 0. Examples of the development of the position for each diffusive
regimes are shown in Fig. 3.1. High value of γ gives motion with long jumps,
motion with γ = 1.0 is the Brownian motion, and low value of γ shows
suppressed motion.

The distribution of the displacements with γ = 1 follows a Gaussian
(normal) distribution. The super-diffusion generate a broader distribution of
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Fig. 3.1: Numerical simulations of one dimensional diffusion with different behav-
ior. The function in Eq. 3.2 is evaluated with M = 10000, n = 8, and
three different values of γ, 0.6, 1.0, and 1.8.

the displacements. This distribution may be described by the so-called Lévy
distribution. Benoît Mandelbrot pointed out that anomalous diffusion seems
to be ubiquitous in Nature [43]. These anomalous diffusions have only been
demonstrated during the past two decades. One example of superdiffusion
is chaotic transport in a laminar fluid flow of a water-glycerol mixture in a
rapidly rotating annulus [44]. In a recent paper [45] subdiffusion is shown for
a 3 dimensional colloidal sample near its glass transition. The particles in
this study were of radius 1.18 µm, small enough so that the driving force was
thermal motion. The memory effect was intimately connected to the caging
effect, and below a cage rearrangement time, subdiffusion was observed. To
get a profound understanding of this behavior more experiments have to be
done, and some experiments are given in what follows.

Two cases showing diffusive processes will be discussed in this work:

• fluctuation in the Writhe for a few body system.

• motion of a sphere within a large ensemble.

For our system the external magnetic field is the driving force, and the
difference in configurations is the fluctuating part. For Brownian motion, e.g.
a pollen particle on a fluid, the collision from thermal fluctuating surrounding
particles on the test particle is the driving force. The time scales of the
fluctuations are different. One half period of the external magnetic field is
typical 10 s. In one second a typical Brownian ferrofluid particle undergoes
no less than 1021 collisions with solvent molecules [46]. It is possible to
compare these two cases using scaling arguments [41].
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Tab. 3.1: The relation between Cartesian coordinates and braid notation for diffu-
sion studies. The aim is to use braid notation as an equivalent notation
as that of the Cartesian notation. For a given data set x(t) x means
taking the average over all time t, and for a data set y(t, τ) < y(t, τ) >
means taking the average over time τ while having t fixed. Other aspects
of this and the use of braid notation are discussed in the text.

Name Cartesian Braid
Displacement ξ(t) δWr(t) = Wr(t)−Wr(t− 1)

Position x(t) Wr(t)′ = Wr(t)− tδWr
∆x(t, τ) x(t + τ)− x(τ) Wr(t + τ)′ −Wr(τ)′

σ2(t) < [∆x(t, τ)− < ∆x(t, τ) >]2 > < [∆Wr(t, τ)− < ∆Wr(t, τ) >]2 >

3.1.1 Few body diffusion

Even the simplest case of two magnetic holes in a rotating magnetic field may
display anomalous diffusion. By adjusting the anisotropy factor the distance
between the two spheres changes continuously, as demonstrated by Clausen
et al. [47].

For studying the collective behavior of several interacting spheres, we
have chosen to use seven spheres. With seven spheres the system contains
interactions between several constituents, so the motion of seven spheres may
be quite complicated. At the same time the number of spheres are so small
that their motion can easily be followed. The odd number of spheres does
not give so regular behavior as for a sample with even number.

In the rotating field the chain of seven spheres breaks up in subchains,
rotates, and reform as a chain again, as seen in Fig. 2.3. It can be shown
that the Writhe, Wr(t), captures the essential information about the sphere
motions. Fluctuation in the Wr(t) parameter may be viewed as an one di-
mensional random walk. In Table 3.1 we have made a comparison between
the quantities used for diffusion in an ordinary Cartesian coordinate system
and rotational diffusion using braid notation. We have found enhanced dif-
fusion in both experiments and computer simulations and these results are
presented in paper P2. Other studies [30] show that this situation produces
long-time configurational memory effects.

3.1.2 Many body diffusion

In a simple picture, the structure of a monoatomic liquid can be modelled by a
random packing of hard spheres [48]; more on this topic in next chapter. Here
we are curious about the dynamics within such packing. For this purpose
we use samples containing hundreds of spheres, and let the external field
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generate a soft potential between the spheres.
A large cluster of spheres, more than, say 500, will in a in-plane rotating

magnetic field H|| contract and form a lattice [27]. A constant magnetic field
perpendicular to the plane H⊥ will generate a weak repulsive potential. In a
narrow range of the ratio between these two fields H⊥

H||
, it is possible to achieve

an equilibrium state with constant average separation between the spheres.
This produces a loosely packed ensemble of the spheres in 2D, and may be
interpret as a fluidized state of this ensemble. The Fig. 3.2 (a) shows a typical
example of an ensemble of spheres in our study. We follow the motion of the
sphere indicated by a white dot over 400 half periods (8000 s). It ends at the
position shown in Fig. 3.2 (b). The trace of the position in the plane for this
sphere is displayed in Fig. 3.3 (d) (black curve) together with the trace from
four repeated experiments. Seventeen similar experiments were performed,
and Fig. 3.3 (a-c) display the average distribution of displacements after 0.1,
10, and 100 half periods, respectively. The variance of displacements σ2(t)
was calculated using the formulas shown in Table 3.1. This σ2(t) is plotted in
Fig. 3.4, where γ = 1.37 for very short times, t < 1 half period, γ = 0.98 for
1 < t < 50 half periods, and saturation of σ2(t) for t > 50 half periods. The
enhanced diffusion for time scale up to 1 half period is an effect of ballistic
motion in some empty space (i.e. only ferrofluid) between the spheres. It is
possible to directly observe ballistic motion for small times, e.g. spheres are
a part of a freely rotating chain with up to four spheres. This gives rise to
the long steps found in the distribution of steps after 0.1 half period, f0.1(s),
shown in Fig. 3.3 (a). Between 1 and 50 half periods the spheres shows
normal diffusive behavior with exponent γ = 0.98 within the cluster. Above
50 half periods the spheres feel the boundaries of the cluster and act as caged
spheres. The behavior becomes subdiffusive in this case.

3.2 Zipf-Mandelbrot relation

Many processes in Nature shows an intermittent behavior that may give rise
to hierarchical structures. The relevant quantities, e.g. the dynamical modes
used in paper P2, for these processes are usually spanning over a wide energy
range or corresponding measurable quantities. The rank-ordering statistics is
a simple, but robust tool for displaying the whole range of the distribution of
these modes. The different modes are counted and thereafter ranked so that
the most probable mode gets rank r = 1, second most probable mode gets
rank r = 2, and so on. On a log-log plot with probability of occurrence φ(r)
versus rank r, a power law over a large region is often found. The origin of
this power law, the Zipf relation [49], is not fully understood. This behavior
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(a)

(b)

Fig. 3.2: Diffusion in a loosely packed ensemble of spheres. The arrow point to
the sphere which is followed over time. (a) shows the start configuration
(t = 0), and (b) the end configuration (t = 400 half periods).
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Fig. 3.3: Diffusion in a loosely packed ensemble of spheres. The step sizes s are
coarse-grained for different times. The figure (a) shows distribution f0.1(s)
of the step size after 1/10 of the half-period of the external rotating field,
figure (b) shows f10(s) after 10 half-periods, and figure (c) shows f100(s)
after 100 half-periods. (d) shows 4 different realizations of the motion of
a sphere. The step size s and spatial coordinates x and y are measured
in units of the diameter of a sphere.
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Fig. 3.4: Diffusion in a loosely packed ensemble of spheres. For short times, t < 1
half period, we see superdiffusion γ = 1.37, for 1 < t < 50 half periods,
we see normal diffusion γ = 0.98, and for t > 50 half periods the diffusive
sphere starts to feel the caging effect. The time scale is in half periods of
the external rotating field, and the spatial scale is in diameter of a sphere.

is found in diverse situations, as in the distribution of DNA sequences [50],
strength of earthquakes [51], and different word occurrences in large texts
[49]. For a general problem, consider the data as long sequence of objects,
where the possible objects are members of a given finite set. The Zipf relation
in rank distributions may appear in two distinctly different circumstances
[52]. In one case, the objects in the sequence occur a priori equivalent, but
correlations are present in the sequence. This is e.g. seen in the analysis of
DNA-sequences [50] and in the model of many-step Markov chains [52]. In
the second case, there are non-correlated sequences, but each object have an a
priori nonequal probability to be the next in the sequence. This is consistent
with Mandelbrot’s derivation on lexical trees in linguistics [43, 53, 54].

The few body system may exhibit intermittent behavior with many dy-
namical modes. In papers P1, P2, and P3 we analyzed dynamical modes
of a seven sphere system using rank-ordering statistics. On a log-log plot
with probability of occurrence φ(r) versus rank r we got a power law over a
large region, as seen in Fig. 3.5. To explain the results found in papers P1,
P2, and P3, we will below give a simple derivation based on Mandelbrot’s
derivation.

In paper P2 we have shown that there exist short-range correlation in
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Fig. 3.5: The frequency of occurrence of a braid permutation φ(r) versus its rank
r found in the dynamics of seven microspheres. The data sets from three
different experiments fit well to the Zipf-Mandelbrot relation. For clarity
Experiment 2 and 3 are shifted down by a factor 10 and 100, respectively.
Figure from P1.

the system. If we suppress the correlations, the slope of the Zipf-Mandelbrot
curves for our experiments is found to change little, so for a first approxima-
tion we assume that the modes are independent. The objects in the sequence
occur a priori nonequal, as has been shown in Appendix A.1. Based on these
two facts we therefore make a simple derivation using Mandelbrot’s approach
[43, 53, 54].

Each mode is related to a work W , defined for our system in Appendix
A.1. The dynamical modes must fulfill exponential law relations in the num-
ber of modes N(W ) and the probability for a mode to occur P (W ) as function
of W , see Appendix A.1:

N(W ) ∼ MW (3.3)

and
P (W ) ∼ ρW , (3.4)

where M and ρ are scaling factors. From the scaling assumption:

M(ρ) ∼ ρ−D, (3.5)

we find:

γderived =
1

D
=

log 1
ρ

log M
. (3.6)
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Fig. 3.6: The distribution of the work W of 7 spheres for the three experiments in
P1. Most of the modes obtained in the experiments are within the range
where Eq. A.1 applies. The deviation between the number of modes
obtained in the experiment and the possible number of modes is due to
the fact that the modes get more unlikely to happen as W increases. The
dashed (- -) line is linear regression of log(N(W )) versus W for experiment
no. 1 and 2, with M = 1.44. The dash-dot (- ·) line is for Experiment
no. 3 with M = 1.30.
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Fig. 3.7: The probability P (W ) as function of the work W of 7 spheres for the
three experiments in P1. We see a tendency that the P (W ) decrease as
function of W . The uncertainties in each points are high. For each data
set we have made a linear regression of log(P (W )) versus W ; dotted (··)
line for experiment no. 1, dashed (- -) line for no. 2, and dash-dotted (-
·) line for no. 3. The bases ρ are 0.43, 0.79, and 0.53, respectively.
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Tab. 3.2: The exponents γmeasured measured from the three experiments in P1
together with the exponents derived from M and ρ.

Experiment ε ω γmeasured M ρ γderived

1 0.67 0.23 1.8 1.44 0.43 2.3
2 0.83 0.44 1.4 1.44 0.79 0.64
3 0.63 0.26 1.1 1.30 0.53 2.4

We now investigate the three experiments presented in P1. These results
are also shown in Fig. 3.5. The work done by each mode is calculated for
these three experiment, and the number of modes N(W ) with work between
W and W + dW and the probability for a mode P (W ) with work between
W and W + dW are found. Figures 3.6 and 3.7 show that we may find
an exponential law for N(W ) and P (W ) for each experiment, respectively.
Table 3.2 gives the bases for the exponential laws found in these two figures
together with γderived, from Eq. 3.6. The values of γderived are within a factor
2−3 as those measured values γmeasured found directly from the experiments,
as seen in Fig. 3.5.

Our method needs some modifications, but the basic ideas seems to give
fairly reasonable values of the exponents γ. Comparing Figs. A.2 and 3.6,
the number of modes obtained is far less than the possible number of modes
for the system, only about 10%. From the experimental point of view the
possible number of modes in the system seems practically infinite. This
apparent infiniteness is a necessary criterion for the above derivation. The
frequency of occurrence of the modes φ(r) is normalized, i.e

∑
modes φ(r) = 1.

In order to interpret D in Eq. 3.5 as a fractal dimension [43], the infinite
series

∑
(r + ζ)−1/D must be limited, i.e. γ = 1

D
> 1. This is fulfilled for

γmeasured in Table 3.2.
The uncertainties in Fig. 3.7 and the deviation between γmeasured and

γderived beg for explanations. Firstly, the modes are correlated with a short
correlation length, as seen in P2. It is reasonable to believe that each mode
at least is dependent on the previous mode. Secondly, other effects like
symmetry and collective behavior are not taken into account in the equation
for the work W . In Appendix A.2 we will discuss explicitly the symmetry
and collective behavior in the motion of the spheres. And finally thirdly, the
uncertainties for the data in P (W ) and N(W ) are relatively high. This is
mainly due to fact that high rank modes are found not to always have lower
work W than lower ranked modes as seen in Table A.1. These uncertainties
may be reduced with a more refined definition of the work of a mode, Eq.
A.9.
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"Every good model starts from a question."

Nigel Goldenfeld and Leo P. Kadanoff 1

Sedimentation and other packing processes are cooperative processes since
the particles in most of their states feels the surrounding particles. The sed-
imentation takes place in a solvent where particles are settling under the
influence of different forces like electromagnetic, gravitational, and "centrifu-
gal" forces. The random dense packing is a model that may describe such
sedimentation events, and is of general interest in engineering fields such as
powder technology and ceramics, physics and chemistry and in colloidal sci-
ence, and as a pure mathematical problem [55]. In fact, 10% of the worlds
energy consumption is due to production and transportation of granular me-
dia. Characteristic invariants of the random dense packing are the volume
fraction φd and the coordination number < C >, which is the average num-
ber of contacts on a sphere. The biggest challenge for the random dense
packing model is to address polydispersity, i.e. the particles have different
shapes and sizes. Most of previous studies have been done on the monodis-
perse case. For the past two decades work has also been done on lognormal
size distribution or elliptical shapes. Experimentally, it is a difficult task to
measure the proper invariants, and computer simulation has been a useful
tool.

Dimensionality is an important parameter for packing processes. The
volume density decreases with increasing dimensions since the possibility
for voids increases. The number of nearest neighbors, on the other hand,
increases with increasing dimensionality since there are more space to attach
more particles onto an existing particle. Polydispersity is ubiquitous and
may change the system considerably. The two possible forms of geometrical
polydispersity are shape and size. The simplest case is the size polydispersity,
binary mixture of spheres, shows very different behavior between 2 and 3
dimensions. In random dense packing in 2D the packing fraction is not very
sensitive to neither the size ratio nor mixture composition as opposed to 3D

1 From Simple lessons from complexity, Science, 284 (1999) 87.
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Fig. 4.1: The seed head of a sunflower - an example of packing in 2 dimensions.

where the volume density increases with higher size ratio [56]. An explanation
for this is that 2D has very restrictive topological constraints while 3D has
weaker constraints. Another effect is that the small deviation from spherical
to ellipsoidal particles in 3D increases the volume density significantly [57].
The volume density is also sensitive to defects. In 2D structures defects may
also lead to interesting features such as rainbow structures [58], as seen in
the core of a sunflower.

In Section 3.1 we discussed the dynamical behavior of particles in a clus-
ter with soft inter-particle potential. In this chapter we want to study a
slightly different situation. In particular, what happens when particles form
a cluster? And what happens if particles are quenched together with pressure
totally dominating the thermal fluctuations? In what follows we will discuss
sedimentation of particles with hard potential, both for 2D and 3D cases. For
the 2D case we perform experiments with sedimentation of mono-sized mi-
crobeads in a ferrofluid without external magnetic field. As will be seen, our
results are similar to results obtained in numerical simulation models. For
the 3D case, research on monodisperse spheres have been extensively done
both experimentally [59] and numerically [60]. In order to mimic Nature,
polydispersity has to be taken into account. Even a binary mixture is not
fully understood yet, and this is discussed in paper P5. Experiments such bi-
nary mixtures have already done for colloidal particles [61]. We want to use a
newly developed simulation model to understand more of these experiments.

4.1 A simple 2D experiment

The sample is prepared by randomly distribute monodisperse Ugelstad spheres
[13] of size 50 µm in ferrofluid. The average initial distance between the
spheres is 3 - 4 diameters, as a dense gas. The sedimentation takes place
under gravity by tilting the sample 90◦. The spheres flow down in the gravi-
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tational field for at least 2 hours and are building up a random dense lattice,
see Fig. 4.2. Little restructuring is observed, indicating that frictional forces
between the spheres are present. From 11 experiments the average area
coverage was found to be φexp. = 0.672 ± 0.012. This is clearly below the
theoretical maximum of the triangular lattice φt = π

2
√

3
≈ 0.907 and also

below the square lattice value φs = π
4
≈ 0.785.

The experiment resembles the numerical simulation model of Meakin et
al. [62]. This model describes an off-lattice deposition model with particles
particles flowing in a gravitational field. Each particle can make a single
readjustment, i.e. if a particle makes a contact with a particle in the deposit
it is allowed to roll freely to a lower possible position with the constraint
of always having contact with the particle in the deposit. In the model
simulations bridges and voids were created in the structure. The mean area
coverage they found was φM = 0.7230± 0.0001.

Another model for two dimensional random dense packing is the random
sequential adsorption model (RSA) [63]. This model proceeds as follows: 1)
particles are placed on a plan at random in a sequential order, 2) if a new
particle overlaps any other particles, it is rejected, otherwise it is accepted
and its position is fixed, and 3) the simulation is stopped when no more
particles can be placed without overlapping existing particles. With this
model area coverage of φRSA = 0.546±0.002 has been obtained [63]. To make
a random dense packing the same authors used RSA method to generate
an initial configuration, and this was divided into a Voronoi-Dirichlet (VD)
tessellation. Every disk was then moved to the center of the largest circle
which could be inscribed by a VD polygon, and then the disks diameter was
expanded until the first pair of disks was in contact. They then obtained
coverage of φRSA2 = 0.772 ± 0.002 [64]. It is interesting to note that the
average number of neighbors for each sphere in this model agrees well with
our results, as shown in Fig. 4.3.

The plastic spheres used in the experiments are negatively charged. This
creates a weak, soft potential which will lower the area coverage. Other
sources for the discrepancy between our result and the numerical results
presented here, may be due to friction in the experiments and uncertainty of
determine the size of the spheres relative to the image.

4.2 Binary random packing of spheres in 3D

The understanding of the static structure of a interconnected particle system
is essential for understanding different phenomena in disordered and granular
media [55]. These systems have often the character of a random, densely
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Fig. 4.2: An example of random dense packing of Ugelstad spheres with diameter
of 50µm in 2 dimensions. We observe defects and bridges in the triangular
lattice.
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Fig. 4.3: The distribution of number nearest neighbors in a random dense packing
of Ugelstad spheres in 2 dimensions. We find a sharp peak around 6 near-
est neighbors, which is the number for triangular packing. The simulation
results are from Ref. [64].
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packing of particles. Random packing of hard particles is an useful model
for these physical systems [65]. A quantitative understanding of the random
packing density for particles as function of size- and shape distribution is
not available at present. A promising quantitative explanation is based on
volume exclusion argument. This argument explains the decrease in random
packing density for rods with higher aspect ratio [57]. In paper P5 we try
to extend this explanation to the simplest case of size polydispersity - the
binary mixture of spheres.

Some years ago experiments on colloidal binary silica sphere packings
with size ratios 1.4 and 2.6 were performed [61]. The volume fraction there
was calculated from the weight of the silica particles and the porosity of
the packing. This porosity was measured with Hg-porosimetry. Scanning
electron microscopy (SEM) of the surface of the packing was performed,
Fig. 4.4 (a), after having made the particles conducting by adding a thin
layer of gold. In paper P5 we have specifically looked at a size ratio of
2.6, and performed numerical simulations on different mixture compositions.
The mixture composition is expressed in terms of the volume ratio of small
particles:

x2 =
φ2

φ1 + φ2

(4.1)

where φi is the volume fraction of particle type i, index 1 refers to the big
particles and index 2 is the small particles.

We observed the same triangular shape of the volume fraction density as
function of the mixture composition as reported from experiments on metal
shots [66] and for colloidal particles [61]. For the coordination number < C >,
the average number of contacts on each sphere, we found a distinctly different
results than for metal ball bearings [67], which reported a constant < C >.
We found a significant dip in < C > for 0 < x2 < 0.275 as shown in Fig.
4.5. This may be explained by different packing procedures; for macroscopic
particles, as metal ball bearings, the gravity induces a preferred direction of
sedimentation while in our simulation no preferred direction is picked out.
Our simulation results may resemble sub-micrometer systems like colloidal
suspensions.
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(a) Experiment (b) Simulation

Fig. 4.4: Sedimentation / random dense packing of a binary mixture of spheres
with a size ratio of 2.6. (a) is take from experiment [61] with x2 = 0.63
(96.8% of small spheres), and (b) is from numerical simulation (paper
P5 with the mechanical contraction model with x2 = 0.53 (95% of small
spheres).

Fig. 4.5: The average number of contacts on both types of spheres as function of x2.
This figure is from our results using numerical calculations given in paper
P5. The large dip around x2 = 0.2 is surprising. A caged sphere needs
at least 4 contact points, and a stable system must contain a majority of
caged spheres.
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"As for the future, your task is not to foresee it, but to enable
it."

Antoine de Saint-Exupéry

Observations in the magnetic hole system under different conditions have
generated many different patterns and dynamical phenomena which have
generated even more ideas on how to attack and analyze them on a firm
physical basis. Some of these problems are described in paper P4.

In this thesis we have studied the dynamics of the few body system. The
braid theory provides a compact description of this motion and enables a
better real-time analysis with a minimum of information needed for com-
putation. Also the amount of data to store on disks can then be reduced.
Another aspect is that braid theory provides new topological invariants which
can bring new light on the phenomena under study. The world lines from
the few body system can also be closed into a knot. In knot theory several
invariant quantities have be developed the last two decades, where the Jones
polynomial is one powerful invariant, as pointed out in Appendix B.

The diffusive processes of a few body system can take superdiffusive be-
havior, as shown in paper P3. Apparently intermittent states of the same
system display a large variety of different modes. By analyzing these modes
using rank-ordering statistics, we find that they obey the so-called Zipf-
Mandelbrot relation, as discussed in papers P1, P2, P3, and P4. Numerical
calculations based on Stokes’ drag and magnetic dipole-dipole interactions
resemble the behavior of the experiments well. In sections 3.2 and A.1 we
presented a possible derivation of the exponent γ in the Zipf-Mandelbrot
relation, Eq. A.5. The derived values of γ are within the same order of
magnitude as the values of γ obtained in the experiments. However, the
derived values of γ have high uncertainties. These uncertainties may be re-
duced with a more refined definition of the work of a mode, Eq. A.9. This
refinement has to take into account the correlation between the modes. The
physical meaning behind the exponent γ and the correction term ζ in the
Zipf-Mandelbrot relation is not fully understood, and may also be a subject
for future studies.
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The diffusive behavior of a cluster of a semi-large number (∼ 500) spheres
in a soft potential undergoes transitions in length scale from superdiffusion
via normal diffusion to subdiffusion. This analysis follows the motion of one
sphere over a large time span. Knot theory can be used to get other measures
of the collective behavior, e.g. the linking number seems to be a promising
measure and would be worth studying. This quantity represents the number
of times the world lines from two spheres cross each other in a preferred
direction of rotation.

Random dense packing of spheres is an useful model for disordered and
granular media [55]. The monolayer of non-magnetic spheres in a ferrofluid
is used to simulate this packing in 2D. Our experiments show packing struc-
tures similar to previous results [64]. In 3D we have used a mechanical
contraction method, paper P5, to simulate rapid sedimentation of binary
mixture of spherical colloidal particles. The densities as function of sphere
composition were found to be similar to results from the experiments [61, 66].
For a random dense packing it would be interesting to follow the idea of the
excluded volume argument to explain quantitatively the density as function
of size- and shape distributions. The mechanical contraction method seems
to be ideal for doing these kinds of numerical calculations. The coordination
number < C > is difficult to find in a real system of colloidal particles, but is
easily obtained in numerical simulations. In paper P5 we found that numer-
ical simulations of < C > showed some deviation from the < C > found in
experiments on random packing of metal ball bearings [67]. An explanation
of this deviation may be gravitational effects.

Nucleation of a colloidal monolayer in an alternating electric field have
been studied recently [68]. The magnetic hole system may be used to show
a similar behavior in a magnetic field. With this system we can study the
nucleation process from the beginning and also to investigate the nucleation
rate. Preliminary experiments have also been done that show large differ-
ences in the behavior in systems with only free spheres and systems with
some obstacles or fixed spheres among the free spheres. This can for ex-
ample be used as a model for beads around a tumor cell. These beads are
magnetized and conjugated with an antibody. It has been demonstrated that
they can isolate tumor cells from blood, bone marrow, ascitic/pleural fluids,
and enzyme-digested biopsies [69]. A possible application for this method
can be used to detect cancer cells.

On nano- and micrometer scale, mixing materials can cause all sorts of
surprising effects [70]. What will happen if the suspension of spheres are on
the same length scale as the magnetite particles in the ferrofluid? Earlier
work has shown that ordered structures are also formed within such mix-
tures when subjected to magnetic fields [71]. The order in this case results
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from structural correlations between dispersed spheres and ferrofluid particles
rather than from macroscopic magnetostatic effects. Non-magnetic beads in
a ferrofluid are likely to change its viscosity, and it would be interesting to do
rheological measurements of this suspension under influence of an external
magnetic field.
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APPENDIX





A. MORE ON ZIPF-MANDELBROT RELATION

In this chapter we will discuss some properties regarding the behavior of
the spheres, for the external magnetic field parameter region where the Zipf-
Mandelbrot relation is applicable. First, we want to present a simple deriva-
tion of the Zipf-Mandelbrot relation based on Mandelbrot’s work [43, 53, 54].
We will apply this derivation to the results presented in papers P1. In the
next section we will discuss the cooperative behavior in the same region, es-
pecially looking for symmetries in the motion and give a simple measure of
the collective behavior of the motion.

A.1 Simple derivation of the Zipf-Mandelbrot relation

It is possible to derive the Zipf-Mandelbrot relation for non-correlated objects
ordered in a hierarchical structure [43, 53, 54]. Assume there exist a function
W related to the objects. The function W can be denoted the work or cost
done by the object. In an intermittent system the objects may be ordered
in a hierarchical structure, i.e. in a simple view there are N0 objects of cost
W0, there are N0M objects of cost W1, N0M

2 objects of cost W2, etc. where
Wi < Wi+1. The number of objects N(W ) as function of cost W is expressed
as:

N(W ) = N0M
W , (A.1)

where N0 and M are constant parameters. A reasonable assumption is that
objects with lower cost than a specified cost level all have higher probability
to occur. Let the probability P (W ) for obtaining a mode at a specific cost
level W be: ρ < 1. The probability to have an object with cost W is then
given by:

P (W ) = P0ρ
W . (A.2)

Assume a power law relation between the bases M and ρ:

M(ρ) ∼ ρ−D, (A.3)

where D is a constant. This gives: D = log M

log 1
ρ

. Then, the number of objects
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r with higher probability than the objects with cost W is proportional to:

r ∝
∫ W

0

dWMW =
1

log M
(MW − 1) =

1

log M
((

P0

P
)D − 1) (A.4)

This gives:

P (r) =
A

(r + ζ)1/D
, (A.5)

where ζ = b
log M

, A = P0ζ
D, b is a proportionality constant and D is the

fractal dimension for the process. D = 1
γ
, where γ is the exponent in the

Zipf-Mandelbrot relation, and r is the so-called rank of the object.
Now we want to apply the derivation of the Zipf-Mandelbrot relation to

our system. Let each dynamical mode correspond to an object. The function
W is related to the work done by the dynamical mode, as will be discussed
below.

The forces on a sphere is the magnetic F M and the viscous force F Stokes,
Eqs. 2.3 and 2.4 respectively. In our overdamped system these forces are
equal and opposite, see Eq. 2.5. We therefore concentrate on the Stokes’
drag: F Stokes = 3πηdv. The angular velocity is constant, which gives: v =
aω, where a is the distance from the center of mass of the rotating unit to
the center of the sphere under consideration. The work done by the viscous
force when the sphere has moved a distance s is:

W̃f =

∫

C

F Stokes(s)(ds) =

∫

C

3πηdωa(ds) = 3πηdωas, (A.6)

where C is a spheres trajectory with length s = πa. For a rotation of two
spheres the length one of the sphere moves in one half period is: s1 = π

2
d,

which gives the work:

W̃1 =
3

4
π3ηd3ω (A.7)

The W̃1 is used to normalize the W̃f . The total scaled work on all spheres in
a single mode can be expressed as:

W̃ =
W̃f

W̃1

=
n∑

i=1

(πi − i)2, (A.8)

where si = π
2
|πi − i| is the distance sphere i is moving. The π-notation

describes how the spheres have moved mutually relatively to the y-axis after
one half period of the external magnetic field. This is an algebraical repre-
sentation of the positive permutation braids. Consider the string labelled 1
in Fig. A.1. It ends in position 4, which gives π1 = 4. Equivalent for the
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2
3
4

1 4
2
1
3

π =

Fig. A.1: Schematically how the π-notation works. The strings are counted from
above and, when string number i at the left end of the positive permu-
tation braid becomes string number j at the right end, then πi = j.

rest of the strings, π2 = 2, π3 = 1, and π4 = 3. Each mode does not last
exactly one half period. It is found to be necessary to scale the total work.
The topological invariant writhe, Wr, increases with time and may be used
for this scaling. The writhe of a braidword is the number of overcrossings
minus the number of undercrossings. For a positive permutation braid it is
equal to the number of braid generators. Our expression for the function W
becomes:

W =

∑n
i=1(πi − i)2

Wr(mode)
. (A.9)

Consider a system of seven spheres, as an example. First the work for
every possible modes is calculate. Then the distribution of work for all these
N7 = 7! = 5040 possible modes, as seen in Fig. A.2, shows an exponential
law dependence for the main part. This is consistent with Eq. A.1. The
base number is found to be 4.5 for case of seven spheres. This exponential
law dependence is an indication that our chosen expression for W might be
reasonable. The same behavior is observed for systems with higher number
of spheres as well.

A.2 Symmetry and collective motion

In regard to cooperative phenomena, two features are important, the collec-
tive motion and its symmetry. In the same spirit as in the previous section,
we will define simple measures for these features. The motion of 7 spheres
in experiment no. 1 from paper P1 will be used as an example. Other
experiments show similar behavior.

In collective motion the spheres move coherently. A simple picture of that
for this system is that the spheres move together with their closest neighbors.
We then define a quantity that describe how close the spheres are moving:

B =
n−1∑
i=2

min[|πi−1 − πi| − 1, |πi − πi+1| − 1]. (A.10)
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Fig. A.2: The distribution of the work W for all the possible modes of 7 spheres.
Most of the modes are within the range where Eq. A.1 applies with
M = 4.5 in Eq. A.1.

For complete coherent motion, i.e. each sphere follows its neighbor, B = 0.
Fig. A.3 displays the distribution for all possible modes of seven spheres
together with experimental and numerical values for experiment no. 1. Most
modes have high order of collective motion (low B-values) and the number
of modes falls off rapidly as the B-value increases. In the experiment the
B-value drops off much faster than it would if all possible modes were used.
The fact that only small B-values occur reflects that the spheres moves in
close contact with its neighbors.

Another interesting quantity to investigate is the symmetry of the move-
ment around the center of mass. A simple expression for this is:

S∗ =
|∑n/2

i=1(πi − i)2 −∑n
i=n/2(πi − i)2|

Wr(mode)
, (A.11)

where S∗ = 0 means that the work of the spheres "above" the center of
mass is equal to the work by those "below" the center of mass. All possible
modes for seven spheres gives a broad distribution, as shown in Fig. A.4.
The experiment have an equally broad distribution as the ideal theoretical
case.
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Tab. A.1: Some examples of modes with the list of Rank, type of Mode in π-
notation, the Writhe invariant Wr, the work W defined in Eq. A.9, the
collective motion B Eq. A.10, and the symmetry S∗, Eq. A.11.

Rank Mode Wr W B S∗

1 (1325476)T 3 2 0 1
3

10 (4132765)T 7 22
7

1 2
7

20 (2143765)T 5 12
5

0 1
50 (7632154)T 15 82

15
0 26

15

100 (4312765)T 8 13
4

0 3
4

200 (1235467)T 1 2 0 1
2

300 (5132476)T 6 4 2 7
3

0 5 10 15
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All
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Fig. A.3: The distribution of the collective motion for 7 spheres. The number of
modes in both experiment and simulation decay more rapidly as function
of B than for all possible modes, indicating that the collective motion is
dominant in the experiment.
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Fig. A.4: The distribution of the symmetry around the center of mass for 7 spheres.
The number of modes in experiment and simulation follow the behavior
of the total number of modes, indicating that the modes easily may break
the symmetry, and hence obtain many more different modes than a sys-
tem showing a regular pattern.



B. KNOTS AND PHYSICS

Since Jones [72] tied knot theory to statistical mechanics two decades ago,
effort has been made to explore the relationship between knot theory and
physics [73, 74, 75]. Knot theory has made the description of the geometry
and topology of fluid flows more compact, and also introduces new topological
invariants [11]. The Jones polynomial is one widely used invariant, and
besides statistical mechanics [72] it has been applied to quantum field theory
[76]. The dynamics of few body system in a 2+1 dimensional space-time have
been topological classified using braid theory [77], a subfield of knot theory.
This could be further reduced to knot representation as follows: Consider four
spheres which rotate around each other in pairs, the braid representation of
their worldlines is shown Fig. B.1 (a). Closing the braid gives two pairs of
linked rings, the so-called Hopf links, Fig. B.1 (b). The Jones polynomial
for the Hopf link VH(t) is:

VH(t) = −t− 1

t
. (B.1)

This may be calculated by Kaufman’s states model [74]. Other theoretical
studies employ the Vassiliev invariant, which is a more general knot invariant
than Jones polynomial, to generate Hamiltonian motion of particles in two
dimensions [78].

There exist several classes of enzymes acting on DNA that force them
to form knots and closed rings. Closed rings of DNA from small viruses
may have different topology, like different number of twists [79]. These were
discovered when a small ensemble of the same virus showed three different
velocity of sedimentation. It has also been shown that there is a linear rela-
tion between the electrophoretic mobility of real DNA knots and its average
crossing number of the ideal forms of these knots [80]. In both cases knot
theory characterizes these differences in an efficient way.

A knot on a strand changes the strands mechanical properties, and can be
used to test the strength of the strand and maybe also to study its structure.
A strand in this context spans from molecular to macroscopic level, e.g. from
polymer [81] to a spaghetti [82], respectively. At both ends of the length scale
it has been found that the breaking point of the knot occurs at the entry [82].
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σ  σ  σ  σ
(b)(a)

1     3     1     3

1
2
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4

Fig. B.1: The braid picture from 4 spheres (a) is closed by connecting strand
number i on left side to strand number i on right side. By continuously
moving the strands, we get two linked circles, the so-called Hopf links
(b).

This point possesses high tension due to high loading and bending. With
optical tweezers it is now possible to tie a knot on a polymer, like DNA, in
a controlled manner [83].



C. EXPERIMENTAL SETUP

An optical microscope is used to follow the motions of the Ugelstad spheres
in a thin ferrofluid layer between two glass plates. The microscope is of
type Nikon Optiphot with an extra eyepiece tube, tritubus, for photo- and
video camera use. We used a video camera of type JVC 3CCD KY-F55 BE.
It is a high-resolution colour camera with a CCD-chip for each color red,
green and blue. The camera is connected to the microscope with a 0.35X
C-mount adapter lens, and is placed in the tritubus. A S-VHS quality video
signal is transmitted to a Silicon Graphic Indigo2 IMPACT workstation. This
workstation is equipped with a video frame grabber, which is a necessary tool
for making real time analysis of the sphere motions.

The ferrofluid has a uniformly red color appearance when viewed in the
microscope and the Ugelstad spheres show up as white spheres as they dis-
place the red ferrofluid and let the white light transmit through. A computer
program written in FORTRAN and C is used to find the position of the Ugel-
stad spheres in the (x,y)-plane. Normally, we use an image size of 512x512
pixels. This may be changed in the program to a smaller image size, in or-
der to speed up the program, or increase to the highest resolution given by
the camera of 768x576 pixels. The program calls subroutines from the Video
Library in the Indigo2 Video package from Silicon Graphics. A simple thresh-
old technique is used to generate black and white images, where the spheres
become white on a black background. Each Ugelstad sphere is mapped out
by a Hoshen-Kopelman algorithm [84] and assigned a position, in units of
pixels. After a video image is analyzed and the appropriate information, like
the braid generators, are written to a file, it is removed from the computer
memory and replaced by a new picture.
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Computer

Video recorder

Monitor

Video camera

Microscope

Sample (Ugelstad spheres and ferrofluid
confined between two glass plates)

Coil system
(mounted on a plastic plate)

Fig. C.1: The experimental setup for the magnetic hole system. The positions
of the spheres in the sample are capture by a video camera through a
microscope. A computer analyzes images from the video camera. The
pictures may also be recorded on a video tape recorder.
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Kai de Lange Kristiansen
Complex dynamics and static structures in interconnected par-

ticle systems
Soft condensed materials contain many constituents, and can display

many surprising and interesting behaviors. This thesis deals with disper-
sion and sedimentation of particles on micrometer scale in a fluid, which
is subjected to external forces. With low concentration of particles, exper-
iments shows that the particle motion displays different types of diffusive
behavior and that the distribution of their modes is well described by the
Zipf-Mandelbrot relation. With high concentration of particles, computer
simulation of random packing of a binary mixture of spheres shows many
results similar to previous experimental results.
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Abstract

We study the dynamics of a few-body system of microparticles using rank-ordering statistics.
This dynamical system is made up of micrometer sized plastic spheres dispersed in a ferro6uid
driven by external magnetic 7elds. The world lines of the microspheres are captured and the
dynamical modes are described by mathematical braid theory. Rank-ordering statistics on these
modes shows a large power-law region consistent with the Zipf–Mandelbrot relation.
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1. Introduction

Many dynamical systems may be described by simple laws, but give rise to richly
intricate structures. Such systems contain many constituents, like collective di<usive
systems, displaying great complexity, where dynamical modes describe the physical
behavior of interacting particles. In this article we will use braid theory as a method for
describing the dynamical modes of colloidal particles. This could be relevant for other
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many-particle processes e.g. those found in sedimentation of particles in an external
gravitational 7eld [1], 6uidized beds [2], and magnetic colloids in AC magnetic 7elds
[3]. A rank-ordering statistics will be performed to display the information of these
modes.
The braid theory gives a compact description of entangled lines in three-dimensional

space, e.g. the spatiotemporal dynamics of particles moving in two dimensions [4,5],
braided magnetic lines [6], and 6uid 6ow dynamics [7]. For particle dynamics the idea
is to transform the real trajectories of the particles in time–space to the corresponding
symbolic sequence according to braid theory.
The rank-ordering statistics takes care of both common and rare events at the same

time and is useful for extracting the tail of the distribution for a sparse data set.
This statistics has a wide use of applications, e.g. in linguistics [8], on energy dis-
tribution of earthquakes [9] and in analyzing the coding and non-coding regions of
DNA sequences [10]. A power law, the Zipf relation, was then found from this
analysis. Attempts to understand the origin of this relation were connected to the
hierarchical structures of languages [11], and gives the corrected Zipf–Mandelbrot
relation [12].

2. Experiment

We study the collective motion of magnetically interacting microparticles driven by
an external magnetic 7eld. Our system is easily realized [13] by dispersing uniformly
sized polystyrene spheres [14] with diameter 50 �m in a kerosene-based ferro6uid [15]
and con7ning to a ∼100 �m thin layer, see Fig. 1.
An external planar, elliptically polarized 7eld H(t) is produced by two pairs of

coils mounted perpendicular to each other carrying AC current with a phase di<erence

Fig. 1. The experimental setup consists of small plastic sphere dispersed in a thin layer of ferro6uid and
driven by an external magnetic 7eld provided by two pairs of coils.
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of �=2. The amplitude components Hx and Hy are varied by adjusting the maximum
current through a pair of coils. The 7eld anisotropy parameter is de7ned as �=Hy=Hx.
For the experiments presented in this article we use Hx = 27 Oe.
The microspheres are diamagnetic and will modify the magnetic 7eld in the ferro6uid

by introducing non-magnetic voids, called magnetic holes [13]. Due to the demagne-
tization of the void, the magnetic hole will carry an apparent magnetic moment m(t),
located in the center of the microsphere and pointing in opposite direction of the mag-
netic 7eld H(t). Its strength is proportional to the volume V of displaced ferro6uid,
the ferro6uid’s e<ective susceptibility 
 and the 7eld H(t), m(t) =−
VH(t).
These magnetic holes interact via dipole interactions, and the interaction energy U

for a collection of n magnetic holes is given by

U (r1; : : : ; rn; t) =




n∑
i¿j

m2(t)
r3ij

− 3[m(t)·rij]2
r5ij

; rij ¿d ;

∞; rij ¡d ;

(1)

where rij = ri − rj is the vector joining the centers of the magnetic holes and d is
the diameter of a microsphere. The viscous force on a microsphere is to 7rst order
given by Stokes’ law: FStokes = 3��dv, where � is the viscosity of the ferro6uid and
v the velocity of the sphere. Since the diameters of the microspheres and their ve-
locities are relatively small, the Reynolds number, Re = �vd=��1, where � is the
ferro6uid density. The system is therefore overdamped and the inertia forces may be
neglected [16].
In a slowly rotating external magnetic 7eld, the microspheres try to line up in chains

parallel with the 7eld. Due to viscous forces there will be a phase lag between the
direction of the magnetic 7eld and the chains of microspheres. The chains will fur-
thermore break up in smaller subchains and perform a half rotation before aligning
again. For example, a chain of seven microspheres was observed to split into groups
of 3+2+2 or 3+3+1. In an elliptically polarized magnetic 7eld, � �= 1, the division
into subchains is so irregular that we get an apparently disordered behavior. In the
frequency range studied here, the microspheres are nearly aligned along an axis every
half period of the external 7eld. This suggests that in order to investigate the main
dynamics we can focus on what happens along this axis.
The angular velocity !H of the external 7eld is normalized by the critical angular

velocity for stable rotation of two microspheres with circularly polarized magnetic 7eld,
!c [16]: !=!H=!c, where !H =2�f and f is the frequency of the rotating magnetic
7eld. At !c a chain of two microspheres starts to show phase-slips relative to the
magnetic 7eld, and in our experiments this upper angular velocity for stable rotation
is !c = 2� · 0:62 s−1.
The motion of the interacting magnetic holes is observed with an optical microscope

and the images are acquired with an attached video camera and recorded and digitized
on a workstation. A computer program is used to map the positions of the microspheres
in the (x; y)-plane in real time.
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3. Data analysis and braid theory

Our 7rst step in the data analysis is to include the time, in order to obtain a
space–time diagram (x; y; t). Thus, we create the world-lines of the microspheres. In
this way we essentially “freeze” the dynamics of the microspheres at all times. In
Fig. 2 we show how this can be done for a sample containing seven spheres taken
from a typical experiment. The two-dimensional motion of seven microspheres is ex-
tended to three-dimensional space–time with the trace of each particle in time. The
geometrical braid will appear when projecting the space-time trajectories onto one of
the spatial axis [17]. From this geometrical braid the braid operators, �i, are read out.
The strands are numbered from top to bottom relative to the y-axis. When two particles
(i and (i + 1)) exchange places relative to the y-axis the notation is �i for counter-
clockwise rotation (overcrossing) and �−1

i for clockwise rotation (undercrossing). The
resulting sequence of braid operators, the braidword, may not be topological unique
due to continuous deformations [18]. We therefore need an algorithm that reduces any
braidword to the topologically unique braidwords.
Since the system is driven by an external rotating magnetic 7eld in the counterclock-

wise direction, overcrossings are mostly produced. In addition, the system of magnetic
holes as a whole will rotate, or in braid theory language obtain a positive half twist.
The motion of the microspheres is captured in the laboratory frame, so the braid
includes these unwanted half twists. In addition, the reduction algorithm extracts these
positive half twists.
The main challenge is to 7nd a scheme to determine that two braidwords are equiva-

lent and thereby describe the same dynamics. This the so-called word problem has been
solved for the Artin braid group, Bn, where Bn is the set of all braids with n-strands

5
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σ4σ5σ1σ2σ1σ5σ6σ5σ1σ2σ1
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Fig. 2. Application of braid notation to particle dynamics.
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corresponding to n magnetic holes [19]. A re7nement of this solution, used in this
analysis, is found in Ref. [20].
The aim of this algorithm is to start from a braidword P and get it on a right

canonical form P = P′( n)q. The P′ is a sequence of positive permutation braids:
P1; P2; : : : ; PN , and q is the number of positive half twist  n. The positive permutation
braids are small parts of the braidword and belong to a subset of Bn with two additional
criteria:

(1) the space–time diagram’s strands have only overcrossings,
(2) two strands can cross each other only once.

In order to work with positive permutation braids each negative braid operator in
the braidword must be eliminated. Half twisting the whole braid from this negative
operator to the end takes care of this. The positive half twist can be de7ned inductively
in terms of the braid operators:  n =  n−1�n−1�n−2 · · · �1 starting with  2 = �1. The
right-canonical form means that any other braid Q topologically equal to P will give
the same exponent q and sequence of positive permutation braids P′, with the twists
on the right side of P′. The P′ is now the simplest sequence of positive permutation
braids, and it is irreducible and unique. A convenient and unique way of labeling the
di<erent positive permutation braids is using the so-called factorial coordinate method
[20]. The algorithm for this method is given by the expression:

g(%) = 1 + g1(%)1! + · · ·+ gn−1(%)(n− 1)! with 06 gi(%)6 i : (2)

The factorial coordinate gi(%) counts the number of crossings of string i+1 with lower
numbers strings within the positive permutation braid g(%) after time %. The 7nale set of
positive permutation braids are taken as a measure of the physical modes. The positive
half twists are not included in this set. One permutation braid typically corresponds to
one half period of the rotating magnetic 7eld.

4. Rank-ordering statistics

The di<erent dynamical modes of the system shown in Fig. 2 for � = 0:67 and
! = 0:23 are measured and displayed in terms of their corresponding g-values in
Fig. 3. In these experiments we obtain 365 di<erent dynamical modes. A signi7cant
feature is that a small set of modes appears frequently and is interrupted by more
rare modes. The most frequent modes (e.g. 1+3+3, g=1575) re6ect the symmetry in
the system as opposed to rarely occurring modes (e.g. 1+1+1+3+1, g= 265). Small
variations in the system parameters might lead to large changes in the braidword and
the g-values. However, minor parameter changes do not change the overall statistical
properties of the dynamics.
We then apply rank-ordering statistics to these braid permutations. In rank-ordering

statistics one counts all the di<erent modes and rank them afterwards. The rank r of a
mode is de7ned such that the most frequently occurring mode gets the rank r=1, the
next most frequently used mode gets rank 2, etc. The frequency of occurrence &(r) is
normalized:

∑N
r=1 &(r)=1, where N is the total number of di<erent modes. Including
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Fig. 3. The dynamics of seven microspheres in an external rotating magnetic 7eld with �=0:67 and !=0:23
is displayed in terms of the factorial coordinates of the positive permutation braids g(%) as a function of the
time %.

all types of positive permutation braids for n strands, N = n!. For the case of seven
microspheres we have N = 5040 possible modes.
The original Zipf relation came into being in an empirical manner. By analyzing

the words in large written texts with rank-ordering statistics, Zipf proposed a simple
power law &(r) ∼ r−' with '=1 [8]. Later, studying hierarchically structured systems,
Mandelbrot found the Zipf–Mandelbrot relation [11,12]:

&(r) =
A

(r + ))'
; (3)

where A is a normalization constant and ) and ' are two parameters.
The rank-ordering analysis of the positive permutation braids is shown in a dou-

ble logarithmic plot in Fig. 4, and labeled Experiment 1. The data may be 7tted by
a non-linear 7t on the whole r-range to the Zipf–Mandelbrot relation Eq. (3) with
parameters A= 3:2± 0:2, ) = 5:3± 1:0 and '= 1:8± 0:1, which are also summarized
in Table 1. Fig. 4 also shows two other measurements with seven spheres (labeled 2
and 3) for �= 0:83 and != 0:44, and �= 0:63 and != 0:26, respectively, which may
similarly be 7tted to the Zipf–Mandelbrot relation. The best 7tted values are also given
in Table 1.
Similar behavior to that discussed above is also observed for experiments with other

values of � and ! and for higher number of microspheres. The exponent ' is found
to be between 1.1 and 1.9. Experiments with seven microspheres indicate that the
anisotropy parameter � has to be between 0.58 and 0.85, and the angular frequency !
should be in the range 0:23¡!¡ 0:45 in order to obtain power laws according to
the Zipf–Mandelbrot relation. Outside these parameter ranges more regular behavior is
observed for seven microspheres.
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Fig. 4. The frequency of occurrence of braid permutations &(r) versus its rank r found in the dynamics of
seven microspheres. The three data sets, Experiments 1, 2, and 3 are with � = 0:67 and ! = 0:23, � = 0:83
and !=0:44, and �=0:63 and !=0:26, respectively. All data sets 7t well to the Zipf–Mandelbrot relation.
For clarity Experiments 2 and 3 are shifted down by a factor 10 and 100, respectively.

Table 1
The experimental parameters, � and !, and the values for the best 7t of the data set to Eq. (3) for three
experiments

Experiment � ! A ) '

1 0.67 0.23 3:2± 0:1 5:3± 1:0 1:8± 0:1
2 0.83 0.44 0:68± 0:10 1:7± 0:5 1:4± 0:1
3 0.63 0.26 0:35± 0:10 4:0± 1:0 1:1± 0:1

5. Conclusion

Collective dynamical modes have been studied experimentally by using methods
from braid theory. A seven-strand space–time braid represented the dynamics of seven
microspheres moving in a plane. We were able to extract the positive permutation braids
as a measure of the collective behavior in the system. Using rank-ordering statistics of
these permutation braids, we obtained a Zipf–Mandelbrot-like rank dependence with an
exponent ' between 1.1 and 1.8. Similar distributions of the dynamical modes have been
observed for systems containing a higher number of microspheres as well. Numerical
simulations of the system are now in progress.
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The magneto-rheological properties in ferrofluid is under study. Here we present a study of the
dynamics of a few body system of microparticles by using rank-ordering statistics. This dynamical
system is made up of micrometer sized plastic spheres dispersed in a ferrofluid driven by external
magnetic fields. The world lines of the microspheres are captured and the dynamical modes are
described by mathematical braid theory. Rank-ordering statistics on these modes shows a wide
power law region consistent with the Zipf-Mandelbrot relation. We have also performed numerical
simulations of the experimental system which show results in agreement with the observations.

PACS numbers: 05.45.-a, 83.10.Pp, 02.10.Kn, 75.75.+a

I. INTRODUCTION

An understanding of the magneto-rheological (MR)
properties of ferrofluid [1] is of general interest for both
fundamental research [2], and industrial application. Fer-
rofluid changes its viscous properties when subjected to
an external magnetic field, which is exploited for e. g.
damping systems in passenger vehicles and damping sys-
tems for protecting buildings and bridges from earth-
quakes and windstorms [3]. For some time there has been
a controversy on dissipation processes if ferrofluids in the
literature [4, 5]. It has also not been clear how to properly
measure the ferrofluid rotational viscosity [6, 7]. These
problems are partly caused by the lack of understanding
of the dynamical processes taking place in semi-dilute
ferrofluids in external oscillating or rotating fields. It
has been proposed that the discrepancy between theo-
retical predictions and the experimental results are due
to interactions among ferrofluid particles, formation and
break-up of chains [4, 6, 8, 9]. Some of these processes
may be uncovered and clarified by studying similar sys-
tems of magnetically interacting particles with sizes in
the optically visible micrometer range. One such sys-
tem is created when micrometer sized plastic particles
are dispersed in a ferrofluid. Then the magnetic voids
create so-called magnetic holes [10].

The magnetic holes system has proven to be a fruit-
fly model for studying cooperative dynamical processes.
Using microparticles of size > 10µm the thermal motion
is negligible and the only forces which have to be taken
into consideration are the viscous and magnetic forces.
In this study braid theory will be used for describing the
dynamical modes of the colloidal particles. The braid
theory gives a compact description of entangled lines in
three dimensional space, e.g. the spatiotemporal dynam-
ics of particles moving in two dimensions [11, 12], braided
magnetic lines [13], and fluid flow dynamics [14, 15]. For

∗Electronic address: k.d.l.kristiansen@fys.uio.no

particle dynamics the idea is to transform the real trajec-
tories of the particles in space-time to the corresponding
symbolic sequence according to braid theory, see Fig. 1.
A symbol σi in our notation, denoted the braid gener-
ator, tells in essence how two particles interrelate. The
braid theory provides some topological invariant to be
used for analysis. This approach could be relevant for
other many-particle processes as well, e.g. those found
in sedimentation of particles in an external gravitational
field [16], fluidized beds [17], and magnetic colloids in AC
magnetic fields [18].

Many dynamical systems may be described by simple
laws, but give rise to richly intricate structures. Such sys-
tems contain many constituents, like collective diffusive
systems, displaying great complexity, where dynamical
modes describe the physical behavior of interacting par-
ticles. The dynamical modes may be distributed over a
large energy range or corresponding measurable quanti-
ties. In intermittent systems these modes have a broad
distribution of frequencies. One way of making a sys-
tematic study of these modes is by ordering them after
their occurrence frequencies. We let the mode which oc-
cur most often be ranked as number 1, the second most
occurring mode be ranked number 2, and so forth to the
least occurring mode which have the highest rank num-
ber. This rank-ordering statistics takes care of both com-
mon and rare events at the same time and this procedure
is useful for displaying the whole range of the mode dis-
tribution.

A remarkable feature found by rank-ordering statistics
in many different systems is the Zipf relation. This rela-
tion has been demonstrated for a variety of applications,
such as linguistics [19], energy distribution of earthquakes
[20] and in analyzing the coding and non-coding regions
of DNA sequences [21]. The original Zipf relation came
into being in an empirical manner in linguistics. By ana-
lyzing the occurrence of words in large written texts Zipf
proposed a simple power law φ(r) ∼ r−γ with γ = 1,
where φ(r) is the frequency of occurrence of a word with
rank r [19]. Attempts to understand the origin of this
relation were connected to the hierarchical structures of
languages [22], and gives the corrected Zipf-Mandelbrot
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FIG. 1: Application of braid notation to particle dynamics.
(a) The two-dimensional motion of 7 microspheres is extended
to (b) three-dimensional space-time with the trace of each
particle in time. (c) The strands are numbered from top to
bottom relative to the y-axis. When two particles (i and (i +
1)) exchange places relative to the y-axis the notation is σi for
counterclockwise rotation and σ−1

i for clockwise rotation. The
motions of the 7 microspheres are taken from an experiment
with seven spheres, ε = 0.67, and ω = 0.23.

relation [23]:

φ(r) =
A

(r + ζ)γ
, (1)

where A is a normalization constant and ζ is a param-
eter. In this work we report experiments and numerical
simulations on a dynamical system, the magnetic holes
system, which demonstrates this Zipf-Mandelbrot rela-
tion.

The words in linguistics or the code of DNA sequences
generate information. Dynamical systems, like the mag-
netic holes system, also generate information which is
contained in the variety of the modes. This information
can be quantified in terms of the Shannon entropy [24]
together with its related redundancy. For a fully devel-
oped chaotic system the entropy is maximum, but for a

FIG. 2: The experimental setup.

chaotic system near an attractor intermittent behavior
may occur and the entropy get lowered.

The paper is organized as follows. In Section II we
introduce the notion of magnetic holes and describe our
experimental system. In Section III we present a simple
model for this system, and Section IV describes how we
analyse the motion in terms of braid theory. The results
from both experiments and numerical simulations are
given in Section V. Here we find that the rank-ordering
statistics gives results according to Zipf-Mandelbrot re-
lation. In addition there are discussions on the temporal
correlations and on the information we get from the sys-
tem in terms of Shannon entropy. A short summary of
the results are given in Section VI. Finally, appendix A
gives a more detailed explanation of the elements of braid
theory used in this work.

II. EXPERIMENT

The magnetic holes system is easily realized by dispers-
ing uniformly sized polystyrene spheres [25] with diame-
ter 50 µm in a ferrofluid [26] and confined to a ∼ 100µm
thin layer, Fig. 2. The ferrofluid consists of nano-sized
magnetite particles dispersed in kerosene. In the mag-
netic holes system external magnetic fields induce a mag-
netic moment on the microparticles, where all moments
have equal strength and direction. When the external
magnetic field is rotating, the microparticles perform a
collective motion. The rotational and translational diffu-
sion of the particles is negligible for the present system.

The external planar, elliptically polarized field H(t)
is produced by two pairs of coils mounted perpendicular
to each other carrying AC current with a phase differ-
ence of π/2. The amplitude components Hx and Hy are
varied by adjusting the maximum current through a pair
of coils. The field anisotropy parameter is defined as
ε = Hy/Hx. For the experiments presented in this study
we use Hx = 27 Oe.

In a slowly rotating external magnetic field, the mi-
crospheres try to line up in chains parallel with the
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field. Due to viscous forces there will be a phase lag be-
tween the direction of the magnetic field and the chains
of microspheres. The chains will furthermore break up
in smaller subchains and perform a half rotation before
aligning again. For example, a chain of 7 microspheres
was observed to split into groups of 3+2+2 or 3+3+1. In
an elliptically polarized magnetic field the division into
subchains is so irregular that we get an apparently disor-
dered behavior. In the frequency range studied here, the
microspheres are nearly co-linear every half period of the
external field. This suggests that in order to investigate
the main dynamics we can focus on what happens along
this axis.

III. THE SIMULATION MODEL

The microspheres are diamagnetic and will modify the
magnetic field in the ferrofluid by introducing nonmag-
netic voids, called magnetic holes [10]. Due to the de-
magnetization of the void, the magnetic hole will carry
an apparent magnetic moment m(t), located in the cen-
ter of the microsphere and pointing in opposite direction
of the magnetic field H(t). Its strength is proportional
to the volume V of displaced ferrofluid, the ferrofluid’s
effective susceptibility χeff and the field H(t),

m(t) = −χeffV H(t), (2)

where χeff = 3χ
3+2χ includes the demagnetization factor

of a sphere, and χ is the bulk magnetic susceptibility of
the ferrofluid.

These magnetic holes interact via dipole interactions,
and the interaction energy U for a collection of n mag-
netic holes is given by:

U(r1, ..., rn, t) =

{ ∑n
i>j

m2(t)
r3

ij
− 3·[m(t)·rij ]

2

r5
ij

, rij > d

∞, rij < d
,

(3)
where rij = ri−rj is the vector joining the centers of the
magnetic holes and d is the diameter of a microsphere.
The magnetic force on particle i is then:

F M
i =

∂U(r1, ..., rn, t)
∂ri

. (4)

The viscous force on a microsphere is to first order given
by Stokes’ law:

F Stokes = 3πηdv, (5)

where η is the viscosity of the ferrofluid and v the velocity
of the sphere. Since the diameter of the microspheres and
their velocities are relatively small, the Reynolds number,
Re = ρvd/η ¿ 1, where ρ is the ferrofluid density. The
system is therefore overdamped and we may neglect the
inertia forces [27]. By assuming equilibrium between the
magnetic and viscous forces,

∑
F = F M + F Stokes = 0, (6)

we can easily transform the equation of motion into a
numerically solvable form [11].

The angular velocity ωH of the external field is normal-
ized by the critical angular velocity ωc for stable rotation
of two microspheres with a circularly polarized magnetic
field [27]:

ω = ωH/ωc, (7)

where ωH = 2πf and f is the frequency of the rotating
magnetic field. At ωc a chain of two microspheres starts
to show phase-slips relative to the magnetic field, and
in our experiments this upper angular velocity for stable
rotation is ωc = 2π · 0.62 s−1.

IV. DATA ANALYSIS AND BRAID THEORY

The motion of the n interacting magnetic holes is ob-
served with a light microscope and the images are ac-
quired with an attached video camera and recorded and
digitized on a workstation. Typically 5 images per sec-
ond are grabbed and analyzed by the workstation. A
computer program is used to map the positions of the
microspheres in the (x, y)-plane in real time, Fig. 1 (a).
Our next step in the analysis is to include the time, in
order to obtain a space-time diagram (x, y, t), thus, cre-
ating the world-lines of the microspheres. In this way we
essentially ”freeze” the dynamics of the microspheres at
all times, Fig. 1 (b). The geometrical braid, Fig. 1 (c),
will appear when projecting the space-time trajectories
onto one of the spatial axis [28].

The braid generators, σi, are read out from the geo-
metrical braid and the resulting sequence of braid gen-
erators gives the braidword. The set of all braids with
n-strands is the Artin braid group Bn, containing every
possible rotations of n magnetic holes. The braidwords
found in experiments may not be topologically unique
due to continuous deformations [29]. The challenge is to
find a scheme to determine whether two braidwords are
equivalent and thereby describe the same dynamics. This
so called word problem has been solved for Bn [30]. A re-
finement of this solution, the Garside algorithm which is
used in this analysis, is found in Ref. [31], see Appendix
A.

After running through the Garside algorithm the
braidword are represented by an ordered set of positive
permutation braids. The positive permutation braids are
small parts of the braidword and belong to a subset of Bn

with two additional criteria: 1) the space-time diagram’s
strands have only overcrossings, and 2) two strands can
cross each other only once.

A convenient and unique way of labelling the differ-
ent positive permutation braids is by using the so called
factorial coordinate method [31]. The algorithm for this
method is given by the expression:

g(τ) = 1+g1(τ)1!+...+gn−1(τ)(n−1)! with 0 ≤ gi(τ) ≤ i.
(8)
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The factorial coordinate gi(τ) counts the number of cross-
ings of string i + 1 with lower number strings within the
positive permutation braid g(τ) after a time τ . One per-
mutation braid typically corresponds to one half period
of the rotating magnetic field.

The system is driven by an external rotating magnetic
field so the system of magnetic holes as a whole will ro-
tate, or in braid theory language obtain a positive half
twist. This effect is particularly important for a low num-
ber of spheres (n < 10) and low anisotropy (ε > 0.7).
Since the motion of the microspheres is captured in the
laboratory frame the braid includes these unwanted half
twists. The algorithm above will extract these positive
half twists. The finale positive permutation braids con-
tain all the essential information about the dynamics,
and are taken as a measure of the physical modes.

V. RESULTS AND DISCUSSION

In this study we focus mainly on experiments with
seven microspheres that have the anisotropy parameter
ε between 0.58 and 0.85, and the angular frequency ω in
the range 0.23 < ω < 0.45. In these parameter ranges
intermittent behavior is observed. This behavior gen-
erates many different modes with different frequency of
occurrence, and is easily studied with the rank-ordering
statistics. Outside these parameter ranges more regular
behavior is observed. For experiments with a higher num-
ber of spheres n, we have studied what happens around
ε = 0.64. The experiments were run from 4 to 13 hours.
In this work we present four different experiments with
different n, ε, and ω values. The experimental values are
summarized in Table I.

The motion is grabbed and analyzed by a computer
in real time. In this analyzing process the coordinates
to each sphere is found, Fig. 1 (a) and (b), and also the
braid generators, Fig. 1 (c). When observing the motion
of the spheres two factors are striking:

1. The spheres start out in a line and get almost
aligned after one half period of the external rotat-
ing field. During this half period the line of spheres
break up into smaller units before realigning.

2. Some typical and stable modes occur frequently
over some time. Then the motion is changing via a
cascade of different and more rare modes for some
time before reaching a stable mode again. This re-
sembles intermittent behavior.

The first factor emphasizes that the time span for a
dynamical mode is around one half period of the exter-
nal rotating magnetic field. The second factor suggests
that the system behaves like a scaling tree, similar to the
lexicographic tree described by Mandelbrot for word fre-
quencies in linguistics [32]. He used this scaling tree to
derive the Zipf-Mandelbrot relation. A similar approach
can be used to derive this relation for the system under
study here [33].

A. Rank-ordering statistics

A small part of experiment no. 1 with ε = 0.67 and
ω = 0.23 is displayed in Fig. 1. Seven spheres trace
out their world lines and are projected into a braidword.
The different dynamical modes of this experiment are
measured and displayed in terms of their corresponding
g-values in Fig. 3. We obtain 365 different dynamical
modes in the experiment, while for the numerical simula-
tions with same duration we obtain 392 different modes.
A significant feature is that a small set of modes ap-
pears frequently and is interrupted by more rare modes.
Small variations in the system parameters might lead to
large changes in the braidword and the g-values. This
can be seen in the differences between the experiment,
Fig. 3 (a), and the simulation, Fig. 3 (b), which have
nominally equal parameter values. However, these minor
changes do not change the overall statistical properties
of the dynamics.

We then apply rank-ordering statistics to these braid
permutations. In rank-ordering statistics we count all the
different modes and rank them afterwards. The rank r
of a mode is defined such that the most frequently occur-
ring mode gets the rank r = 1, the next most frequently
used mode gets rank 2, etc. The frequency of occurrence
φ(r) is normalized:

∑N
r=1 φ(r) = 1, where N is the total

number of different modes. Including all types of positive
permutation braids for n strands, N = n! . For the case
of seven microspheres we have N = 5040 possible modes.

The rank-ordering analysis of the positive permutation
braids is shown in a double logarithmic plot in Fig. 4.
The data may be fitted to a straight line with a slope
−1.6 ± 0.1 for r > 5. However, a non-linear fit on the
whole r-range to the Zipf-Mandelbrot relation gives a
better fit with parameters A = 3.2 ± 0.2, ζ = 5.3 ± 1.0
and γ = 1.8 ± 0.1 for both experiment and simulation.
A simulation with four times as long duration gives 448
different types of dynamical modes, however the fit gives
the same parameters.

Similar behavior to that discussed above is also ob-
served for experiments with other values of ε and ω , and
the exponent γ is found to be between 1.1 and 1.9, as
first reported in Ref. [34]. The experiment no. 2 is an
example with ε = 0.83 and ω = 0.68. The rank-ordering
analysis of this experiment gives a Zipf-Mandelbrot rela-
tion between φ(r) and r, Fig. 5, with exponent γ = 1.4.

The value of the exponent γ found in the simulations
sometimes shows slightly higher value than that obtained
from the corresponding experiment. This difference be-
tween experiment and simulation may be due to higher
order effects neglected in the simulation, such as hydro-
dynamic interaction between microspheres and hydrody-
namic and magnetic interaction due to confinement of
the ferrofluid by the walls. In dispersed systems, such
as colloidal suspensions, complicated flow behaviors oc-
cur even at low Reynolds numbers. Despite its long-
recognized ubiquity, hydrodynamic coupling in colloidal
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FIG. 3: The dynamics of 7 microspheres in an external rotat-
ing magnetic field is displayed in terms of the factorial coor-
dinates of the positive permutation braids g(τ) as a function
of the time τ for (a) experiment no. 1 and (b) its corre-
sponding simulation. The most frequent modes (e.g. groups
of 1+3+3 spheres, g = 1575 (experiment) or 3+2+2 spheres,
g = 750 (simulation)) reflect the symmetry in the system as
opposed to rarely occurring modes (e.g. 1+1+1+3+1 spheres,
g = 265).

suspensions is not completely understood [35].
The Zipf-Mandelbrot relation is observed in systems

with higher number of spheres as well. Fig. 6 and 7 are
examples of 11 and 20 spheres, respectively. For both
cases we used ε = 0.64. The results are summarized
in Table I. When increasing the number of spheres the
number of possible modes increases rapidly. For eleven
spheres there exist 11! ' 4.0 · 107 possible modes, while
we obtain only 2200 modes in the experiment no. 3.
Twenty spheres have 20! ' 2.4 · 1018 possible modes and
the simulation gave only 30,000 modes. To observe a be-
havior obeying the Zipf-Mandelbrot relation for systems

10
0

10
1

10
2

10
3

r

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

φ(
r)

Experiment

Simulation

Slope −1.6

Zipf−Mandelbrot

FIG. 4: The frequency of occurrence of braid permutations
φ(r) versus its rank r found in the dynamics of 7 microspheres,
experiment no. 1 with ε = 0.67 and ω = 0.23. Both data sets
fit well to the Zipf-Mandelbrot relation, shown as a dashed
line. Typical values of the error bars are shown for three
points.
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FIG. 5: The frequency of occurrence of braid permutations
φ(r) versus its rank r found in the dynamics of 7 microspheres
with ε = 0.83 and ω = 0.44, experiment no. 2. Typical values
of the error bars are shown for three points.

with n ≥ 10, we need experiments over a longer time
span in order to get good statistics because we need very
many modes. The exponent fitted to the experiment and
simulation are both below 1 and significant lower than
for the seven spheres case.

B. Temporal correlation

The correlations determine to some extent the behav-
ior, and henceforth the fit to a Zipf-Mandelbrot relation.
Therefore it is of interest to determine the range of the
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φ(r) versus its rank r found in the dynamics of 11 micro-
spheres with ε = 0.64 and ω = 0.22, experiment no. 3. Typi-
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FIG. 7: The frequency of occurrence of braid permutations
φ(r) versus its rank r found in the dynamics of 20 micro-
spheres with ε = 0.64 and ω = 0.15, simulation no. 4. Typical
values of the error bars are shown for three points.

correlation. To get a measure of the temporal correla-
tion of the positive permutation braids in the system we
calculate the mode-mode correlation between modes of
rank r and r′:

Cr,r′(t) =< δr,r(g(τ))δr′,r(g(τ+t)) >, (9)

where brackets indicate averaging over all times τ ,
r(g(τ)) means the rank corresponding to mode g(τ) and
t is a time interval measured in units of one permutation
braid. The exact numerical value of the g(τ)’s are of lit-
tle interest here since that is only a way of systematic

TABLE I: The experimental parameters, n, ε, and ω, and
the values for the best fit of the data set to Eq. 1 for four
experiments.

Exp. n ε ω A ζ γ
1 7 0.67 0.23 3.2 ± 0.1 5.3 ± 1.0 1.8 ± 0.1
2 7 0.83 0.44 0.68 ± 0.10 1.7 ± 0.5 1.4 ± 0.1
3 11 0.64 0.22 0.12 ± 0.05 1.2 ± 0.2 0.98 ± 0.10
4 20 0.64 0.15 0.0064 ± 0.0005 0.80 ± 0.08 0.70 ± 0.08

labelling. The time correlation C(t) is defined as:

C(t) =
N∑

r=r′=1

Cr,r′(t). (10)

When no correlations between the permutation braids
are left in the system, we expect a crossover to a plateau
at level K in C(t):

K =
N∑

r=1

φ(r)φ(r). (11)

The correlation between the modes in experiment no. 1 is
short ranged and decays logarithmically for 1 < t < 6 as
shown in Fig. 8, and thereafter shows a plateau. Similar
decay is found for the other experiments. The correlation
of modes with low r-value dominates C(t), as e.g. C1,1(t)
for r = 1, reflecting that dominating modes occur in
sequences. For 7 microspheres the plateau after the cutoff
can be calculated from Eq. 1 using the fitted parameter
values, K = 0.043, in good agreement with Fig. 8 (a). We
have also calculated the correlations C1,2(t) and C1,10(t)
between the modes with rank 1 and 2, and 1 and 10,
respectively, as shown in Fig. 8 (b). The C1,x(t) rises to a
constant level depending on the rank x. A characteristic
feature is that a dominating mode tends to be interrupted
by another mode within the decay time of C(t).

The correlation up to t = 6 is the result of clustering of
the modes. If we randomize the order in the sequence of
modes, these correlations disappear and only a plateau
is left, as expected.

C. Information and redundancy

The braidword can be viewed as a discrete message.
The statistics of the modes can be explained by assum-
ing that the discrete message is built out of small units,
the positive permutation braids. The statistics of these
units is dominated by those which transmit the great-
est amount of information, and is quantified in terms of
Shannon entropy H [36]:

H = −
N∑

k=1

φk log2 φk, (12)

where the unit is bits/(mode).
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FIG. 8: (a) The time correlation of the braid permutations
C(t) displayed on a semi-log plot. The time t is measured in
number of permutation braids in the braidword. The corre-
lation of the mode with rank r = 1, C1,1(t) (scaled up by a
factor 2) from the experimental data of experiment no. 1, is
also shown. (b) The correlations between the most frequently
occurring mode, r = 1, and the modes with rank 2 and 10,
respectively, taken from experiment no. 1.

H is a measure of the rate of information which is
produced. For equally probable situations, φk = 1/N !,
the entropy is maximum, i.e. no prediction of the next
entry. For the case of seven spheres, Hmax = log2 5040 =
12.30. The redundancy R is then defined as [24]:

R = 1− H

Hmax
. (13)

Table II summarizes the entropy and redundancy for each
experiment. The relative high redundancy in these cases
reflect the fact that there exists many more modes than
those found in the experiments. As the number of spheres

TABLE II: The Shannon entropy H and the redundancy R
for the three experiments in Table I, where H is calculated
using the values for the best fit, Table I.

Exp. N H R
1 7 5.43 ± 0.10 0.56 ± 0.01
2 7 5.96 ± 0.10 0.52 ± 0.01
3 11 6.72 ± 0.10 0.73 ± 0.01
4 20 3.27 ± 0.10 0.95 ± 0.01

increases, the number of possible positive permutation
braids increases as N !. For the experiments in this work
the fraction of observed modes compared to the possible
number of modes decreases as the number of spheres in-
creases. In addition, sequences of the motion repeat from
time to time, thereby increasing the redundancy.

VI. CONCLUSION

Braid theory has been used to study the collective
dynamical processes, or modes, of magnetically inter-
acting particles in a rotating magnetic field. An n-
stranded space-time braid represented the motions of
non-magnetic microspheres in a thin ferrofluid layer. We
extracted the positive permutation braids and used these
as a measure of the collective modes in the system. The
distribution of these dynamical modes was analyzed us-
ing rank-ordering statistics, and it was found to show a
hierarchical structure of the Zipf-Mandelbrot type. For
seven spheres the exponent γ was between 1.1 and 1.9
for both experiments and numerical simulations. Similar
distributions of the dynamical modes were found for sys-
tems containing a higher number of microspheres as well.
But for these cases the exponent γ could also have lower
values than 1.1. As the number of spheres increased, the
number of possible modes increased drastically. The tem-
poral correlation of the modes decayed logarithmically, as
the result of clustering of the most frequent modes. The
clustering was also one of the reasons for the relative
high redundancy. This showed that many of the possible
modes never occurred in the experiments.

The magneto-rheology of ferrofluids in oscillating or
rotating fields has been extremely difficult to model by
current theories. This may be due to the complexity
of the chain formation and break-up in even such rela-
tively small particle clusters as studied here. The wide
spectrum of relaxation times and other effects, like shear
thinning, which have been found in these fluids, may have
their origins in the distributions of dynamical modes and
chain lengths. This is similar to what has been found in
the system presented here.

APPENDIX A: THE GARSIDE ALGORITHM

The aim of this algorithm is to start from a braid-
word P and transform it to a right canonical form
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P = P ′(∆n)q [30, 31]. The P ′ is a sequence of positive
permutation braids: P1, P2,.., PN , and q is the number
of positive half twists ∆n. The positive half twist can
be defined inductively in terms of the braid generators:
∆n = ∆n−1σn−1σn−2...σ1 starting with ∆2 = σ1. The
n indicates the number of strings. Normally we omit n,
i.e. ∆ ≡ ∆n, when it does not lead to any confusion.
The right-canonical form implies that any other braid Q
topologically equal to P will give the same exponent q
and sequence of positive permutation braids P ′, with the
twists on the right hand side of P ′. The P ′ is now the
simplest sequence of positive permutation braids, and it
is irreducible and unique.

In order to work with positive permutation braids each
negative braid generator in the braidword must be re-
placed. This can be done by rewriting every σ−1

i as
D∆−1 where D is a positive braid word. Thereafter
all the ∆’s is moved to the right by using the com-
mutativity of ∆ with all other braid structures B, i.e.
∆ ·B = τ(B)∆, where τ(B) is an automorphism operat-
ing on the braid B. Geometrically it is equivalent to turn-
ing the braid upside down and is defined as τ(σi) = σn−i.
The next step is to divide the positive braid into a prod-
uct of positive permutation braids. In this algorithm we
start reading the braid from left to right and take the
longest initial sub-word as the first permutation. When
any pair of the strings is about to cross for the second
time a new permutation braid is started. This division is
continued until the end of the braid word is reached.

The algorithm prescribes to run through P ′ from left
to right and checks adjacent pairs of permutation braids.
If any crossing of pair of adjacent strings occurs in the
left permutation braid and not in the right, this crossing
is moved to the right permutation braid. This yields two
different permutation braids. Each time a positive half
twist is found in the sequence it is moved to the right
end of the braid where it contributes to the power of ∆q

with +1. The algorithm goes on until no more moves
or operations can be done and the right canonical form
of the braid is found. The right canonical form gives the
minimum number of positive permutation braids that the
braid can be divided into.

Let us apply this algorithm to the example with four
strings shown in Fig. 9, which describes a braid with the
word P = σ1σ2σ3σ2σ

−1
1 σ2σ3σ1σ2σ3σ3. The first step

is to replace any braid generators with negative powers.
The generator σ−1

1 in (a) is replaced by σ2σ3σ1σ2σ1∆−1

and the negative half twist is moved to the right end
of the sequence, resulting in (b). Working through the
braid in (b) from left to right we partition it into per-
mutation braids by continuing until a pair of strings are
about to cross for the second time and then start a new
permutation braid, shown in (c). Then we start the al-

gorithm to check adjacent pairs of permutation braids if
any adjacent pairs of strings crosses in the left, but not
in the right permutation braid. Starting from the left
end of the sequence, the first such crossing is found in
the second permutation P2 in (c) as indicated by an ar-

(a)

(b)

P= 1 2 3 2σ σ σ σ σ  σ σ σ σ σ σ3321321
−1

P P P P3 421

(c)

(d)

(f)

(e)

P= 1 2 3 2 32132(σ σ σ σ )(σ σ σ σ σ )

∆−1

∆−1

∆−1

∆ ∆−1

FIG. 9: A sequence of moves leading to the right canonical
form of a braid as described in the text.

row. This crossing is moved to the third permutation P3

which yields the two altered permutation braids P2 and
P3 shown in (d). By this alternation, P3 = ∆, which has
to be shifted to the right end of the braid. The permu-
tation braid P4 undergoes the operation ∆ ·B = τ(B)∆.
In this case B = σ1, which gives τ(σ1) = σ3. This gives
the braid sequence shown in (e). Here, every braid gen-
erators in P2 can in fact be shifted to P3. Since P2 then
become the identity braid, i.e. a braid not containing any
braid generator, it does not contribute to the braid and
can therefore be discarded. At last the ∆ at the end is
cancelling out by the ∆−1. The resulting braid in (f) is
the right canonical form of P consisting of two permuta-
tion braids and q = 0, i.e. P = (σ1σ2σ3σ2)(σ2σ3σ1σ2σ3).
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Abstract

We have studied the two-dimensional dynamics of a few body system of microparticles using rank-ordering statistics.

The world lines from the microspheres were captured and converted to a braid notation according to mathematical

braid theory. Rank-ordering statistics of the dynamical modes in the system shows a power law region consistent with

the Zipf relation. A simple numerical simulation of the experimental system shows similar behavior. To exemplify the

diversity of our system a result showing anomalous diffusion is also given.

r 2003 Elsevier B.V. All rights reserved.

PACS: 05.45.�a; 75.50.Mm; 83.10.Pp; 02.10.Kn

Keywords: Ferrofluid; Microparticle dynamics; Rank-ordering statistics; Anomalous diffusion; Braid theory
Cooperative behavior of interacting microparticles is

of great interest both from a fundamental and a

practical point of view. The rank-ordering statistics is

one way of analyzing such collective diffusive systems

[1]. Here we report some results from our studies of a

colloidal system of magnetic holes. The intricate

motions of particles in a plane can be illustrated as

entangled lines in three-dimensional space–time (Fig. 1),

and braid theory gives a compact description of these

lines [2,3].

Our magnetic holes system [4] consists of diamagnetic

and monodispersed polystyrene microspheres [5]

ðdsB50 mmÞ immersed in a thin layer of ferrofluid [6]

consisting ofB10 nm magnetite particles in kerosene. In

an external planar, elliptically polarized rotating mag-

netic field HðtÞ a microsphere will introduce a non-

magnetic void, magnetic hole, with apparent magnetic

moment mðtÞ ¼ �wVHðtÞ; where V is the displaced

volume and w is the ferrofluid’s effective susceptibility.
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Simulation of the system [7] can be done by

considering, to first order, the magnetic dipole–dipole

interaction between each pair of microspheres and the

viscous force on each microsphere.

By varying the magnetic field’s angular velocity and

anisotropy, we observe a rich diversity of patterns. Here

we will focus on non-ordered behavior. In order to

characterize the structure and complexity of a braid,

different characteristic numbers can be calculated. One

is to transform the braid into a positive permutation

braid [8] and use that as a measure of the system’s

dynamical mode. Then we apply rank-ordering statistics

on these permutation braids, i.e. count all the different

modes and rank them. Fig. 2 shows a plot of the

frequency of occurrence of the permutation braids fðrÞ
vs. rank r: For two decades the graph shows a power law
dependence, according to the Zipf relation [9]: fðrÞBrg

with g ¼ 1:2: Attempts to understand the origin of this

relation were connected to the hierarchical structured

systems [1,10].

Another characteristic number is the writhe. The

writhe, WrðtÞ; is equal to the number of overcrossings

minus the number of undercrossings, starting with value

zero at time zero. Here the time t is measured in units of

half periods of the external rotating magnetic field. One
d.
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Fig. 1. The two-dimensional motion of 5 microspheres is

extended to three-dimensional space–time with the trace of each
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measure of the fluctuation in the braid pattern is the

variation of the writhe around its mean: dWrðt; tÞ ¼
Wrðtþ tÞ � WrðtÞ � t/dWrðtÞS; where /dWrðtÞS ¼
1
N

PN
t¼1 WrðtÞ � Wrðt � 1Þ: The variance can then be

written as: s2ðtÞ ¼ /½dWrðt; tÞ �/dWrðt; tÞS�2S: For

diffusive processes: s2Btb; with b ¼ 1 for ordinary

diffusion. In a similar experiment as the one described

above we found that the variance of the writhe

fluctuations behave as a power law as shown in Fig. 3,

with b ¼ 1:66; clearly indicating anomalous diffusion.
Simulations based on the simplest dipolar model showed

good agreement with b ¼ 1:82:
Theoretical work [11] using generalized Langevin and

Fokker–Planck equations has predicted anomalous

diffusion with b ¼ 1:66; in good agreement with our

results.
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Abstract 
 
Nonmagnetic particles in magnetized ferrofluids have been denoted magnetic holes and 
are in many ways ideal model systems to test various forms of particle self assembly 
and dynamics. Some case studies to be reviewed here include: 

• Chaining of magnetic holes 
• Braid theory and Zipf relation used in dynamics of magnetic microparticles 
• Interactions of magnetic holes in ferrofluid layers 

The objectives of these works have been to find simple characterizations of complex 
behavior of particles with dipolar interactions. 
 
1.  Ferrofluids 
 
Figure 1 shows the characteristic features of ideal ferrofluids on different length scales.  
Ferrofluids consist of coated magnetic nanoparticles dispersed in a carrier liquid. The 
nanoparticles are so small that they contain only one magnetic domain, i.e. at this length 
scale it is not energetically favorable to break up into domains as in ordinary bulk 
magnets. Ferrofluids are in fact an early success story in the commercialization of 
nanotechnology [1]. In the 1970s, ferrofluids were adopted by the disk drive industry as 
near-zero friction bearings. Today, ferrofluid bearings are a key component in greatly 
reducing the incidence of hard-disk failure, and there is also a wide range of other 
ferrofluid applications. Ferrofluids are often denoted magneto-rheological fluids (MRF) 
as they may exhibit fast, strong and reversible changes in their rheological properties 
when a magnetic field is applied. MRF are similar to electro-rheological fluids, but 
normally much stronger, and more stable and easier to use. Applications of MRF 
include clutches, damping systems in passenger vehicles, brakes, controllable friction 
damper that decreases the noise and vibration in washing machines, and seismic 
mitigation MRF damping systems protecting buildings and bridges from earthquakes 
and windstorms [2]. Ferrofluids exhibit also many exotic macroscopic phenomena as 
exemplified in Figure 2. 
 
 



  

 
 
        (a)                                          (b)                                                   (c) 
 
Figure 1.  Schematic picture of ferrofluid on three length scales: 
a: On a macroscopic length scale, it resembles an ordinary liquid with a uniform magnetization. 
b: On a colloidal length scale, solid nanoparticles dispersed in a liquid.  
c: Each particle consists of a single domain magnetic core, e.g. iron oxide, and a surface grafted with polymer 
chains, particle size ~ 10 nm. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2.  (a) Surface instability of ferrofluid subject to an external magnetic field  
(http://www.ferrotec.com/) and (b) a ferrofluid meander in a thin layer. 
 
 
2.  Magnetic Holes 
  
Monodisperse polystyrene spheres dispersed in ferrofluid provide a convenient model 
system for the study of various order-disorder phenomena [3]. The basis for this is that 
the spheres displace ferrofluid and behave as magnetic holes [4] with effective moments 
equal to the total moment of the displaced ferrofluid. The spheres are much larger 
(1-100 µm) than the magnetic particles (typically 0.01 µm) in the ferrofluid and the 
spheres therefore move around in an approximately uniform magnetic background. By 
confining the spheres and ferrofluid between closely spaced microscope slides an 
essentially two-dimensional many-body system of interacting particles is obtained. This 

(a) (b)



  

offers the possibilities of observing directly through a microscope a wide range of 
nonlinear dynamic phenomena and collective processes, as they are easy to produce and 
to manipulate with external magnetic fields. A simplifying feature of magnetic holes is 
that their magnetic moments are collinear with an external field at any field strength. 
This is in contrast with magnetic particles dispersed in non-magnetic fluids where 
random orientation of the magnetic moments complicates the theoretical treatment of 
the dynamic and static properties of the particles. 

The basic principle for magnetic holes is shown in Figure 3. It is in some sense a 
magnetic analogue of Archimedes' principle. When a non-magnetic particle is dispersed 
in a magnetized ferrofluid (H > 0), the void produced by the particle possesses an 
effective magnetic moment MV equal in size but opposite in direction to the magnetic 
moment of the displaced fluid 

MV = -Vχeff H ,       (1) 
where V is the volume of the sphere and 3 /(3 2 )effχ χ χ= + is the effective volume 

susceptibility of the ferrofluid. The interaction energy between two spheres with a 
centre-to-centre separation d is given approximately by the dipolar interaction 

2 2

3

(1 3cos )vM
U

d

θ−
=  .     (2) 

Here, θ is the angle between the line connecting the centres of the spheres and the 
direction of the field. Figure 3 illustrates that if the centers of two holes are collinear, 
they will attract each other, while two holes side by side will repel. Typical examples of 
structures formed for the two field orientations are shown in Figure 4. 

A detailed description of the interaction between the spheres in a lattice is quite 
complicated. Since the dipolar interaction is of relatively long range, the direct particle 
interaction goes far beyond the nearest neighbours. In addition, there is an indirect 
particle-particle interaction mediated via the glass plates confining the system. This 
“image dipole” effect is caused by the change in the magnetic permeability across the 
glass plates. Thus the spheres also interact with their image dipoles situated at the 
opposite side of the ferrofluid-glass interface. This effect causes the lattice to be 
situated precisely midway between the upper and lower glass plate. As the plate 
separation is typically 50-100% larger than the diameter of the spheres, the dipole 
image contribution is relatively small (typically 10% or less) compared with the 
interaction energy between the real dipoles. Even in the presence of the dipole images, 
this experimental system may still be considered to be two-dimensional. 

It is possible to obtain a thermodynamic system by using small spheres (diameter 
less than 2 µm) since Brownian motion introduces fluctuations into the system. The 
controlling parameter for the stability of the structure formation is the ratio of the 
dipolar energy to the thermal energy: 

Γ =
M

d k T
v

B

2

3       (3) 

where d is the (centre-to-centre) separation of the spheres and kB is Boltzmann's 
constant.  



  

The ability to design and modify the effective interactions in this system enables 
studies of various phenomena discussed in the next sections. 
 

 
Figure 3.  The principle of a magnetic hole in a soft magnet as discussed in the text. (a) Two holes side by side 
will repel each other. (b) Two holes with the centers collinear with the field lines will attract each other. 
 

          (a)         (b) 
 
Figure 4. Structures of 10 µm diameter spheres formed by a magnetic field (a) normal to the layer and 
(b) parallel to the layer. 
 
3.  Aggregation and Chaining of Magnetic Holes 
 
Experimental studies of field induced colloidal aggregation have been carried out 
earlier, e.g., with paramagnetic microspheres [5,6], magnetic nano-particles [7,8], and 
electric field-induced association of dielectric particles [9]. The results have essentially 
confirmed the scaling behavior of the mean cluster size as a function of time [10-12] 
and it has been possible to scale the temporal size distribution of clusters [5,8,13] into a 
single universal curve as predicted by dynamic scaling theory [14]. 

In the present work we have studied the chain formation of non-magnetic 
microspheres [15] dispersed in thin layer of ferrofluid [16] induced by external 
magnetic fields, see Figure 5.  
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Figure 5.  Schematic experimental set-up. 
 
The main advantage of this system is the possibility to tune the strength of the particle-
particle interactions. In our case we can create experimental conditions that are close to 
an ideal point-dipole system, i.e, the particles are spherical, monodisperse, and their 
resulting induced magnetic moments are oriented in the direction of the external 
magnetic field. In order to study the importance of dipole-dipole interaction and 
Brownian motion relative to non-Brownian ballistic drift, we used microspheres with 
different diameters d = 1.9, 4.0, and 14 µm. In zero external fields the diffusive 
Brownian motion of the 1.9 µm spheres is clearly visible in the microscope. However, 
the diffusion of the 14 µm spheres can only be seen by comparing images taken at 
typically 30 s time lap. The experiments were done with low volume fractions of 
microspheres, corresponding to coverage of a few percent. Magnetic fields in the range 
H = 4 – 16 Oe were used. The combination of these fields with the three particle sizes 
gave rise to values of Γ in the range 8 - 104. A typical example of the aggregates that 
were formed is shown in Figure 6. 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 6. An example of the straight aggregates formed by 4 µm spheres in 10 Oe magnetic field after about 2 
hours. 
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In order to characterize the aggregation process in more detail, the length s of any 

cluster was determined at different time intervals t relative to the initial time t = 0 when 
the field was turned on. The time dependences of the number of clusters N(t) and mean 
cluster size (length) S(t) for a typical experiment with d = 4 µm  spheres are shown in 
Figure 7. We see that the data asymptotically follow the power laws '( ) zN t t−∼  and 

( ) zS t t∼  with scaling exponents z' = 0.53 and z = 0.50 for t > 100 s. Using the 
dynamical scaling relations for cluster-cluster aggregation [12,14], it was possible to 
collapse all the cluster size distributions ns(t) to a scaling function curve [17]. 
 
  
4.  Braid Theory and Zipf Relation used in Dynamics of Magnetic Microparticles 
 
Cooperative behavior of interacting microparticles is of great interest both from a 
fundamental and a practical point of view. The rank-ordering statistics is one way of 
analyzing such collective diffusive systems [18]. Here we report some results from our 
studies of a colloidal system of magnetic holes with an experimental set-up like that in 
Figure 5. Intricate motions of particles in a plane can be illustrated as entangled lines in 
three-dimensional space-time, Figure 8, and braid theory gives a compact description of 
these lines [19,20].  
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Figure 7. (a) The number of clusters and (b) cluster length versus time for aggregation of 10 µm spheres in 
a 10 Oe magnetic field. The solid lines are fits to a power law with exponents (a) z’ = 0.53 and 
(b) z = 0.50. 



  

 
 
 
Figure 8. The two-dimensional motion of 5 microspheres is extended to three-dimensional space-time with the 
trace of each particle in time (upper). Projecting onto (y,t)-axis gives the braid for the motion (lower). 
 

The magnetic holes system consists of 50 µm diameter diamagnetic, polystyrene 
micro-spheres [15] immersed in a thin layer of ferrofluid [16]. In an external planar, 
elliptically polarized rotating magnetic field H a microsphere introduces a magnetic 
hole with apparent magnetic moment given by Eq. (1). The motions of the microspheres 
can easily be simulated [7] by considering, to first order, the magnetic dipole-dipole 
interaction between each pair of microspheres and the viscous force on each 
microsphere.  

By varying the angular velocity of the magnetic field and its anisotropy, we observe 
a rich diversity of patterns. Here we will focus on non-ordered behavior. The structure 
and complexity of the braids formed by the traces of the moving particles can be 
captured by calculating a few characteristic numbers. One of these is found by 
transforming the braid into a positive permutation braid [22] and use that as a measure 
of the systems dynamical mode. Then we apply rank-ordering statistics on these 
permutation braids, i.e., count all the different modes and rank them. Figure 9 shows a 
plot of the frequency of occurrence of the permutation braid φ(r) vs. rank r. This graph 
show a power law dependence, according to the Zipf relation [23] ( )r r γφ ∼ with 
γ = 1.2 for about two decades in r. Attempts to understand the origin of this relation 
were connected to the structure of hierarchical systems [24]. 



  

 
Figure 9. The relative occurrences of braid permutations Φ(r) against its rank r found in the dynamics of 7 
microspheres. 
 

Another characteristic number is the writhe Wr(t). It is equal to the number of over- 
crossings minus the number of under-crossings, starting with value zero at time zero. 
Here the time t is measured in units of half periods of the external rotating magnetic 
field. One measure of the fluctuation in the braid pattern is the variation of the writhe 
around its mean: 

( , ) ( ) ( )Wr t Wr t Wr t Wrδ τ τ τ δ= + − − , (4) 

where [ ]1

1
( ) ( 1)

N

N t
Wr t Wr tWrδ

=
= − −∑ . The variance σ2(t) is then: 

2 2( ) [ ( , ) ( , ) ]t Wr t Wr tσ δ τ δ τ= − .  (5) 

For diffusive processes: 2 ( )t t βσ ∼ , with β = 1 for ordinary diffusion. When β is 
smaller or larger than 1, the diffusion is anomalous and is denoted as subdiffusion and 
superdiffusion, respectively. 

We have found that the variance of the writhe fluctuations in experiments behave 
as a power law as shown in Figure 10, with β = 1.66, clearly indicating anomalous 
diffusion. Simulations based on the simplest model with magnetic and viscous forces 
showed good agreement with β = 1.82. The value of β found in theoretical work [25] 
using generalized Langevin and Fokker-Planck equations in combination with earlier 
experimental results [26] agrees well with this experimental result. 



  

 
Figure 10. The variances σ2(t) of the writhe fluctuations (Eq. 5) for the dynamics of 7 microspheres. The inset 
illustrates how the writhe of the system evolves with time. 
 
5.  Interactions of Magnetic Holes in Ferrofluid Layers 
 
So far there has been no satisfactory theoretical description of the effective interactions 
between magnetic holes in rotating magnetic fields composed of a high frequency 
rotating inplane component and a constant normal one, and the existence of the 
observed stable configurations of holes with a finite separation distance [27] has 
remained unexplained. 

Focusing on the boundary conditions of the magnetic fields along the confining 
plates, we have derived analytically the pair interaction potential in such oscillating 
fields, and demonstrated for a wide range of conditions the existence of a secondary 
minimum whose position depends continuously on the ratio β between the out of plane 
H⊥ and inplane H|| field components [28]. We compare this theory with experiments 
where the motion of a pair of particles (holes) is followed. 

In presence of a far-range field H  in a ferrofluid of susceptibility χ , each hole 
generates a dipolar perturbation of dipolar moment equal to the opposite of the 
displaced ferrofluid, effV Hσ χ= − , where V  is the volume of the hole, 

and 3 /(3 2 )effχ χ χ= +  is an effective susceptibility including a demagnetization factor 

rendering for the boundary conditions of the magnetic field along the spherical particle 
boundary [4,29]. The susceptibility contrast between the ferrofluid and the two plane 
nonmagnetic confining plates leads to a different dipolar field perturbation than the 
infinite medium expression. According to the image method [30], the boundary 
conditions for the magnetic field along the plates are fulfilled with an addition of an 

 
σ2(t) 



  

infinite series of dipole images to the infinite space expression of the dipolar field 
emitted in an unbounded medium. The images are constructed as mirror images in the 
plane boundaries of the initial dipoles or of some previous image, multiplying the 
magnitude of the dipole at each mirror symmetry operation by an attenuation factor 

/( 2)κ χ χ= +  - see Figure 11. 
The instantaneous interaction potential between a pair of confined holes can then, 

similarly to Eq. (2), be expressed as 

( ) ( )
3 5

3
8

ij iji ji j

i j ij ij

r r
U

r r

σ σµ σ σ

π ≠

⋅ ⋅⋅
= −

 
 
  

∑ , (6) 

where µ  is the ferrofluid's permability. The i-index runs over both the source and 
image dipoles, and the j-index runs only over the two source dipoles. A detailed 
analysis of the above shows that the dominant effect for the force components normal to 
the plates, is the interaction between a particle and its own mirror images, which 
stabilizes the particles midway between the plates. 

Decomposing the instantaneous field in its inplane and normal components H ⊥  

and ||H , we define the ratio of their magnitudes ||/H Hβ ⊥= , the particle diameter and 

interplate separation respectively as a and h , and the scaled separation as /x r h= . At 
the field rotation frequencies used here, f = 10 – 100 Hz, which exceeds the inverse 
viscous relaxation time, the motion of the holes can be neglected during a field rotation, 
and an effective, time-averaged interaction potential can be obtained by averaging over 
a full rotation of the magnetic field, while the slowly varying separation vector is 
maintained constant. This leads to the dimensionless effective interaction potential 

 
Figure 11. Pair of non magnetic particles in a ferrofluid layer, viewed along the confinement plates, and the 

series of dipole images accounting for the boundary conditions of the magnetic field along the plates. 
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The term 0l = corresponds to the source-source interaction term, already used in 
previous studies [4,27], the others to interactions between a particle and the images of 
the other one. For all existing ferrofluids, κ is sufficiently smaller than unity so that the 
prefactor lκ  ensures that the three first images are enough to get a relative precision 
better than 1% for the potential and its derivatives. 

For the micrometer sized particles used here, inertial terms can be neglected, and a 
characteristic viscous relaxation time can be obtained as the time to separate two 
particles initially in contact by a distance equal to their size. Balancing a Stokes drag 
with the magnetic interaction forces derived from the potential above and retaining the 
main term in Eq.(7), leads to  the estimate 2 2144 / 5c eT H sη µχ= ≈ , for the ferrofluid 

( 39 10η −= ⋅ Pa.s, 0 (1 )µ µ χ= + , 1.9χ = , 7

0 4 10µ π −= ⋅ H.m-1 ) and a typical field 
H = 10 Oe. 

For a given ferrofluid and field, this central potential can be of four possible types 
as illustrated in Figure 12. At low normal field mβ β< , the interactions are purely 

attractive up to contact; at higher ones m cβ β β< < , a secondary minimum at finite 

distance appears, later on in a regime c uβ β β< < this minimum becomes the only one, 

and ultimately interactions are purely repulsive for uβ β< . 

 From Eq. (7), the separating values of β can be shown to be 1 / 2cβ = , and 

(1 ) /(1 )u cβ β κ κ= + − which is a growing function of the susceptibility. mβ  is a 

function of the susceptibility which decreases regularly from cβ  at zero susceptibility 

to 0 at an infinite one. For the ferrofluid used in the present experiments 0.55mβ ≈  and 

2.05uβ ≈ . Neglecting the susceptibility contrast along the plates, i.e., terms with 0l ≠  
in Eq. (7), would correspond to the limiting case 0κ = , where these three separating 
values merge, and the interactions are either purely attractive or repulsive. The presence 
of this susceptibility contrast is thus essential to trap the particles at a given equilibrium 
distance in this type of field. 
 



  

 
The motion of pairs of particles initially in contact in a given field was recorded 

using an optical microscope with an attached video camera. The experiments where 
carried out using 50 µm diameter nonmagnetic polystyrene particles produced by 
Ugelstad's technique [15], in a kerozene-based ferrofluid [16]. The confining cell 
consisted of two glass plates kept at 70 µm separation by using a few 70 µm diameter 
spheres as spacers. The cell was placed inside three pairs of coils, and the particle 
motion was recorded and digitized from the microscopy data. The particles were 
initially brought into contact by applying a fast oscillating, purely inplane field, and at 
time t = 0 the constant normal field component was added. The particle pair observed 
was separated from any other particle or spacer by more than 20 diameters, in order to 
avoid unwanted perturbations. A typical record of the scaled distance as function of the 
scaled time, obtained for a field || 14.2H =  Oe at 0.8β =  is shown in Figure 13. 

  
        (a)         (b) 

  
        (c)         (d) 
Figure 12. Four possible types of the interaction potential: (a) β<βm purely attractive interactions, (b) 

βm<β<βc interactions with secondary minimum, (c) βc<β<βu interactions with single equilibrium position at 

finite distance, (d) βu<β purely repulsive interactions. 



  

 
In the current case, the time unit is T = 32 s, and particles come to the predicted 

equilibrium distance 2.35r h= after a few minutes. Comparing this data with the 
present theory (full line) and with the preexisting expression ignoring the effect of the 
boundary conditions along the nonmagnetic plates [4,27] (dashed line) is clear in 
showing the importance of the susceptibility contrast for explaining the existence of the 
secondary potential minimum. 

The dynamical equation ruling the particles in this overdamped regime is obtained 
by balancing the Stokes drag from the embedding fluid with the magnetic interactions, 
which leads to '( )x u x= − , where the dot refers to derivation in with respect to the 

dimensionless time ' /t t T= , with 5 53 /cT T h a= ⋅ being the unit time. The function 
'( )t x  was then numerically evaluated as the integral of 1 / 'u−  from the initial /a h  to 

the actual x value of the scaled separation, to obtain the full line of Figure 13. 
A range of values of the β parameter was explored in a series of experiments. Some 

discrepancy between experiments and theory was found at small particle separation and 
is believed to be due to the effect of the non point-like character of the magnetic holes, 
which should generate higher order terms in a multipolar expansion at moderate 
separations /r a . Qualitatively, the dipolar perturbation field of one hole does not 
fulfill properly the boundary conditions along the surface of another close hole, and a 
repulsive term corresponding qualitatively to taking into account images of one sphere 
in the other one, similar to the repulsive effect of images in the plane boundaries on its 
source particle, becomes sensitive at these short distances. 

 
Figure 13. Scaled separation x/h between a pair of particles as function of the scaled time t/T for theory 

(continuous line) and an experiment obtained with an oscillating inplane field of magnitude || 14.2 OeH =  

and a constant normal field ||0.8H H⊥ = . 



  

 

6. Conclusions 

In this review we have shown that nonmagnetic particles in magnetized ferrofluids 
denoted magnetic holes are in many ways ideal model systems to test various forms of 
particle self assembly and dynamics.  

In particular, chaining of magnetic holes show cluster size scaling behavior and for 
the first time it has been possible to use braid theory and Zipf Relation to describe the 
dynamics of magnetic holes in ac magnetic fields. Finally, the precise formulation of 
interactions of magnetic holes in ferrofluid layers has been presented. We have 
established the effective pair interactions of magnetic holes, submitted to magnetic 
fields including constant normal components and high frequency oscillating inplane 
components. Due to the susceptibility contrast along the glass plates, a family of 
potentials displaying a secondary minimum at finite separation distance has been 
proven to exist, which should allow trapping of nonmagnetic bodies at tunable distances 
via the external field. 

A system with interactions such as described here, should be relevant for any 
colloidal suspension of electrically or magnetically polarizable particles constrained in 
layers. The realization of the detailed effective interaction potentials of this system 
makes it also a good candidate as an analog model system to study phase transitions, 
aggregation phenomena in complex fluids, or fracture phenomena in coupled 
granular/fluid systems.  
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to binary mixture of spheres. The volume packing density as function of sphere

composition follows a characteristic triangular shape and resembles previous ex-

periments on length scales from colloidal particles to metal shots. An excluded

volume argument, which qualitatively explains trends in random packing densities

of monodisperse particles, is insufficient to account for this triangular shape. The
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spheres, which has not been reported earlier. An explanation is given in terms of

caging effects.
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1 Introduction

Random sphere packings are useful models for the microstructure of a variety

of physical systems such as concentrated colloids [1], amorphous solids and

glasses [2,3], simple liquids [4] and granular matter. Apart from this modelling

the random sphere packing (rsp) - also referred to as the Bernal packing - is

of interest as a formidable challenge in itself and many studies have been

devoted to the measurement [5], calculation [6] and simulation [7] of the rsp -

density which in the large majority of cases is a sphere volume fraction close to

φ = 0.64. Further densification is resisted by massive structural sphere arrest

which has been described in terms of jamming [8] and local caging effects

[9,10]. However, still no quantitative explanation has been put forward why

densification of disordered spheres grinds to a halt at or very near φ = 0.64.

What has, in any case, become clear is that the very notion of a random pack-

ing (rp) density is not restricted to the sphere shape. It has been shown [10,11]

for a large variety of randomly oriented rods and sphero-cylinders that the

rp-density is uniquely determined by the particle aspect ratio. Quite surpris-

ingly, in this landscape of rp-densities the spheres do not represent a density

maximum. It was found that the rp-density of slightly deformed spheres is

significantly above the Bernal density [10] and that the rp-density only starts

to decrease for higher aspect ratio’s (the random rod packing density asymp-

totes to zero for increasingly thinner rods [10,11]. The near-sphere density

maximum as a function of aspect ratio was qualitatively explained [10] as the

∗ Corresponding author. Department of Physics, University of Oslo, NO-0316 Oslo,

Norway. Tel.: +47 63 80 60 77; fax.: +47 63 81 09 20
Email address: k.d.l.kristiansen@fys.uio.no (Kai de Lange Kristiansen).
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result of a competition between contact numbers (which rapidly increase to

arrest the rotational degrees of freedom of a non-sphere) and excluded volumes

(which dominate at higher aspect ratio and drive the density down). Donev et

al. [12] confirmed the existence of a near-sphere density maximum for prolate

and oblate shapes and, in addition, showed that the local minimum of the

Bernal rp-density for equal-sized spheres is actually a singularity.

Instead of increasing the rp-density by slight deformation of equal-sized spheres,

one can also employ size-polydispersity: unequal spheres pack more densely

then equal spheres. The present work is motivated by the question whether

trends in random packing densities of particle mixtures can (at least qualita-

tively) also be understood in terms of excluded volumes and contact numbers.

In other words: how strong is the similarity between the effect of particle shape

and polydispersity on rp-densities?

It is obvious to start with the simplest example of polydispersity, namely a

binary mixture of spheres, also because such mixtures have been studied exper-

imentally in the sedimentation of colloids [13] as well as the mixing of granular

particles [14]. From such experiments it is very difficult to obtain structural

data such as distributions of contact numbers and radial distribution functions

or to extract information on the local arrest or mobility of spheres. Recently

a simulation technique has been introduced [10] to create random packings

of equal-sized spherocylinders in a wide range of aspect ratios. Here we ex-

tend the ’mechanical contraction’ method [10] to binary sphere mixtures, as

explained in more detail in section 2.
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2 Mechanical contraction

The aim of the mechanical contraction model [10] is to make a direct simula-

tion of rapid densification (by sedimentation, for example) where the pressure

on the particles dominates over their thermal fluctuations. The particles are

distributed in a large cell as a diluted fluid in equilibrium. The particle space

is then contracted repeatedly in steps. In each step every overlap between par-

ticles is recorded and removed by relocating the particles. The directions these

particles are relocated are where the degree of overlap with contacting parti-

cles is reduced at the maximum rate. The relocation of particles is repeated

until no more overlaps are detected. If the program is not able to remove the

overlaps, the random dense packing of this state has been found.

The model has been useful for studying random packing of rods [10]. The algo-

rithm can be extended to particles of different shapes and sizes and mixtures

of these. Henceforth, this model should be suitable for studying the effect of

particle shape and polydispersity on rp-densities. For a comparison to other

simulation techniques, see Ref. [10].

Here we note that the mechanical contraction method is similar to an ex-

isting Monte Carlo model given by He et al. [15]. Particles were randomly

placed within a cubic box with high density. The many overlaps are relaxed

by relocating the particles together with a packing space expansion. To avoid

bridging, the positions of particles with coordination number less than four

are randomly disturbed.
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2.1 Details of the model

A diluted equilibrium fluid of the mixture of spheres is prepared, in a cubic

cell with periodic boundary condition, using standard Monte Carlo techniques.

The starting point of the cubic cell is with 4l3 particles, where l is an integer.

In order to prevent statistical errors in our study of binary mixtures we choose

the number of particles large enough so that there are at least 225 particles

of the type containing fewer particles, and at least 256 particles in total. For

binary mixture we used at least 2048 particles, and up to 23,328 particles.

Then we start an iterative process of reducing the particle space by reducing

the volume of the cubic cell by small amounts ∆V . All of the particle positions

are scaled accordingly by the factor:

b =
(
1− ∆V

V

) 1
3

(1)

The volume reduction starts usually with ∆V/V = 10−4. After a volume

reduction some spheres may overlap. These spheres need to be moved apart.

Let two spheres of radius ri and rj be in the vicinity of each other, and define

k as the vector that connects the centres of these spheres. If |k| < Dij, where

Dij = ri + rj, then the two spheres overlap. The extent of the overlap is

given by δ = Dij − |k|. If there are C spheres which overlap with sphere i,

and sphere i is moved with constant translational velocities, then the speed

at which sphere i is changing its overlap with contacting sphere j may be

quantified:

∂kj

∂t
= kj · a, (2)
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where a is centre of mass velocity of sphere i.

The speed s for which a given particle is breaking contacts with its C over-

lapping particles is defined as,

s =
C∑

j=1

δj
∂kj

∂t
, (3)

where the factor δj is included in order to bias the rate at which the particles

break contact in favor of those which are overlapping most. Introduction of an

additional factor for the mass of particle j is found to have no significant effect

for size ratio less than 5. Therefore we have neglected the effect of different

masses of spheres of different sizes.

To obtain the direction in which to move particle i we introduce, following

Ref. [10], a kinetic energy-type constraint on the velocity of particle i,

a2 = 1. (4)

A Lagrange multiplier is then used in Eq. 3 with the constraint, Eq. 4. The

directions of the velocity vector with arbitrary speed is given for each of the

Cartesian coordinates n = 1, 2, and 3,

an =
C∑

j=1

δj

k
(n)
j

kj

. (5)

Moving the particles in the direction given by Eq. 5 will reduce the degree of

overlap with the C contacting particles at the maximum rate.

How far should each particle be moved? The particles need to move a small

distance in order to not generate more contacts. In Ref. [10], this distance was

decided to be just further than half the distance necessary to break the first
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contact. This means that if two and only two particles are in contact, they are

moved just far enough to break contact.

The direction and distance each particle needs to be moved is calculated and

then they are all moved. This is repeated a large number of times (∼ 5000)

until there are no more overlapping pairs of particles. If the cutoff number is

reached, ∆V is scaled down, typically by a factor of 0.5.

The simulation procedure is stopped when ∆V has reached a threshold value

and the maximum number of attempts to remove overlaps has been performed,

but failed to remove all overlaps. The densest packing for our system is taken

as the packing in the previous step. A version of Verlet neighbor list [16] is

used to speed up the simulation.

3 Results and discussions

For the monodisperse case the mechanical contraction method forms a random

dense packing with volume fraction φmono = 0.628, consistent with previous

experimental [14] and simulation [7] studies. The same method is used to study

the random dense packings of binary mixture of spheres with size ratio γ = 2.6.

This γ was chosen in order to compare results directly with experiments on

the rapid sedimentation of colloidal particles [13]. The experimental data is

expressed in terms of the mixture of composition of the volume density of

small spheres:

x2 =
φsmall

φtotal

=
NsmallVsmall

NsmallVsmall + NbigVbig

, (6)
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and in the following we will also use this variable. Ni is the number of particles

of type i, Vi is the volume of one particle of type i, and φi is the volume

fraction. First we will find the packing densities as function of x2, and try

to explain qualitatively these densities by an excluded volume argument. In

experiments on colloidal particles the coordination number is hard to find,

while in numerical simulations this can be easily read out. We will discuss our

numerical results with experiments on steel ball bearings and also relate the

average number of contacts on big spheres with the parking number.

3.1 Packing densities

The random packing density clearly depends on the mixture composition.

Small spheres may fill the empty space between larger spheres and thus make

the structure denser. Or in another view, replacing a cluster of small spheres

by a large sphere has the same effect. Figure 1 shows a typical example of

random dense packing of a binary mixture of spheres with size ratio γ = 2.6.

With x2 = 0.528 the volume fraction is φ = 0.675, clearly above the value

of the volume fraction for monodisperse spheres. The visual result from the

numerical simulation, Figure 1 (b), resembles the scanning electron microscope

(SEM)-picture of colloidal particles [13], Figure 1 (a).

The volume fraction φ as function of x2, Figure 2, follows a characteristic

triangular shape with maximum φmax at x2 = 0.275. This behavior is also

found in experiments on binary mixture of spheres, regardless of the size ratio

γ [17,18]. The high values of φ reported on colloidal particles may originate

from ordering effect near the boundaries and also within the sample [13]. On

the other hand, for metal shots φ are generally lower [17]. For γ = 2.6 we
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found φmax = 0.691. The simulation data reported by He et al. [15] found

φmax for x2 equal to 0.340 and 0.400 for size ratios 2.0 and 1.5, respectively,

which significantly differs from x2 = 0.275 found in our results.

3.2 Contact numbers

Almost every sphere is connected to the percolating cluster of contacting

spheres, as expected for a dense system of randomly packed particles. For

a stable configuration of this system, a necessary condition is that each sphere

needs to have at least four contacts with its neighboring spheres. Figure 4

shows that the average number of contacts on a sphere, the coordination num-

ber, < C > is indeed greater than four for all x2. The monodisperse case has

< C >= 5.812, in agreement with previous studies [4,7]. In this monodisperse

case it is believed that the average number of contacts is close to six contacting

spheres [4]; each sphere is resting on three spheres and are supporting three

other.

Let two spheres of radius r1 and r2 be in the vicinity of each other. The spheres

are in contact if distance |k| < (r1 + r2) + ε, where ε is a small parameter.

We have used a strict criterion ε = 0.0005 relative to the smallest radius. We

have checked that increasing this criterion by a factor 10 does not increase

the number of contacts substantially, while decreasing by a factor 2 gives no

contacts.

The stabilization criterion of at least four contacts is reflected by the contacts

on small spheres. For three different values of x2 Figure 3 shows a peak at four

contacts in the distribution of the contacts on small spheres, while the average
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number of contacts on small spheres < Csmall > is increasing continuously as

the fraction of small particles increases until the monodisperse case where

< Csmall >= 5.812, Figure 4. The theoretical limit of number of contacts on

small spheres is twelve spheres, and in Figure 3 (c) the maximum number of

contacts is ten. For low fraction of small spheres the number of contacts on

big spheres is also constrained by this limit, Figure 3 (a). However, contacts

on big spheres will exceed this limit because small spheres exclude less area

on the surface of a large sphere than equal sized large spheres do. As the x2

increases < Cbig > increases, as can be seen in Figure 5. In the limit x2 → 1,

we can imagine the big spheres lying in a sea of small spheres. Since spheres

are distributed randomly, this situation is similar to pack small spheres on a

big sphere. The average maximum number of randomly placed small spheres

on a big sphere is the so-called parking number, which is found to be [19]:

Mp = Kp(γ − 1)2, (7)

where Kp = 2.187 and γ = r2

r1
is the size ratio between the big sphere with

radius r2 and the small sphere with radius r1. For γ = 2.6 we have Mp = 28.3.

We can expect that the average number of contacts on big spheres < Cbig > is

upper bounded by this parking number. The < Cbig > in Figure 5 near x2 = 1

is somewhat lower than Mp because some small spheres will not touch.

The coordination number < C >, or the average number of contacts on a

sphere, is fairly constant for 0.275 < x2 < 1.0, with a value close to 5.8, Figure

4. In the region 0.0 < x2 < 0.275 there is a remarkable dip in < C > which

approaches four contact points at x2 = 0.182, which is the critical value for

a stable packing system. This dip is not observed in the packing experiments

of steel ball bearings [20]. We note that the crossover from the low dip to the
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plateau of < C > occurs at x2 = 0.275, which is the value with maximum

close packed density. At this x2 value it is reasonable to have a high value of

< C > since we have maximum volume fraction. This also coincides with the

transition from large fraction of small spheres to large fraction of big spheres,

as indicated in Figure 6.

3.3 Caging

The neglection of gravity in the model implicates that there is no preferable

sedimentation direction in the system. In an ideal case, this is the situation

for colloidal systems. For these systems on nanometer scale the coordination

number < C > and caging effects are hard to quantify [13] and not yet ex-

plored. On larger length scales, however, as in experiments on ball bearings,

preferable sedimentation direction is present. In this length scale there exist

different methods to find < C > and determine the caging effect [4,20]. The

difference in packing procedure may cause different restructuring rules during

the contraction and changes thus the caging procedure.

The notion of caging a sphere is closely related to the number of contacts. A

sphere is caged if it is surrounded by contacting spheres such that the sphere is

unable to move [21]. A surprisingly high percentage of the spheres is non-caged

in the range 0 < x2 < 0.4, Figure 6, and they are thus able to move. This

range coincides with the transition from a low fraction of small spheres to a

high fraction of small spheres, Figure 6. In this mixed state of spheres with two

different sizes, the non-caging spheres are dominated by small spheres which

are able to rattle in a jammed network of the caged spheres. The non-caging

spheres have low number of contacts, and can explain the profound fall on the
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coordination number from above five to near four.

3.4 Excluded volume

In a hard sphere potential, a sphere can not come closer to another sphere

than the sum of their radii. The volume around a sphere restricted by this

distance is called the excluded volume Vex. For a polydisperse sphere system

Vex is a function of the radii involved. The excluded volume is then a statistical

average over the number of each component, < Vex >. In a binary mixture of

spheres:

1

8

< Vex >

< Vp >
=

f 2 + (1− f)2γ3 + 1
4
f(1− f)(1 + γ)3

f + (1− f)γ3
, (8)

where f is the number fraction of small spheres, Vp is the volume of a sphere,

and γ is the size ratio between the two sphere types.

For monodisperse spherocylinders, the orientationally average excluded vol-

ume E is proportional to the aspect ratio α for large α [22,23]. In the same

limit of α, it has been shown by simulation [10] that the packing volume

fraction is proportional to α, and hence E:

φ ∼ < C >

α
∼ < C >

E
. (9)

The equivalence for the volume density of a binary mixture of spheres would

be:

φex = ρVp ∼ < C >
<Vex>
<Vp>

, (10)
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where ρ is the density of the particles in the excluded volume argument and

< C > is the coordination number, or the average number of contacts on each

sphere. Figure 7 shows that the Equation 10 is not representing φ as function

of x2 very well due to the strong dip in the < C > for low x2 values. With a

constant < C > as reported by [20], φex gives a triangular shaped function,

seen in Figure 7, but with unphysical high value of maximum packing volume

fraction.

So we have to conclude that an excluded volume argument explains trends

in packing densities of anisotropic particles much better than for asymmetric

sphere mixtures. The reason is very likely that in the case of anisotropic shapes,

contact correlations asymptotically vanish in the limit of very high aspect

ratio [10,11], which is the justification for the scaling φ ∼< C > /E. However,

when varying size ratio or composition in a sphere mixture there apparently

is no such limit: contact correlations are always important and, consequently,

higher-order terms must be included in Eq. 8.

4 Conclusion

We have shown that the mechanical contraction method can be extended to

simulate the random dense packing of a binary mixture of spheres. In this

study we have used γ = 2.6 and the volume fraction recovers the triangular

behavior as function of the sphere composition, also found in experiments on

colloids and metal shots.

The coordination number < C > is important to determine the structure of the

packing. In our simulation results, which may resemble rapid sedimentation
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of colloidal particles, we observe a remarkable dip in < C > in the region

0 < x2 < 0.275. The fall in < C > from a value above five to near four at

x2 near 0.275 may be explained by the high percentage of non-caged particles

and by the transition from a majority of small spheres to a majority of large

spheres.

The conversion of < C > to packing densities using an excluded volume ar-

gument is much less straightforward for sphere mixtures than for anisotropic

particles, very likely because contact correlations for spheres are always impor-

tant, in contrast to contacts between high-aspect ratio rods. Including higher

order terms in the excluded volume seems to be necessary.

Further investigations are in progress to study other size ratios and also non-

spherical objects. For this purpose the mechanical contraction method seems

to be very suitable.
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A Randomness, homogeneity, and isotropy

The model was tested for its randomness, homogeneity, and isotropy for a

system of particles in random close packed state. These tests are similar to the
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tests in Ref. [15]. The system we will present below consists of 10976 particles

where 80% of the particles are small spheres (x2 = 0.18). For randomness

the cell was divided into 40 slices with equal spacing and without boundary.

On each slide the area density Φa was calculated, as seen in Figure 8. The

autocorrelation coefficient, defined as

Pk =

∑m−k
j=1 (sj − s̄)(sj+k − s̄)

∑m
j=1(sj − s̄)2

, (A.1)

where k is the lag which should be smaller than m/4, is calculated as seen

in Figure 9. If a time series is completely random, then Pk obeys N(0, 1/m)

normal distribution, and over 95% of Pk is supposed to lie between ±2/
√

m.

For m = 40 we have 2/
√

m = 0.316. From Figure 9 we see that most of the

autocorrelation coefficients up to 8 lags is within this 95% acceptance, and

supports our assumption of a random system.

For homogeneity we divide the cubic volume into 27 equal cubic subcells and

calculate the volume in each subcell, Figure 10. Thereafter we calculate the

mean and the standard deviation. For this case we found the mean volume of

546.6± 21.1. The standard deviation of the volume is 3.9%, and is well within

accepted boundary for homogeneity.

If the system is isotropic, then the relative projections of two contact particles

defined as ∆xij = |xi − xj|/(ri + rj), ∆yij = |yi − yj|/(ri + rj), and ∆zij =

|zi − zj|/(ri + rj), should obey uniform distribution over (0, 1). With uniform

distribution over (0, 1) the mean < x >= 0.5 and standard deviation σ =
√

< x2 > − < x >2 = 1
2
√

3
≈ 0.288675. We found 0.499158, 0.500126, and

0.500720 as mean for projections onto x, y, and z axis, respectively, with

standard deviation 0.28886, 0.288917, and 0.288253, respectively. This clearly

15



supports the assumption of an isotropic system.
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(a) Experiment

(b) Simulation

Fig. 1. Sedimentation and random dense packing of a binary mixture of spheres

with size ratio of 2.6. (a) experiment from [13] with x2 = 0.63 (96.8% of small

spheres) and (b) the numerical simulation with the mechanical contraction model

with x2 = 0.53 (95% of small spheres).
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Fig. 2. The packing volume density φ as function of the composition of the binary

mixture x2. The square dots are from experiment on colloids [13] and the solid line

is derived [17] from experiment on spherical metal shots [14]. Our simulation, star

dots, resembles the characteristic triangular form found in these two experiments.

Another characteristic is the maximum around x2 = 0.275 and monodisperse case

where φ should be between 0.62 and 0.64.
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(a) x2 = 0.024 (b) x2 = 0.273

(c) x2 = 0.852

Fig. 3. The distribution of the number of contacts on small Csmall and big spheres

Cbig for case (a) x2 = 0.024, (b) x2 = 0.273, and (c) x2 = 0.852. In each case Csmall

has a peak around 4 contacts, while the Cbig shift to higher values as the fraction

of small spheres increases.

20



Fig. 4. The average coordination number < C > and average contact number on

small spheres < Csmall > as function of the composition of the binary mixture

x2. For the monodisperse case < Cmono >= 5.8, as reported by other experiments

and simulations. Experiments on steel ball bearings [20] yield a constant value of

< C >= 6.2, regardless of size ratio and composition. This is in contrast with what

we observe in our model, as function of composition x2.
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Fig. 5. Average contact number on big spheres < Cbig > as function of composition

x2. < Cbig > is upper bounded by the parking number of Mp = 28.3.
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Fig. 6. The fraction of non-caged spheres as function of the composition x2, together

with the fraction of small spheres as function of the composition x2.
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Fig. 7. The packing volume fraction φ of random distributed spheres together with

an excluded volume argument. The square dots and the star dots display our simu-

lation result and results from packing of colloids [13], respectively. The circular dots

show the behavior of Eq. 10, while the triangular dots show the excluded volume

only.
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Fig. 8. The area densities Φa for the 40 equi-spaced slides. The mean value, indicated

by the line, is 0.679.
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Fig. 9. The autocorrelation coefficient Pk, Eq. A.1, of Φa for the first 8 lags. Nearly

every point is within the 95% confidence interval.
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Fig. 10. The volume in each of the 27 cells the system is divided into. The mean is

546.
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