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ABSTRACT 

Bayesian estimation is well-known approach that is widely used in Probabilistic Safety 
Analyses for the estimation of input model reliability parameters, such as component failure 
rates or probabilities of failure upon demand. In this approach, a prior distribution, which 
contains some “generic” knowledge about a parameter is combined with likelihood function, 
which contains plant-specific data about the parameter. Depending on the type of prior 
distribution, the resulting posterior distribution can be estimated numerically or analytically. 
In many instances only a numerical Bayesian integration can be performed. In such a case the 
posterior is provided in the form of tabular discrete distribution. On the other hand, it is much 
more convenient to have a parameter's uncertainty distribution that is to be input into a PSA 
model to be provided in the form of some basic analytical probability distribution, such as 
lognormal, gamma or beta distribution. One reason is that this enables much more convenient 
propagation of parameters' uncertainties through the model up to the so-called top events, 
such as plant system unavailability or core damage frequency. Additionally, software tools 
used to run PSA models often require that parameter's uncertainty distribution is defined in 
the form of one among the several allowed basic types of distributions. In such a case the 
posterior distribution that came as a product of Bayesian estimation needs to be transformed 
into an appropriate basic analytical form. In this paper, some approaches on transformation of 
posterior distribution to a basic probability distribution are proposed and discussed. They are 
illustrated by an example from NPP Krško PSA model. 

1 INTRODUCTION 

Reliability of complex systems is today one of the most important areas of engineering 
research. Because the assessment demands evaluation of a large amount of information, 
which is often not exact or precisely known, mathematical assessment is based on probability 
theory and theory of statistics. A part of such assessment is determination of probability 
distributions, depending on mathematical and practical limitations and assumptions, as for 
example: quantity and quality of raw data, and limitations of used computer code. Often 
determination of probability distribution involves examining a random sample from some 
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unknown distribution in order to test the null hypothesis that the unknown distribution 
function is, in reality, a specified function. 

Probabilistic Safety Assessment (PSA) is a systematical assessment of reliability and 
availability of complex system and is widely used for chemical, nuclear and petroleum 
industry. The well-known PSA approach for estimation of model input parameter is Bayesian 
parameter estimation1, 2. The prior distribution, which contains some “generic” knowledge 
about a parameter is combined with likelihood function, which contains specific data about 
the parameter3. Resulting posterior distribution can be estimated numerically or analytically4, 

5. If numerical calculation is used, the posterior distribution would be obtained in a tabular 
discrete form. It may, however, become desirable to replace it with one of appropriate basic 
probability distributions, for example lognormal, gamma or beta distribution. After the 
transformation, the transfer of data would be easier and generally more suitable for a further 
analysis. 

The numerically obtained tabular posterior distribution ought to be compared to the 
selected basic probability distribution to determine if it is reasonable to postulate that the 
latter is the true distribution function of the random sample considered. A good method to test 
the selected basic distribution is to compare cumulative distribution functions to see if there is 
good agreement. 

In this paper, some approaches on transformation of numerically obtained posterior 
distribution to a basic probability distribution are proposed. Additionally, the Kolmogorov-
Smirnov goodness-of-fit test and some new mathematical approaches for evaluation of 
agreement between discrete and basic probability distribution are introduced. The research 
was performed in the frame of PSA models development. 

2 TRANSFORMATION OF POSTERIOR DISTRIBUTION TO A BASIC 
ANALYTICAL DISTRIBUTION 

The term “posterior distribution” is in this paper used for probability distributions, 
which were obtained by Bayesian estimation with numerical calculation. 

The term “basic analytical distribution” is used for probability distributions that are 
usually applied in analysis of component reliability and are allowed to be used in a PSA 
computer code, for example lognormal distribution, Weibull distribution, Gamma distribution 
or beta distribution.  

Let a basic analytical probability distribution be a two-parameter probability 
distribution fA(x;p1, p2). The unknown parameters p1 and p2 are calculated on the basis of 
some selected values of known Bayesian posterior distribution fB(x). The choice of selected 
values depends on the application or on the use of analytical distribution. 

The common approach is the so-called Method of Moments, which is based on point 
estimates of the distribution mean and variance6, 7: 
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where meanB is the first moment about the origin or mean of posterior distribution, varB is the 
second moment about its mean or variance, and xi random variable. 

Other possible characteristic values, which could be selected for estimation of 
parameters of a basic analytical distribution are median and limits of a selected probability 
interval. To estimate characteristic values, one should numerically solve the following 
equation: 
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where FB(xl) is the selected value of cumulative posterior distribution and xl the calculated 
value of random variable x. For example, if calculated value of random variable is median 
then l = 0,5 and FB(x0,5) = 0,5. 

Some appropriate combinations of characteristic values for determination of 2-parameters 
basic analytical distribution can be: 

- mean and variance (meanB, varB), 
- mean and median (meanB, medianB), 
- the lower and the upper limit of the 90% probability interval (xB0,05, xB0,95), 
- the upper limit of the 90% probability interval and mean(xB0,95, meanB). 

3 GOODNESS-OF-FIT EVALUATION 

The so-called goodness-of-fit tests are used to determine whether a sample belongs to a 
hypothesized analytical distribution. The two procedures, very often used for this purpose, are 
the Chi-square and the Kolmogorov-Smirnov goodness-of-fit tests6, 7. 

The Chi-square test uses the statistic χ2, which (if applied to transformation of Bayesian 
posterior into a basic analytical distribution, as discussed in this paper) would be defined as: 
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where oi is the observed frequency and ei the expected frequency for each interval i, and I the 
number of nonoverlapping intervals of observed sample. 

The χ2 statistics depends considerably on the selection of the lowest value of x. Namely, 
the ratio in equation (4) could be very high for small values of random variable, thus 
suggesting that the hypothesized distribution should be rejected. However, the probability 
distributions could often be very approximate for small values of random variable, because 
this inprecision has negligible influence on the application results. 

For this reason, more suitable is Kolmogorov-Smirnov goodness-of-fit test, which 
measures the maximal difference between the cumulative distribution functions of the two 
distributions. Applied to the case considered, the Kolmogorov-Smirnov statistic K-S is 
defined as: 

)()( iBiA
i

xFxFSupSK −=− , (5) 

where the Sup indicates the supremum. 
Besides the two tests mentioned above, one can define some other tests to decide if a 

hypothesized analytical distribution meets the selected requirements. These tests are based on 
analyst’s judgment and their use depends on the application. Bellow, three possible tests are 
described. 

First, one can define the maximum difference between the selected characteristic values 
of posterior and analytical distribution: 

u
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l K
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where Kl and Ku are the lower and the upper limits of acceptability interval (for example Kl = 
0,95 and Ku = 1,05), and xB and xA the selected characteristic values of posterior and 
hypothesized analytical distribution (for example mean, variance or median). 
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There are several other possibilities to compare the cumulative distribution functions of 
analytical distribution and Bayesian posterior distribution. One can compare the relative area 
between the two cumulative distribution functions: 
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where K is the arbitrary selected value, for example K = 0,05. 
One can compare the relative difference RD between the cumulative distribution 

functions of analytical distribution and Bayesian posterior distribution and limit it to some 
arbitrary selected value KRD: 
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One can also define the maximum absolute difference AD between cumulative 
distribution functions of analytical distribution and Bayesian posterior distribution and limit it 
with some arbitrary selected value KAD: 

iADiBiAi xKxFxFxAD ∀≤−= ,)()()( . (9) 

4 EXAMPLE 

For an example, the posterior distribution is used, calculated with the Bayesian 
numerical estimation procedure with the following analysis data: 
- the prior probability density function is lognormal distribution with the mean equal to 

3,00E-5 [1/hours] and the variance equal to 5,48E-9, 
- the likelihood function is the Poisson distribution, modeling probability of component 

failure. Raw data for distribution parameters’ calculation are: 1 failure of the component 
in 20.858 [hours] of operation. 

A numerical calculation gives the following values for the posterior distribution mean 
and variance: 
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For a hypothesized analytical distribution the lognormal distribution is chosen: 
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where σ and µ are the parameters of the lognormal distribution. 
All four possibilities suggested in section 2 as appropriate combinations of 

characteristic values for determination of 2-parameters basic analytical distribution are taken 
into account in this example, thus leading to four different lognormal distributions fAj(x). 
Calculation of distribution parameters is shown in Table 1. 

 
 



0806.5 

Proceedings of the International Conference Nuclear Energy for New Europe, Kranjska Gora, Slovenia, Sept. 9-12, 2002 

Table 1: Calculation of parameters of hypothesized lognormal distribution 

Characteristic values j µj σj 
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The posterior distribution fB(x) is approximated with lognormal distributions fAj(x), j = 

1,…,4. The lognormal distributions fAj(x) are shown in Table 2 and Figure 1. The differences 
of characteristic values of lognormal distributions are reasonably small. If a posterior 
distribution can be approximated with a distribution from a family of distributions, then the 
selected characteristic values for determination of an analytical distribution depend on the 
application, namely on the intended use of hypothesized analytical distribution. 

Table 2: Characteristic values of the lognormal distributions fAj(x), j = 1,…,4 

 

Figure 1: The lognormal distributions determined on different assumptions  
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The decision, if a hypothesized analytical distribution appropriately fits the posterior 

distribution, can be based on different tests. The approximation of the posterior distribution 
with characteristic values as shown in equation (10) with the four different lognormal 
distributions given in equation (11) and Table 1, is examined with four tests, introduced in 
section 3. Results are shown in Table 3. 

Table 3: Goodness-of-fit evaluation 

 

The deviation of the lognormal distributions fAj(x) from posterior distribution fB(x) can 
be graphically represented with factors RD(xi) or AD(xi), namely relative or absolute 
difference between the lognormal cumulative distribution function FAj(x) and posterior 
cumulative distribution function FB(x). The factor AD(xi) is shown in Figure 2. 

 

Figure 2: The absolute difference between lognormal and posterior cumulative 
distribution function AD(xi) 

 

The selection of test, which is to be used for estimation of appropriateness of a transformation 
from posterior distribution to some hypothesized analytical distribution depends on the 
application. Results of PSA calculations are often presented with mean and variance, so the 
best way to check the appropriateness of transformation from posterior to analytical 
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distribution is to limit the maximum difference between these  values for two distributions, 
see equation (6). Additionally, the difference can be limited with factors K, KRD or KAD, 
equations (7), (8) and (9) respectively. 

5 CONCLUSIONS 

In the paper, the transformation of a known  Bayesian posterior distribution to a hypothesized  
analytical distribution is discussed. The two well-known goodness-of-fit tests are represented 
and their use for probabilistic rather than statistical evaluation is disscussed. Some additional 
technics are proposed to evaluate goodness-of-fit between posterior and hypothesized 
analytical distribution. 

In the example, the known posterior distribution was approximated with lognormal 
distribution. The main conclusions are: 

 
• If a posterior distribution can be approximated with an analytical distribution from a 

family of distributions, then the selected assumptions for determination of a hypothesized 
analytical distribution depend on the application, namely on the use of  analytical 
distribution. 

•  A number of different tests can be used to evaluate the appropriateness of a 
transformation from posterior distribution to some hypothesized analytical distribution. 
The selection of test depends on the application. 

• The need to transform a Bayesian posterior distribution to a hypothesized analytical 
distribution appears often in PSA input parameters evaluation. Results of PSA 
calculations are often presented with mean and variance. Consequently, in the example 
considered it was decided, that the best way to ensure the appropriateness of 
transformation from a posterior to basic analytical distribution is to limit the maximum 
difference between their mean and variance values. Additionally, the absolute difference 
between the values of the two cumulative distribution functions was also limited. 
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