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Abstract 

 
 
In recent years, the SPL equations have received renewed interest for the simulation of nuclear systems. 
We have derived the SPL equations starting from the even-parity form of the SN equations. The SPL 
equations form a system of (L+1)/2 second order partial differential equations that can be solved with 
standard iterative techniques such as the Conjugate Gradient (CG). We discretized the SPL equations with 
the finite-volume approach in a 3-D Cartesian space. We developed a new 3-D general code, PENSPL 
(Parallel Environment Neutral-particle SPL). PENSPL solves both fixed source and criticality eigenvalue 
problems. In order to optimize the memory management, we implemented a Compressed Diagonal 
Storage (CDS) to store the SPL matrices. 
PENSPL includes parallel algorithms for space and moment domain decomposition. The computational 
load is distributed on different processors, using a mapping function, which maps the 3-D Cartesian space 
and moments onto processors. The code is written in Fortran 90 using the Message Passing Interface 
(MPI) libraries for the parallel implementation of the algorithm. The code has been tested on the PCPEN 
cluster and the parallel performance has been assessed in terms of speed-up and parallel efficiency.



Introduction 
 

The SPL equations were initially proposed by Gelbard [1] in the early 1960s.  Following their 
introduction, they did not receive much attention due to weak theoretical support. Recently, the SPL 
equations have been subjected to renewed interest because they have been shown to provide more accurate 
solutions compared to the diffusion equation. Moreover, the theoretical foundations of the SPL equations 
have been significantly strengthened using a variational analysis approach in the derivation [2, 3]. 
 

We derived the SPL equations starting from the even-parity form of the transport equation. The SPL 
equations, so derived, consist of a system of second-order PDEs, characterized by an elliptic-type 
operator. This system of equations has been discretized in a 3-D Cartesian geometry using a finite-volume 
approach. The discretized form of each SPL equation can be rewritten in operator form, yielding a matrix 
with a 7-diagonal banded structure. In order to minimize memory requirements, we implemented the 
Compressed Diagonal Storage (CDS) method; with this method, only the non-zero diagonals are stored. 
The CDS approach largely reduces the memory requirements; however, the complexity of the algorithms 
for matrix-vector multiplication is increased. To solve this linear system of equations, we use the 
Conjugate Gradient (CG) technique that is a Krylov sub-space iterative approach [4]. 

 
Based on the above formulations, we have developed a 3-D parallel SPL code, PENSPL (Parallel 

Environment Neutral-particles SPL). This code is written in Fortran 90, and for parallelization we use the 
MPI (Message Passing Interface) library [6]. PENSPL solves the multigroup SPL equations in 3-D 
Cartesian geometry for fixed source and criticality-eigenvalue problems. We parallelized the spatial and 
moment variables using domain decomposition strategies. The space decomposition strategy is based on 
partitioning the 3-D Cartesian space into coarse meshes which are distributed among processors; while the 
moment decomposition strategy partitions the SPL moments among the processors. 

  
We have tested the PENSPL code on the PCPEN Cluster, operated at the Nuclear & Radiological 

Engineering at University of Florida. PCPEN is a heterogeneous-type cluster, configured with eight 
processors and 2 GByte RAM per processor; the head node features an Athlon 1.6 GHz processor, while 
the remaining processors are based on Pentium III 1 GHz architecture. The processors are interconnected 
with an Ethernet network, featuring a CISCO Switch at 100 MBit/s. 

  
In the remainder of this paper, we will briefly discuss the SPL equations and the iterative solvers 

utilized. Then, we will describe the space and moment decomposition algorithms. Finally, we will 
conclude the paper with some remarks and discussion with future work. 



 
Derivation of the SPL equations 
 

The SPL equations, for isotropic source and scattering, can be formulated as a system of second-order 
Partial Differential Equations (PDEs) [5], as follows, 
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We discretized the SPL equations in a 3-D Cartesian geometry using a finite-volume (FV) approach. 

The discretization process results in a linear system of equations as follows 
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mgkjimgkji

mgkjimgkji
mgkji dd

dd
zy

,,,,1,,,,

,,,,1,,,,
,,,,1 2

±

±
± +

∆∆−=α  

mgkjimgkji

mgkjimgkji
mgkji dd

dd
zx

,,,1,,,,,

,,,1,,,,,
,,,1, 2

±

±
± +

∆∆−=β  

mgkjimgkji

mgkjimgkji
mgkji dd

dd
yx

,,1,,,,,,

,,1,,,,,,
,,1,, 2

±

±
± +

∆∆−=γ  

kjigkjit

m
mgkji x

d
,,,,,,

2

,,,, ∆
=

σ
µ

 

 

(3) 

 
Eqs. 2 can be reformulated in an operator form, resulting into a matrix with a typical 7-diagonal 

structure. The matrices for each SPL moment are stored using the Compressed Diagonal Storage (CDS) 
method, which stores only the diagonal elements. The aforementioned linear system of equations is solved 
with the CG iterative method. 
 

The CG method proceeds by generating successive approximations to the solution, residuals 
corresponding to the iterates, and search directions used in updating the iterates and the residuals. In every 
iteration of the method, two inner products are performed in order to update the scalar quantityα that is 
defined to make the sequences satisfy the orthogonality condition given by Eq. 6. The main steps in the 
CG algorithm are as follows. First, the new iterate is updated with a multiple iα  of the search 

directions ip . 
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Then, the residuals are updated by 
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This operation minimizes the residual over all the search directions. 
 
Implementation of the SPL equations in a parallel environment 
 

We developed a new 3-D parallel code (PENSPL) based on Eqs. 2 and 3 and a CG iterative solver 
(Eqs. 4-6). PENSPL is written in Fortran 90 with the Message Passing Interface (MPI) for parallelization 
[6]. The code is designed for distributed memory architectures, where each processor has an independent 
memory bank and it is interconnected to the other processors via a network connection. The PENSPL code 
has been tested on the PCPEN Cluster. The cluster architecture consists of 8 processors with 2 GByte of 
RAM per each processor; the head node features an Athlon 1.6 GHz, while the other processors are based 
on Pentium III 1 GHz technology. The network topology is characterized by an Ethernet connection with 
linear bus, featuring a 100 MBit/s CISCO switch. Due to the heterogeneous configuration of the PCPEN 
cluster, we ran the parallel jobs using the –nolocal option in the MPI call; in this way we excluded the 
head node and assessed the performance of the code in a homogeneous system. The PENSPL code is 
parallelized with space and moment decompositions; in the next two sections we will describe the 
theoretical development and the implementation of these algorithms. 
 
Space decomposition algorithm 
 

The development of the spatial decomposition algorithm is based on partitioning the 3-D Cartesian 
geometry into sub-domains, i.e. coarse meshes [7]. Currently, we enforce the load balancing on the 
processors, by assigning an equal number of coarse meshes on each processor; if this condition is not met, 
the algorithm terminates the process, indicating a failed decomposition. It is the user’s responsibility to 
partition the space domain in order to achieve a good load balancing. The parallel mapping of the space 
domain on the processors is performed by a mapping function contained into a global array, smap. The 
space decomposition algorithm is completed by a communicator array, spcmap. Spcmap contains 
information about the interfaces between coarse meshes. Because different coarse meshes are located on 
different processors, the interfacial values must be communicated. For each coarse mesh, additional arrays 
are considered to include the boundary values that may be allocated on different processors, i.e. the 
ghostpoints. When every processor has completed the calculation on the associated sub-domain, the 
ghostpoints are exchanged. Each processor cycles through the communicator array spcmap, finding the 
information about the destination processor and the side of the coarse mesh to be communicated. For all 
the communications, we use the blocking MPI_Send and MPI_Recv commands. At the point of 



synchronization, the relative error on the flux moments is calculated on each processor and broadcasted to 
the other processors. 
 
Moment decomposition algorithm 
 

The moment decomposition algorithm partitions the calculation tasks for each moment or groups of 
moments on the available processors. The load balancing is enforced by requiring the total number of 
moments to be divisible by the total number of processors. The moments are mapped on the processors 
using a global array, mmap, which is a column vector dimensioned as the total number of moments.  

 
Once every processor has completed the calculation on the moments assigned, the moments are 

exchanged. The commap array contains information on the source (origin) and destination processor and 
the moment that has to be communicated. Fig. 1 shows a communication segment of PENSPL that 
provides the capability of communicating the even moments among processors. 
 
 1     DO i=1,nprocs*(nprocs-1)*locm 
 2       *** Send section 
 3       IF (myid==commap(i,1)) THEN 
 4         DO nz=1,nzlev 
 5           DO nc=1,tcmesh 
 6             destp=commap(i,2) 
 7             buffer(:)=psie(:,nc,nz,ng,commap(i,3)) 
 8             CALL MPI_SEND(buffer,maxfin,MPI_REAL,destp,i,MPI_COMM_WORLD,ierr) 
 9           ENDDO 
 10         ENDDO 
 11       ENDIF 
 12      *** Receive section 
 13       IF (myid==commap(i,2)) THEN 
 14         DO nz=1,nzlev 
 15          DO nc=1,tcmesh 
 16             srcp=commap(i,1) 
 17             CALL MPI_RECV(buffer,maxfin,MPI_REAL,srcp,i,MPI_COMM_WORLD,status,ierr) 
 18            psie(:,nc,nz,ng,commap(i,3))=buffer(:) 
 19           ENDDO 
 20         ENDDO 
 21       ENDIF 
 22     ENDDO 
 

Fig. 1 – Section of the code for communicating the moments among processors. 
 

As shown in Fig. 1, each processor enter the DO…LOOP (line 1), then the commap array identifies 
the source processor on line 3. Then, the source processor buffers the information to be sent (lines 4-11), 
and starts to send data (line 8). The destination processor is identified on line 13 and its communication 
instruction for receiving data is given on line 17.  
 
Note that, the maximum relative error is calculated similarly to the space decomposition algorithm. 



 
Numerical Results 
 

The model problem considered is a 10x10x10 cm 3-D cube partitioned into two z-levels and four 
coarse meshes per each z-level. A unit source is uniformly distributed in the first coarse mesh at the origin 
of the system. The boundary conditions prescribed are reflective on the planes at x=0.0 cm, y=0.0 cm and 
z=0.0 cm, and vacuum on the planes at x=10.0 cm, y=10.0 cm and z=10.0 cm. The model has been 
discretized into a total of 32,000 fine meshes. The convergence criterion on the flux moments is set to 
1.0e-5. We tested the PENSPL code in terms of speed-up and parallel efficiency, defined by Eqs. 7 and 8, 
respectively. 
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Where, p refers to the number of processors, TS is the time required by the serial calculation, while Tp 

is the time required in parallel, which includes initialization time, computational time and communication 
time. In Fig 2, we show the speed-up obtained using the space decomposition algorithm for the fixed 
source problem, with SPL order ranging from 1 to 5. The ideal speed-up refers to the case where no 
communication overhead is present, leading to perfect parallelization of the algorithm. 

 
Fig. 2 – Speed-up obtained with the space decomposition algorithm 



 
The SP1 calculation yields speed-ups of 1.9, 3.5 and 4.1 for 2-, 4- and 8-processors, respectively. The 

corresponding parallel efficiencies are 93%, 86%, and 51%. The reason for the decreasing efficiencies, 
especially for the 8 processor case is the fact that a higher order decomposition (i.e. large number of 
processors) results in the reduction of grain size, while requiring higher communication overhead. The SP3 
calculation yields speed-ups of 1.9, 3.5 and 6.8, and parallel efficiency of 94%, 88% and 85% for 2-, 4- 
and 8-processors, respectively. Again, we observe a decreasing efficiency; however, since an SP3 
calculation has higher grain size, the communication overhead is not as detrimental. The SP5 calculation 
performs the best, yielding speed-ups of 1.9, 3.6 and 6.8, with parallel efficiency of 95%, 90% and 85%, 
for 2-, 4- and 8-processor cases, respectively. Again, the diminishing efficiency can be attributed to the 
loss of granularity. 
 

In Table 1, we show the parallel performance of the moment decomposition algorithm for the same 
test problem described above. 

 
Table 1. Speed-up and parallel efficiency for the moment decomposition 

 

 

Number 
of even 
moments 

Processors Number of 
even 
moments 
per 
processor 

Speed-up Efficiency(%) 

SP-3 2 2 1 1.6 80% 

SP-5 3 3 1 2.2 74% 
SP-7 4 2 2 1.6 82% 

  4 1 2.8 70% 

 
 

For the SP3 calculation, the two flux moments are decomposed onto two processors, yielding a speed-
up of 1.6 with a parallel efficiency of 80%. In the SP5 calculation, the number of even moments is three, 
so each processor treats only one moment. Relative to the SP3 case, we have similar workload per 
processor, while requiring higher communication overhead. As a result, the SP5 case yields a speed-up of 
only 2.2 and a lower efficiency of ~74%. The SP7 calculation yields 4 moments, which can be processed 
on 2 and 4 processors. In the 2-processor case, the SP7 calculation resulted in a good speed-up of 1.6 with 
efficiency of 82%; however, in the 4-processor case again there is only one moment per processor (i.e. 
low workload), while requiring relatively large communication overhead. Consequently, this case yields a 
relatively low speed of 2.8 and efficiency of only ~70%. 
 
Conclusions 
 

We have developed a new 3-D parallel code, PENSPL. The code has been designed for distributed 
memory environments architectures. We solve the discretized form of the multigroup SPL equation with 
the CG iterative method. The code has been parallelized with space and moment decomposition 
algorithms. These algorithms are developed based on a common philosophy of assigning sub-domains 
onto the processors. The processor synchronization is achieved using a communicator array. 
 



The space and moment decomposition algorithms have been tested for a simple test problem. The 
space decomposition yielded good speed-up, in the 90% range for both the SP3 and SP5 calculations. The 
SP1 calculation did not perform well, because of the reduced grain size and the increased communication 
overhead. 
 

The moment decomposition algorithm yielded also good performance; for all the calculations the 
parallel efficiency was ~80%, except for the SP7 calculation on 4 processors. In the SP7 case, we observed 
again that the reduced grain size, due to an increased decomposition of the problem, results in the 
degradation of performance. 
 

In future, PENSPL will be tested for larger 3-D problems, especially for criticality-eigenvalue 
calculations. More work will be directed toward the optimization of the current decompositions; 
moreover, we will implement a “hybrid” decomposition scheme to allow the user the possibility of 
decomposing the space and moment variable at the same time. 
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