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Abstract

In this paper, we investigate the Dirichlet problem for Hermitian-Einstein equations on

complex vector bundle over almost Hermitian manifolds, and we obtain the unique solubility of

the Dirichlet problem for Hermitian-Einstein equations.
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1 Introduction

Let E be a holomorphic vector bundle over Kiihler manifold M. A Hermitian metric I- on

E defines a unique metric connection LOH, and the curvature H of connection WH is a bundle

value form of type (I, 1). We now denote the Kiihler form of the base manifold by 7 and let

A: 0 1,1 i Q be the contraction AO = 0,,q). The Hermitian Yang-Mills equation on E isM -- M

.\,I--lAFH = AId,

where A is a real number. The Hermitian metrics satisfying the above equation axe called

Hermitian-Einstein metrics. The relation between the existence of Hermitian-Einstein metrics

and stable holomorphic vector bundles over closed Kiihler manifolds is by now well understood

due to the work of Atiyah-Bott, Donaldson, Hitchin, Jost, Kobayashi, Naxasimhan-Seshadri,

Simpson, Siu, Unlenbeck-Yau and others (cf. [1], 31 6 1, [101, [111, 121, 141). It is natural to

hope that geometric results dealing with closed manifolds will extend to yield interesting informa-

tion for manifolds with boundary. In 4], Donaldson solved the Dirichlet boundary value problem

for Hermitian-Einstein metrics on KiNer manifolds. Recently, Bartolomeis and Tian ([2]) inves-

tigated the stability of complex vector bundles over almost complex manifolds, they introduced

the concept of bundle almost structure (bacs) J on principal bundle, defined J-stable complex

vector bundle, and proved the existence of Hermitian-Einstein metrics on J-stable complex vec-

tor bundle over closed almost Hermitian regularized manifold (i.e., Wi7` = where m is the

complex dimension of M). Inspired by this, we want to consider the Dirichlet boundary value

problem for Hermitian-Einstein metric over almost Hermitian manifolds.

Let (M, jM, g) be a compact m-dimensional almost Hermitian manifold with non-empty

boundary,9M. Given a complex vector bundle (E, ) of rank r over M, we consider the principal

CL(r, C)-bundle C(E) of complex linear frames on E, and assign a bundle almost complex

structure (bacs) J on C(E) (which we will introduce in section two). By a proposition in 2,

we can see that the bacs on C(E) are in one-to-one correspondence with the set HE) of linear

differential operators &E AM (E) � APq+l(E) satisfying -Leibnitz rule. When M is a

complex manifold, we usually consider a holomorphic vector bundle E over M, and we can

define partial differentiation in the (0, 1) direction in a natural way, i.e. the (0, 1) derivative of

a local holomorphic section of E is defined to be zero and the (0, 1) derivative of any smooth

section is defined by expressing it in terms of a local holomorphic basis and using the leibniz

rule of differentiating products. There is no natural way to define partial differentiation in the

(0, 1) direction when M is equipped with an unnecessarily integrable almost complex structure,

this is the reason why we should assign a bacs on C(E).

Let H be a Hermitian metric on (E, ), by 2 we know there exists a unique type (1, 0)

Hermitian connection which is called the canonical Hermitian connection WH. Let H be the

curvature form of connection WH, the Hermitian Yang-Mills equation for the metric H is the
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condition:

V 1AALB," = AId?

where is a real number. The Hermitian metric satisfying the above equation will also be called

Hermitian-Einstein metric. Our main result can be stated as follows.

Main theorem Assume that E is a complex vector bundle over the compact almost Hermi-

tian manifold R with non-empty boundary aM, and assign a bundle almost complex structure

(bacs) J on C(E). For any Hermitian metric on the restriction of E to 9M there is a unique

Hermitian-Einstein metric H on E such that H = over,9M.

In the proof of main theorem, we use the heat equation method, and adapt the techniques

which already appear in the literature on the Hermitian Yang-Mills equation ([4], [111, 12],

[2]). We should point out that if the base manifold (M, g) is non-Kiihler then the basic Khhler

identities do not hold, so the non-Kiihler case is analytically more difficult than the Kiffiler case.

The method we used here is similar to the one used by Jost and Yau 7]) to study the Hermitian

harmonic maps.

2 Preliminary Results

As before, (M, JM) denotes an m-dimensional almost complex manifold. A complex vector

bundle (E, ) of (complex) rank r over M is a real vector bundle E of rank 2r equipped with a

section of End(E) such that j = -IdE. We denote the principal L(r, C)-bundle of complex

linear frames on E by C(E), thus E can also be seen as an associate bundle with standard fibre

C'. First, we will introduce the notion of bundle almost complex structure which has been

extensively investigated by Bartolomers and Tian in 2.

Definition 21 A bundle almost complex structure (bacs) on C(E) is an almost complex

structure J on C(E) such that: (1), the bundle projection 7r : C(E) --+ M is (J, Jm)-holomorphic,-

(2), J induces the standard integrable almost complex structure Js on the fibres; (), GL(r, C)

acts J-holomorphically on C(E).

B(C(E)) will denote the set of bacs on C(E). We can define

I-pq (C(E) = L-'(APq (E)), (2.1)

where L : 7(C(E)) --+ A*(E) is the standard isomorphism between tensorial Cr_Valued forms

on C(E) and E-valued forms on MQ8]), therefore we have

2'n(C(E) = &p+q=. 7pq (C (E)) (2.2)
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It is easy to check that, if a bacs is assigned on C(E), then 2.2) corresponds precisely to the

induced decomposition.

Let C(E)) be the set of a linear differential operators

__+ 7pq+l,9c(E : 7,1(C(E)) (C(E))

satisfying the following 5-Leibnitz rule: for every f E C'(M) a E yq(C(E))

,9C(E) 7r* (f ) c = 7r* (,9M f A a + 7r* (f ) 9C(E) Ct 

one can check that the map J -* 6j is a bisection between B(C(E)) and k(C(E)) ((2], proposition

1.3). On the other hand, C(E)) is also in one-to-one correspondence with the set H'(M of

linear differential operators E : AM(E) --, APq+l(E), satisfying the following 5-Leibnitz rule:

for every f E COO M), ce E AA7(E)

OE,7r* (f )a = Mf A a f OEa.

This correspondence is obviously given by DE = L - -L-1. If a bacs J is assigned on C(E),

one can define a linear differential operator OE : Apq(E) ---� APq+I(E) in natural way, in fact,

aE = L - j- L-1.

Definition 22 Let J E B(C(E)). Then a section of E is said to be J-holomorphic if it

satisfies &E = , this is equivalence to say that, if = L-'(0) E 7C(E)), then aj = .

Definition 23 Let J E B(C(E)). A connection will be called type(l, 0), if it's connection

1-fom-Ls on C(E) satisfies: E V(C(E), gl(r, C), ad).

Let Cj"(C(E)) be the set of a connection 1-forms in C(E) which are of type(l, 0) with

respect to J. Given an E d(C(E)), it is easy to check that D : V(C(E)) -� TO(C(E))J
splits as A = a, + 5j, also we have the splitting V = 9V + DE of the induced exterior covariant

differential operator; and the (1, 1) part of curvature form is F,',, = Djw ([21 Proposition 1.8;

1.9).

In the following parts, we will assume that complex vector bundle E has a fixed bundle

almost complex structure (bacs) J. Assume a Hermitian metric H is assigned on E and let

UH(E) be the principal U(r)-bundle of H-unitary frames on E, we have the following result:

Proposition 24 ([2]; proposition 21) There exists a unique connection on UH(E) such

that it's connection 1-form, when extended to a connection form on C(E) is of type (1, 0) with

respect to J E B(C(E)); this connection is called the canonical Hermitian connection.
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Let H C(E) --+ GL(r, C) be defined as follows: If u = el.... e,,Je1,...,JerJ, then

ft(u = H(ej, ek) - iH(ej, ek))1<ik<r- Set

WH = ft-lajft, (2.3)

it is just the canonical Hermitian connection 1-form correspondence with the metric structure

H. Let K be another Hermitian structure on E and let h = H1K, it is easy to check that:

wK = H + hlC911H h. (2.4)

F." = F,,,,' 5E(h-10WH h). (2.5)K H

We now suppose that the almost complex manifold M has a fixed Hermitian metric, with

KAhler form 7. The natural operator A Q1 ----+ f2o is the contraction with i. The HermitianM M
Yang-Mills equation for the metric h is the condition:

,/'-_1AAP' = AId, (2.6)

where the A is a fixed real constant.

Definition 25 A Hermitian metri H satisfying the above Hermitian Yang-Mills equation

(2.6) is called Hermitian-Einstein metric.

Choose a local normal coordinate (X1, ... , X2-) centered at the considered point po. Let

im ( 19 ig a a,,3 = 1,...,2m.
axa 19xp

By directly calculating, we have

1 1 af (2.7)-V A6.9f = Z�f + 1: gajo
2 2 ax", y

at the considered point po, where f G C2(M).

Let -2v/'-_1A5a, and V = m(gOP(V Jm) 9 ), where g1P) is the inverse matrix

of the metric matrix in local coordinates. Rom the above equality, we have

Lf = Af + V, Vf), (2.8)

for any f E C2(M).

In order to prove the main theorem, first we introduce the Donaldson's "distance" on the

space of Hermitian metrics as follows.

Definition 26 For any two Hermitian metrics H, K on bundle E set

,r(H, K = Tr(H-1K) (2.9)
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a(H, K = (H, K) +,r(K, H - 2rankE. (2.10)

It is obvious that o(H, K) with equality if and only if H = K. The function is not

quite a metric but it serves almost equally well in our problem. In particular a sequence Hi

converges to H in the usual CO topology if and only if Supmo,(Hi, H) 1 0. If H and K axe

solutions of the Hermitian Yang-Mills equation 2.6), let h H-'K, applying -VI'-_1_A to 2.5)

and also taking the trace in the bundle E, we have:

0 = -v/_-1ATr(hLj�1 - hF�

= -- ,,f-_1ATr(h0j(h-1,9Hh))
(2.11)

= v/-_1Tr(5j-9Hh - A5jhh-18Hh)

< 7\Tr(H-lK)

Rom the above inequality, one can easly conclude that Aa(H, K) 0. This calculation leads

immediately to the uniqueness of the solution to the Dirichlet problem. In fact, if H K axe two

Hermitian-Einstein metrics on E with the same boundaxy value, then O = o(H, K) is a smooth

function on M with

O > 0"\0 > 0 Gj'9 = .

and it follows immediately from the maximum principle that = and so H = K.

3 Proof of main theorem

In this section we will consider the case that M is the interior of compact almost Hermitian

manifold with non-empty boundary OM, and the Hermitian metric is smooth and non-

degenerate on the boundary. Complex vector bundle E is defined over M, and has a fixed

bundle almost complex structure (bacs) J. We will prove the main theorem by using the heat

equation method to deform an arbitrary initial metric to the desired solution, the main points

in the discussion are similax with that in [111 or 4.

For given data �p on M we consider the evolution equation

H-1'9H -2(-\,/_-1AF1q1 -AId),W
H(t)lt=o Ho, (3.1)
H1.9m = .

where Ho is an arbitrary smooth initial Hermitian metric satisfying the boundary condition.

Denote h(t = H6-1H(t)- When there is no confusion, we will omit the parameter t and simple

write H, h for H(t), h(t) respectively. Using formula 25), it is easy to conclude that the

evolution equation 3.1) is completely equivalent to the following equation:
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Oh = 2vr-_1A5E0oh + 2V_-__1A(5Ehh-1,9oh - �/--l(AF01"h + hAF01" + \h,
h(O) Id, (3.2)
h1am Id

where 5- = 8HO, and F0 is the curvature form of the metric connection wH,,. We know that the

above equation is a parabolic equation, so standard parabolic theory gives short-time existence.

Proposition 31 For sufficiently small > the equation (3.2), and so also equation

(3. 1), have a smooth solution defined for < t < .

The main point of the proof is to show that the solution persists for all time and converges

to a limit. First we want to prove the long-time existence of equation 3.1) or 3.2).

Lemma 32 If Ht, Kt are two solutions of the evolution equation (. 1), let a U(Ht, Kt),

then we have

,Do, - zo < O. (3.3)

Proof. It suffices to show that - = r(Ht, Kt) satisfies - \- < 0. We haveat

Or OK u-10H
Ft = Tr(H-'W -Ut-H-1K)

= -2,/_-_1Tr(h(A F AFPK

where h H-1K. Using formula 2.5), we have

110-r (aH h))
Lr + 2v/'-lATr((i9jh)h

On the other hand, it is obvious that the last term is non-positive.

E]

Let H(t) be a smooth solution of the evolution equation 3.1), and let h H6-'H. By direct

calculation, we have

1'9(IgTrh) =4kl
Trh 1,1+AId) (3.4)Trh(-2-,r--IAF;i

- TT4

2j�,f-_1AFP - AIdjH,

and similarly

I-(IgTrh-')l < 21v"--lAF - IdjH- (3.5)
49t �q

Lemma 33 Let H(t) be a solution of the evolution equation 3.1), then

`" (3.6)

- i� 1�f- 1A F - AIdj < .5i H H -
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Proof. For simplicity, we denote f--lAF' AId = 0. By calculating directly, we have�W

,�,1012 -2v--__1AA9jtrOH-1jHjH
-1�'H - llOH-1DW0'H + 5H-130HI

2,/- Atrf 5ajOH (3.7)

+ 2 v1'-_1 Atr I OH - �aH,90'H I

2Re(-2-,f-_1A5,9HO, 0,y 210HO12 210BOllH H'

and a (AFH' = (A0(h-1a(,h))
18h NN= A5(aH(h- -N), (3.8)

= -2v1_-_1A5(aH(v'_-1AFH - AId))

where h HVH and DH = 9H + i9E- Using above formulas, we have

( - 9V_-__1AFH1 -AIdj2 = HO12 + 21&EO12
H > 0. H H (3.9)

0

Theorem 34 Suppose that a smooth solution Ht of the evolution equation 3.1) is defined

for < t < T. Then Ht converge in Co-topology to some continuous metric HT as t - T.

Proof: Given > by continuity at t = we can find a such that

sup a Ht, Ht, < ,
M

for 0 < t, t < J. Then Lemma 32 and Maximum principle imply that

sup o (Ht, Ht, <
M

for all t, t > T -S. This implies that Ht axe uniformly Cauchy sequence and converge to a contin-

uous limiting metric HT. On the other hand, by lemma 33, we know that I "--lAFH - AIdjH

are bounded uniformly. Using formula 34) and 35), one can conclude that o-(H, HO) axe

bounded uniformly, therefore H(T) is a non-degenerate metric.

E]

We prove the following proposition in the same way as 3 lemma 19 I and [10; lemma 641.

Proposition 35 Let Ht, for < t < T, be any one-parameter family of Hermitian metrics

on complex vector bundle E and satisfy the Dirichlet boundary condition, if Ht converges in Co

to some continuous metric HT as t - T, and if supm AFh1,'1$, is bounded uniformly in t, then

Ht are bounded in C and also bounded in L (for any p < oo) uniformly in t.2

Proof. First we contend that ht = H6-'Ht are bounded uniformly in C', and also Ht are

bounded uniformly in C'. If not then for some subsequence tj there axe points xj E M with
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sup Voh = 1j achieved at xj, and lj --+ oo. Let dj denote the distance from xj to the boundary

W, then there are two cases.

(1), If lim sup djlj = > then we can choose balls of radius < dj around xj and rescaled
I 

by a factor of to a ball of radius 1, pull back the matrixes hj to matrixes hj defined onC
Iz E Cjjzj < 11. with respect to the obvious rescaled metrics

sup I Vhj e,

is attained at the origin. By the condition of the propostion, we know

-11 -11 1 - - - - 1 JAF�' - A� I = 1h.- (A,9,9ohj - Aajhjhj- abhj)l

is bounded in Iz E CI jz < 1 and so, since , Vhj axe bounded, Zh I is bounded independent

of j, and also JZ�hjj is bounded uniformly. By the properties of the elliptic operator on P

spaces, h are uniformly bounded in L2 on a small ball. Taking p > 2m, so that LP2 -- C is

compact, thus some subsequence of the hi converge strongly in C to But on the other

hand the the variation of h... is zero, since the original metrics approached a Co limit, which

contradicts

jVh ... 1.=o = jim lhjl,=o =.
.7-00

(2), On the other hand suppose lim sup dj 1j = 0. We may assume xj approach a point y on

the boundary, and let Ij E W such that dist(&j, xj = dj, also j approach y. Choose half-ball

of radius around j and rescale by a factor of lj to the unit half-ball. In the rescaled picture

the points xj approach z 0. After resealing, AAv' 'Jis still bounded, hj is uniformly bounded,

and sup I Vhj 1. Since hj satisfy boundary condition along the face of the half-ball, discussing

like that in (1), we can also deduce contradiction. So ht are uniformly bounded in C'.

Rom the above discuss, we know that h(t) and also H(t) are uniformly bounded in C'.

Using formula 2.5) together with the bounds on h, A 1, and oh show that AOEi9oh axeH
uniformly bounded. Elliptic estimates with boundary conditions show that h (also Ht) axe

uniformly bounded in 32-

Theorem 36 The evolution equation 31) has a unique solution H(t) which exists for

< < 0

Proof. Proposition 31 guarantees that a solution exists for a short time. Suppose that the

solution H(t) exists for < t < T. By theorem 34, H(t) converges in Co to a non-degenerate

continuous limit metric H(T) as t --+ t. From lemma 33 and the maximum principle, we

conclude that 1v,'-_1AF111 - A1djH are bounded independently of t. Moreover, AFI 112 areH H HO

bounded independently of t. Hence by proposition 35 H(t) are bounded in C' and also
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bounded in LP2 (for any < p < o) uniformly in t. Since the evolution equations 3.1) and

(3.2) is quadratic in the first derivative of H we can apply Hamilton's method [51 to deduce that

H(t) --+ H(T) in C', and the solution can be continued past T. Then the evolution equation

(3.1) have a solution H(t) define for all time.

By lernma 32 and the maximum principle, it is easy to conclude the uniqueness of the

solution.

0

Proof of main theorem For given data on aM we consider the evolution equation 3.1).

By theorem 36, we know that there exists a unique solution H(t) of equation 3.1). Next, we

want to prove that H(t) will convergence to the Hern-iitian-Einstein metric which we want.

By direct calculation, one can check that Vff 01H - F1010 for any section in End(E).

Then, using formula 3.9), we have

(A -)I FH - AIdj.H > . (3.10)
at

We first solve the following Dirichlet problem on M ([13; Ch5, proposition 1.8 ):

,\ V = -jv�---lAFH - AIdjHO, (3.11)
VIO = .

Setting w(x, t = fo 1\I--IAFH - AIdjH X, s)ds - v(x). Rom 310 3 ), and the boundary

condition satisfied by H implies that, for t > 0, I v,'--lAFH - AIdj.H (x, t) vanishes on the boundaxy

of M, it is easy to check that w(X, ) satisfies

9 )W(X, t) > 0,N
W(X, 0) = -V(X), (3.12)

W (X, t) ,9M = .

By maximum principle, we have

t
iv/'--lAFH - AIdIH(X, s)ds < sup v(y), (3.13)

fo YEM

for any x E M ad < t < oo.

Let t t < t2, and let h(x, t = H-1 (x, tl)H(x, t). It is easy to check that

h-lah
at 2(\/ 1AFH - AId). (3.14)

Then we have

a
at logtr(h) 21vr---lAFH -AIdjH-

From the above formula, we have

tr(H-1(xtj)H(xt))<rexp(2 tjvf--1AAr11-AIdjHds). (3.15)
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We have a similar estimate for tr(H-'(x, t)H(x, t)). Combining them we have

o,(H(x, t), H(x, t)) 2r(exp 2 lv'---lAFH - AId1Hds - 1). (3.16)

From 3.13), 3.16), we know that H(t) converge in Co topological to some continuous metric

H,,. as t ) oo. Using proposition 35 again, we know that H(t) are bounded in C1 and also

bounded in LP2 (for any < p < oo) uniformly in t. On the other hand, IV"--lA.Lrl - AIdj is

bounded uniformly. Then, the standard elliptic regularity implies that there exists a subsequence

Ht i H in C topology. From formula 3.13), we know that H, is the desired Hermitian-

Einstein metric satisfying the boundary condition. The uniqueness has been proved in section

2. So we have proved the main theorem.
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