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Abstract
In this paper, a FEM-based mesh free method with a probabilistic node generation technique

is presented. In the proposed method, all computational procedures, from the mesh generation
to the solution of a system of equations, can be performed seamlessly in parallel in terms of
nodes. Local finite element mesh is generated robustly around each node, even for harsh bound-
ary shapes such as cracks. The algorithm and the data structure of finite element calculation
are based on nodes, and parallel computing is realized by dividing a system of equations by
the row of the global coefficient matrix. In addition, the node-based finite element method is
accompanied by a probabilistic node generation technique, which generates good-natured points
for nodes of finite element mesh. Furthermore, the probabilistic node generation technique
can be performed in parallel environments. As a numerical example of the proposed method,
we perform a compressible flow simulation containing strong shocks. Numerical simulations
with frequent mesh refinement, which are required for such kind of analysis, can effectively be
performed on parallel processors by using the proposed method.

1 Introduction

The finite element method (FEM) has been widely used in both academic studies and indus-
trial applications with recent rapid progress of computers. One of the advantages of FEM is
its pliable applicability for complex boundary shapes using unstructured computational grids.
Another merit is its reliability regarding solution accuracy based on mathematical backgrounds.
However, there still exists a large gap between its industrial applications and academic fun-
damental studies. One major reason is the difficulty in preparation of the input data for the
finite element analysis, i.e. mesh generation. Although complex boundary shapes can be ex-
pressed flexibly using unstructured computational grids, the grid generation itself becomes a
very difficult or time-consuming process if the geometries of the domain are very complex, or
if the degree-of-freedom of the analysis model is extremely large. In addition, the algorithm
used for mesh generation is sequential in most cases, except for a few academic studies, al-
though parallel computing is indispensable for large-scale numerical analysis [1–3]. Therefore,
the mesh generation process often becomes a serious bottleneck in large-scale parallel comput-
ing, especially when the problems require frequent mesh refinement, such as moving boundary
problems, compressible flows containing shocks, crack propagation problems, large deformation
problems [4–7].
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In order to avoid the troublesome processing of mesh generation, a number of meshless
methods have been proposed so far, in which the analysis domain is discretized without employing
any mesh or elements. Smooth particle hydrodynamics (SPH) [9], the diffuse element method
(DEM) [10], the element-free Galerkin method (EFGM) [11], the reproducing kernel particle
method (RKPM) [12], the gridless Euler/Navier-Stokes solution and the moving-particle semi-
implicit method (MPS) [13] are the typical meshless methods. However, while these methods
show excellent performance in several special fields, they have not succeeded in replacing FEM
analysis. The main reasons are that these methods cannot deal with three-dimensional complex
boundary shapes and that these methods are less reliable regarding analysis accuracy than the
FEM. Rather than being replaced by meshless techniques, mesh- or element-based methods have
remained important, and as research into meshless methods has progressed, the importance of
the mesh or elements has become clear. Concretely, the mesh or elements play an important role
in domain integration, treatment of boundary conditions, representation of dissimilar materials
and the definition of complex shapes. If meshless methods are employed, these issues must to
be addresses in a manner similar to that used in the FEM, or by more complicated techniques
than those used in the FEM.

In these circumstances, the purpose of meshless methods has changed from the original
one, that is, an easy treatment of complex boundary shapes to solving some specific problems,
which are difficult to treat by using mesh or elements. On the other hand, the problem of how
the mesh for objects of complex boundary shapes would be generated on the latest computers
remains unsettled. In order to answer the problem, various FEM-based meshfree methods have
been proposed recently, in which elements are employed for discretization of the governing
equation, but are not given explicitly. The manifold method [14], the voxel finite element
method [15], the generalized finite element method (GFEM) [16], the partition of unity finite
element method (PUFEM) [17], the extended finite element method (X-FEM) [18,19], the finite
cover method (FCM) [20] are classified into the FEM-based meshfree methods. The free mesh
method (FMM) [21–27] or the node-by-node finite element method (NBN-FEM) [29] developed
by the present authors is also a meshfree method intended for particle-like finite element analysis
for problems that are difficult to handle using global mesh generation techniques, such as moving
boundaries problems, large deformation problems, the separation or unification of bodies, as well
as adaptive mesh refinement analysis, on massively parallel processors. The proposed FMM
or NBN-FEM is a node-based finite element method which employs a local mesh generation
technique and a node-by-node algorithm in finite element calculation. While the method has
theoretical foundations and potentiality for handling complicated boundary shapes in accordance
with finite elements, the proposed method can also overcome difficulties involving the distortion
of elements in such problems by employing a node-based approach.

The FMM or NBN-FEM aims at seamless computing from CAD models to the final nu-
merical solutions in parallel environments. In the present method, both pre-processing and
main-processing of finite element analysis can be parallelized in terms of nodes, where the pre-
preprocessing involves the local mesh generation and the main-processing indicates and the
construction of system of equations and the solution of it. The method is quite suitable for
massively parallel environments, while general commercial parallel mesh generation codes can
use only ten processors at most. In addition, we also present a probabilistic node generation
technique, by which we can achieve complete parallel processing from CAD models to the results
of numerical simulation. In this paper, we give a probabilistic node generation technique with
a summary of algorithm of the FMM or NBN-FEM. And finally, we show an application of the
proposed method in computational fluid dynamics.
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2 Free mesh method: Node-based finite element method

The free mesh method (FMM) or node-by-node finite element method (NBN-FEM) is a node-
based finite element method, which features a node-based local mesh generation and a node-by-
node finite element calculation. In the conventional finite element method (FEM), element-level
coefficient matrices and right-hand vectors are calculated in an element-by-element manner. The
global system of equations is obtained by assembling these element-l evel matrices and vectors.
On the other hand, the FMM or the NBN-FEM calculates all of non-zero components of the
global coefficient matrices and the right-hand vector associated with each node in a node-by-node
manner.

In the FMM or the NBN-FEM, the concept of the mesh in conventional FEM is represented
by the node-based data structure of the connectivity between the central node and satellite nodes
associated with the central node (Fig.1). Both pre-processing and main-processing are performed
in a node-by-node manner, and both pre-processing and main-processing can be parallelized in
terms of nodes.

Although the present method still employ elements, the methods can be regarded as meshfree
methods [27], because no mesh is required as input data. Indeed, recent finite element programs
allow users to describe problems using CAD systems and require no finite element mesh as
input data. However, the primary difference between the proposed method and these finite
element programs is that the mesh generation is performed in a local area around each node,
and therefore both pre-processing and main-processing can be handled seamlessly based on nodes
in parallel environments. Therefore, the frequent mesh refinement analysis can be conducted by
only distributed nodes appropriately in the analysis domain. Thus, we place the analysis using
the proposed node-based method as a particle-like finite element analysis.

Nodes

Surface patch

Central node

Satellite node

Satellite element

Figure 1: Surface patches and nodes

2.1 Outline of the algorithm

The FMM begins by appropriately distributing nodes in the analysis domain that are to be
analyzed. Figure 2 shows the basic concept of the FMM. First, a node Pi among the distributed
nodes is designated as a central node. Then, local mesh is generated the around central node Pi

using a local mesh generation technique described later. An element formed by the local mesh
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is called a satellite element and is associated with the central node Pi, and a node of a satellite
element, other than the central node is referred to as a satellite node. Local meshes around each
node must be generated under the constraints that the edge of satellite elements do not cross
each other and the analysis domain is covered completely by local meshes. If this condition is
not satisfied, as shown in Fig. 3, the satellite elements are referred to as inconsistent. This
inconsistency must be avoided in order to secure the theoretical foundations of the FEM.

After the local mesh generation, the components of the global coefficient matrix associated
with the central node Pi are calculated by integrating all the satellite elements around Pi. The
above process is repeated for all nodes. Finally, a global system of equations is obtained when
the repetition is finished.

Here, several techniques have been proposed for local mesh generation so far. However,
we employ exclusively a local mesh generation technique based on the gift-wrapping method,
recently, because this technique is robust enough for complex shapes and considerably fast in
terms of the computational time compared to other local mesh generation technique.

Satellite element

Central node

Satellite node

Other node

S1

S6

S5

S4
S3

S2

Pi

e1

e6

e5

e4e3

e2

Pi S1 S2

Pi

S1

S2

Local matrix of e1

Pi S6 S1

Pi

S6

S1

Local matrix of e6

Pi S2 S3 S4 S5 S6S1

Assembled into

Global matrix

associated with Pi

(i)

(i)
S1

S3 S2

Global matrix

Pi

Figure 2: Node-based data structure of the global matrix in the FMM
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S1 S6

S2

S3 S4

P1 P2(S5)

P1

P2

Satellite elements 

associated with P1

Satellite elements 

associated with P2

Figure 3: Inconsistency in satellite elements

2.2 Local mesh generation algorithm based on the gift-wrapping method

In the present study, the local mesh around each node is generated based on the gift-wrapping
method [31, 32] and a modification thereof. While the gift-wrapping method is very suitable
for massively parallel computing, this method involves numerous geometrical operations, which
require considerable computational time. In order to reduce the heavy computational task
involved in geometrical operations, we introduced multi-level buckets by which to search the
neighboring points. Furthermore, we modified the algorithm of the gift-wrapping method in
order to generate local mesh for complex boundary shapes robustly in parallel environments.

The gift-wrapping method is one of the algorithms by which to calculate a triangle of De-
launay triangulation (DT) in a one-by-one manner. In other words, the gift-wrapping method
is based on a straightforward procedure for growing a d−simplex from a (d−1)−simplex. Thus,
the algorithm is well suited to massively parallel computing, because the algorithm has high
localness in terms of space.

Suppose that triangle abc in Fig. 4 is a part of known DT. Next, we consider how to obtain
an adjacent Delaunay triangle on the left side of segment bc (Fig. 4 (i)). First, we consider the
circumcircle of the triangle abc, as shown in Fig. 4 (ii). Secondly, we move the circle as shown
in Fig. 4 (iii) until the circle meets some node, as shown in Fig. 4 (iv). When the moving circle
meets node d, the node makes a Delaunay triangle together with the nodes b and c, because the
circle is nothing more than the largest empty circle at this time. Briefly, the adjacent Delaunay
triangle is obtained by making a triangle using segment bc of the known DT and the nearest node
in the left side of segment bc. This Delaunay triangle is determined uniquely by the distribution
of nodes.

However, the Delaunay triangulation described above is determined using only data of coor-
dinates of nodes, so that boundary shapes involving reentrant angle cannot be treated, for exam-
ple. In order to deal with these shapes, the constrained Delaunay triangulation (CDT) [33–35],
which divides the given domain into Delaunay-like triangulations with conforming constraint of
surface patches as shown in Fig. 5, was proposed. We have developed a new algorithm to obtain
constrained Delaunay triangulation based on gift-wrapping method in a node-based manner.
For details of the algorithm, see [28,29].
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(i) (ii)

(iii) (iv)

Figure 4: Gift-wrapping method (DT)

(i) (ii)

Figure 5: Gift-wrapping method (CDT)
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2.3 Node-by-node algorithm and parallelization based on nodes

The proposed method consists of a node-by-node procedure in local mesh generation and con-
struction of the global matrix. In other words, the global matrix is constructed in a row-by-row
manner, as shown in Figs. 2 and 6. The non-zero components of the global matrix in the row of
a node correspond to the components derived from the satellite nodes associated with the node.

The final system of equations obtained by the present node-by-node procedure is equivalent
to that obtained by the element-by-element procedure of the conventional FEM. However, the
difference between the two procedures arises at the stage of parallel computing. Figure 7 (a)
shows an element-based domain decomposition for parallel computing, where the global matrix
should not be constructed explicitly, but rather parallel computing should be performed on an
element-by-element basis [30].

On the other hand, a node-based domain decomposition is employed in the proposed method,
as shown in Fig. 7 (b). In the present study, the nodes in the analysis domain are classified
into two categories: communication-independent nodes and communication-dependent nodes.
Communication-independent nodes are defined as nodes which do not require communication be-
tween processors when the parallel computing is performed; whereas communication-dependent
nodes are defined as nodes which require the communication between processors. Figure 8
shows communication-independent and communication-dependent nodes. Parallel efficiency can
be improved by dividing the nodes into these two categories.

The node-based partition of computational loads among multiprocessors shown in Fig. 7 (b)
corresponds to the row-based division in parallel calculation of the product of a matrix and a
vector, as shown in Fig. 9. Communication between processors is required when satellite nodes
associated with a central node exist in the processors other than the processor in which the
central node exists, as shown in Fig. 10. In the figure, the satellite nodes S1 and S6 exist in
a different processor than the processor in which the central node Pi exists. Therefore, inter-
processor communication is required regarding S1 and S6 when the product of a matrix and
a vector is calculated. These satellite nodes are referred to as external satellite nodes in this
study. Satellite nodes other than the external satellite nodes are referred to as internal satellite
nodes. In Fig. 9, the internal satellite nodes correspond to the components of the matrix marked
with white circles; whereas the external satellite nodes correspond to the components marked
with gray triangles. The central nodes correspond to the diagonal components of the matrix.
Inter-processor communication is carried out regarding the components marked by triangles in
Fig. 9.
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Read input data. 

(Surface patches, coordinates of nodes and boundary conditions) 

Generate local mesh around the central node. 

Pick up a single node among all nodes and is 
designated as a central node. 

Calculate the components of the local coefficient 

matrix corresponding to the central node. 

For each node within the analysis domain 

For each satellite element associated 

with the central node  

Assemble the above obtained components into the row 

of the global coefficient matrix corresponding to the 

central node. 

Obtain the complete components of the global 

coefficient matrix corresponding to the central node. 

Obtain the complete global coefficient matrix 

Node-by-node 
assembling procedure 

Figure 6: Node-by-node finite element assembling procedure
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Figure 7: Domain decomposition for parallel computing: (a) Element-based partition; (b) Node-
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Figure 9: Parallelization of product calculation of matrix and vector
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Figure 10: Internal and external satellite nodes.
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3 Probabilistic node generation technique

It is often said that the preparation of an input data for meshfree methods is much easier than
it for the FEM, because analysts need only to prepare the points as an input data instead of
the finite element mesh. However, the solution reliability is greatly affected to the placing of
points in meshfree methods, and the preparation of an input data of good-nature is a difficult
matter in practice. If the distribution of points is ill-natured, the solution accuracy deteriorates
considerably. In the case of the present FMM or NBN-FEM, the distribution of input points
is very important for obtaining good-natured finite elements. Here, good-nature means that the
generated local elements are not distorted. In order to obtain such good-natured local elements,
the generating points of centroidal Voronoi tessellations (CVT) are very useful. Centroidal
Voronoi tessellations are Voronoi tessellations of a region such that the generating points of
the tessellations are also the centroids of the corresponding Voronoi cells [36]. Therefore, if
the generating points of CVT are employed for nodes of finite element mesh, very good-nature
elements can be obtained.

3.1 MacQueen’s method

Several methods are available to obtain generating points of CVT. Among them, the following
MacQueen’s method is a very elegant probabilistic method to obtain them. The method can
obtain generating points of CVT without any numerical integration, which is a very heavy
operation for computers. Furthermore, another great advantage of the MacQueen’s method is
that it can be easily parallelized [36]. This is a very important feature when massively parallel
finite element computing is carried out. Since the FMM or NBN-FEM performs local mesh
generation and finite element calculation in a parallel manner, it is strongly desirable that node
generation is also performed in parallel.

Algorithm 1 (MacQueen’s method)
Let Ω be analysis domain and k be total number of points which will be generated,
1. define a probability density function ρ(x) for all x ∈ Ω;
2. choose an initial set of k points {zi}k

i=1 in Ω by using a Monte Carlo method); set ji = 1 for
i = 1, · · · , k.
3. determine a sampling point y in Ω at random by a Monte Carlo method according to the
probability density function ρ(x).
4. find a zi∗ amond {zi}k

i=1 that is the closest to y.
5. set

zi∗ ← ji∗zi∗ + y

ji∗ + 1
and ji∗ ← ji∗ + 1 (1)

the new zi∗ , along with the unchanged {zj}, j 6= i∗, form the new set of points {zi}k
i=1;

6. if the new set of points meet some convergence criterion, terminate; otherwise, return to step
3.

Here, the rejection method is employed to determine random points in an analysis domain
Ω [37,38]. The rejection method in the two-dimensional space is written as follows:

Algorithm 2 (Rejection method)
Let Ω ⊂ R2 be the analysis domain, 1. determine an enclosing rectangle D = [a, b]× [c, d] such
that Ω ⊂ D and whose sides are parallel to the coordinate axes;
2. define a probability density function ρ(x, y) on Ω; Set ρ̂ = max(x,y)∈Ωρ(x, y);
3. determine points X ′ and Y ′ at random in [0, 1]; set X = a+(b− a)X ′ and Y = c+(d− c)Y ′;
if (X, Y ) /∈ Ω, then determin X ′ and Y ′ at random again;
4. determine a value U in [0, 1]; if U < ρ(X,Y )/ρ̂, then the point (X, Y ) is adopted; otherwise,
return to step 3.
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In this paper, we assume that mere ’Monte Carlo method’ means to select a constant in the
above Algorithm 2.

3.2 Node generation for finite element analysis

While the MacQueen’s method has great advantages that it requires no numerical integration
and it can be easily parallelized, it can not directly be applied for node generation technique for
finite element analysis. The first reason is that the MacQueen’s method does not have concept of
constraining points to the boundary of the analysis domain. In the same way as the constrained
Delaunay triangulations are employed to fit Delaunay tessellations to boundary shapes, we need
to constrain the points at the boundary of the analysis domain. The second reason is that the
convergence speed of the MacQueen’s method is very slow. Especially, this becomes a fatal
disadvantage in the problems where frequent mesh refinement is required. Finally, the third
reason is that the MacQueen’s methods control the density of points by using a concept of the
probability. From engineering point of view, it is convenient to control the density of nodes
by intervals of nodes. Therefore, we introduce the idea of nodal interval function instead of a
probability density function.

3.2.1 Node generation on the boundary

First, we introduce an idea of surface patch in order to represent the boundary shapes of the
analysis domain. The surface patch is a set of segments which surrounds the analysis domain
as shown in Fig. 1. Then, we define the nodal interval function D(x, y) on the analysis domain.

The nodes on the boundary of the analysis domain are generated as follows. Let Pa be
starting point and Pb be end point of one of the segments of surface patch, respectively. And let
l = Pa Pb be the length of the segment Pa Pb, θ be the angle between Pa Pb and x-axis. Then,
we calculate Nb and ∆total by

∆total = l −
Nb∑

α=0

D(P̂α)

such that
Nb∑

α=0

D(P̂α) ≤ l and
Nb+1∑

α=0

D(P̂α) > l

(2)

Here Nb is the number of nodes which will be generated on this segment Pa Pb. ∆total is a
gap between end point Pb and the final generated point when the points are generated strictly
under the condition of nodal interval function D(x, y). In this study, we distribute this gap to
each interval of generating points based on proportional allotment.

Now, we assume P0 = Pa and calculate temporary points hatPα by

P̂0 = P0 = Pa

P̂α = P0 +




α−1∑

β=0

D(P̂β) cos θ


 i +




α−1∑

β=0

D(P̂β) sin θ


 j (1 ≤ α ≤ Nb)

(3)

Here, a node is generated on the Pa and no node is generated on the Pb in order to avoid the
overlap of nodes on the terminal of the segment, because the surface patch is a set of segments
surrounding the analysis domain.

As mentioned above, ∆total is a gap between the length of Pa Pb and the sum of interval of
nodes under strict constriction to the nodal interval function D(x, y). We distribute this gap
∆total to each interval of nodes according to the following equation:

Pα = P̂α + (∆α cos θ) i + (∆α sin θ) j (4)
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where i and j are unit vectors of x-axis and y-axis, respectively. Furthermore,

∆α =
D(P̂α)

Nb∑

β=0

D(P̂β)

∆total (5)

We can obtain Pα(α = 0, · · · , Nb) as a final boundary nodes.

3.2.2 Node generation within the boundary

After generation of nodes on the boundary, we generate nodes within the surface patch. At first,
we estimate the number of nodes, which will be generated, using a following equation:

Nd =
∫∫

Ω

3
πD(x, y)2

dx dy (6)

Furthermore, the probability density function ρ(x, y) in the MacQueen’s method is defined
as follows:

ρ(x, y) =
Dmin

D(x, y)
where Dmin = min(x,y)∈Ω D(x, y)

(7)

Namely, the probability density function ρ(x, y) takes a value 1.0, where the nodal interval
function takes the minimum value. After generation of boundary nodes on the surface patch,
we generate internal nodes based on the following modified MacQueen’s algorithm.

Algorithm 3 (Modified MacQueen’s method)
Let Ω be analysis domain and k be total number of points which will be generated,
1. define a probability density function ρ(x, y) for all (x, y) ∈ Ω based on nodal interval function;
2. generate Nb boundary nodes {pi}Nb

i=1 in Ω by using Eq. (4)
3. generate an initial set of (Nt −Nb) points {zi}Nt

i=Nb+1 in Ω by using a Monte Carlo method;
set wi = 1 for i = 1, · · · , Nt;
4. determine a sampling point s in Ω at random by a Monte Carlo method according to the
probability density function ρ(x, y), which is determined by nodal interval function D(x, y);
5. find a pn among {pi}k

i=1 that is the closest to s;
6. if pn exists on surface patch, then go to step 7; else, go to step 10; 7. find another pm among
{pi}Nt

i=Nb+1 that is the closest to s and set

s ← pn (8)

7. calculate
ptemp ← wmpm + s

wm + 1
and wm ← wm + 1 (9)

8. calculate the length l between ptemp and surface patch; if l > D(ptemp) then set pm ← ptemp ;
else, set pm ← pm (pm is not moved);
9. the new pm, along with the unchanged {pi}, i 6= m, form the new set of points {pi}Nt

i=1; go to
step 12;
10. set

pn ← wnpn + s

wn + 1
and wn ← wn + 1 (10)

11. The new pn, along with the unchanged {pi}, i 6= n, form the new set of points {pi}Nt
i=1;

12. if the new set of points meet some convergence criterion, terminate; otherwise, return to
step 4.
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In the original MacQueen’s method, the generating point of Voronoi tessellations closest to
a sampling point is searched, and the searched point is moved according to Eq. (1). However, if
the searched point consists of surface patch, the point cannot be moved, because the boundary
shape will be distorted if the point is moved. Therefore, in this study, when the closest point
exists on the surface patch, the point is not moved. Then, the point on the surface patch, which
is closest to the original sampling point, is regarded as a new sampling point, and the internal
node closest to the new sampling point is moved, using Eq. (9). Here, one more condition is
added in order to avoid that the point comes too close to the surface patch. Step 8 in Algorithm
3 is added for this purpose.

(a)

(b)

Figure 11: Numerical example of node generation to the crack model: (a) uniform density (2,552
nodes); (b) heighten the density around the crack tips (3,307 nodes)
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Figure 12: Analysis model and boundary condition

(a)

(b)

(c)

(d)

Figure 13: Numerical example of node generation to the wind tunnel model: (a) uniform density
(1,120 nodes); (b) heighten the desnity around the point (0.6, 0.2) (1,836 nodes); (c) heighten the
density around the point (0.0, 1.0) (1,415 nodes); (d) heighten the density around both points
(0.6, 0.2) and (0.0, 1.0) (2,123 nodes)
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4 Adaptive fluid analysis using the NBN-FEM

In this paper, we show the adaptive compressible flow simulation as an application of the present
node generation technique and the NBN-FEM. The governing equation under consideration is
the two-dimensional compressible Euler equation, which is written as

∂U

∂t
+

∂Fi

∂xi
= 0 (i = 1, 2) (11)

where

U = [ρ, ρu1, ρu2, ρε]T

Fi = [ρui, ρu1ui + pδi1, ρu2ui + pδi2, ui(ρε + p)]T

Here, the subscript i indicates the direction of the axis, and the summation convection on
repeated subscripts is assumed, u1 and u2 denote the velocity components with respect to the
Cartesian coordinate system, ρ is the density, p is the pressure, e is the specific total energy and
δij is the Kronecker delta. In order to complete the system of equations, Equation (11) is added
by the equation of state of an ideal gas,

p = (γ − 1)ρ(ε− 1
2
u2

i ) (12)

where γ is the ratio of specific heats.
In this study, we employ the node-based version of the two-step Taylor-Galerkin method as

a numerical scheme [29]. In addition, we employ use a mesh refinement indicator as follows:

θe = Ae

∫

Ωe

∇ρ∇ρ dΩ (13)

Then, we relate the nodal interval function D(x, y) to the mesh refinement indicator θe as follows.
Let Dmin be the minimum value of the nodal intervals and Dmax be the maximum value. On
the other hand, let θmax be the maximum value of the mesh refinement indicator. The minimum
value of the mesh refinement indicator is 0. For the value of the mesh refinement indicator θ,
the nodal density D̂ = 1/D is determined as follows:

(D̂ − D̂min) : (D̂max − D̂min) = θ : θmax (14)

Solving Eq. (14) regarding D̂, we obtain

D̂ =
(D̂max − D̂min)θ

θmax
+ D̂min (15)

Rewriting Eq. (15) using D = 1/D̂, we obtain

D =
θmaxDminDmax

(Dmax −Dmin)θ + Dminθmax
(16)

The nodal interval field D is obtained using Eq. according to the mesh refinement indicator θ
in the range from Dmin to Dmax .

5 Numerical example

5.1 Node generation

The test model is a square region including two cracks as shown in Fig. 11. The length of edge
of square is 10.0 and crack tip locates the point (3.0, 5.0) and (7.0, 7.0). The nodal interval
function D(x, y) is defined as follows:
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The functions f0, f1 and f2 are defined as

f0(x, y) = 0.2 (17)
f1(x, y) = 0.02× {

(x− 3.0)2 + (y − 5.0)2
}

+ 0.1 (18)
f2(x, y) = 0.05× {

(x− 7.0)2 + (y − 7.0)2
}

+ 0.1 (19)

In Fig. 11 (a), D(x, y) is defined as
D(x, y) = f0 (20)

In Fig. 11 (b), D(x, y) is defined as

D(x, y) = min[f0, f1, f2] (21)

The function f0 determines base distance of nodes, and functions f1 and f2 heighten the
density around the point (3.0, 5.0) and (7.0, 7.0), respectively. The numbers of nodes generated
are 2,552 nodes in Fig. 11 (a) and 3,307 nodes in Fig. 11 (b).

Another test model is a wind tunnel containing a step as shown in Fig. 12. This test model
is used in adaptive CFD simulation in the next subsection. The nodes generated by the present
node generation technique are shown in Figure 13. Here, the nodal interval functions D(x, y)
employed here are defined as follows:

First, we define functions f0, f1 and f2

f0(x, y) = 0.1 (22)
f1(x, y) = 0.2× {

(x− 0.6)2 + (y − 0.2)2
}

+ 0.01 (23)
f2(x, y) = 0.05× {

(x2 + (y − 1.0)2
}

+ 0.02 (24)

In Fig. 13 (a), D(x, y) is defined as
D(x, y) = f0 (25)

In Fig. 13 (b), D(x, y) is defined as

D(x, y) = min[f0, f1] (26)

In Fig. 13 (c), D(x, y) is defined as

D(x, y) = min[f0, f2] (27)

In Fig. 13 (d), D(x, y) is defined as

D(x, y) = min[f0, f1, f2] (28)

Namely, function f0 determines base distance of nodes and interval of nodes does not exceed
the value determined by this function. The function f1 is used for heightening the density of
nodes around the point (0.6, 0.2). That is, the nodal interval is shortened in proportion to a
quadratic function. However, a constant is added in order to avoid the value 0 at the point
(0.6, 0.2). The function f1 takes the value 0.01 at the point (0.6, 0.2).

In the same way, the function f2 is used for heightening the density of nodes around the
point (0.0, 1.0) and takes value 0.02 at the point (0.0, 1.0). The numbers of nodes generated are
1,120 nodes in (a), 1,836 nodes in (b) and 1,415 nodes in (c) and 2,123 nodes in (d), respectively.
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5.2 Adaptive CFD simulation

An example considered herein is supersonic flow over a forward facing step, which has been
investigated previously by Woodward and Colella [39]. This problem involves strong shocks
and is often computed in order to evaluate the performance capturing these strong shocks. The
analysis model and boundary conditions are shown in Fig.12. The fluid in the tunnel is assumed
to be air, and a ratio of specific heats of γ = 1.339 is used. The speed of inflow is set to be
Mach 3. The initial conditions are similar to those considered by Woodward et al. [39]. The
treatment of boundary conditions within the finite element framework remains as a matter for
further discussion [40]. In the present study, the boundary conditions are treated as follows.
The boundary conditions of density and momentum at the inflow are given as

ρ = 1.0, ρu1 = 3.0, ρu2 = 0.0 (29)

where the acoustic speed is assumed to be 1.0. The specific total energy at the inflow boundary
is determined by

e =
c2

(γ − 1)γ
+

1
2
(u2

1 + u2
2) ≈ 6.2915 (30)

Here, γ = 1.339 and c = 1.0 are substituted. The boundary condition at the wall is the slip
condition, namely,

u · nw = 0 (31)

where nw is the outward normal vector of the wall. At the singular corner of the step, a 45
degree angle constraint condition is imposed for the velocity direction.

Fig. 14 (a) to (c) show density contours at dimensionless time t = 0.05, 1.0, 2.0. Fig. 15
(a) to (c) show the nodes generated according to the mesh refinement indicator, respectively.
In this computation, Dmin = 0.005 and Dmax = 0.05 are employed. Finally, Fig. 16 (a) to (d)
show the finite element mesh at each time.
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Figure 14: Density contours: (a) t=0.05; (b) t=1.0; (c) t=2.0.

(a)

(b)

(c)

Figure 15: Nodal distribution based on mesh refinement indicator: (a) t=0.05; (b) t=1.0; (c)
t=2.0.
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(a)

(b)

(c)

(d)

Figure 16: Adaptive finite element mesh: (a) t=0.3 (3,650 nodes / 7,071 elements); (b) t=0.5
(2,710 nodes / 5,518 elements); (c) t=1.0 (3,582 nodes / 6,942 elements); (d) t=2.0 (4,334 nodes
/ 8,420 elements).
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6 Conclusion

A node-based finite element method with a probabilistic node generation technique is presented.
The present method conducts finite element analysis with generating local mesh independently
around each node. Therefore, all computational procedures, from the local mesh generation to
the solution of a system of equations, can be performed in parallel in terms of nodes. Local
finite element mesh is robustly generated around each node. The data structure of finite element
calculation is based on nodes, and parallel computing of a linear solver is realized by dividing a
system of equations by the row of global matrix.

In addition, a probabilistic node generation technique provides generating points of centroidal
Voronoi tessellations, which is very useful for nodes of finite element mesh. Another advantage
of this node generation technique is that it can be performed in a parallel environment.

We consider that the present method is suitable especially for parallel adaptive analysis, in
which frequent mesh refinement on distributed memory systems is indispensable
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[6] Löhner R. A parallel advancing front grid generation scheme. International Journal for
Numerical Methods in Engineering 2001; 51:663-678.

[7] de Cougny HL, Shephard MS, Ozturan C. Parallel three-dimensional mesh generation.
Computing Systems in Engineering 1994: 5:311-323.
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