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Theoretical model of the early phases of an underground explosion

I. G. Cameron and G. C. Scorgie
(Atomic Weapons Research Establishment, Aldermaston, Berkshire, England)

1. Introduction

In the early phases of the intense underground explosions contemplated
in peaceful applications the rock near te explosive exhibits fluid behaviour;
at great distances its behaviour can usefully be investigated in terms of linear
elasticity; and at intermediate distances we think of a solid exhibiting
various inelastic effects including cracking and tensile fracture. The present
paper outlines ' a mathematical model that attempts to include in some degree the
main features of this range of behaviour. A more detailed treatment than is
given here, and 'its relationship to the work of others, is given in a paper
by the authors Ill.

A computer program ATHENE has been written based on tis model and its
use is illustrated by examining some aspects of two types of explosions. One
is a chemical explosion which eventually formed a crater and tile other a
nuclear explosion which remained wholly contained.

2. Conservation equations

. The equations expressing conservation of mass, momentum and energy can be
written respectively as

dV
Tt_ =VY' ..... (2.1)

du
r V (T' ..... (2.2)prs's 'r

dE dV
+ p = V T' ..... (2.3)Tt_ Tt_ rs rs

Fixed rectangular artesian co-ordinates are x r3' with r running from to 3,

a comma denoting partial differentiation with respect to a co-ordinate, and
repeated suffixes implying summation. V is te specific volume, is the
divergence of the velocity u T is the stress tensor and T' iLs deviator,

r3' rs rs
p is the mean pressure, E is te specific internal energy, c rs is the strain

rate tensor (i.e. the symmetric part of the velocity gradient) and c is
rs

its deviator. Time differentiation following te motion of a particle is
denoted by d/dt. The energy equation has already been specialised to te case
of no energy transfer by radiation or conduction of heat.

In the general case tese equations provide five of te total of eleven
needed to determine the eleven quantities comprising V, P, E, and the elements
of u and T' The remaining six equations must come from the constitutive

r rs
relations appropriate to the particular material.
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3 Constitutive relations for inviscid fluid

For the inviscid fluid we have immediately the five equations expressed by

T = (3.1)
rs

The sixth relation is an equation of state

E = E (pV) 9 ..... (3.2)

expressing the internal energy as a known function of the pressure and specific
volume. Of course, if the equation of state is adequately expressed by a
relation between p and V alone, the energy equation 23) becomes superfluous.

4. Constitutive relations for elastic solid

An essential feature of te mathematical model is its description of the
elastic solid in terms of strain rate rather than strain. It is this feature
that enables both solid and fluid behaviours to be readily comprehended in one
model. It might seem tat all we need do is to take the time-derivatives of
both sides of the equation expressing Hooke's law for stress and strain which
can be written

Trs X86 rs + 2pe rs (4.1)

where and are the Lame parameters, e rs is the strain tensor and is its

divergence (the dilatation). However a little care is needed if we are to
arrive at an equation that makes physical sense. The point is now well
understood, and we write

6T
rs = X P6 + 2pc ..... (4.2)

6t rs rs

6T dT
rs rs

with '- W T w T ..... (4.3)
6t dt rq qs sq qr

where w rs is the skew symmetric part of the velocity gradient. The stress-

rate defined by 43) is that measured in a frame rotating at the local angular
velocity of the material. Clearly it is such a quantity as this, intrinsic to
the material and independent of te fixed laboratory frame, that we must expect
to relate to the strain rate F_ experienced by te material.

I rs

Equation 42) provides six constitutive relations for te elastic solid.
In some instances these equations may be more usefully handled in two groups
by introducing te deviators T' and F_' In this way equation 42 is

rs rs
replaced by

6T'rs
,�t- = 2PF- rs ..... (4.4)

and dp KY ..... (4.5)dt

where the bulk modulus is + 2P/3. For a material of this sort, with
constant bulk modulus, the energy equation 23) is superfluous; the ten
variables comprising V, U rj' T rs can be found by solving the ten equations

comprised in 21), 22), 44) and 45).

Although the constitutive relation 45) is adequate for many purposes,
cases arise in which it has to be replaced by an equation of state of te type
of 32). In such cases we must again introduce the energy equation 23).
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5 Constitutive relations for inelastic solid

5.1 The basic equation 42) for te elastic solid can be inverted to give

I ( 6T rs + Xdp 6
rs -fp 6t K dt rs (5.1)

Various types of inelastic behaviour can be represented by augmenting this
equation to obtain

6T X dp
rs + � t + h ..... (5.2)

rs 6t K rs

where h rs is chosen to suit the particular inelastic effect in question. six

additional relations are-needed to determine the symmetric tensor I rs .

Some generalities may be noted before taking up particular inelastic
effects. We may invert equation 52) to give

6T
rs

__ = X(P6 + 2�ic - (XII6 + 2ph ..... (5.3)
6t rs rs rs rs

where h = h
rr

Again it is sometimes convenient to introduce the deviator II' of the
rs

inelastic strain rate, replacing equation 52) by the pair

6T I
F_ rs + ht ..... (5.4)
rs 2p 6t rs

0 1 dP + h ..... (5.5)
K dt

5.2 Elastic-plastic solid

Applying these ideas to te elastic-plastic solid, we identify 
rs

with te plastic strain rate. For many solids the physical facts are
expressed by the six equations

II' = 1 T1 ..... (5.6)
rs m rs

II = 0 ..... (5.7)

where m. is a positive scalar invariant of h Because of the introduction of
rs

m we need one more equation, and this is provided by te plastic yield
criterion. For example, the criterion of von Mises can be written

T' T' 4 2 2 (5.8)
rs rs 3

where Y is the yield strength under uniaxial stress. Thus in 56) we can
2 i

replace m by (2Y /3h ,h ' )2.
pq pq

5.3 Fracture of elastic solid

An extreme case of inelastic behaviour arises when a solid undergoes
tensile fracture. Because we are using essentially a continuum model it is
clear that not all aspects of the real fracturing material can be exactly
represented. For example, the increase in gross specific volume, resulting
from the void volume, is spread through te continuous material of the
mathematical model. Consequently we have to distinguish between V . the true
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specific volume of the actual material (excluding void volume), and V, the
bulk specific volume (including void volume). Vm satisfies the equation

1 dVm 1 dp= _ ..... (5.10)
V dt K dt
m

where K i the bulk modulus of the ufractured material. Combining this with
equation (1.1) and (5.5) gives

V If -T = exp I 0 hdt ' (5.11)
m

where time zero is the measured from onset of fracture. This equation gives
a physical meaning to te quantity h.

To describe the onset of fracture we put

hrs = linr ns , ..... (5.12)

where n r is unit normal to the fracture plane. Thus equation 53) becomes

6T
rs

__ = XY6 + 2pF- - h + 2pn n (5.13)
6t rs rs rs r 

Regarding the act of fracture as described by an impulsive h, and letting H
denote the time integral over the brief interval in which fracture occurs, we
find that the stress increment produced by fracture is

AT rs = - 1 (X6 rs + 2pn r ns) ..... (5.14)

Just prior to fracture the plane normal to n r was a plane of principal stress F

(the tensile strength of the material); hence

ns AT rs F nr

giving H F (5.15)
X + 2�i

V I F
Hence 7 exp X + 21 ..... (5.16)

m

Following the creation of a crack we assume that the plane of fracture is
translated with the material and shares its rotation. A more general form of
hrs is taken than 512) such that the plane of fracture remains a principal

stress plane and that the stress across this plane remains zero. Tile form
of 512) cannot be retained subsequent to the creation of a crack as this
would imply that n r is a principal direction of the strain rate tensor for

which there is no 'a priori reason.

6. Remarks on the computer program

The main features of the model outlined above have been programmed for
the computation of axially symmetric motions. The co-ordinates are Lagrangian,
thereby dispensing with the need to handle explicitly the equation expressing
conservation of mass. Much of the computational technique derives directly
from earlier programs written for fluid motion. For example, shocks are
catered for by including in the momentum and energy equations artificial
viscosity terms which obviate the need to consider the shock front as a
discontinuity in the flow field. The viscous term q which is added to the
pressure p is taken in the form
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b2A I I 
q 2 at at (6.1)

V V
0

where A is the area of a finite difference mesh, V 6 is the original specific

volume of the material, and b is a parameter that is adjusted to give the best
compromise between high damping of computational oscillations and minimum
smearing of shocks.

The finite difference equations are written in cylindrical co-ordinates,
distance R being measured from the ymmetry axis, and distance Z being measured
along it. Thus the volume element is formed by rotating a mesh in the
(RZ)-plane about the symmetry axis.

A computational cycle for the solid phase takes the following course.
At the beginning of the cycle the specific volume and the velocity and stress
fields are known. Hence the components of the strain rate tensor are found,
together with thz_� increment in te stress deviator from equation 44). The
new stress deviator, calculated for the end of the time step, is substituted
in the yield criterion (5.8). If the criterion is violated the elements of the
stress deviator are reduced by a common factor so chosen that the reduced
deviator satisfies the yield criterion. (A more detailed discussion than can
be given here establishes the range of validity of this process.) The new
value of pressure is now calculated using either equation 45) or an equation
of state 32), depending on which is most appropriate to the physical
conditions of the problem. If equation 32) is selected, it has to be solved
in conjunction with the energy equation 13). Next, the new values of the
stress tensor are used to calculate the new values of the velocity from the
momentum equation 12). The new specific volume is, of course, readily found
because the co-ordinate system is Lagrangian; otherwise we should have to
use equation (1.1) explicitly. Thus, finally, we have calculated all the
quantities needed for the beginning of the next time step.

Calculations, in general, are divided into two phases, a spherically
symmetric phase and an axially symmetric phase. In the initial stages of an
explosion the pressu res and accelerations are much greater than the lithostatic
pressure and gravity which may be neglected. Subsequently, of course, the
lithostatic pressure may become important, or the initial shock wave may be
reflected at the free surface of the ground, both conditions giving rise to a
two-dimensional axially symmetric calculation. In the case of an explosion
which eventually forms a crater it is convenient to change from a one to a two
dimensional calculation when the initial shock is about halfway towards the
free surface.

Figure shows a typical mesh at the start of te axially symmetric
phase though to avoid confusion only about half the number of meshes in each
direction has been shown. Our interest does not extend to large distances
at which small strain sets in and we impose the lithostatic pressure as a
boundary condition at some radial distance. A non-uniform mesh is used,
the resolution decreasing with distance from the point of the explosion.
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Figtjre�-l. Typical mesh at te start of an axisymmetric calculation

7. Numerical examples

To illustrate the use of te program we consider some aspects of two
different types of explosion, the one a crateri 'ng shot and the other a wholly
contained one. For the former we examine the way in wich te strength of
the rock affects te gross aspects of the ground motion and compare the free
surface position for one of the calculations with te observations at several
times prior to venting. For rock that is sufficiently weak, provided tat
the charge is large enough it is to be expected that violent motion will
penetrate to the surface of the ground and te surface disturbance may be so
severe that the cavity containing the gaseous explosion products breaks through
to the surface. As the strength of the rock is increased, other tings
remaining equal, the surface disturbance diminishes until, for sufficiently
strong rock, the explosion products never succeed in breaking trough to the
surface.

These features are illustrated by some calculations based on Scooter,
a 500 ton TNT explosion at a depth of 38 im in alluvium. Figure 2 shows te
calculated early motion of the ground surface and te wall of the cavity
containing the explosion products for each of three assumptions concerning
the strength of the rock. in case the rock is assumed to remain solid
at all times, its yielding strength being 50 bars. In case (ii) the rock
is assumed solid with a yield strength of 50 bars, as before, until a time
(taken as 14 ms) when the interaction of stress waves in the overburden
fractures it so severely tat it behaves substantially like a fluid, i.e. its
yield strength falls to zero. Case (iii) is like case (ii) but the transition
to fluid like behaviour is delayed until 90 ms.
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Figure 2 Radius-time curve for Scooter, an explosion of 500 tons of II.E.
(ii) Y 0 t > 0014 secs W Y = 0.05 Kb t > 0014 secs
(iii)Y 0.05 Kb 0014 < t < 009 sec, Y = 0 t > 009 sec.

It is seen that, for the solid rock of case (i), the motion of the ground
surface is slight and the expansion of the gas cavity is falling ff markedly
at the termination of the calculation. Transition to fluid like behaviour
at 90 ms, case (iii), results in appreciable motion of te ground surface,
and the gas cavity is still expanding quite strongly at the termination of the
calculation. Transition to fluid like-behaviour at the earlier time of 14 ms,
enhances both the ground motion and the expansion of the gas cavity.

Figure 3 shows four two-dimensional pictures of the cavity and free
surface as calculated by ATHENE for the most realistic example, case (iii),
together with the observed eight of the free surface as shown by the arrows.
For time 0.8 sec the figure also shows the observed shape of the free surface.
Comparing the theoretical and experimental results it can be seen that ATHENE
overestimates the height of the free surface. It must, however, be
remembered that this is only an illustrative calculation with several
deficiencies. For this particular calculation only a very simple model of
tensile fracture was included, namely assuming that the rock behaves like a
fluid after 14 m secs. Again only a single p-V relation for consolidated
alluvium has been used which does not describe the alluvium in sufficient
detail under all conditions. True allowance should be made for different
loading and unloading curves in addition to distinguishing between consolidated
and crushed alluvium.

As a second example, to sow the various types of rock behaviour that
ATHENE can represent, an exploratory one dimensional calculation has been done
based on Hardhat in whic a kt nuclear device was exploded at a dept of
286 m in granite. Shear failure was assumed to ave occurred if

2 2
T T G
rs rs 3
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'Figure 3 Shapes of the cavity and free surface for Scooter

as calculated by ATHENE. Arrows indicate te

observed maximum eight of te free surface.

G being a parameter of the rock. This relation is similar to the yield

condition and in many cases G is identified wit Y the yield strength in

tension. Cracks were allowed to open if a principal stress exceeded the

rock's tensile strength and close if the void volume, (V - V ), went negative.

Figure 4 shows the radius-time plot of te early stages of te explosion.

It can be seen that at 40 m secs there are several regions; going from the

inside to the outside we have a region formed by the vapourized device

and rock immediately surrounding the device, (ii) a region of molten rock,

(iii) a region in which te rock has undergone shear failure, i.e. the rock

has been crushed (iv) a region in which the rock has first cracked in the

radial direction and then failed in sear, (v) a region in which tere are

just radial cracks and (vi) a region wich has deformed elastically. At

40 m secs the radial crack region is still expanding though te boundaries

between regions inside this are stationary.

These calculations are qualitatively consistent with observation in that

there do exist molten regions, regions of varying degrees of crushed rock and
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Figure 4 Calculation by ATHENE of te first 40 m secs of
Hardhat a Kt contained nuclear

explosion in granite.

a large region with radial cracks. Being a one-dimensional calculation it
cannot simulate the chimney effect but the liquid/crushed rock boundary of
15 m and boundary between regions (iii) and (iv) of 90 m are consistent with
the observed cavity radius of 19.2 metres and chimney height (measured from
the detonation point) of 86 metres.

8. Conclusion

By adopting a flow or incremental model of solid behaviour we ave
seen that it is possible to extend te well known computational techniques of
fluid dynamics to include many aspects of solid behaviour, both elastic and
inelastic. The two exploratory nmerical examples show qualitative agreement
with observation though for good quantitive agreement a more detailed
description of te rock is probably required.
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