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Abstract 
 

Monte Carlo (MC) power method based on the fixed number of fission sites at the beginning 
of each cycle is known to cause biases in the variances of the k-eigenvalue (keff) and the fission 
reaction rate estimates. Because of the biases, the apparent variances of keff and the fission 
reaction rate estimates from a single MC run tend to be smaller or larger than the real variances 
of the corresponding quantities, depending on the degree of the inter-generational correlation of 
the sample. We demonstrate this through a numerical experiment involving 100 independent 
MC runs for the neutronics analysis of a 17x17 fuel assembly of a pressurized water reactor 
(PWR). We also demonstrate through the numerical experiment that Gelbard and Prael’s batch 
method and Ueki et al’s covariance estimation method enable one to estimate the approximate 
real variances of keff and the fission reaction rate estimates from a single MC run. We then show 
that the use of the approximate real variances from the two-bias predicting methods instead of 
the apparent variances provides an efficient MC power iteration scheme that is required in the 
MC neutronics analysis of a real system to determine the pin power distribution consistent with 
the thermal hydraulic (TH) conditions of individual pins of the system. 

Key Words: MC power method, batch method, covariance estimation method, apparent 
variances, real variances, keff bias. 

 



Introduction 
 
Monte Carlo power method based on the cycle-by-cycle eigenvalue estimates with the 

fixed number of fission sites at the beginning of each cycle results in biases in the variances of 
the k-eigenvalue (keff hereafter) and the fission reaction estimates [1-7] due to inter-generational 
correlation of the fission sites. As a result, the apparent variances of keff and the fission reaction 
rate estimates from a single Monte Carlo (MC) run tend to be smaller or larger than the real 
variances of the corresponding parameters and thus the standard errors of the MC estimates on 
these parameters are apt to be underestimated or overestimated in comparison with the real ones. 
We observe that the use of the apparent variances smaller than the real variances may cause 
inefficiency in the iterative MC power distribution calculations which are required in neutronics 
analysis of a real reactor system to determine the pin power distribution consistent with the 
thermal hydraulic (TH) conditions of individual pins comprising the reactor system. 

 
In this paper we will show that one can avoid the inefficiency of the iterative MC 

calculations with T/H feedback taken into account by using the approximate real variances 
estimated by bias-predicting methods instead of the apparent variances. We will present first a 
comparison of the two bias-predicting methods; Gelbard and Prael’s batch method [4] and Ueki 
et al’s intercycle covariance estimation method (covariance method hereafter) [8], through a 
numerical experiment on variance biases in the neutronics analysis of a real 17x17 PWR fuel 
assembly and discuss how good they are in obtaining the approximate real variances. Then we 
will use the approximate real variances to devise an efficient MC power iteration scheme that 
may require the shortest possible computing time in obtaining the pin power distribution 
consistent with the T/H condition. 

 
 

Numerical Experiment on Variance Biases 
 
It is well known that the MC eigenvalue calculations based on power iteration methods are 

biased [1-7]. There are various methods designed either to determine or to reduce the biases. We 
observe that the batch method and the covariance method are easier to implement in our Monte 
Carlo neutronics code, MCCARD [9]. But we note that the performance of these methods have 
been tested for rather simplified neutronics problems instead of the real neutronics problems. In 
case of Ueki et al’s method, it is tested for the keff bias estimate only, even though it can also be 
applicable to the power density biases. To make comparison of the effectiveness of the two 
methods, we perform here continuous energy MC keff and pin power distribution calculations for 
the 17x17 Type-A FA of the small pressurized water reactor, SMART, in Figure 1A on the 
octant symmetry using the MC-CARD code. 

 
To estimate the real variances of the keff and individual pin power densities, we conduct 

100 independent MC runs with each MC run based on 25,000 particle histories per cycle on 700 
cycles including 200 settling cycles. The real and apparent variances of either keff or individual 
pin power densities are estimated by 
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where M denotes the number of the independent MC replicas and i
jq  denotes the MC estimates 

of either keff or pin power densities at the cycle j in the ith MC run. The apparent variances as 
well as approximate real variances from a single MC run by the two bias-predicting methods are 
compared with the estimated real variances from 100 MC runs. 
 
 
 
 
 
 
 
 
 
 

 

Table 1 shows the keff estimate of the FA and the associated real variance, 2
Rσ , from Eq. (1). 

2
,R estσ  stands for the approximate real variance of keff  estimated either by the batch method or 

by the covariance method. The three most common keff estimators such as collision estimator, 
absorption estimator and the track-length estimator give practically the same estimates on keff, 
reflecting that they are unbiased estimators. The apparent variance of keff by a single MC run is 
shown to underestimate the real variance, particularly in the collision and absorption estimates 
for keff. The batch method and the covariance method predict the approximate real variance in 

Figure 1A. Layout and Composition of the Type-A Fuel Assembly

Figure 1B. Layout and Composition of the SMART Core



good agreement with the real variance. The larger the batch size, the better the approximate real 
variances. In case of the covariance method, the results in Table 1 indicate that the approximate 
real variance estimated with the correlation length of 20 is the closest to the real keff variance. 
 
 

Table 1. Comparison of two bias-predicting methods for variance estimation of keff 

Collision Estimator keff Estimator 
 Sample  
 Variance Estimate Method keff Rσ  ,R estσ  2 2

,R R estσ σ  

No Correlation  2.20E-04 1.27 
10 cycles/batch 2.30E-04 1.22 

20 cycles/batch 2.37E-04 1.18 
Gelbard's 
 Method 

50 cycles/batch 2.41E-04 1.16 
10 lag covariance 2.39E-04 1.17 
20 lag covariance 2.46E-04 1.14 

Ueki's 
 Method 

50 lag covariance 

0.99824 2.80E-04 

2.41E-04 1.16 

Absorption Estimator keff Estimator 
 Sample 
 Variance Estimate Method keff Rσ  ,R estσ  2 2

,R R estσ σ  

No Correlation 2.16E-04 1.11  
10 cycles/batch 2.22E-04 1.08  
20 cycles/batch 2.22E-04 1.08  

Gelbard's 
 Method 

50 cycles/batch 2.24E-04 1.07  
10 lag covariance 2.29E-04 1.05  

20 lag covariance 2.26E-04 1.06  
Ueki's 

 Method 
50 lag covariance 

0.99823 2.40E-04 

2.42E-04 0.99  

Track Length Estimator keff Estimator 
 Sample 
 Variance Estimate Method keff  Rσ  ,R estσ  2 2

,R R estσ σ  

No Correlation 2.86E-04 1.05  
10 cycles/batch 2.88E-04 1.04  

20 cycles/batch 2.91E-04 1.03  
Gelbard's 
 Method 

50 cycles/batch 2.94E-04 1.02  
10 lag covariance 2.86E-04 1.05  
20 lag covariance 2.91E-04 1.03  

Ueki's 
 Method 

50 lag covariance 

0.99823 3.00E-04 

3.19E-04 0.94  
 
 

Figures 2A to 2C show a comparison of estimaties on individual pin power densities and 
the associated variances. Like the case of keff estimate, the apparent variances from a single MC 
run underestimate the real variances of the pin power estimates. In contrast to the case of keff 
estimate, however, the difference between the real and apparent variances of the individual pin 
power density estimates is observed to be much larger than that of keff. In several fuel pins, the 
apparent variances are observed less than half of their real variances. Results in these figures 



show that both the batch method and the covariance method can produce approximate but fairly 
good estimates for the real variances of pin power density estimates. The larger the batch size or 
the correlation length is, the better the approximate real variances of individual pin power 
densities result from the batch method or covariance method. 

 

 

Figure 2A. Comparison of Variance Estimations on Normalized Pin Power Densities 

(The case of 10 inter-cycle correlations or 10 batch size) 
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Figure 2B. Comparison of Variance Estimations on Normalized Pin Power Densities 

(the case of 20 inter-cycle correlations or 20 batch size) 
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MC Neutronics Calculations with T/H Feedback 

 
The neutronics analysis of a real reactor system generally requires repeating the neutronics 

calculations several times until the resulting power distribution as well as keff matches the T/H 
condition of the system. Because even a single MC run for the power distribution calculation is 
very time-consuming, it is desirable to devise an efficient MC iterative scheme that can reduce 
the computational time required for the repeated MC neutronics calculations. In this section, we 
will demonstrate that one can devise an efficient MC power iteration scheme by utilizing the 
standard error, i.e., the square root of the approximate real variance, as a convergence criterion 
for the pin power distribution. 

 
Figure 3 displays an iterative MC power calculation flowchart. It is similar to the one 

adopted by the deterministic neutronics codes but differs from them in that the whole MC 
iteration process is divided into two stages: I and II. The stage I MC iterations are designed to 
determine the T/H condition that matches the power distribution of the system as quickly as 
possible using rather coarse MC power distribution calculations. The MC power distribution 
calculations in stage I are performed by generating the smaller number of particle histories than 
more refined stage II MC calculations either by taking the number of particle histories per cycle 
or the total number of cycles per MC run as small as possible. The resulting coarse MC power 
distribution is used to determine the intermediate T/H condition, which in turn is used for the 
MC power distribution calculation in the subsequent MC iteration. When the difference between 
the T/H conditions of two consecutive MC iterations satisfies the preset convergence criterion 

Figure 2C. Comparison of Variance Estimations on Normalized Pin Power Densities 

(The case of 50 inter-cycle correlations or 50 batch size) 
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on the T/H condition, the stage II MC iteration is switched on for more refined MC power 
distribution calculation and the T/H calculation in turn. 
 

 
The stage I and II MC iterations are characterized by such parameters as the number of 

neutron histories per cycle (NNHC), the number of cycles at the initial iteration (NCYI) at the 
stage I, and the number of cycles per MC run (NCYL). These parameters determine the 
computational condition of the MC calculations and affect the convergence of T/H condition 
and the MC computing time as well. The NCYL in the stage I starts with NCYI and increases as 
iterations progress with increasing iteration index i by i times NCYI. The MC power 
distribution and the T/H condition from the earlier MC iterations before the final convergence 
are intermediate results. Thus the stage I iteration scheme is devised in such a way that one 
spends less computing time for determining the intermediate results on the MC power and the 
T/H conditions at the earlier iterations than the computing time for determining the converged 
results at the later iterations. The stage II iteration is designed not only to confirm whether the 
converged T/H condition from the stage I matches the power distribution from more refined MC 
calculation but to obtain the T/H condition consistent with the power distribution from refined 
MC calculations. Unlike the case of the stage I, therefore, the NCYL at the stage II is set fixed 
so that the MC power distribution as well as the multiplication factor are determined with 
acceptable standard deviation. 

 
The bold-framed diamond in Figure 3 specifies the convergence criteria. We tested three 

different criteria: 
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Figure 3. Flowchart of Iterative MC Neutronics Calculation with Thermal Hydraulic Feedback
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k
lT (k=i or i+1) is the temperature of the cell l at the kth MC run. The criterion I terminates 

the iterative MC runs when the maximum cell temperature difference between two consecutive 

MC runs is less than the set value T∆ . Note that this is the criterion adopted by most of the 

deterministic codes. Because of the standard errors associated with k
lT (k=i or i+1), the criteria 

II and III are designed to account for them. These two criteria terminate the MC iteration when 

the maximum cell temperature difference between two consecutive MC runs is less than T∆ or 

less than α  times the standard error Aσ  (case II) or ,R estσ (case III) of i 1
lT + . α  here 

determines the confidence level of i 1
lT +  estimate determined from MC pin power distribution 

and are chosen 3 here. 
 
The effectiveness of the three convergence criteria for the iterative MC scheme in Figure 3 

is examined by the MCCARD analysis for the 17x17 Type-A FA and SMART core. The T/H 
conditions of the FA are specified by the temperatures of the fuel pellet and cladding of each 
radial and axial fuel pin segment, and water coolant temperature along each coolant channel. 
The temperature convergence limits on the fuel cells and the water coolant cells are set as 

oT(fuel) 5 K∆ ≤  and oT(coolant) 2 K∆ ≤ , respectively. Figure 4 shows the T/H convergence 

characteristics of the iterative MC calculations in terms of the maximum fuel cell temperature 
difference between two consecutive MC iterations as a function of iteration index. It is noted 
that the convergence criterion I requires the most MC iterations, while the convergence criterion 
III the least MC iterations, to produce the MC pin power distribution consistent with the T/H 
condition within the preset criteria. The error bars attached at the end of each iteration scheme 

denote 3 ,R estσ  of the limiting fuel cell temperature exhibiting the maximum T(fuel)∆ . Note 

that ± 3 ,R estσ correspond to the 99.7 % confidence range that the true mean fuel temperature 

lies about the estimated fuel cell temperature. Therefore, once the temperature estimate of the 
limiting fuel cell comes in this range, it may be in vain to continue the MC iterations in order to 

reduce the maximum T(fuel)∆  further. For 99.7 % of the new temperature estimates from the 

continued MC power iteration remains in this range and consequently the maximum T(fuel)∆  

may either fluctuate or show very slow convergence since then. This is clearly noted in the MC 
iterations based on the convergence criterion I in Figure 4. The convergence criterion II 
terminates the MC iterations earlier than the convergence criterion I. Because the apparent 
variances underestimate the real variances and the standard errors accordingly, however, the 
convergence criterion II still causes more MC iterations than are necessary as demonstrated in 
the case with convergence criterion III. 

 



 
Figure 5 shows a comparison of the radial pin power distributions from iterative MC 

calculations based on the convergence criteria I and III. It is observed that two convergence 
criteria affect a lot the total number of the required MC iterations but that they do not have any 
noticeable effect on the results of the converged power distributions. 
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Figure 5. Comparison of Normalized Pin Power Distributions for the Fuel 
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For further examination of the effectiveness of the convergence criteria, the MC core 

neutronics calculations with T/H feedback are performed to determine the core multiplication 
factor (keff) and the fuel pin and fuel assembly normalized power distributions in SMART PWR 
in the hot full power (HFP) condition at the beginning of its life. The core MC calculation is 
conducted on the octant symmetry, employing 100,000 particle histories per cycle with 100 
cycles for NCYI and 1,000 cycles for NCYL of the second stage MC iterations. The reactor is 
axially divided into 15 segments in which 10 equal-length segments account for the active core 
height, and 3 segments at the top and 2 segments at the bottom of the core represent the top and 
bottom reflectors. The pellet, gap, and cladding associated with each fuel pin are treated as 
individual computational cells. For simplicity of T/H calculation and consideration of the 
computer memory, the water coolant in each axial segment of a fuel assembly is treated as a 
single computational cell. This division of the reactor leads to a total of 35,330 MC 
computational cells. Figure 6 shows the fuel temperature convergence characteristics of the 
iterative MC calculations for the SMART core. As observed already in the FA analysis, the 
criterion III allows one to avoid the unnecessary MC iteration and thus enhance the efficiency of 
the iterative MC calculations significantly. Figures 7A to 7B show the normalized assembly 
power distributions and the radial pin power peaking factors of the individual FA’s, respectively, 
in the SMART core from two MC calculations with two different convergence criteria I and III. 
The determination of the pin and FA power distribution from the criterion III required the 
smaller number of MC iterations than that from the criterion I. But the power distributions from 
the two MC calculations are strikingly similar to each other. 
 

Figure 6. Convergence Characteristics of the Fuel Temperatures for the SMART Core. 
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Summary 

 
The neutronics analysis of the real reactor system by the deterministic or the stochastic 

method requires the iterative power distribution and T/H calculations in order to determine the 
power distribution consistent with the T/H condition of the system. Because even a single MC 
power calculation costs the excessive computing time, the iterative MC computational scheme 
along with the power and T/H convergence criteria need be designed toward the maximum 
efficiency. As a way to attain the desired efficiency, we devised a MC power and T/H iteration 
scheme along with the convergence criteria including the standard errors of the MC pin power 
estimates. We demonstrated the efficiency of the iterative MC calculation scheme in terms of 
neutronics analysis of the real reactor system. We also demonstrated the importance of 
correcting the variance biases of the pin power density estimates ae well as the keff estimates 
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Figure 7A. Normalized Fuel Assembly Power Distribution for the SMART Core. 
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Figure 7B. Assemblywise Pin Peaking Factor for the SMART Core. 



from a single MC run in attaining the desired efficiency of the MC power iteration. The MC 
neutronics calculations have not been mature enough for the reactor designers to adopt the MC 
power and T/H iterations. With the ever-advancing computer technology in terms of memory, 
speed, networking and parallel computing, however, the results in this paper will be useful for 
the real reactor problems that may call for MC nuclear analysis. 
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