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Abstract

A new interactive homogenization procedure for reactor core calcula-
tions is proposed that requires iterative transport assembly and diffusion
core calculations. At each iteration the transport solution of every as-
sembly type is used to produce homogenized cross sections for the core
calculation. The converged solution gives assembly fine multigroup trans-
port fluxes that preserve macrogroup assembly exchanges in the core.
This homogenization avoids the periodic lattice - leakage model approx-
imation and gives detailed assembly transport fluxes without need of an
approximated flux reconstruction. Preliminary results are given for a one-
dimensional core model.
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1 Introduction
Traditionally, the calculation of a reactor core is done using few-group diffusion
theory.[1]-[2] This approach requires two separate steps. First, a few types of
assemblies are identified, of the order of ten for a PWR, and a number of burnup
infinite-lattice fine multigroup transport calculations are performed for each as-
sembly type. These calculations are carried out for different values of a set of
basic parameters, such as fuel temperature, moderator density and bore con-
centration, and usually a leakage model is introduced to ensure criticality.[3]-[4]
Next, a homogenization procedure [4]-[9] is utilized to produce a parameterized
few-group library of equivalent cross sections. In the second and last step, this
library is used for a burnup whole core diffusion or simplified PN calculation.
Besides requiring two separate steps and the generation of a huge parame-

terized library, the infinite lattice and leakage model approximations used in the
library calculation are at default for modern PWRs which comprise assemblies
of very different nuclear characteristics, i.e. moxed and non-moxed assemblies.
Moreover, because of limitations in computer resources, core calculations with
pin-by-pin homogenized assemblies are rarely done and most of the design core
calculations are performed with fully homogenized assemblies. This, in turn,
requires approximate reconstruction techniques [10] to estimate the value and
location of the assembly power peak which are essential parameters for reactor
design. As a result, actual core calculations estimate power distribution within
a few percent of measured values.
The subject of this work is to describe a new iterative homogenization

method that suppresses the two-step procedure and that accounts for the actual
environment of each assembly in the core. The end result of the method is a
few-group core calculation with assembly homogenized cross sections that are
coherent with the interassembly neutron currents predicted by the core calcu-
lation. To do this, each type of assembly is homogenized from a fine multi-
group transport calculation with imposed eigenvalue (the core eigenvalue) and
entering currents that respect the actual macroscopic core exchanges between
assemblies. Since neither the final value of the core eigenvalue nor the interface
currents are known, assembly homogenization must proceed iteratively along
with the external eigenvalue core iterations. However, to diminish numerical ef-
fort, assembly transport calculations and homogenizations may be made every
few core eigenvalue iterations. Fine multigroup interface angular fluxes entering
an assembly are obtained from fine multigroup angular fluxes exiting neighbor-
ing assemblies properly normalized to preserve core macrogroup currents. The
method eliminates the unrealistic infinite-lattice calculations as well as the leak-
age model approximation, and provides fine multigroup assembly fluxes without
need for flux reconstruction. The core calculation will require a sizable number
of assembly transport calculations but each one of these calculations is a source
calculation, with fixed incoming currents and fixed eigenvalue, and not a costly
eigenvalue calculation.
The classical and the new homogenization techniques are the subject of the

next section. In order to obtain a reference calculation we considered a mock
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slab reactor with PWR-like one-dimensional assemblies comprising 17 cells and
a 20 cm water reflector. The material cross sections were obtained from a PWR
spectrum and were adjusted to obtain a core size of the order of that of a PWR.
Numerical comparisons between the two homogenization methods for thee slab
reactors were done and are discussed and presented in Section 3. Conclusions
are given in the last section.

2 Homogenization techniques
The flux in a reactor core satisfies a transport equation that, with appropriate
selfshielded cross sections, could be solved with about one hundred groups.
However, a correct treatment of the assembly heterogeneities in a typical PWR
core would require a transport calculation with in the order of 1013 unknowns.
This is why actual core calculations are done with a few macrogroups diffusion
theory and assembly homogenized cross sections. This poses the question of
obtaining suitable homogenized and collapsed cross sections for the diffusion
core calculation. In practice, the homogenization is done on an assembly basis
where homogenized cross sections that preserve the transport reference reactor
rates are computed. The latter require the calculation of the transport flux in
the assembly.
The best flux for homogenization is that of the assembly in its core position,

solution of the transport equation:½
Bψ = 1

λPψ, in X
ψ = ψin, on Γ−

(1)

where ψ is the angular flux, X = {x = (r, E,Ω), r ∈ D,Ω ∈ (4π)} is the
phase space with D the geometrical domain of the assembly, Γ− = {x, r ∈
∂D,Ω · n+ < 0} is the incoming boundary, n+ is the external normal to ∂D
and B ≡ Ω ·∇+Σ−H is the transport operator. Also, with the usual notation,
the scattering and the fission operators are:

(Hψ)(x) =

Z
dE0

Z
dΩ0Σs(r, E0 → E,Ω ·Ω0)ψ(r, E0,Ω0),

(Pψ)(x) =
1

4π

X
i

χi(E)

Z
g0
νΣf,i(r,E

0)φ(r, E0)

where the sum over i in the last equation is over all fissile isotopes and

φ(r, E) =

Z
dΩψ(r, E,Ω)

is the scalar flux.
Finally, in Eq.(1) λ and ψin are, respectively, the effective multiplication

factor of the core and the transport core flux entering the boundary of the
assembly. In practice one uses λ = 1 in Eq.(1) to emulate core criticality. Also,
because the transport flux ψin is not known, an approximated model for the
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entering angular flux has to be used. In today’s traditional homogenization
model the entering flux is calculated in a periodic lattice comprising identical
assemblies. Moreover, since the multiplication factor of a periodic lattice is
not equal to unity, it is customary to introduce a leakage model to achieve the
core condition λ = 1. In the following we will call this procedure the classical
homogenization method.
This homogenization, that was appropriate for earlier PWR cores, has be-

come less and less precise for today’s increasingly heterogeneous cores. In the
new homogenization method we get rid of the periodic lattice calculation and
the concomitant leakage model and use, instead, an approximation for the in-
terface angular flux that preserves core assembly exchanges. Since the latter
are not known until the core calculation has been carried out, we proceed iter-
atively by using at each core iteration the values of the core assembly currents
obtained in the previous core iteration. Once the assembly transport fluxes have
been calculated, new homogenized cross sections are computed for the next core
calculation.
At each core iteration, or some iterations of the core calculation (to reduce

the cost of the procedure), we effectuate heterogeneous, fine multigroup trans-
port calculations for a few assembly types. A typical calculation is done by
solving Eq. (1) with λ = λ

(n−1)
C , where λ(n−1)C is the core eigenvalue obtained

in the last core iteration, and the following expression for the incoming angular
flux:

ψgT,in(r,Ω)
(n) = ψgT,out(r,Ω)

(n−1) JGC,in(r)
(n−1)P

g∈G JgT,out(r)
(n−1) , g ∈ G, (2)

where T stands for transport, C for core (diffusion) and J is the current entering
(in) or leaving (out) the assembly. In this formula the entering transport angular
flux equals the transport angular flux exiting the neighboring assembly times a
normalization factor that ensures that the converged solution will respect core
assembly exchanges.
Formula (2) respects the angular flux structure between two neighboring

assemblies in fine multigroup transport, with a macrogroup normalization factor
which preserves core currents and consequently the global neutronic assembly
exchanges that exist within the core. This procedure needs the angular fluxes
exiting the neighboring assembly and therefore requires to homogenize each type
of assembly at each core iteration. Once again, in order to reduce the cost of
the calculation, it is always possible to select some representative assemblies
and to homogenize only these. For the first core iteration, homogenized cross
sections are obtained by flux weighting from assembly fluxes calculated with an
isotropic albedo condition. These calculations provide also the initial values for
the transport angular fluxes ψgT,out exiting the assemblies.
The homogenized cross sections for a macrogroup G are obtained by an

equivalence procedure:

ΣGI

Z
I

drΦG(r) = τGI , ∀I.
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In this equation ΣGI is the homogenized cross section for macrogroup G and
macroregion I, ΦG is the diffusion scalar flux, solution of the homogenized
diffusion problem, and τGI is the reference reaction rate computed from the as-
sembly transport calculation. Since the diffusion flux ΦG depends on the values
of the homogenized cross sections, the above equations are solved iteratively as
shown in Fig.(1).

Figure 1: Loop structure of the core calculation.

In a typical numerical solution of transport equation (1) the entering an-
gular flux is approximated by a piecewise constant spatial dependence plus a
few angular terms. In the one-dimensional calculations to be presented in the
next section the calculations have been performed with the collision probability
method and the entering angular flux has been taken to be constant over each
assembly surface and isotropic in angle.
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3 Example calculations
In order to test this new homogenization method (N) we have compared the
classical homogenization technique (C), based on the infinite lattice and leak-
age model approximations, and the new homogenization model with a reference
calculation. A very comprehensive study has been effectuated for a slab reactor
with neutronic properties close to that of a typical PWR. The slab geometry
has been chosen in order to simplify the analysis and, especially, to be able
to calculate a fine multigroup transport reference core calculation that, for a
realistic core, would have required an enormous amount of computer resources.
PWR typical material properties were diluted to achieve a critical core dimen-
sion close to the typical dimension of a 900 MWe PWR with heterogeneous
’slab’ assemblies containing 17 PWR type cells. We considered a symmetric
core with 7 assemblies on each side and a 20 cm thick reflector, as shown in
Fig.(2). Each assembly is 20.9 cm thick. In our study we analyzed three types
of cores. A homogeneous core composed of identical fuel assemblies comprising
fuel cells with 5 heterogenous regions: water, clad, UO2, clad and water. A core
containing one rodded assembly in the third position with respect to the core
center, and a core with two rodded assemblies, in positions 3 and 5. The rodded
assemblies had the UO2 fuel in the first and last cells replaced by the absorbent
B4C.

Figure 2: A symmetric, one-dimensional mock-up core with 14 assemblies and
a reflector of 20 cm thick. On each side of the core the third and the fith
assemblies contain two rodded cells.

A fine 99-group transport calculation was used as reference (R), whereas the
homogenized cores were computed with 6 macrogroups. The homogenization
techniques C and N were compared for two types of assembly homogenization.
In the pin-by-pin homogenization the assemblies were homogenized by cell, while
a single homogenized material was used in the full assembly homogenization.
In order to isolate the effect of the homogenization from the effect of the

core operator we decided to effectuate all core calculations in transport. All the
calculations presented bellow were effectuated with the code APOLLO2.[4]
Our first calculations were effectuated with the collision probability method

(CP). However, the implementation of this method in the code APOLLO2 per-
mits only an isotropic angular flux representation on the boundary of the do-
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main. This means that the assembly transport CP calculation in Eq. (1) was
limited to a side-wise constant isotropic entering flux, entailing a gross approx-
imation for the incoming fluxes.
To analyze the impact of the angular flux representation we decided to

run a second batch of calculations with the finite-differences, discrete ordinates
method (SN ). In this case, the core and assembly calculations were done with
the same order of the SN approximation for the angular fluxes. We run dif-
ferent tests for increasing precision by increasing the order M of the angular
representation for the incoming fluxes ψin, for M=2,4,...≤ N , where only the
appropriate M/2 angles are used for the representation of ψin. Since the orders
of the angular representations used for the assembly transport calculation and
for the interface angular approximation, N andM , were different we had to use
formula (2) in the following form:

ψgT,in(µ) = IPψgT,out(µ)
JGC,inP

g∈G JgT,out
, g ∈ G,

where P is a projection that passes from a SN to the SM representations, and
I is the interpolation from SM to SN . These operators were implemented from
linear interpolation and renormalization for current conservation.
Our calculations for the cases with pin-by-pin homogenization showed that

both homogenization techniques gave accurate results. Therefore, we discuss
only the comparisons for the rodded core. Of all the three core considered the
most interesting results, shown in Figures (3) and (5), correspond to the core
with two rodded assemblies.

3.1 Collision probability results

The CP calculations were run using 5 flat-flux regions per cell, as well for the
assembly that for the core calculations. A comparison of the resulting power
distributions is shown in Fig. (3) for the pin-by-pin and the full assembly
homogenizations. To smooth out the intracell power variation of the reference
calculation, the power distributions represented in the figure were averaged per
cell.
In the case of a pin-by-pin homogenization we found that there were no

significant differences between the classical and the new homogenization tech-
niques, and that both methods gave a power distribution close to the reference
one. However, in the case of whole assembly homogenization the new homoge-
nization procedure gave better results than the classical one.

We define the relative error in the power as = Pmodel/Pref − 1. Then, in
progressing order of precision, the results can also be expressed in terms of the
core and the assemblies mean relative errors,

D =

sZ
D

(x)2dx/

Z
D

dx,
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Figure 3: Comparison of the cell-averaged power distributions obtained with
the classical (green) and the new (blue) homogenization techniques with a 6-
group core CP calculation with the reference 99-group CP calculation (red).
The upper and lower figures corrrespond, respectively, to the pin-by-pin and
the full assembly homogenizations.

where the integrations are over the domain D of the core (c) or of an assembly
(a), and of the relative errors in assembly power, a, or cell power, cell:

D =

Z
D

Pmodel(x)dx/

Z
D

Pref (x)dx− 1,

with D the domain of one assembly or of one cell.
Core and assemblies mean relative errors are given in tables I and II, respec-

tively, while relative errors in assembly power are illustrated in Table III and
relative errors in cell power are shown in Fig. (4). All the results show that the
calculations effectuated with pin-by-pin homogenized assemblies were much ac-
curate than those done with full homogenized assemblies, as one would expect.
Since full assembly homogenization is the tool for routine core calculations we
will only discuss here this case. Overall, the new homogenization technique per-
forms better than the classical one. It reduces the core mean relative error by a
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factor of 2.5 and considerably reduces the assembly mean relative errors, with
the exception of the first rodded assembly, where it does not performs as well.
However, the results in Table III for the relative errors in assembly power show
that, although the new homogenization gives a better assembly power for most
of the fuel assemblies, and especially in the first assembly (where it counts), it
fails for the second (fuel) and third (first rodded) assemblies.

Het C 3.09
N 1.09

Hom C 10.75
N 4.05

Table I: Core mean relative errors in percent for pin-by-pin (Het) and full
(Hom) assembly homogenizations. Comparison between the classical (C) and

the new (N) homogenization techniques.
R 47.3 30.5 11.9 5.9 2.4 1.4 0.7

Het C 0.60 0.76 2.22 3.11 1.77 9.07 19.19
N 0.91 0.58 2.04 3.41 3.37 1.79 5.14

Hom C 2.97 3.38 26.77 11.86 46.15 32.20 40.19
N 1.10 3.06 20.93 2.95 18.39 2.41 1.00

Table II: Assembly mean relative errors in percent for pin-by-pin (Het) and
full (Hom) assembly homogenizations. Comparison between the classical (C)
and the new (N) homogenization techniques. The first row (R) gives the

reference assembly powers in percent of the total power.
R 47.3 30.5 11.9 5.9 2.4 1.4 0.7

Het C +2.5 -0.7 -8.97 -12.67 -5.4 +32.7 +76.1
N +3.8 +0.7 -8.2 -13.8 -14.4 +0.5 +19.6

Hom C -12.2 -2.1 -0.4 +40.8 +49.3 +130.6 +163.1
N +4.5 +7.6 -24.8 -9.4 -35.5 -8.9 +2.2

Table III: Relative errors in assembly power in percent for pin-by-pin (Het)
and full (Hom) assembly homogenizations. Comparison between the classical
(C) and the new (N) homogenization techniques. The first row (R) gives the

reference assembly powers in percent of the total power

A further comparison between both homogenization methods is given in
Fig (4). Although the figure confirms that the new homogenization technique
performs better, what it is important to note are the high relative error values
at the interfaces between fueled and rodded assemblies. These errors entail that
the solution for the assembly- homogenized core is not able to predict the correct
flux levels in the assemblies. The interface oscillations are much more smaller
in the case of pin-by-pin homogenization and, as a consequence, the errors for
the predicted mean assembly flux levels are also much smaller. One is lead
to suspect that the effect is due to the inability of transport in homogenized
assemblies to represent the strong flux oscillations at the interfaces between
heterogeneous assemblies, while the effect due to a coarser energy representation
is much smaller, as confirmed by the pin-by-pin results.
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The new homogenization performs better in the fuel assemblies and gives
a more precise keff value, however, it is less precise in the rodded assemblies.
Although, overall the new homogenization gives better results, it remains to
explain its lack of success in the rodded assemblies. For this assembly, both the
classical and the new homogenizations overestimated the absorption, with the
new homogenization performing worst.
A possible reason for this could be that assembly homogenization is done

with an isotropic entering flux in the transport calculations and this changes the
neutron penetration in the assembly as compared to that in the reference calcu-
lation. The net effect being an error in the estimation of the assembly reaction
rate and, therefore, of the homogenized cross section. SN transport calculations,
that allow for a flexible angular flux representation at the interfaces, are used
hereafter to investigate this effect.

Figure 4: Comparison of the relative error for cell power, obtained with the
classical (green) and the new (blue) homogenization techniques with a 6-group
CP core calculation. The upper and lower figures corrrespond, respectively, to
the pin-by-pin and the full assembly homogenizations.
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3.2 Discrete ordinates results

As for the CP calculations, equivalence was used to obtain the homogenized cross
sections with the classical homogenization method. However, the equivalent
module of APOLLO2 failed to behave properly with the SN operator in the
presence of boundary surfaces. Therefore, contrarily to the CP calculation, we
decided to use flux homogenization with the new homogenization procedure.
All our core and assembly transport SN calculations were done with N=16 and
five regions per cell. Calculations were run for several values of the M order of
the SN representation used for the incoming angular fluxes.
Figure (5) shows cell-averaged power comparisons between the reference core

calculation and the core calculations with full homogenized cross sections for
both, the classical and the new homogenization methods.

Figure 5: Comparison of the power distributions for full assembly homogeniza-
tion as obtained with the classical (green) and the new (blue) homogenization
techniques with a 6-group S16 core calculation with the reference S16 99-group
calculation (red). The transport assembly calculations for the new homoge-
nization technique were obtained withM=N=16 (upper figure) and withM=2
(lower figure).
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Two calculations were run for the new homogenization technique: the first
with the full M=N=16 angular representation for the incoming angular flux,
and the second with an isotropic entering angular flux (M=2). The results show
that the degree of the angular representation used for the incoming angular flux
does not have a significant effect in the results. The relative errors observed for
these calculations are of the order of those obtained with the CP runs. These
and other independent tests confirm that the errors observed in the rodded as-
semblies for the new homogenization method are not due to the lack of precision
of the representation of the incoming transport angular fluxes. We believe that
these relatively large errors are due to the strong opacity of the slab geometry,
where neutrons moving from one region to another must necessarily cross all
intermediary regions. This effect is exacerbated by the increase on the regions’
effective absorption due to the fact that regions are slabs.

4 CONCLUSIONS
In this work we have proposed a new homogenization method for core calcu-
lations that preserves core exchanges and accounts for the in-core assembly
environment. The method avoids the approximate infinite-lattice calculation
and leakage model used nowadays for reactor calculations and is able, therefore,
to provide for a better representation of today’s heterogeneous reactors. Numer-
ical calculations for three different configurations of a mock-up slab reactor with
properties and dimensions closed to a typical PWR showed that the new ho-
mogenization technique performed much better than the classical one, reducing
mean errors by a factor over 2. However, in the case of full assembly homoge-
nization both homogenization techniques were not able to properly represent the
interface transport transitories, particularly at the interface between a fuel and a
rodded assemblies, resulting in significant errors in the assembly-averaged fluxes
in the two assemblies concerned. In particular, the new method overestimated
still more the absorption of a rodded assembly, resulting in a poor prediction
of the assembly power. With the collision probability method for the transport
assembly calculations we suspected that the isotropic approximation for the en-
tering flux could be the cause for the overestimation of absorption in the rodded
assemblies. Indeed, since neutrons enter this assembly from the neighbors as-
semblies, the actual entering flux must be anisotropic and this should decrease
the absorption in the boundary rodded cells. However, a series of calculations
with the discrete ordinates method proved that the reason for the overestima-
tion was due to the artificially strong absorption of regions in a slab geometry,
as compared to that in a PWR situation.
Work is under way to test the new method with two-dimensional core cal-

culations. The ultimate goal of our present work is to asses the appropriate
angular approximation for the angular flux at the assembly surfaces, i.e., the
minima degree of spatial representation over the surface of the assembly and
the degree of angular representation that ensure precise results for PWR con-
ditions. This work is done within the context of the CEA-EDF co-development
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DESCARTES project [11].
Calculation of a full PWR core with the new homogenization technique

would require a large number of transport assembly calculations and is, for
today’s computers, a task that cannot be done for routine calculations. Never-
theless, the new homogenization method can already be used together with the
classical assembly homogenization for the analysis of core problems where local
conditions proscribe the use of the classical homogenization method. One may
think of the analysis of a MOX-UOX interface or of the safety calculation for a
partially or totally voided assembly. These calculations could be done using the
new homogenization technique only for a few assemblies around the region of
concern, while homogenizing all the other assemblies with the classical method.
Also, although full transport heterogenous core calculations are still far away,
multidomain core calculations based on interface assembly transport calcula-
tions are already under consideration. We think that the new homogenization
method could be used for the acceleration of the interface current iterations in
the solution of the multidomain problem.
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