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When applied to diffusion theory, the variational nodal method eliminates these drawbacks.  
More important, when a higher-order approximation is required in angle, the variational nodal 
method enables the use of a hierarchy of spherical harmonics approximations, of which diffusion 
theory, of course, is the lowest order [2]. The variational approach is in sharp contrast with those 
transport nodal methods that attempted to transplant the transverse integration techniques from 
diffusion theory to transport calculations. Such methods use inconsistent angular approximations 
within the node and along the interfaces, and allow only one level of space-angle approximation, 
other than diffusion theory [1,3].  
 
The variational nodal method takes as its starting point the second-order even-parity form of the 
transport equation [4]. As implied by its name, it derives from a variational principle, which is 
used in what follows; it can also be derived from the weak form of the even-parity equations [5]. 
The method originated in thesis work at Northwestern University [6-8]. In close collaboration 
with Argonne National Laboratory, the method was implemented in the multigroup VARIANT 
code [9], which treats homogeneous nodes in two- and three-dimensional Cartesian and 
hexagonal geometry. Collaborations between ANL and the CEA resulted in the French 
variational nodal code ERANOS [10], which has become an integral part of the European Union 
code system. For brevity, what follows is limited to isotropic scattering, and to spherical 
harmonics approximations. However, the variational nodal method also treats anisotropic 
scattering [11] and simplified spherical harmonics approximations [12], and both of these 
capabilities are included in VARIANT. In addition, adjoint and perturbation capabilities in the 
variational nodal method are logically consistent since the discretized adjoint equation and the 
adjoint of the discretized forward equation are identical [8]. In all cases, response matrices result 
from the discretization process, and in VARIANT the resulting equations are solved by red-black 
iterations. Matrix partitioning and other techniques are employed to accelerate these iterative 
solutions [9,13].  

 
In this survey, we first review the variational basis of the method, and then carry through the 
discretization of the equation in two forms. The first is the standard method contained in the 
VARIANT code, and the second a recently published integral method [14]. In each of these, 
orthogonal polynomial may be used to treat homogeneous nodes, or finite elements may be 
incorporated as subelements to treat heterogeneities within the nodes [15,16]. We examine the 
application of the methods to both deep penetration and reactor core physics problem, before 
concluding with a discussion of ongoing work. 
 

2. THE VARIATIONAL FORMULATION 
 
With isotropic scattering, the within-group neutron transport equation for the angular flux, ψ  , 
may be written as [4] 
 

 ˆ ˆ ˆ ˆ( , ) ( ) ( , ) ( ) ( , ) ( )sr r r r d r s rψ σ ψ σ ψ′ ′Ω⋅∇ Ω + Ω = Ω Ω +∫
v v v v v v v , Vr ∈v ,  (1) 

 
where rv is the spatial location, and Ω̂ is the direction of neutron travel; σ  and sσ  are the 
macroscopic total and scattering cross sections, s is the group source,  and we normalize the 
angular integrals such that 1dΩ=∫ .  
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Defining the even and odd- parity flux components as 
 

 






± Ω−±Ω=Ω )ˆ,()ˆ,()ˆ,( 2
1 rrr vvv ψψψ  , (2) 

 
we may evaluate Eq. (1) at  Ω̂ and -Ω̂ and add and subtract the results to obtain a set of coupled 
first-order equations:  

 ˆ
s sψ σψ σ φ− +Ω⋅∇ + = +

v
  (3) 

and 
 ˆ 0ψ σψ+ −Ω⋅∇ + =

v
.  (4) 

 
The second-order even-parity equation may then be obtained by eliminating ψ−  between Eqs.(3) 
and (4) to yield  
 

 1ˆ ˆ
s sσ ψ σψ σ φ− + +−Ω⋅∇ Ω⋅∇ + = +

v v
,  (5) 

 
and the scalar flux and current vector may be written in terms of the even- and odd- parity 
components of the angular flux as 

 dφ ψ+= Ω∫   (6) 
and 

 ˆJ d ψ−= ΩΩ∫
v

.   (7) 
 
To proceed with the variational nodal formulation, suppose we consider Vν  to be the volume of 
one “node” of the problem domain, and the entire domain to be the sum of the nodes.  

 V Vν
ν

=∑ .  (8) 

Then we may write the functional for the entire domain as 
 

 [ , ] [ , ]F Fν
ν

ψ ψ ψ ψ+ − + −=∑ ,  (9) 

where the nodal functional is 
  

 { }21 2 2ˆ ˆˆ[ , ] ( ) 2 2sF dV d s d d nν ν ν
ψ ψ σ ψ σψ σ φ φ ψ ψ− − + + − = Ω Ω⋅∇ + − − + Γ Ω ⋅Ω ∫ ∫ ∫ ∫

v+ +   (10) 

 
The odd-parity flux ψ−   now appears as a Lagrange multiplier at the nodal interfaces.  The 
subscript ν  is appended to denote the nodal volume Vν  bounded by the surface νΓ .  
 
In the neutronics literature a nodal method is generally defined as one in which neutron 
conservation is enforced for each node or sub-region Vν . The variational method described here 

may be shown to meet this condition as follows: Suppose we let  1V dV dν ν
φ ψ−= Ω∫ ∫ +   the scalar 
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flux averaged over node Vν .  We may then write ψ φ ψ= ++ +
0  where 0 0dV d

ν
ψΩ =∫ ∫ +  and substitute 

this expression into Eq. (10) to obtain 
 

 2 ˆ[ , ] ( ) 2 2sF V V s d n J terms independent ofν ν ν ν
ψ ψ σ σ φ φ φ φ− = − − + Γ ⋅ +∫

v+ ,  (11) 

 
where s  is the group source averaged over Vν . Next, we require the functional to be stationary 

with respect to variations φ φ δφ→ + % , where δ  is a very small number and φ%  is an arbitrary 
deviation about the true solution φ .  The functional then becomes 
 

 
2 ˆ[ , ] ( ) 2 2

ˆ2 ( )

o s

s

F V V s d n J

V d n J V s terms independent of

ν ν ν ν

ν νν

φ δφ ψ ψ σ σ φ φ φ

δφ σ σ φ φ

−+ + = − − + Γ ⋅

 − + Γ ⋅ − + 

∫
∫

v%

v%
  (12) 

 
Since the linear term in Eq. (12)  must vanish for the functional to be stationary, we obtain the 
neutron balance condition  
 

 ˆ( )s V d n J V sν νν
σ σ φ− + Γ ⋅ =∫

v
.  (13) 

 
Enforcement of neutron conservation over each Vν  allows larger nodes to be used than is the case 
with fine mesh methods, which do not enforce such balance. 
 
To demonstrate the more detailed relationship between the functional and the even-parity 
equation, we make the substitution ψ ψ δψ+ + +→ + %  into Eq.(10), where δ  is again a very small 
number  and ψ+%  is an arbitrary deviation about the true solution ψ+ .  We then have 
 

21 2 2

1

22 1 2 2

ˆ ˆ ˆ[ ] [ ( ) 2 ] 2

ˆ ˆ2 [ ( )( ) ( )]

ˆ[ ( ) ]

s
v

s
v

s

F dV d s d d n

dV d s d d

dV d

ν
ν

ν

ν

ψ δψ σ ψ σψ σ φ φ ψ ψ

δ σ ψ ψ ψ σψ σ φ ψ ψ

δ σ ψ σψ σ φ

+ + − + + + −

− + + + + + −

− + +

+ = Ω Ω⋅∇ + − − + Γ Ω Ω⋅

  + Ω Ω⋅∇ Ω⋅∇ + − − + Γ Ω 
  
  + Ω Ω⋅∇ + − 
  

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

∫ ∫

v

v v
% % %

v
%% %

  (14) 

 
As before, for the functional to be stationary the linear term in δ  must vanish.  Applying the 
divergence theorem to the linear term in δ  in Eq. (14), yields:  
 

 
( )

( )

1

1

ˆ ˆ

ˆ ˆˆ 0

sdV d s

d d n
ν

ν

ψ σ ψ σψ σ φ

ψ σ ψ ψ

+ − + +

+ − + −

Ω −Ω⋅∇ Ω⋅∇ + − −

+ Γ ΩΩ⋅ Ω⋅∇ + =

∫ ∫

∫ ∫

v v
%

v
%

.  (15) 
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For this expression to hold, both the volume and surface integrals must vanish.  Since +ψ~  is an 
arbitrary function, the two expressions in parenthesis must vanish. From the first, the even-parity 
transport equation, given by Eq. (5), is satisfied within the volume Vν .  This is the Euler-Lagrange 
equation.   Requiring the surface integral over νΓ  to vanish for arbitrary +ψ~  yields Eq. (4) in 
which ψ − is given in terms of  ψ+ .  
 
Requiring [ , ]Fψ ψ+ −  to be stationary with respect to ψ ψ δψ→ + %− − − yields the condition 
 

 ˆˆ ( ) 0d d n ψ ψ ψ−′Γ Ω ⋅Ω − =∫ ∫ %+ +   (16) 

 
where n̂  and ˆ ˆn n′ =− are the outward normal vectors from nodes  Vν  and Vν′  on either side of Γ .  
Thus ψ+  must be continuous across the interfaces.  Different treatments are required for external 
boundaries with vacuum or reflected conditions imposed [2,5]. Vacuum conditions are addressed 
by including an additional surface term to result in a modified natural boundary condition. 
Reflected conditions are essential. Variations are not taken on reflected boundaries; instead, the 
symmetries are imposed directly on the solution.  
  

3. THE DISCRETIZED EQUATIONS 
 
In this section we use the foregoing functional to obtain a set of linear algebraic equations 
suitable for numerical computation.  We first divide the nodal surface Γ  into a number of flat 
surfaces, γΓ .  Within the node we approximate the spatial dependence of the even-parity flux by 
a vector ( )rf v  of known spatial trial functions, each of which is continuous over Vν . On the 
interfaces the spatial dependence of the odd-parity flux is given by a vector of orthonormal 
polynomials, ( )rγh v , defined only on the interface.  The angular dependence within the node is 

given by ˆ( )+ Ωy , a vector of even-parity spherical harmonics through order N-1, and on the 
interface by a vector ˆ( )γ− Ωy of odd-parity spherical harmonics through order N.  Thus we have  

 ˆ ˆ( , ) ( ) ( )T Tr rψ+
+Ω ≈ Ω ⊗y fv v ξ                   r Vν∈v   (17) 

and 
 ˆ ˆ( , ) ( ) ( )T Tr rγ γ γψ−

−Ω ≈ Ω ⊗y h χv v                r γ∈Γv   (18) 
 
where ξ  and γχ are the unknown coefficients, and ⊗  indicates Kronecker tensor multiplication. 

Here the subscript γ  is attached to ˆ( )γ− Ωy  to indicate that the odd-parity spherical harmonics are 
rotated such that the polar axis is perpendicular to the surface. In addition, the llY  are deleted 
from ˆ( )γ− Ωy ; the latter is necessary to obtain the correct number of linearly independent coupling 
conditions [2].  
 
Substituting Eqs. (17) and (18) into Eq. (10), we obtain the discretized functional 
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 [ , ] 2 2T T TFν γ γ

γ
= − + ∑χ A q M χξ ξ ξ ξ ξ   (19) 

where 

 
( )( )1ˆ ˆˆ ˆ ˆ ˆ( ) ( )T T

k k
k k

T T
s

d k k dV

dV dV

ν

δν ν

σ

σ σ

−
′+ +

′

′= ΩΩ⋅ Ω⋅ Ω Ω ⊗ ∇ ∇

+ ⊗ − ⊗

∑∑ ∫ ∫

∫ ∫

A y y f f

I ff I ff
,  (20) 

 
 dVsδ ν

= ⊗ ∫q I f ,  (21) 

and 
 ˆˆ T Td n dγ γ γ γγ+ −= Ω ⋅Ω ⊗ Γ∫ ∫M y y fh .  (22) 

 
Requiring Eq. (19) to be stationary with respect to variations in ξ  then yields the system of 
equations for the even-parity flux coefficients within the node: 
 

 γ γ
γ

= −∑A q M χξ .  (23) 

 
To obtain the interface continuity conditions we first note that the discretized form of Eq. (9) is 

 [ , ] [ , ]F Fν
ν

=∑χ χξ ξ .  (24) 

 
Requiring that [ , ]F χξ  be stationary with respect to the variations ν ν νδ→ +χ χ χ% , we obtain the 
condition 

 0T
γ γ

γ
=∑ M χ%ξ ,  (25) 

where the sum is now over all interfaces in the problem domain.  This condition can be met for 
arbitrary νχ%  only if the even-parity moments 
 

 T
γ γ=ϕ Μ ξ    (26) 

 
are continuous across the interfaces.  For each node we may express these even-parity interface 
moments in terms of the node source and the odd-parity interface moments: 
 

 , ' '
'

γ γ γ γ γ
γ

−= ∑qC χϕ G ,  (27)

 

where 
 1T

γ γ ν
−=C AΜ ,  (28) 

and 
 1T

γγ γ ν γ
−

′ ′=G A MΜ .  (29) 
 

These equations may be compacted by employing partitioned matrix notation in which 
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 1 2, , ,T T T =  Lϕ ϕ ϕ    (30) 

and  
 1 2, ,T T T =  χ χ χ L .  (31) 

 
We may then rewrite Eq. (27) in partitioned notation as:  
 

 = −q χϕ C G .  (32) 
 
Before solving these equations, we convert them to response matrix form.  We make a linear 
transformation of variables 

 
 ± ±j χ1 1

4 2= ϕ  ,  (33) 
 
where in the diffusion approximation the ±j  correspond to the partial currents.  We then may 
rewrite Eq. (32) in response matrix form 
 

 + − +j Rj Bq=  ,  (34) 
where  

 ( ) ( )11 1
2 2

−= + −R G I G I ,  (35) 
and 

 ( ) ( )11 1
2 2

−= +B G I C .  (36) 
 
Red-black iteration or other methods may be applied to the solution of the resulting response 
matrix equations.  Partitioning algorithms, over-relaxation methods, and other techniques have 
also been developed to accelerate the iterative solutions of the systems of nodal response matrix 
equations [9,13].  

 
4. INTEGRAL DISCRETIZED EQUATIONS 

 
The functional given by Eqs. (9) and (10) may also be used to derive an even-parity integral 
transport nodal method [14]. Here, the treatment is restricted to isotropic scattering. To obtain the 
integral form of the variational nodal method we first discretize only the spatial variables within 
the node, while leaving the even-parity flux an unknown function of angle. Thus instead of Eq. 
(17), we now have 
  

 ˆ ˆ( , ) ( ) ( )Tr rψ ζ+ Ω = Ωr rf  ,  (37) 
 

where the components of the vector ˆ( )ζ Ω  are unknown functions of   Ω̂  . The scalar flux is 
approximated by  

 ( ) ( )Tr rφ =r r
 φf ,  (38) 

where  
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 ˆ( )d ζ= Ω Ω∫  φ .  

 

(39) 
 
For the odd-parity Lagrange multiplier along each nodal interface γΓ  we retain Eq. (18). 
 
Inserting these trial functions into Eq. (10) then yields  
 

[ ] ˆ ˆ ˆ ˆ ˆ, ( ) ( ) ( ) 2 2 2 ( ) ( )T T T T
v sF dχ χγ γ

γ
ζ ζ ζ ζ

 
= Ω Ω Ω Ω − − + Ω Ω 

 
∑∫ A F s Eφ φ φ   (40) 

 

 
where  

 

( )( )1ˆ ˆˆ ˆ ˆ( ) T T
k k

k k
k k dV dV

ν ν
σ σ−

′
′

′Ω = Ω⋅ Ω⋅ ∇ ∇ +∑∑ ∫ ∫f f ffA ,  (41) 

 ˆ ˆ ˆˆ( ) ( )T Tn dγ γ γ γγ− ⊗Ω = Ω⋅ Ω Γ∫ fhE y ,  (42) 

 T
s sdV

ν
σ=∫F ff ,  (43) 

 dV s
ν

=∫s f .  (44) 

The spherical harmonic formulation in VARIANT and the integral formulation differ slightly in 
the definition of ˆ( )γ− Ωy .  The integral formulation utilizes a complete set of odd-parity spherical 
harmonics through order N, while the spherical harmonics approach deletes (N+1)/2 odd-parity 

nnY  terms. 
 
We next require the reduced functional, Eq. (40), to be stationary with respect to variations in 

ˆ( )ζ Ω .   The result is 
 
 ˆ ˆ ˆ( ) ( ) ( ) 0s γ γ

γ
ζΩ Ω − Ω =+∑ χφ−A F s E ,  (45) 

which can be solved for ˆ( )ζ Ω  to obtain 
 

 1 1 1ˆ ˆ ˆ ˆ ˆ( ) ( ) ( ) ( ) ( )s χγ γ
γ

ζ − − −Ω Ω Ω Ω Ω= + −∑A F A s A Eφ .  (46) 

We then integrate Eq. ˆ( )ζ Ω over the angular domain, and make use of the definition of the scalar 
flux in Eq. (39), to arrive at 
 

 s γ γ
γ

= + −∑ χφ φHF Hs M ,  (47) 

where 
 1 ˆ( )d −Ω Ω= ∫H A   (48) 

and 
 1 ˆ ˆ( ) ( )dγ γ

−Ω Ω Ω= ∫M A E .  (49) 



Congreso Internacional Conjunto Cancún 2004 LAS/ANS-SNM-SMSR /International Joint Meeting Cancun 2004 LAS/ANS-SNM-SMSR 
 

 
Memorias CIC Cancún 2004 en CDROM 9/16 Proceedings IJM Cancun 2004 on CDROM 
 
 

 
Solving Eq. (47) for φ yields the scalar flux distribution within the node,  
 

 ( ) ( )1 1
s s γ γ

γ

− −= −∑ χφ I -HF Hs I-HF M ,  (50) 

 
where I

 

is the identity matrix.  We use Eq. (50) to eliminate the scalar flux from Eq. (46) and 
obtain a relation for the even-parity flux explicitly in terms of the group source s  and Lagrange 
multiplier coefficients, γχ : 

 
( )

( )

11

11

ˆ ˆ( ) ( )

ˆ ˆ( ) ( )

s s

s s γ γ γ
γ

ζ −−

−−

 Ω Ω  
 Ω + Ω 

= +

−∑ χ

A F I-HF H I s

A F I-HF M E  
.  (51) 

 
To complete the discretization, we utilize the continuity conditions at the interface imposed by 
the Lagrange multipliers.  We first insert Eq. (40), the reduced nodal functional, into Eq. (9).  
Requiring the reduced functional to be stationary with respect to variations in γχ  yields the 
condition that the even-parity flux moments defined by  
 

 ˆ ˆ( ) ( )Tdγ γ ζ= Ω Ω Ω∫ϕ E   (52) 
  
be continuous across nodal interfaces.  Upon substitution of Eq. (50) into Eq. (52), we obtain the 
following equation, which expresses the even-parity interface moments in terms of the group 
source and Lagrange multiplier, γχ : 

 ( ) ( )1 1
' , ' '

'

T T
s s s sγ γ γ γ γ γ γ

γ

− −   +   = + −∑ χϕ M F I-HF H I s M F I-HF M L

  

(53) 

where 
 1

, ' '
ˆ ˆ ˆ( ) ( ) ( )Tdγ γ γ γ

−Ω Ω Ω Ω= ∫L E A E .  (54) 
 
This equation has the same form as Eq. (27) provided we define 
  

 ( ) 1T
s sγ γ

− 
 = +C M F I-HF H I   (55) 

and 
 ( ) 1

, ' ' , '
T

s sγ γ γ γ γ γ
− +=G M F I-HF M L .  (56) 

 
Thus the same change of variables may be made as in Eq. (33), and the integral method expressed 
in terms of response matrix equations.  Indeed the same iterative algorithms implemented in the 
VARIANT code are used to solve the integral as well as the standard variational nodal method.  
 
There is, however, a major difference between the standard and integral methods in obtaining the 
response matrices. Since the analytical inversion of ˆ( )ΩA  represents an intractable task, 
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numerical quadrature must by used. High-order Legendre-Chebychev quadrature ( in polar and 
azimuthal angles, respectively) provide the necessary accuracy.  Moreover, there is an added 
advantage to the integral method that we have demonstrated with VARIANT-I, a modification of 
the VARIANT code in which the integral method is implemented.  When high-order angular 
approximations are required, the most CPU and memory intensive operation in the standard 
method comes in inverting the A matrix given in Eq. (20).  This matrix has a dimension of  ( # 
spatial degrees of freedom)x( # angular degrees of freedom).  In contrast, the integral method 
requires inverting the ˆ( )ΩA  matrix given by Eq. (41) a sufficient number of times to obtain 
accurate quadrature results.  However, since the ˆ( )ΩA  matrix has only the dimension of the 
number of spatial degrees of freedom, much less memory is required. In addition, the CPU time 
is reduced substantially, since inverting the small matrix a sufficient number of times for 
quadrature evaluations, requires less CPU time than evaluating the much larger matrix once.  
 
 

5. FINITE SUBELEMENTS 
 
In the foregoing derivations, we have assumed only that the elements of the spatial trial function 
vector ( )rf v  are continuous over the nodal volume.  In the VARIANT code, and in VARIANT-I, 
the trial functions are orthonormal polynomials and used to treat homogeneous nodes. Typically, 
polynomials of fourth or sixth order provide excellent accuracy.  However, for heterogeneous 
nodes the smooth polynomials provide a poor representation of the flux distribution.  This 
difficulty is overcome by replacing the polynomials. We take the elements of ( )rf v  to be the local 
basis functions of finite elements [17]. By using either rectangular or triangular finite elements 
we are able to model the flux distribution accurately in situations where the node contains 
material interfaces. This is accomplished by having material interfaces correspond to element 
interfaces. Many continuous piecewise polynomial trial functions that have been well developed 
for solid and fluid mechanics calculations [17]. For the integral method even triangles with 
piecewise linear trial functions offer an advantage over conventional collision probability 
methods, for the truncation errors are order h2 for triangular elements with piecewise linear trial 
functions, compared to order h for collision probability methods, allowing quite large element 
areas to be used.  

 
We refer to the finite elements within the node as subelements, since within the Lagrange 
multiplier framework upon which the variational nodal method is based the nodal volumes may 
themselves be considered to be a type of hybrid finite element [5,17]. Both standard in integral 
forms of the subelement method have also been implemented as modifications of VARIANT: 
VARIANT-SE and VARIANT-ISE. In these codes we utilize either piecewise linear or piecewise 
quadratic trial functions. The latter are particularly useful in modeling curved interfaces in the 
form of isoperimetric finite elements.  
 

6. APPLICATIONS 
 
Application of variational nodal methods has been made to both fixed-source deep penetration 
problems and to core physics problems.  Figure 1 shows flux plots for the Azmy “square in a 
square” deep penetration problem [18]. In this case the nodes are homogenous, and thus we 
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employ spatial trial functions that are orthonormal polynomials.  As the figure indicates, both the 
standard VARIANT method and the integral (VARIANT-I) method converge to the correct 
solution, without the ray-effects present in the discrete ordinate solutions. In all cases spatial 
truncation errors are insignificant. The interface conditions determine the dimension of the 
variational nodal response matrices, and as can be seen, for the same order interface expansion 
the integral method is more accurate than conventional spherical harmonics. This is expected, 
since the integral technique is equivalent to using a very high-order angular approximation within 
the node.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 1.  Flux Plots Along the Edge of the Azmy Benchmark Problem  

 
 
The use of variational nodal methods for core physics problems may take a number of different 
forms. To demonstrate, we use the OECD seven-group Benchmark configuration [19] shown in 
Figs. 2 and 3.  While power reactor cores would contain many more fuel assemblies, the steep 
flux gradients interacting with lattice effects make this four-assembly configuration a challenging 
transport problem. Using either the standard or integral formulation, the variational nodal method 
may be applied to this configuration (or to problems with larger numbers of fuel assemblies) in 
four different manners.  
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Figure 2.  OECD Benchmark  2-D Problem Configuration 

Figure 3.  OED Benchmark – Fuel  Assembly Structure 
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VARIANT was originally written to take one homogenized fuel assembly as a node. Using 
orthonormal spatial trial functions, the resulting response matrix method was first employed to 
treat fast reactor problems in both X-Y-Z and hexagonal-Z geometries. For LWR problems the 
looser neutronics coupling and more severe lattice effects, led to the idea of implementing 
explicitly heterogeneous nodes within the variational nodal framework by using the finite 
subelement trial functions discussed above.  Thus, (referring to Fig. 3) each node corresponds to 
one fuel assembly, with each subelement corresponding to one homogenized fuel-pin cell [15]. In 
this situation, there are 17x17 square subelements contained within each fuel assembly sized 
node. Both standard and integral variational nodal formulations can be combined with the 
subelement trial functions; as implemented in the VARIANT-SE and VARIANT-ISE codes.   
 
Rapidly increasing processor speeds, greatly expanding memory capabilities, and the prospects 
for massively parallel computations give rise to the consideration of employing variational nodal 
methods to LWR cores at a fine mesh level - that is to say, treating each homogenized pin-cell as 
a node, using the orthonormal polynomial trial functions in VARIANT or VARIANT-I. And in 
fact, this was the method used as a reference for the subelement calculations with assembly sized 
heterogeneous nodes [15].  

 
The fourth and final approach is to use fuel pin cell sized nodes, with finite subelement trial 
functions to eliminate fuel-coolant homogenization and represent the fuel-coolant interfaces 
explicitly.   We have taken this approach to solve the OECD benchmark problem [14,16]. The 
triangular grid is shown in Fig. 4, where the subelements have isometric quadratic trial functions 
to better track the curvature of the fuel-coolant interface.   Errors in eigenvalue results for the 
benchmark obtained from VARIANT-SE and VARIANT-ISE are shown in Fig. 5.  The reference 
solution is from a seven-group Monte Carlo calculation with a very narrow confidence interval.14   

 
 

 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 4. Quadratic FEM Discretization of Pin Cell 
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Figure 5. VARIANT-SE and VARIANT-ISE  
Solutions for the Seven Group Benchmark 
 

 
 

Figure 5. VARIANT-SE and VARIANT-ISE 
Solutions for the Seven Group Benchmark 

 
Our experience, particularly with the OECD benchmark calculations, is that when 
homogenization is eliminated at the fuel assembly level - and even more when it is eliminated at 
the pin-cell level - one must use much higher angular approximations as well as a finer energy 
group structure. This should not be surprising, for now the lattice  cell physics is included 
explicitly in the global calculations.  Even for the four-assembly calculation, many hours of CPU 
time are required on a single processor to obtain high angular order results.  The Monte Carlo 
reference solution requires a week or more of CPU time on the same machine.  Thus full core 
calculations will present a challenge for our transport methods well into the future.   
 

7.  DISCUSSION 
 
Performing whole core calculations without homogenization is but one of the challenges – albeit 
one of the more severe ones – that lie ahead for variational nodal methods, and for that matter 
transport methods more generally. Certainly, it would be desirable to be able to treat more 
general geometries, and generalization of VARIANT to treat the R-Z configurations often in used 
in scoping calculations is nearly complete [20]. Formulating response matrices and effective 
solution algorithms for nodes of arbitrary shape ( tetrahedrons for example) is still in the future.  
Our more immediate interests depart from the even-parity form of the equation to use coupled 
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and/or first order forms with spherical harmonics methods.  In hybrid formulations these also 
may be cast in response matrices.  Work is in progress using both coupled and first-order forms 
of the spherical harmonics equations [21,22]. The latter is of particular interest, because the 
second-order form has the cross section in the denominator and therefore cannot treat vacuum 
regions directly. But using the first-order form, response matrices for vacuums that are 
compatible with VARIANT can be derived and implemented [22].  
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