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The whole homogenization idea springs from an equivalence between a reference problem and a homo-
geneous problem. The result of this equivalence is a set of homogenous cross sections that mimic the
reflection properties of the surrounding core materials. The basic ideas where set up by Jacques Mon-
dot [3],[2] who gave a technique for the determination of an equivalent reflector in multigroup diffusion
theory with no upscattering. Technique that was extended later for use with diffusion and transport core
calculations with isotropic cross sections and an arbitrary number of thermal groups[4],[5].

In this method the determination of equivalent reflector constants is based on the iterative minimization
of a suitable functional starting with initial values provided from a generalization of Mondot’s original
formalism[3],[2]. Recently, it was noticed that this method did not converge in all cases. In particular, we
faced difficulties when dealing with refined (8 to 20 energy groups) core calculations. The cause for this
failure of the method could be the poor approximation for the Jacobian matrix utilized in the iterations or
strong anisotropic effects that the basic formalism did not account for. In this work we describe a new
technique for the iterative search that, we believe, is more robust and improves convergence behavior. We
also propose a full treatment of the anisotropic scattering cross-sections of the reflector. We illustrate our
approach with example calculations based on the new methodology.

Our new iterative technique corrects the shortcomings of the presently used technique and uses duality
to express the Jacobian of the functional in terms of solutions of a set of adjoint problems. The general
duality relations for the diffusion and the transport operators are given in the Appendix. In the next section
we discuss the homogenization problem as an iterative minimization of the functional in the direction of
the local gradient. Then we use duality to compute the components of the gradient from solutions of adjoint
source problems. In the following section we give the detailed formulation for the case of the SPN method.
Numerical examples are presented in Section 4 and a short discussion and conclusions are given in the last
section.

2. REFLECTOR HOMOGENIZATION

The problem of reflector homogenization consists in determining a set of N homogenized cross sections
Σ that reproduce M given albedo values. This is a typical inverse problem that is usually solved by the
iterative minimization of a functional of the form

F(Σ) =
MX
i=1

[βi − βi(Σ)]
2, (1)

where βi is the albedo values from the reference calculation and βi(Σ) the values computed using the set
of cross sectionsΣ. To determine a new estimate ofΣ one needs to compute the derivatives:

∂pβi(Σ), (2)

where p is any one of the components ofΣ. Because a numerical estimation is difficult and time consuming,
one may resort to the calculation of the derivatives with the help of duality.[6]

The result of the minimization of functional (1) is a set of cross sections that when used in a homogeneous
reflector reproduce the set of prescribed albedos βi. The homogenized cross sectionsΣ depend on the width
of the reflector and on the low-order operator B. But, regardless of the nature of the latter, the iterative
technique is the same. As a practical application we have in mind the determination of an equivalent
reflector from a G ×G albedo matrix, where G is the number of macrogroups that would be used for the
final core calculation.

The input of an iteration is a new set of Σ values. The first step in the iteration is to check if the iteration
has converged according to a criterion of the type

|F(Σ)| ≤ ,
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where is the tolerance error in the functional. A more complete test would consist in verifying also the
convergence on theΣ values. To evaluate the functional F(Σ) one has to solve G direct problems with the
low-order operator to calculate the values β(Σ) of the albedo matrix for the cross sections Σ. Next, if the
iteration has not converged, one needs to estimate a new optimal value ofΣ. Whatever the technique used
to determine this new value, the basic idea is to compute a ∆Σ such that Σ+∆Σ minimizes locally the
functional, and this requires the calculation of the gradient ∇ΣF(Σ). To avoid a dubious and expensive
numerical evaluation of the functional derivatives of F(Σ), we have chosen to calculate these derivatives
by applying a general duality relation. As we will see, this can be done by solving G adjoint problems with
the low-order operator.

In this section we apply the duality form to the computation of functional derivatives for the problem of
reflector homogenization. We will present the discussion for the diffusion equation and an appropriate
generalization to the transport equation will be given later.

2.1 The Case of the Diffusion Equation

For a given incoming current Ju the direct problem is defined by the equation:

BΦu = 0, in X, (3)
Ju,− = Ju, on Γ,

where B is the diffusion operator in domain X, Φu the scalar flux and Ju,− is the current entering the
domain. The current Ju entering surface Γmay be specified for a given energy, Ju = δ(E−Eu) or, in the
multigroup setting, for a unit current per group for 1 ≤ u ≤ G.

Different albedos are characterized by different weights. Hence, we shall use the generic expression

βu→w =
< w, Ju,+ >

< 1, Ju >

for the albedo associated to weight w, where Ju,+ is the current exiting the domain. One may, in particular,
use w = δ(E−Ew) to obtain the albedo at energy Ew or w = χw(E) to obtain the albedo for group w. In
the iterative search one has to calculate the derivative of the albedo with respect to each of the parameters
(cross sections) p:

∂pβ
u→w =

< w, ∂pJu,+ >

< 1, Ju >
,

where we recognize that ∂pJu,+ is the outgoing current for the flux solution of

B∂pΦu = −(∂pB)Φu, in X, (4)
∂pJu,− = 0, on Γ.

We use duality to compute this derivative. The appropriate adjoint equation is:

B∗Φ∗w = 0, in X, (5)
J∗w,− = w, on Γ.

Then, by using (19) for ∂pΦu and Φ∗w we obtain:

∂pβ
u→w = −1

4

(Φ∗w, (∂pB)Φu)

< 1, Ju >
. (6)
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Note that for a perturbation of cross section p in the reflector we have:

∂pB =≡ −∇ · ∂pD∇+ ∂pΣ− ∂pH.

For a multigroup problem with G groups, where M = G×G albedos βg
0→g have to be satisfied, one has

to calculate at each iteration G multigroup direct problems,

(BΦu)
g = 0, in X,

(Ju,−)
g = δgu, on Γ,

for 1 ≤ u ≤ G, to estimate the albedos βu→w(Σ). If the iteration has not converged, then one has to solve
G multigroup adjoint problems,

(B∗Φ∗w)
g = 0, in X,

(J∗w,−)
g = δgw, on Γ,

for 1 ≤ w ≤ G, to determine the derivatives (6) and update the values of the cross sectionsΣ.

2.2 The Case of the Transport Equation

We apply duality to the computation of the functional derivatives of the albedos, this time in transport
theory. The approach is similar to that used for the diffusion case. The derivative of the albedo can be
written as:

∂pβ
u→w =

< w, ∂pψu >+
< 1, ψu >−

,

where ∂pψu is solution of the transport problem

B∂pψu = −(∂pB)ψu, in X,
∂pψu = 0, on Γ−,

¾
while the adjoint equation is defined as:

B∗ψ∗w = 0, in X,
ψ∗w = w, on Γ+.

¾

Finally, with the help of (20) we obtain:

∂pβ
u→w = −(ψ

∗
w, (∂pB)ψu)

< 1, ψu >−
. (7)

3. APPLICATION TO THE SPN APPROXIMATION

We want to determine an equivalent homogenized reflector of width L that preserves a prescribed albedo
matrix. We have in mind the use of these cross section in a multigroup SPN core calculation. For a one-
dimensional slab these equations are the multigroup PN equations and, therefore, we may as well only
consider this transport approximation.

The first thing is to check that the formalism developed for the exact equation is also valid for the discretized
multigroup PN operator. Clearly the passage from continuous energy to groups reduces the integrals over
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energy to sums over the groups. We check next that the PN operator satisfies duality relation (20) which
is the keystone of the method. The slab PN operator can be written as BN = QNBQN , where B is the
slab transport operator and QN is the projector on the subspace {Pn(µ), 0 ≤ n ≤ N} generated by the
first N + 1 Legendre polynomials. Since QN is selfadjoint, the adjoint PN operator is B∗N = QNB

∗QN

and obviously BN and this operators satisfy duality. We can therefore apply the duality formalism with the
scalar product

(f, ψ) =
GX
g=1

Z L

0

dx

Z 1

−1
dµ(fψ)g(x, µ).

Notice that if the product fψ cancels on the right surface at x = L (which will be our case), then the
associate boundary product reduces to:

< f,ψ >±=
GX
g=1

Z 1

0

µdµ(fψ)g(0,∓µ).

We give hereafter the entire procedure. At each search step one has to perform the following operations:

1. Using the last set of cross sections Σ solve the G (number of groups) PN multigroup problems:

BNψu = 0, in X, (8)
ψu,− = ψu, on Γ− at x = 0,
ψu,− = 0, on Γ− at x = L

for 1 ≤ u ≤ G and where ψu(µ) for µ ≥ 0 is the incoming angular flux used to compute the albedos
for group u.
With Mark,

ψu(0, µn) = ψu(µn) for PN+1(µn) = 0 and µn > 0,

or Marshak, Z 1

0

dµPn(µ)[ψu(0, µ)− ψu(µ)] = 0 for 1 ≤ n ≤ N + 1 and n odd,

boundary conditions, and similar boundary conditions for µ < 0 with ψu(µ) = 0 at the right bound-
ary.

2. Compute the albedo matrix and check the value of the functional to be minimized. The search stops
if this value satisfies the required criterion. If the albedo is defined as the ratio of the exiting current
to the entering one, then one must use the weights

w(µ)g = δgw

to compute the exiting current. Hence, the elements of the albedo matrix are given by

βu→w =
1

Ju

Z 1

0

µdµψwu (0,−µ),

where Ju =
R 1
0
µdµψu(0, µ) is the entering current used to compute the albedos for group u. The

calculation of these albedos depend on whether one uses Mark or Marshall boundary conditions.
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3. If the search has not converged, then we need to compute the functional derivatives of the albedos.
The first step is to solve the G multigroup adjoint problems:

B∗Nψ
∗
w = 0, in X, (9)

ψ∗w,+ = w, on Γ+, at x = 0,
ψ∗w,+ = 0, on Γ+, at x = L

for 1 ≤ w ≤ G.

4. Next, the functional derivatives are obtained using the fluxes solutions of problems (8) and (9) in Eq.
(7). To do this we need to compute the operator ∂pBN where p represents a cross section. For a
reflector the only part affected by the derivative is Σ−H and we have ∂pBN = PN∂p(Σ−H)PN =
∂p(Σ−HN )PN .

The multigroup PN form for the flux is

ψg(x, µ) =
NX
n=0

(2n+ 1)Pn(µ)φ
g
n(x)

with the angular flux moments

φgn(x) =
1

2

Z 1

−1
Pn(µ)dµψ

g(x, µ).

The scattering operator in slab geometry has the form

(Hψ)g(x, µ) =
NX
n=0

Pn(µ)
GX

g0=1

Σg
0→g
sn φg

0

n (x).

Here Σg
0→g
sn = Σg

0→g
s0 ×fg0→g

n with fg
0→g

n = (2n + 1)
R
dΩPk(Ω

0 · Ω)P g0→g(Ω0 · Ω), where
P g0→g(Ω0 · Ω) is the density of probability for one neutron scattered in group g and direction Ω
from a scattering event in group g0 and directionΩ0. In particular we have fg

0→g
0 = 1 and fg

0→g
1 =

3 < µ >g0→g.

Thus, we can write:

(∂pBN )ψ
g =

NX
n=0

Pn(µ)bφgpn(x),
where

bφgpn(x) = (∂pΣg)φgn(x)− GX
g0=1

(∂pΣ
g0→g
sn )φg

0

n (x).

With the help of this expression we can obtain the functional derivatives of the albedos as

∂pβ
u→w = − 2

Ju

GX
g=1

NX
n=0

Z L

0

dx(φ∗w)
g
n(
bφu)gpn.
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3.1 Choice of the Parameters

It remains to define the cross sections that one wants to adjust. The unknowns are the G total Σg cross
sections and the G × G transfer cross sections for each anisotropy degree n = 1 to N . Since the albedo
from one group to another depends on the existence of a scattering chain between the two groups it seems
natural to take as basic unknowns the scattering coefficients. In general the problem has G×G constraints
and one can take the ad hoc Σg→g

s0 unknowns. We complete our description by predefining the values of
the total cross sections and by using the relations Σg

0→g
sn = fg

0→g
n Σg

0→g
s0 for n > 0 and with predefined

fg
0→g

n to determine the higher anisotropy moments Σg
0→g
sn . The values for the Σg and the fg

0→g
n for n > 0

are obtained from condensation of the reference heterogeneous problem.

Then, for p ∈ {Σg
0→g
s0 }:

(∂pΣ
g0→g
sn ) = δg,g(p)δg0,g0(p)f

g0→g
n

with fg
0→g
0 = 1. Therefore, for p = Σg

0→g
s0 we have:

∂pβ
u→w =

2

Ju

NX
n=0

fg
0→g

n

Z L

0

dx(φ∗w)
g
n(φu)

g0

n . (10)

This scheme confines the cross sections to be positive and to be bounded by the conditions
PG

g0=1Σ
g→g0

s0 ≤
Σg with the possibility that the search may eliminate the absorption in one of the macrogroups. To avoid
this outcome and to increase search space we can make a search with constant absorption:

GX
g0=1

Σg→g0

s0 = cgΣg,

where the effective number of secondaries cg is obtained, for example, from flux weighting in the reference
core problem for the heterogeneous reflector. Note that now one has to account for the derivatives of
Σg = (1/cg)

PG
g0=1Σ

g→g0

s0 . This gives

∂pβ
u→w =

2

Ju

NX
n=0

Z L

0

dx(φ∗w)
g
n[f

g0→g
n (φu)

g0

n −
1

cg
(φu)

g
n]. (11)

Instead of the total cross sections Σg, one may think that another choice may be to preserve the effective
absorption per group

Σga = Σ
g −

GX
g0=1

Σg→g0

s0

that could also be obtained from flux weighting in the reference core problem for the heterogeneous reflec-
tor. Again, one has to account for the derivatives of Σg = Σga +

PG
g0=0 Σ

g→g0

s0 . This gives

bφgpn(x) = δg,g(p)[φ
g
n(x)− fg

0→g
n φg

0

n (x)] (12)

with g0 = g0(p). Thus,

∂pβ
u→w =

2

Ju

NX
n=0

Z L

0

dx(φ∗w)
g
n[f

g0→g
n (φu)

g0

n − (φu)gn]. (13)

However, this method cannot work. Indeed, as shown by (12) bφgp0 = δg,g(p)× [φg0(x)− φg
0

0 (x)], and for a
one-group problem the system becomes undetermined because the cross section Σg→g

s0 does not affect the
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flux. This applies also to the case when one wants to preserve the removal cross sections Σgr = Σg−Σ
g→g
s0

but now even the multigroup system is degenerated. The reason is that, with fixed removals, the flux does
not depend on the Σg→g

s0 .

4. NUMERICAL RESULTS

We use Newton’s method to compute the minimum of functional (1) by simultaneously minimizing each
of its components, Fi(Σ). Let Σ be the last iteration point, then if we look for a local zero, Σ +∆Σ, of
the functional, we can write to first order

Fi(Σ+∆Σ) ∼ Fi(Σ) +
X
p

∂ΣpFi(Σ)∆Σi,

where the sum is over all parameters. This gives a linear system of equations of the form M∆Σ = Q with

Mip = 2∂Σpβi(Σ),

Qi = βi − βi(Σ).

As an illustration of the technique we consider here the determination of an equivalent homogeneous re-
flector for a G = 8 macrogroups S16 P0 core calculation. To obtain the reference albedo values we need
to determine, first, the source of neutrons exiting the core to enter the reflector. By reflector we understand
here the reflector and the outer components of the periphery of the core including the thermal insulation
(see Fig. 1).

The source is obtained from a fine multigroup critical S32 P1 calculation, with F = 172 groups, of the one-
dimensional geometry depicted in Fig. 1, comprising a homogeneous core, of a width typical of a PWR
core, and an exact heterogeneous description of the reflector. The core is composed of a homogeneous
material obtained from flux homogenization of a F -group critical buckling lattice calculation of a typical
PWR assembly. The assembly calculation, a multicell APOLLO2 [7] calculation with P1 scattering, was
carried out for a burnup of 13000 MWd/t, fuel and moderator temperatures of 600 C and 310 C, respec-
tively, moderator density of 0.7 kg/m3 and 500 ppm bore concentration. For the source calculation we used
4838 mesh points in the homogeneous core and 2224 in the heterogeneous reflector. The boundary con-
ditions were specular reflection at the left of the core and vacuum on the external surface of the reflector.
Because of the symmetry the length of the homogeneous core was taken equal to 7 and 1/2 typical PWR
assemblies.

Usually, the reference albedo values are obtained from a continuous-energy Monte Carlo calculation [8]
of a one-dimensional slab with an exact description of the reflector and outer components of the periphery
of the core including the thermal insulation. The reason is that selfshielded cross sections for iron are not
reliable and may introduce errors in a fine multigroup calculation. However, in order to eliminate this bias
from in our comparisons, here we have chosen to compute the reference albedos from a fine multigroup
S32 P1 calculation of the heterogeneous reflector. The boundary conditions for this calculation are vacuum
on the right face and a prescribed incoming angular flux

ψf (0, µ, ) = ψfref (0, µ)θg0(f), µ ≥ 0

on the left face, where 1 ≤ f ≤ F represents a fine group, ψfref (0, µ) is the source, obtained from the
previous source calculation, and θg0 is the characteristic function of macrogroup g0 for 1 ≤ g0 ≤ G. This
is the detailed source of particles entering the reflector in macrogroup g0. The corresponding macrogroup
albedos are obtained by normalizing the currents leaving the left face of the reflector in each macrogroup
g to the incoming current:

βg
0→g

ref =

P
f∈g

R 1
0
ψf (0,−µ)µdµP

f∈g0
R 1
0
ψfref (0, µ)µdµ

.
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Fig. 1: Slab geometry model for the computation of the neutron spectrum leaving the core. The inner
stainless steel (SS) film has a width of 0.75 cm and the outer one has a width of 1.02 cm. The geometry for
the Monte Carlo or fine-multigroup reference albedo calculation is that for x ≥ 0.

The results are given in Table I.

g / g0 1 2 3 4 5 6 7 8
1 .2334 . . . . . . .
2 .1023 .3338 . . . . . .
3 .0625 .1071 .4773 . . . . .
4 .0314 .0470 .1181 .6101 .0022 .0 .0 .0
5 .0017 .0024 .0028 .0184 .3187 .0019 .0 .0
6 .0032 .0044 .0051 .0166 .1843 .3772 .0051 .0
7 .0084 .0095 .0113 .0181 .0619 .1460 .3716 .0444
8 .0144 .0142 .0176 .0200 .0354 .0469 .1330 .3960

Table I: Reference albedo values βg
0→g

ref . A single point ’.’ indicates non existent transfers, while ’.0’
denotes values smaller than 10−4.

Next, the equivalent homogeneous reflector is iteratively determined from a series of G macrogroups S16
P3 direct and adjoint calculations of a homogeneous reflector with vacuum to the right and an incoming
angular flux on the left surface. The width of the homogeneous reflector was taken equal to 21.5 cm with
200 mesh points. Each direct calculation is an albedo calculation, βg

0→g
ref for 1 ≤ g0 ≤ G, for a given

incoming angular flux ψg
0

ref (0, µ) in macrogroup g0. The later retains the average angular distribution
predicted by the source calculation:

ψg
0

ref (0, µ) = C
X
f∈g0

ψfref (0, µ),

where the constant C is used to normalize the flux to a unit entering current.

A first calculation using direct diagonal inversion ’stalled’ after 32 iterations with a final value of func-
tional (1) of 0.34553. To check the quality of the equivalent reflector we run a G macrogroups SP16 P0
calculation of the the basic core-reflector geometry with a homogeneous core of the same dimensions as
for the fine multigroup source calculation and with our equivalent homogeneous reflector. The G cross
sections for the core were obtained from flux weighting from the source calculation. The resulting eigen-
value and power distribution were compared to those obtained from the source calculation. The reference
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eigenvalue from the source calculation was1.26179, a value typical of the use of PWR cross sections in a
one-dimensional slab model. The model eigenvalue was1.26359 and the difference in reactivity amounts
to 200 pcm, while the powers are compared in Fig. 2.
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Fig. 2: Normalized power comparison between the reference 172-group S32 P1 source calculation with
heterogeneous reflector and the 8-macrogroup S16 P0 calculation with the equivalent homogeneous reflec-
tor.

This is a preliminary result with a search technique by direct diagonal inversion and not by using the full
jacobian. Also, the low-order model was assumed to have isotropic collisions, when the true reference core
was computed with P1 cross sections. The large differences in Fig. (2) show how sensible can be the power
distribution to the choice of the homogenized reflector.

The errors introduced by the modeling are due to the homogenization process itself, that is, to the choice of
a low-order operator that includes group collapsing and anisotropy order, and those caused by anisotropy
effects by the equivalent homogeneous reflector. Indeed, the equivalent reflector reflects the good fractions
of neutrons per macrogroup, given the correct neutron spectrum coming from the core, but it does not en-
sures the good entering angular distribution. For the latter one would have needed to preserve more detailed
entering distributions and this would have required the use of higher anisotropic degrees of freedom.

Full results with different search techniques will be presented at the meeting.

5. CONCLUSIONS

Today’s 3D whole core calculations are based on the use of homogenized reflectors. The calculation of an
equivalent homogeneous reflector is based on the preservation of collapsed multigroup albedos obtained
from detailed reference calculations and depends on the low-order operator used for core calculations.
Usually this calculation is done by iteratively computing a set of reflector cross sections that preserves the
given albedos. This iteration requires the estimation of the derivatives of the computed albedos with respect
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to the reflector cross sections.

In this work we have used general duality principles to obtain the exact values of the derivatives from
adjoint calculations. We have established our formulation for the diffusion and for the SPN operators. We
have discussed the choice of the parameters for the iteration and shown, in particular, that preservation
of either the effective absorption or the removal cross sections yields degenerate Jacobians. The natural
choice for the parameters is the set of P0 cross sections. We have also selected to preserve the total cross
sections and the ratios Σg

0→g
n /Σg

0→g
0 for each anisotropy index n > 0.

We have applied our method to the determination of the equivalent reflector of a PWR reactor for the case
of a reflector with anisotropy P1. A comparison has been done for a one-dimensional slab reactor model
between a reference calculation and a core calculation using the low-order operator and the equivalent ho-
mogenous reflector. Preliminary results show the importance of a good definition of the low-order operator
as well as to a good convergence of the search method.
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APPENDIX

In this appendix we establish the duality relation for the diffusion and the transport equations. We consider
first the diffusion equation in a domain Ω of boundary ∂Ω with external normal n+:

BΦ = Q, in X, (14)
J− = βJ+ + Jin, on Γ,
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where X = Ω×E is the phase space of boundary Γ = ∂Ω×E , E is the energy domain, B ≡ −∇ ·D∇+
Σ−H − (1/λ)P is the diffusion operator and

J± =
Φ

4
± 1
2
J · n+ (15)

are the outgoing (+) and incoming (-) currents, with J = −D∇Φ. Also, β is a bounded integral reflector
operator and Jin an incoming current on Γ.

Next, we note x = (r, E) and dx = drdE, introduce the scalar product

(f, g) =

Z
X

dx(fg)(x) (16)

and compute the adjoint of operator B. We detail here the adjoint of the operator −∇ ·D∇ with respect to
the integration over r:

−
Z
Ω

drf∇ ·D∇g = −
Z
Ω

drg∇ ·D∇f +
Z
∂Ω

dS(gD∇f − fD∇g),

where we have used−f∇ ·D∇g = −∇ · fD∇g+∇f ·D∇g = −∇ · fD∇g+∇ · fD∇g− g∇ ·D∇f .
Therefore we obtain the expression:

(f,Bg)+ < f,n+ ·D∇g >= (B∗f, g)+ < n+ ·D∇f, g >, (17)

where we have introduced the boundary scalar product

< f, g >=

Z
Γ

dbx(fg)(x)

with dbx = dSdE.

We consider now the case when g = Φ is the flux solution of (14) and f = Φ∗ is the adjoint flux solution
of B∗Φ∗ = Q∗ with, as yet, unspecified boundary conditions and with partial adjoint currents defined as
in (15). Then, with the help of the relations Φ = 2(J+ + J−) and n+ ·D∇Φ = −n+ · J =− (J+ − J−)
we can rewrite expression (17) under the form:

(Φ∗, Q) + 4 < J∗+, J− >= (Q∗,Φ) + 4 < J∗−, J+ > .

Hence, by adopting the adjoint equation

B∗Φ∗ = Q∗, in X, (18)
J∗− = βJ∗+ + J∗in on Γ,

one gets the general duality relation:

(Φ∗, Q) + 4 < J∗+, Jin >= (Q∗,Φ) + 4 < J∗in, J+ > . (19)

Next, we consider the case of the transport equation. Since the results on duality are familiar for the case
of the transport problem [6] we give here the main results. Consider the pair of a direct transport equation

Bψ = S, in X,
ψ = βψ + ψin, on Γ−,

¾
and its adjoint equation:

B∗ψ∗ = S∗, in X,
ψ∗ = β∗ψ∗ + ψ∗out, on Γ+.

¾
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In these equations ψ(x) with x = (r, E,Ω) is the angular flux, X = Ω × E × (4π) is the phase space
with outgoing (+) and incoming (-) boundaries Γ± = ∂Ω× E × (2π)±, B ≡ Ω ·∇+ Σ−H − (1/λ)P
and B∗ ≡ −Ω · ∇ + Σ − H∗ − (1/λ)P ∗ are the transport operator and its adjoint, and β and β∗ are
the albedo operator and its adjoint. The adjoint B∗ is defined with respect to the scalar product (16) with
dx = drdEdΩ, while the adjoint β∗ is defined with respect to the surface scalar products

< f, g >±=

Z
Γ±

dbx(fg)(x),

where dbx = dSdEdΩ |Ω · n|, so that < f, βg >−=< β∗f, g >+. Given these definitions, the general
duality relation for the transport equation is

(f,Bg)+ < f, g >−= (B
∗f, g)+ < f, g >+ .

Specialization of this relation to the case g = ψ and f = ψ∗ gives:

(ψ∗, S)+ < ψ∗, ψin >−= (S
∗, ψ)+ < ψ∗out, ψ >+ . (20)
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