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ABSTRACT

Elastic moduli are determined as a function of confining pressure to
10 kb on rocks in which Plowshare shots are to be fired. Numerical simulation
codes require accurate information on the mechanical response of the rock
medium to various stress levels in order to predict cavity dimensions. The
theoretical treatment of small strains in an elastic medium relates the propa-
gation velocity of compressional and shear waves to the elastic moduli.
Velocity measurements can provide, as unique code input data, the rigidity
modulus, Poissonts ratio and the shear wave velocity, as well as providing
checks on independent determinations of the other moduli. Velocities are
determined using pulsed electromechanical transducers and measuring the
time-of-flight in the rock specimen. A resonant frequency of MHz is used
to insure that the wavelength exceeds the average grain dimension and is sub-
ject to bulk rock properties. Data obtained on a variety of rock types are pre-
sented and analyzed. These data are discussed in terms of their relationship
to moduli measured by static methods as well as the effect of anisotropy,
porosity, and fractures. In general, fractured rocks with incipient cracks
show large increases in velocity and moduli in the first to 2 k of compres-
sion as a result of the closing of these voids. After this, the velocities in-
crease much more slowly. Dynamic moduli for these rocks are often 10%
higher than corresponding static moduli at low pressure, but this difference
decreases as the voids are closed until the moduli agree within experimental
error. The discrepancy at low pressure is a result of the elastic energy in
the wave pulse being propagated around cracks, with little effect on propaga-
tion velocity averaged over the entire specimen.

INTRODUCTION

Perhaps the most fundamental key to the successful use of explosives in
programs ultimately designed to produce economic benefits is the accurate
a priori prediction of the effects produced by such explosives. These effects
include parameters such as cavity dimensions, fracturing perimeter and
others, all of which are highly dependent on the properties of the material or
materials which are to be subjected to the explosive process. What is needed
is a complete equation of state of the media over the appropriate pressure-
temperature region. Part of this characterization involves the response to
elastic and/or inelastic deformation at stress levels considerably above
ambient. This paper deals with the study of the elastic deformation of rocks
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at pressures to 10 k. The method employed involves the passage of longi-
tudinal and transverse acoustic waves. The laboratory techniques will be
described and examples of data given for several contrasting rock types.

PROCEDURE

1. Theoretical

The fundamental assumption o f elasticity theory is that linear stress is
proportional to linear strain,

a i =Cijkl'kl

where cr is stress, is strain, C is the elastic constant, and i, j, k I are
indices on a Cartesian coordinate system. Considering the processes as iso-
thermal and reversible and reducing redundancies, the number of independent
elastic constants is found to be 21.1 Further restriction to material with
orthorhoirnbic or higher symmetry reduces the elastic constants to a symmet-
rical matrix with a maximum of nine independent components. In such a
medium, the principle stresses are

I C 11 I + 12 2+ 13E3 (1)

2 C 12 1 + 22 2+ 23E3 (2)

3 C 13 EI + 23E 2+ 33E3 (3)

a 4 C 44 E4 (4)

a 5 C 55 E5 (5)

a 6 C 66 E6 (6)

using the simplified suffix notation 12 - 6 13 - 5, 23 - 4 etc. If the mate-
rial is considered to be isotropic (principal axes of stress and strain are
identical) the matrix further reduces such that

C 11 C 22 C 33

C 44 C 55 C 66 1/2(C 11 C 12)

C 12 C 13 C 23

The propagation of a wave involving only longitudinal stresses involves
a wave equation whose solution is

1/2
V P = (C II/P) (7)

where V is the velocity of the compressional wave and p is density. In the
case of transverse stresses, the velocity of the shear wave is

V S= (C 44/p) 1/2 (8)

6 21 bar = 0 dyne cm 0.987 atm 14.5 psi.



The rigidity modulus s 4 /E4 with other stresses zero, and is there-
fore C44, If G2 a3 , a/c,, from Eqs. M-W is

C 44 (3 C12 2C 44)
E C + 

2 44

the definition of Young's modulus. Poisson's ratio is 3/ (EI for the same
conditions, and

v = E/(2p - I (10)

The bulk modulus (reciprocal of the volume compressibility) K = P/A, with
_P = GI = 2 � a3 and A = El + E2 + E3, where P pressure. Therefore,

K = 13 C 23 C ( 1)
I 12

Equations (11), (8) and 7 combine to give the familiar

1/2V = [(K 43 (p))Ip]
P

Bedded sedimentary rocks are generally quite symmetrical about the
plane of bedding. In addition, their properties within any one bed are essen-
tially isotropic, resulting in a principal axis of symmetry normal to the bedding
plane. The elastic constant matrix (l)-(6) for transversely isotropic media is
thus reduced by

C II C22

C 44 C55

C 13 C23

C 66 1/2 (C 11 C12)

where the principal symmetry axis is labeled 3 Cil, C33, C44, and C66 may
be determined from V Pill VP 3 V S13, and V S12 respectively, through

C V 2 P_

A determination of Vp at 45' to the principal axis yields the fifth inde-
pendent constant,

C = � [2PV2 1/2(C + C + 2C )]2 - [1/2(C C )] 2�1/2
13 450 11 33 44 11 33 - C44

One is now in a position to determine the anisotropic variation in elastic moduli
for such a media. In this case,

E M
C C C 2

11 33 13

E M
3 C 2-C2

11 12
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where M is the elastic constant matrix for normal components. For Poisson's
ratio,

C C C 2
V 12 33 13

12 C C C 2
11 33 13

C 13 (C 11 C 12)
V 13 2

C 11C 33 C 13

C13
31 C + 

11 12

and for compressibility,

01 (C 3 3 C13 )/D

�3 (C 11 + C12 2C 13 )/D

= (C + + 2C -4C )/DVol 11 12 33 13

where D = C11 + C12)C33 - 2Ch- Equivalent expressions are given by Nye. 1

In all cases, a correction for the change in sample length and density
with pressure is applied by continuously integrating the computed bulk modulus
over the pressure range according to the analytical procedure developed by
Cook.3

Thus, determinations of Vp and VS are sufficient to completely char-
acterize the response to elastic deformations of an elastic solid. Since the
wave travels through the material at some finite frequency, elastic moduli
determined in this manner are referred to as dynamic moduli, as opposed to'
moduli directly determined by static methods. Birch4 has raised the question
of whether the moduli that determine the wave velocities are compatible with
statically determined moduli. Ide5 has shown from resonance work on cylin-
ders that both E and determined dynamically may differ markedly from
those determined statically in non-compacted rocks. To complicate matters,
many rocks show non-linear stress-strain curves at low stress levels.6 In a
study of this problem, Simmons and Brace7 compared bulk moduli determined
by static methods with those calculated from velocity data. Their results
show that moduli determined by acoustic methods are within a few percent of
those measured directly at pressures above 2 to 3 k. Below this pressure
the variance is generally at least 10%, the dynamic moduli being higher.
Simmons and Brace ascribe this difference to the presence of cracks which
affect the static moduli but do not affect the propagation of an acoustic wave.
These are cracks which close with the application of a few kilobars of pres-
sure. Walsh8 has derived a theoretical relationship between the dimensions
of an elliptical crack and the pressure at which it closes,

P = Ea (12)
C

where a is the minor/major axis ratio.

Birch4 gives an excellent review of the existing measurements of com-
pressional velocity and the frequencies at which they were measured. There
appears to be no frequency dependence between 100 Hz and 10 MHz for fairly
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uniform dense rocks. In the case of extreme anisotropy and/or large defect
concentration, nothing is known of the frequency dependence of the moduli.
For shear waves, Peselnick and Outerbridge9 found no significant dependence
of velocity over the range 4107 Hz in Solenhofen limestone, a very fine-
grained, compact rock.

2. Experimental

Numerous papers have dealt with the various laboratory techniques used
to measure the compressional and shear velocity of rocks as a function of
pressure. These are summarized and combined with existing data in the work
of Birch4, 1 and Simmons. I 12 Because of the strong attenuation in most
rocks, the method most suitable is that of simple transmission. In this study,
measurements are made at room temperature on cylindrical specimens with
approximate dimensions 19 X 27 mm.

Plane waves are generated and received by piezoelectric transducer
discs of polycrystalline Pb(ZrTi)03, whose fundamental vibration frequency
is between I and MHz. The shear expanding ceramic discs are not mode-
pure, and as a result some compressional energy is produced. In most cases,
the amplitudes of the arriving compressional and shear wave are different
enough to allow an unambiguous determination of the shear-wave arrival. The
frequency range is chosen so that the wave length is longer than the average
grain dimension, and the wave propagation will be dependent on bulk rock
properties. The specimen assembly is shown in Fig. 1. The transducers
are coupled to the specimen with a viscous polystyrene resin. A thin copper
strip serves as an electrical ground, and the whole assembly is cast in a poly-
urethane resin. This resin is excellent for transmitting pressure while ren-
dering the sample impervious to the pressure fluid. The sample assembly is
then placed in a piston-cylinder pressure vessel utilizing a hydrocarbon pres-
sure fluid.

Brass electrode Transducer Specimen

Polyuretha e resin Copper ground strip

Fig. 1. Schematic representation of the specimen, transducers
and surrounding resin.

The associated electronic equipment is shown in Fig. 2 A negative
pulse (pulse 1) is used to simultaneously trigger a pulsed oscillator, the sweep
of a dual-beam oscilloscope, and a second pulse generator (pulse 2 The sig-
nal from the pulsed oscillator is then sent to the transducer at one end of the
specimen and to one input of an oscilloscope fast-rise prearnplifier. The re-
ceived signal from the sample is amplified and filtered before being sent to
the other input of the preamplifier. The observed signals are then horizontally
amplified and swept across the oscilloscope screen. The received signal is
aligned with the negative output from the second pulse generator by adjusting
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Fig. 2 Block diagram of the travel-time measuring system.

its internal delay circuit. Both pulse generators have their positive outputs
connected to the start and stop inputs of a time-interval counter where the
delay-time in the sample and attendant leads is displayed. A correction for
the delay in cable leads and phase shifts in electronics is obtained by meas-
uring the delay through four different lengths of polycrystalline Al203and
extrapolating back to zero length.

The accuracy of the travel-time measurements is affected by several
factors. Among these are, the accuracy of the time-interval counting system,
and the precision of measuring the arrival of the initial energy from the sam-
ple. A complete discussion is given by Birch4,10 and Simmons. 11,12 Veloc-
ities determined are generally accurate to about 1%, which leads to accuracies
of approximately 2 6 10 and 8jo in rigidity, bulk, and Young' s moduli and
Poisson's ratio, respectively.

RESULTS

Data for several contrasting rock types are given in this section to illus-
trate (1) the type and features of the data obtained, and 2) the variation in elas-
tic properties with stress that one may expect in rocks. Two rock types are
treated as isotropic, one as anisotropic, and one as both. These rocks as to
type, locality and initial density are:

Westerly granite, Westerly, R. I., po = 2630 g cm-3
homogeneous, medium-fine-grained, low-porosity, granite.

3Dome Mt. andesite, Chukar Mesa, Nev., po = 2640 g cm
homogenous, very-fine-grained extrusive rock with a porosity,
consisting of small vesicles and minute ractures, of approximately
7%. This rock was the medium for the Buggy row-cratering ex-
periment.
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Stirling quartzite, Emigrant Valley, Nev. from the site of the forth-
coming Sturtevant cratering experiment.

Type A, po = 2580 g cm- 3 1
gray, medium-grained, silica-cemented
sedimentary quartzite, with relatively few impurities.

Type B, po = 2495 g cm-3,
red, fine-grained, slightly ferrouginous quartzite.

Type C, po = 2630 g cm-3,
red, very-fine-grained ferrouginous and/or arkosic
siltstone.

-3Type D, po = 2620 g cm
same as above.

Green River Shale, CCH3, 2310-ft level, Rifle, Colorado,
po = 2075 g cm-3 '
silty kerogenous marlstone, described as "poor" in its kerogen
content and having 06% porosity.

Compressional and shear-wave velocities in Westerly granite obtained
on increasing pressure are shown in Fig. 3 Data similar to these are typical
of most dense, unaltered, crystalline igneous rocks. The relatively large

6.0 - VP 5.0

(U
'A

E E

5.0 4.0 V)

VS

4. Westerly granite 3.0
P = 2630 g CM-3

0

0 1 2 3 4 5 6 7 8 9 10

Pressure - 1<6

Fig. 3 Compressional wave-velocity (Vp) and shear wave-velocity (VS) in
Westerly granite with pressure.
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increase in velocity in the first several hundred bars of compression seems to
represent the closing of cracks or fractures, resulting in increased wave
transmission. The low levels of stress required by Wa1shIs8 model indicates
rather long narrow fractures with ce in Eq. 12) being of the order of 1-3.
The variation in computed moduli (Fig. 4 is, of course, sympathetic with the
velocity variation. Above 12 k the rock shows continued increase in velocity
and moduli, but at a decreasing rate as stiffer pores and cracks are closed.
At pressures above 6 k, the moduli have pressure coefficients which are
lower than those for even the stiffest minerals present in granite (dK/dP
approx 6 for quartz). Eventually, as pores and cracks are squeezed shut, the
rock moduli at elevated pressures should resemble those for an average of its
constituent minerals. Pressure coefficients which are apparently lower than
for individual minerals may be explained by either (1) propagation of pre-
existing cracks, including those just closed, or 2) the onset of fracturing un-
related to any previous cracks. In either case, propagation velocities are
hindered in their normal increase and the rock does not stiffen with increasing
pressure as these cracks are created. At pressures higher than 10 k, the
velocities will again begin to rise with pressure, as they must when cracks
are not a factor.

0.6 I I I I I I I 1 7--

K

0. -

r 0

V 0.25 2"

21
0.4

-a - 024 0
0 0

CL

0.23

0.3

Westerly granite 0.22

P 2.630 cm -3
0

0.2 1
0 1 2 3 4 5 6 7 8 9 10

Pressure - k6

Fig. 4 Bulk modulus (K), rigidity modulus (M), and Poisson's ratio V) for
Westerly granite with pressure.

Figures and 6 show the velocity and moduli data, respectively, to 0 kb
in Dome Mt. andesite. The less-rapfd increase in velocity than with granite
seems to be indicative of an average distribution of stronger cracks. Above
3 k these cracks seem to have closed, and the pressure coefficients resemble
those in granite at this stress level. However, at about 7 k the pressure
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Fig. 5. V and V in Dome Mt. andesite with pressure.
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Fig. 6 K, )u, and for Dome Mt. andesite with pressure.
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dependence increases markedly. Although no definitive interpretation can be
made, it is suggested that this may represent the beginning of the breakdown
of stronger pores or cracks. According to the Walsh model, these are much
more open with respect to their width/length ratio and, due to the different
stress levels necessary to close these openings, indicate that a completely
different type pore is responsible. Some of the porosity in this rock is known
to exist as small vesicles which are nearly spherical, and which Stephens13
has shown are still closing at 40 kb.

Figure 7 illustrates the moduli obtained for three different types of
Stirling quartzite. Worthy of immediate note is the u/K > I relationship
under ambient conditions. This results in a low Poisson's ratio, typical of
sedimentary quartzites. The ratio p/K becomes less than I at 0.5 k in
Type C quartzite, at 15 k in Type B, and not at all to 10 kb in Type A. These
observations are a reflection of the inherent nature of sedimentary quartzites
where the petrofabric may be described as strong interlocking grains with a
significant percentage of void space. With the application of stress, some of
the grains experience large stress concentrations at their edge and some of
the void space is broken down, the amount depending on the strength of the
matrix. Since the grains iterlock to a high degree, the shear modulus vari-
ation with stress is primarily a result of increased friction between grains.

The pressure dependence of the bulk modulus and the absolute value of
the shear modulus may be directly correlated with the mineralogic composi-
tion of the individual types. The highest bulk and shear moduli under ambient
conditions are found for Type A. This is a manifestation of the larger grain
size and mineralogic purity of the rock type. The shear modulus in this case
is controlled only by interlocking quartz grains, and is therefore quite high.
The bulk modulus starts out fairly high, but does not increase rapidly with
the initial increase in pressure, as is true of most rocks. This is because
quartz" grains are holding void space open and are collapsing with increasing
pressure at a nearly constant rate. The bulk modulus does not increase
rapidly, and Poisson's ratio stays low 0.09-0.08) to at least 10 kb. On the
other hand, the very-fine-grained Type C contains significant amounts of
ferrouginous and/or argillaceous material which is interspersed with the
quartz matrix to (1) decrease the shear modulus, and 2 allow a large per-
centage of the void space to collapse in the first k of confining stress.
Poisson's ratio thus rises from 0.10 at atmospheric pressure through 0125
(K = ) at 04 k, to a value greater than 022 above 2 k. The bulk modulus
in this case rapidly approaches the bulk modulus of quartz. In Type the
percentage of material other than quartz is again greater than for Type A, but
is much less than Type C. As might be predicted, the bulk modulus, and con-
sequently Poisson's ratio, increases more slowly with confining stress than
for Type C.

Stirling quartzite is not truly isotropic, and the moduli presented above
by assuming isotropy are only approximations to the actual moduli. The
validity of these approximations is related directly to the degree of anisotropy
of the rock. Type D Stirling quartzite was therefore treated as an anisotropic
rock and five independent velocities measured according to the procedure out-
lined above. The results are shown in Figs. 8-11. Predictably, the rock is
more compressible across the bedding plane than along it (Fig. 1), although
this difference is essentially non-existent above 3 k. The stiffness in both
directions (Fig. 9 initially increases with increasing confining stress. How-
ever, above I kb, El decreases with increasing pressure. This may be re-
lated to quartz grains breaking down with increasing pressure, in the manner

Yield strength 15-30 k at 0-10 k confining stress.
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Stirling quartzite
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0
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0 1 2 3 4 5 6 7 8 9 10
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Fig. 7 K and for Types A, B, and C Stirling quartzite with pressure.
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Fig. 8. The six elastic constants for Type D Stirling quartzite with pressure.

Stirling quartzite Type D
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Z01--O

0.4 --o"
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0 2 3 4 5 6 7 8 9 1 0
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Fig. 9 Directional Young's moduli (El and E3) for Type D Stirling quartzite
with pressure.
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Fig. 10. Directional Poisson's ratios (v 12'v 13' Z) 3 for Type D Stirling
quartzite with pressure.
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Fig. 1 1. Directional compressibilities (�, and 3) for Type D Stirling quartzite
with pressure.
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shown above for Type A, after the initial non-quartz material has compacted.
The non-quartz material is significant as an interbed material, affecting
strength across the beds more than in them. While the beds become rela-
tively weak to linear stress with increasing confining stress, they become
strong to radial stress (Fig. 10). This is again presumably related to the
interlocking detrital, quartz grains resulting in little radial strain when the
material is in shear with both components in the bedding plane. The strength
data in Fig. 9 show a weakness at 23 k that may or may not be real. The
initial negative 13 and L/31 values result from te initially low C11 values,
which strongly affect C1 2 and C13 and are an unlikely result complicated by
the presence of cracks which decrease the apparent stiffness to linear com-
pression across the bedding plane. This conclusion was arrived at by con-
sidering many measurements under ambient conditions on different specimens
of the same rock-type where negative Poisson's ratios were found in some
samples and not in others.

Green River shale was also treated as anisotropic (Figs. 12-15). Unlike
most rocks, the compressibilities decrease gradually with pressure and the
pressure coefficients remain high even at 10 k (Fig. 15). This suggests that
large linear fractures do not play a significant role in the elastic deformation
of laboratory-sized samples. The anisotropy in compressibility is still pro-
nounced at 10 k. An indication of the degree of anisotropy is shown in Fig. 14.
The high Poisson's ratio within the plane of bedding may be related to the
kerogen content and its behavior as a weak viscous fluid.

0 6 1 1 1 1 1 1 1

Green River shale P 0 2060
0. -

C

0.4 -

_0
0.3 -

U C
12

0.2
LU C C44

66
0.1

1 2 3 4 5 6 7 8 9 10

Pressure kb

Fig. 12. The six elastic constants for Green River shale with pressure.
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Fig. 13. E and E3 for Green River shale with pressure.
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Fig. 14. v 12'V13' and v31 for Green River shale with pressure.
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Fig. 1 5. P 1 and 3 for Green River shale with pressure.

CONCLUSIONS

Measurements of transmission velocities on rocks, made in the labora-
tory under simulated natural stress conditions, are used to compute elastic
moduli and their pressure derivatives. The velocities and elastic moduli are
found not to vary with pressure in a simple manner, but rather to exhibit a
behavior that, other than showing a general increase with stress, is unpre-
dictable. This behavior may vary not only from rock type to rock type, but
also within a specific type. Physical anisotropy, suc h as bedding, is found
to introduce significant departures from the average in directional moduli.
In general, the elastic moduli and their behavior with stress and direction
reflect the chemical and physical nature of a particular rock type.
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