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Abstract 
A microcanonical multifragmentation model is used to investigate isoscaling over a broad range 

of excitation energies, for several values of freeze-out volume and equilibrated sources with masses 
between 40 and 200 in both primary and asymptotic stages of the decay. It was found that the 
values of the slope parameters α and β depend on the size and excitation energy of the source and 
are affected by the secondary decay of primary fragments. It was evidenced that isoscaling is 
affected by finite size effects. The evolution of the differences of neutron and proton chemical 
potentials corresponding to two equilibrated nuclear sources having the same size and  different 
isospin values with temperature and freeze-out volume is presented.   

 

1 ISOSCALING 
Recent multifragmentation experiments [1-5] 

proved that if one considers the dezexcitation of 
two nuclear systems with the same temperature, 
close values of excitation energy per nucleon, 
same size and different values of the isospin, the 
ratios of the yields of any small mass isotope 
(Z,N) behave like an exponential function of the 
neutron number N and proton number Z. Thus, 
denoting by Y1(Z,N) the yield of the isotope 
(Z,N) obtained from the dezexcitation of the 
equilibrated nuclear system 1 and by Y2(Z,N) the 
yield of the same isotope obtained from the 
decay of the equilibrated nuclear system 2, one 
can write: 

  Experimental measurements indicated that the 
normalization constant C is independent of the 
particular values of Z and N. This result has 
been called isoscaling and it was interpreted in 
the framework of a grandcanonical ensemble. 
Thus,  was demonstrated that in the 
grandcanonical limit the yield of a primary 
fragment (Z,N) obtained from the decay of a 
thermally equilibrated system characterized by 
the temperature T writes [6]: 

 
 

 
where B(Z,N) is the binding energy of the 
emitted fragment (Z,N) and µn and µp are the 
neutron and proton chemical potentials. 

Considering two equilibrated systems with the 
same temperature, excitation energy per nucleon 
and similar sizes is natural to assume that the 
proportionality factors from Eq. (2) are 
practically the same in the two cases and thus, 
one obtains for the ratio of the yields of any 
isotope resulting from the decay of the two 
sources the expression of Eq.(1) where, 

 
 

and 
 

 
where  

 
 

  It is worthwhile to mention that isoscaling has 
been experimentally evidenced in nuclear 
reactions induced by projectiles with 
bombarding energies ranging from several 
MeV/nucleon to several GeV/nucleon and 
taking place via different reaction mechanisms. 
Thus, the isotopic scaling has been observed in 
evaporation reactions (e.g. 4He+116,124Sn at 50 
MeV/u bombarding energy [7]), deep inelastic 
reactions (e.g.  16O+232Th,197Au at 8.6 
MeV/nucleon [8], 86Kr+112,124Sn at 25 
MeV/nucleon and 86Kr+58,64Ni at 25 
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MeV/nucleon [9]), fission reactions (e.g. 
n+233,238U at 14 MeV/nucleon [10]) and 
obviously multifragmentation reactions. 
   Moreover, it was recently demonstrated that 
isoscaling is not characteristic for 
thermodynamically equilibrated sources, being 
compatible also with dynamical fragment 
formation [11]. 
   Taking into account that for 
multifragmentation the demonstration of the  
isoscaling relation is based on grandcanonical 
assumptions and the fact that presently is was 
verified only in the case of small isotopes 
(Z<9), the aim of the present paper is to 
investigate to what extend (mass, excitation 
energy and freeze-out volume of the 
equilibrated sources and size of the emitted 
cluster) isoscaling is true within a 
microcanonical model which obviously is by 
principle the more appropriate statistical model 
to describe the decay of a system counting at 
most few hundreds components.  

 

2 THE MODEL 
In the present study we use the microcanonical 

multifragmentation model of Ref. [12,13,14] 
which proved to be able to describe well most 
of the observables obtained in a 
multifragmentation experiment, from charge  
distributions to energy spectra and caloric 
curves. 
   In the following paragraphs we remember the 
main ingredients of the present version of the 
model which is described in detail in [14].  

The break-up stage concerns the disassembly 
of a statistically equilibrated nuclear source 
subject to the conservation of mass, charge, 
total energy E, total momentum P (=0 in the 
center of mass (c.m.) frame) and total angular 
momentum L (=0 for non-rotating systems).  

Fragments are placed in the freeze-out volume 
V. Fragments with mass smaller than 4 are 
considered without internal excitation energy, 
larger fragments carry internal excitation ε 
according to the following level density 
formula: 

τ=9 MeV. 
The factor exp(-ε/τ) is considering the 

decrease of the excited level lifetime with the 
increase of excitation energy. 

For a faster simulation the generation of 
fragments in the freeze-out volume V was 
replaced by a free-volume parametrization, 
namely: 
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where Nfr is the number of fragments in a given 
event and V0 is the volume of the nuclear 
system at normal density. 
   For the binding energy of the fragments, the 
following liquid-drop parametrization was 
employed: 
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where I=(A-2Z)/A. 
   Because the observables studied in the present 
paper are strongly related to the isospin of the 
fragments, we specify that the primary 
fragments which are allowed to be formed in the 
break-up stage are all isotopes whose masses 
are listed in Ref. [16]. 

Since primary fragments obtained in the 
break-up stage may result in an unstable state, a 
secondary decay stage is introduced as in Ref. 
[14]. We remember that the range of the 
evaporated particles is considered up to A=16. 

 

3 ISOSCALING IN A MICROCANONICAL 
MULTIFRAGMENTATION MODEL 

In order to investigate to what extend the 
isoscaling behavior is present in the framework 
of the above cited microcanonical model we 
considered pairs of equilibrated sources with 
masses ranging from 40 to 200, at different 
freeze-out volumes (n=V/V0= 3, 6 and 10) and 
excitation energies (2, 3, 5, 7, 10, 12 and 15 
MeV/u) in both primary and asymptotic stages 
of the decay. In what regards the size of the 
emitted clusters, we analyzed all the fragments 
for which ln(R21) is a linear function of N and Z.   

 Let us first chose two nuclear systems close to 
the experimentally studied ones having the same 
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proton number and different values of the mass 
number, namely (185,80) (N/Z=1.31) and 
(200,80) (N/Z=1.5).  

In our notation “1” denotes the heavier source 
and “2” the smaller one. 

Since the temperature of the fragmenting 
systems practically does not depend on the 
isospin, the two systems with a given value of 
the excitation energy and the same freeze-out 
density are characterized by the same value of 
the temperature. 

For all considered excitation energies and 
freeze-out volumes, in both primary (after 
break-up) and asymptotic (after sequential 
emissions) stages, the same phenomena have 
been observed. For each value of Z and 
respectively N the logarithm of the ratio of the 
isotopic yields corresponding to the  two 
fragmenting systems has a clear linear 
dependence on N and respectively on Z over a 
large range of N and Z. As a general rule, the 
quality of the linear fit in the asymptotic stage is 
more modest than in the primary stage and it 
improves with the increasing excitation energy. 
This effect is due to the manner in which the 
sequential particle evaporation was 
implemented (mass parameterization, excited 
levels for light clusters, level densities for 
heavier fragments, etc.) [17,18]. 

  

  
 
Figure 1: R21(Z,N)=Y2(Z,N)/Y1(Z,N) as function of N for 
different values of Z (upper panels) and as function of Z 
for different values of N (lower panels) for (185,80) and 
(200,80) at 5 MeV/nucleon excitation energy and freeze-
out volume 6V0 in both primary (left panels) and 
asymptotic decay stages (right panels). 
   

In Fig. 1 we present the results for (185,80), 
(200,80) at the freeze-out volume 6V0 and 
excitation energy 5 MeV/nucleon (T=5.77 
MeV). The break up stage results are presented 
in the left panel while the asymptotic stage 
results are presented in the right panel. It is 
interesting to note that while for each 
considered value of Z the ln(R21) of the different 
isotopes lie on a straight line, the slopes of these 
lines may be different. 

More precisely, in all considered cases, for 
low mass elements (Z≤8) the slopes are almost 
identical. With increasing excitation energy 
(and thus with the diminishing of the largest 
fragment of each configuration), the value of Z 
where the slopes begin to increase in absolute 
value is smaller. This effect is most probably 
due to the finite size of the systems. 

In Fig. 2 we present the evolution with Z of the 
slopes of ln(R21) versus N for n=6 and Eex=5 and 
10 MeV/nucleon. 

 

 
 
Figure 2: Variation of the slope parameter of 
lnR21(Z,N)(N) with Z for the fragmenting systems 
(185,80), (200,80) with the freeze-out volume 6V0 at 5 
and 10 MeV/nucleon excitation energy. Open symbols 
correspond to primary stage, close symbols correspond to 
asymptotic stage of the decay. 

 
The results obtained in the case in which the 

Coulomb interaction was switched off are 
qualitatively the same meaning that the 
monotonic slope variation is not due to the 
Coulomb interaction. 

To check the hypothesis of the finite size 
effects on the slope modifications, we chose two 
much smaller fragmenting sources, namely 
(40,20) and (50,20). In Fig. 3 we present the 



R21(N) ratio for different values of Z up to 10 
(left upper panel) and R21(Z) for different values 
of N up to 10 (right upper panel) for the primary 
stage. One can see from these figures that in this 
case both log(R21)(Z) and log(R21)(N) are linear 
functions, but their slopes change monotonically 
with N and Z respectively as one can see in the 
lower panels where we presented also the 
evolution of the slopes corresponding to the 
asymptotic stage. Regarding the smoothness of 
the slope variation with Z and N one can notice 
that the primary stage is characterized by a 
smoother increase(/decrease) of the slope with 
N(/Z). 

 
 
Figure 3:  R21(Z,N)=Y2(Z,N)/Y1(Z,N) as function of N for 
different values of Z (left upper panel) and as function of 
Z for different values of N (right upper panel) 
corresponding to the primary decay stage of the nuclear 
systems (40,20) and (50,20) at V=6V0 and 5 MeV/nucleon 
excitation energy. In the lower panels are plotted the 
variation of the slope parameters of R21(N) as a function 
of Z and R21(Z) as a function of N of the same nuclear 
systems in both primary and asymptotic stages of the 
decay. 

 
From the analyzed data we conclude that 

isoscaling in a microcanonical 
multifragmentation model is affected by finite 
size effects which are more visible when one 
takes into account bigger fragments or smaller 
fragmenting sources. 

A non-trivial remark is that the slope 
parameters vary with the size and excitation 
energy of the sources. This means that there is 
no reason to compare slope parameters obtained 
in different multifragmentation reactions when 
the masses and excitation energies of the pairs 
of equilibrated sources have in principle 

different values. Concerning the way in which 
the secondary decays affect the values of the 
slope parameteres, one may say that in the 
asymptotic stage of the decay the absolute 
values of the slope parameters are larger than 
those corresponding to the break-up stage. Thus, 
by increasing the excitation energy of the 
equilibrated sources, and as a consequence the 
excitation energy of the primary fragments, the 
values of α and β obtained from the asymptotic 
isotopic yields are increasingly larger than the 
corresponding values deduced from primary 
yields. To offer a quantitative picture of how the 
primary and asymptopic slope parameters vary 
with the excitation energy we present in Tabel 1 
the results obtained for the (200,80) and 
(185,80) sources at three values of excitation 
energy and V=6V0.  One can see that while at 2 
MeV/nucleon excitation energy αas is 5% larger 
than αbk and βas is 10% larger than βbk, at 12 
MeV/nucleon the corresponding ratios reach 
28% and respectively 53%. These results are in 
qualitative agreement with Ref. [4], the exact 
values beeing model dependent. 

 
Tabel 1. Values of primary and asymptotic slope 

parameters for (200,80) and (185,80) equilibrated sources 
at Ex=2, 5, 12 MeV/nucleon and V=6V0. α and β are 
calculated as average values over isotopes with 2<Z<9. 
The uncertainities are smaller than 0.005. 

 
Ex 
(MeV/nucl) 

αbk αas βbk βas 

2 0.65 0.68 -0.50 -0.55 
5 0.38 0.43 -0.28 -0.38 
12 0.21 0.27 -0.15 -0.23 

 
 
Concerning the freeze-out density dependence 

of the slope parametres, the results of our 
studies indicated that despite the non-negligible 
modification of the isotopic yields with the 
freeze-out volume, the slope parametres α and β 
have the same values no matter the value of the 
freeze-out volume. 

 
 
 
 



4 TEMPERATURE DEPENDENCE OF  ∆µn 
AND ∆µp 

 
Eq. (3), (4) and (5) indicate that the slope 

parametres α and β are related with the physical 
qualtities ∆µn and ∆µp. In order to offer an 
image on the dependence of the differences of 
neutron and proton chemical potentials 
corresponding to the two fragmenting sources 
with the excitation energy (and temperature) 
and freeze-out volume we present in Fig. 6 ∆µn 
and ∆µp as a function of temperature for the 
case of (200,80) and (185,80) systems and n= 3, 
6 and 10. 

We mention that the neutron and proton 
chemical potentials have been calculated from 
the slope parameters α and β using Eq. (3) and 
Eq. (4). The values of α and β have been 
obtained through a global fit to all considered Z 
(N). 

One can see that ∆µn and ∆µp vary 
monotonically with the freeze-out volume. 
Taking into account that no freeze-out volume 
dependence of α and β has been obtained, the 
freeze-out volume dependence of ∆µn and ∆µp is 
exclusively due to the volume dependence of 
the isotopic temperature. 

 

 
 
Figure 4: Variation of ∆ µn and ∆ µp with the isotopic 
(3,4He6,7Li) temperature for the nuclear systems (200,80) 
and (185,80) at break-up for different values of the 
freeze-out volume V=3, 6, 10 V0. 
 
In Fig. 4 we represent ∆µn,p function of the HeLi 
isotopic temperature (practically insensitive to 
the isospin of the source) for (200, 80) and (185, 
80) fragmenting sources at the break-up stage 
and for three values of the freeze-out volume. In 
this representation ∆µn,p have monotonic 

dependences of the temperature as in Ref. [5]. 
The same monotonic dependences of ∆µn,p have 
been obtained function of other isotopic 
temperatures, e.g. HeH. 
 

5 CONCLUSIONS 
 
To summarize, we investigated the scaling of 

the isotopic yields using a microcanonical 
multifragmentation model. The result is that the 
isoscaling is affected by the finite size effects of 
the source. These effects are more obvious 
when the temperature is higher or the 
fragmenting system is smaller. The obtained 
results suggest that in the case of rather small 
systems (as (40,20)/(50,20) in our case) the 
variation of the slope parameters with the 
neutron and proton numbers even for very small 
values of Z and N should not be interpreted, if 
experimentally observed, as a sign of lacking 
equilibrium of the sources, but as a genuine 
finite size effect. It was shown that the slope 
parameters vary with the size of the considered 
pair of equilibrated sources and with the 
excitation energy. No freeze-out volume 
dependence of the slope parameters was 
obtained. The values of α and β differ from the 
break-up stage to the asymptotic stage of the 
decay. The dependence of the differences of the 
neutron and proton chemical potentials of the 
two fragmenting sources of the temperature and 
the freeze-out volume is investigated.  
 

6 REFERENCES 
[1] M. B. Tsang, W. A. Friedman, C. K. Gelbke, W. G. 

Lynch, G. Verde and H. S. Xu, Phys. Rev. C 64 
(2001) 041603(R). 

[2] M. B. Tsang, W. A. Friedman, C. K. Gelbke, W. G. 
Lynch, G. Verde and H. S. Xu, Phys. Rev. Lett. 86 
(2001) 5023. 

[3]   M. B. Tsang et al., Phys. Rev. C 66 (2002)  044618. 
[4] A. S. Botvina, O. V. Lozhkin and W. Trautmann, 

Phys. Rev. C 65 (2002) 044610. 
[5] M. B. Tsang et al., Phys. Rev. C 64 (2001) 054615. 
[6] S. Albergo, S. Costa, E. Costanzo and A. Rubbino, 

Nuovo Cimento Soc. Ital. Fis. A 89 (1985) 1. 
[7] J. Brzychczyk et al., Phys. Rev. C 47 (1993) 1553. 
[8]   V. V. Volkov, Phys. Rep. 44 (1978) 93. 



[9]  G. A. Souliotis et al., Phys. Rev. C 68 (2003) 024605. 
[10] M. Veselsky, G. A. Souliotis and M. Jandel, nucl-

ex/0306009. 
[11]  A. Ono et al., nucl-th/0305038. 
[12] Al. H. Raduta and Ad. R. Raduta, Phys. Rev. C 55 

(1997)1344. 
[13] Al. H. Raduta and Ad. R. Raduta, Phys. Rev. C 61 

(2000) 034611. 
 

 [14] Al. H. Raduta and Ad. R. Raduta, Phys. Rev. C 65 
(2002) 054610. 

 [15] G. Audi and A. H. Wapstra, Nucl. Phys. A595 
(1995) 409. 

[16] A. S. Iljinov, et al., Nucl. Phys. A543 (1992) 517. 
[17] S. R. Souza et al., Phys. Rev. C 67 (2003) 

051602(R). 
[18]  W. P. Tan et al., Phys. Rev. C 68 (2003) 034609.  




