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ABSTRACT

Computational algorithms aiming at modeling and visualization of the initiation and
growth of intergranular stress corrosion cracks (e.g., in the steam generator tubes) on the
grain-size scale have already been proposed [6]. The main focus of the paper is given to the
influence of randomly oriented neighboring grains on the microscopic stress fields at crack
tips. The incompatibility strains, which develop along the boundaries of randomly oriented
anisotropic grains, are shown to influence the local stress fields at crack tips significantly.

Special attention has been paid to the implementation and comparison of different
numerical methods estimating the local stress fields at crack tips, aiming at optimizing the
computational time and the numerical accuracy of the results.

The limited number of calculations indicate that the anisotropic arrangement of grains
with local incompatibility strains causes on average about 10% (plane strain) and 26% (plane
stress) higher J-integral values at the crack tips than expected from the calculations in the
isotropic case.

1 INTRODUCTION

Intergranular stress corrosion cracking (IGSCC) of PWR steam generator tubes made of
Inconel 600 has been the major cause of early retirement of PWR steam generators worldwide
[1]. Significant efforts were devoted in the past to the assessment of reliability of affected
tubes and to clarifications of main mechanisms governing the IGSCC.

The reliability aspects (see for example [2], [3] and references therein) provided
valuable support in the maintenance of steam generators. However, the accuracy of the
assessment was essentially limited by the ability of the available non-destructive examination
methods to yield a meaningful and accurate “size” of detected crack networks. Better
understanding of the defect development and morphology seems therefore to be the only way
to improve the accuracy of the reliability estimates.
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The identification and explanation of processes potentially responsible for the initiation
and development of intergranular cracks were also topics of wide concern. However, the root
mechanisms of IGSCC are still not understood completely [4]. Recent research shows that the
IGSCC is dominated by the microstructural features, especially those on grain boundaries [5].

Computational algorithms aiming at modeling and visualization of the IGSCC initiation
and growth on the grain-size scale have already been proposed [6]. Randomness of the grain
structure and of the crack initiation and growth processes were assumed. The random crack
growth was simulated with algorithms allowing for crack branching, coalescence and
interference. The method yielded patterns of cracks with shapes and structure comparable to
those observed in experiments. However, a number of potentially important microscopic
features (e.g., random orientation and anisotropy of grains, grain boundary mismatch etc.)
were not taken into account. A convenient approximation with isotropic continuum was
implemented instead, allowing for simplified but efficient estimation of stress intensity
factors.

In this paper, the main focus is given to the dependence of crack tip loading (J-integral)
on the random orientation of neighboring grains. A comparison of different numerical
methods for the estimation of J-integrals is performed, aiming at optimization of the
computational time and the numerical accuracy of the results. The results obtained will be
implemented in the already proposed modeling and visualization of the IGSCC initiation and
growth on the grain-size scale [6].

2 MATHEMATICAL MODEL

The essential features of the proposed simulation procedure are described in this
section, as follows:

 The random grain structure (in a plane) is modeled with Voronoi tessellation;
 Each grain is considered as an anisotropic elastic monocrystal with randomly

oriented material (crystallographic) directions and
 The estimation of crack tip loading.

2.1 Voronoi Tessellation

A Voronoi tessellation represents a cell structure constructed from a Poisson point
process by introducing planar cell walls perpendicular to lines connecting neighboring points.
This results in a set of convex polygons/polyhedra embedding the points and their domains of
attraction, which completely fill up the underlying space. A survey about mathematical
foundations and a variety of applications in different fields of science can be found for
example in [7].

The concept of Voronoi tessellation has recently been extensively used in materials
science, especially to model random microstructures like aggregates of grains in polycrystals,
patterns of intergranular cracks and composites. Some examples of applications are
calculation of properties of damaged polycrystals [8], characterization of fibre-reinforced
composites [9], simulation of microcrack nucleation and propagation in creep [10], [11],
thermal [12], and intergranular stress-corrosion [13]. All tessellations used in this paper were
generated using the code VorTESS [14].

Only a subset of all Voronoi tessellations is suitable for finite element meshing with
quadrilateral elements. Discussion on necessary conditions and meshing algorithms is given
elsewhere [15].
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2.2 Anisotropic Elasticity

Each grain is assumed to be a monocrystal and behaves as randomly oriented
anisotropic elastic continuum. Its constitutive law is therefore given by the generalized
Hooke's law [16]:

klijklij C εσ ⋅= , (1)

where σij represents the second rank stress tensor, Cijkl the fourth rank stiffness tensor, and εij
the strain tensor. i, j, k and l are indices running from 1 to 3. Inconel 600 is a Ni-based alloy
with face centered cubic (fcc) structure, which leads to only three independent stiffness
constants Ciiii=234.6, Ciijj= 145.4 and Cijij= 126.2 GPa [17]. Isotropic continuum is fully
described by only two stiffness constants. In this example, Young’s modulus of 215 GPa and
a Poisson ratio of 0.295 were assumed.

The elastic properties (e.g., stiffness and compliance tensor) of the polycrystalline
aggregate are completely defined by the properties of and interaction between the
monocrystals. The standard procedure for the estimation of the overall macroscopic behavior
of interacting monocrystals is to average the stress and strain tensors over all material
directions and over the volume [16]. The volume averaged stress <σij> and strain tensors <εkl>
may be used to estimate the equivalent (macroscopic) stiffness C*

ijkl or compliance D*
ijkl

tensors:

klijklij C εσ *= , ijijklkl D σε *= . (2) a, (2) b

Please note that for an arbitrary polycrystalline aggregate the inverse compliance tensor
does not necessarily equal the stiffness tensor

( ) 1** −≠ ijklijkl DC . (3)

In fact, the different behavior of both tensors is governed by the size of the aggregate
and macroscopic boundary conditions [16]: solution of (2) a therefore assumes prescribed
macrostress, while (2) b assumes prescribed macrostrain.

The differences between the stress and compliance tensors tend to vanish with
increasing number of grains in the polycrystalline aggregate. The aggregate satisfying the
property

( ) 1** −≅ ijklijkl DC (4)

is called the Representative Volume Element (RVE). In general, large enough RVE will
satisfy any boundary conditions. The grains are coupled together assuming equivalent
displacements along intact grain boundaries.

2.3 Crack Tip Loading

The loading of the crack tips is achieved through the prescribed macroscopic remote
biaxial stress field. The J-integrals are then calculated for each crack tip using the methods
outlined below.

For verification purposes, the analytical solution for an inclined crack in an isotropic
infinite plane [18] was used.



403.4

Proceedings of the International Conference Nuclear Energy in Central Europe, Portorož, Slovenia, Sept. 10-13, 2001

2.3.1 Numerical Contour Integration (NCI)

The NCI method is numerical integration of the line J-integral on the curve C around
the crack tip. In the case of 2 dimensional problems, the J-integral can be written [19]:

J= +−∫ dXII y
C

x )sin()cos( αα dYII y
C

x )cos()sin( αα +∫ , (5)

where α is the angle of the inclined crack with respect to global coordinates X and Y and, Ix,
Iy are functions of stress σij, strain εij and displacement ui:

Ix= σ12ε11+ σ22(ε12-ω12),     Iy=(σ22ε22- σ11ε11)/2 + σ12ω12,     ω12=(u1,2-u2,1)/2. (6)

2.3.2 Virtual Crack Extension (VCE)

The virtual crack extension (VCE) method calculates J from the difference of the finite
element stiffness matrices between the original state and the perturbed state with infinitesimal
crack advance.

2.3.3 ABAQUS

The built–in features of ABAQUS [20] rely on the Virtual Crack Extension method
(VCE) combined with the divergence theorem, which transforms the integration domain over
the entire area enclosed by the chosen contour.

The scatter caused by the randomly shaped finite element meshes at different crack tips
has been studied in isotropic continuum and reported as reasonable elsewhere [21].

3 NUMERICAL EXAMPLE

The random grain structure was realized using the Voronoi Tessellation (code VorTESS
[14]). The planar structure with 201 grains is depicted in Figure 1 with blue lines representing
the intact grain boundaries. The red line between point A and B represents a cracked grain
boundary - a simple straight inclined crack.

The finite element mesh (isoparametric 8-noded quadrilaterals) used in subsequent
calculations is depicted in Figure 1, too. The loading of the mesh is prescribed tensile
macrostress with magnitudes 2 and 1 MPa in X and Y directions, respectively. The
displacement boundary conditions are chosen appropriately to simulate both essential types of
macroscopic boundary conditions (see eq. (2) a):

 Prescribed macro stress. Prescribed zero displacement of selected nodes is introduced to
prevent rigid body motion of the investigated structure. Lower left corner is restrained in
both directions and lower right corner in Y direction.

 Prescribed macro strain. Prescribed zero displacement of two perpendicular edges of the
investigated structure are introduced. The remaining two edges are constrained to remain
straight during the deformation.

Two distinct cases are studied: (1) isotropic elastic continuum with grain boundaries
used only to model the potential and actual crack paths and (2) polycrystalline aggregate with
grains modeled as randomly oriented anisotropic continua. In both cases, the microstress field
and the influence of randomly oriented grains on the magnitude and orientation of the crack
tip loading are sought under assumptions of plane strain and plane stress.
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Figure 1: Meshed grain structure with inclined crack (between points A and B).

3.1 Selected Results

3.1.1 Numerical stability of J-integrals

Table 1 shows direct comparison of J-integrals calculated using methods outlined in
Section 2.3. Comparison is given for both crack tips (see Figure 1).

The difference in estimated J-integral between the crack tips A and B in the isotropic
case is only due to the numerical errors caused by slightly different local meshes. The
relatively small magnitude of this difference indicates reasonable quality of the finite element
mesh used. ABAQUS (2.3.3) proved to be the most indifferent with respect to small changes
in the mesh density.

Table 1: Comparison of J-integral values (values in 10-11 Nm, plane strain assumed)

Selected anisotropic casesIsotropic
case 1 2 3 4 5

Analytical [18] 1.9200
ABAQUS (2.3.3) 1.8750 1.8638 1.9077 1.5580 2.9558 2.0983
NCI (2.3.1) 1.9003 1.8826 1.9294 1.6131 3.0117 2.1078

Ti
p 

A

VCE (2.3.2) 1.7991 1.7778 1.8234 1.5661 2.8802 1.9909
ABAQUS (2.3.3) 1.8753 1.7944 1.8341 1.4508 3.2391 2.0750
NCI (2.3.1) 1.8767 1.7854 1.8309 1.5179 3.2588 2.0764

Ti
p 

B

VCE (2.3.2) 1.7583 1.6130 1.6427 1.2400 3.1021 1.9484
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Figure 2: Von-Mises stress, isotropic case (crack - white line between points A and B).

Figure 3: Von-Mises stress, anisotropic case (crack - white line between points A and B).
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The average difference between ABAQUS (2.3.3) and NCI (2.3.1) in anisotropic cases
is about 1.2%. This is comparable to the difference between both methods and analytical
solution in the isotropic case. The VCE (2.3.2) method proved to be less reliable (average
difference of about 6.1%).

3.1.2 Microscopic stress fields

The von Mises equivalent stress obtained assuming the isotropic continuum is shown in
Figure 2. The cracked grain boundary is plotted as a bold white line. The stress singularities
at both crack tips behave as predicted by linear elastic fracture mechanics and are clearly seen
from Figure 2.

The randomly oriented anisotropic grains tend to develop significantly different
distribution of von Mises equivalent stress (Figure 3). It is clearly seen that the
incompatibility stresses/strains, which develop along the essentially incompatible grain
boundaries, dominate the development of the microscopic stress field and influence the local
conditions at crack tips. It should be noted however that only one particular realization of the
random grain structure is leading to the stress distribution depicted in Figure 3. Other
realizations may lead to different distributions.

The areas affected by the stress concentrations at crack tips do not seem to vary
significantly.

3.1.3 Scatter of J-integrals due to randomly oriented anisotropic grains

The scatter of J-integral was studied using 31 realization of random grain orientations
within a single grain structure (Figure 1) using the J-integrals as calculated by ABAQUS
(2.3.3). The results are presented for both types of boundary conditions (macrostress or
macrostrain) in Figure 4 and Figure 5 for plane strain and plane stress conditions,
respectively.

The analytical solution [18] and performance of ABAQUS in isotropic case are depicted
as black and red lines in both figures. Rather small differences between ABAQUS isotropic
results at different boundary conditions clearly indicate the applicability of the analytical
solution for infinite plate in the case considered.

Two data points (Tip B and Tip A) are plotted for each realization of random grain
orientations and each type of boundary condition. A rather large difference between J-
integrals in both crack tips (indicated by red arrow in the Displacement boundary condition
sections of Figure 4 and Figure 5) is found in some cases. This clearly indicates that a
preferential crack growth direction exists in anisotropic conditions as opposed to symmetric
behavior of the same crack in isotopic conditions.

The average J-integral for crack tip A is consistently lower than the average J-integral
value for crack tip B. The difference however does not seem to be statistically significant and
will be investigated further on a larger set of calculations in the future.

The average J-integrals for cracks in anisotropic grains is about 10% (plane strain) and
26% (plane stress) higher than J-integrals predicted in isotropic conditions. Significantly
higher average J-integral value in plane stress is attributed mainly to the less stiff deformation
of plane stress plate as compared to the plane strain plate. Further, individual orientations of
grains may cause up to about 70% higher J-integral values as anticipated by isotropic
calculations.

Boundary conditions (macrostress or macrostrain) does not seem to affect the average
value of J-integral, but might cause higher scatter. Further analysis may be needed to confirm
this effect.
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Figure 4: Calculated J-Integrals for 31 random crystallographic orientations (Plane strain).
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Figure 5: Calculated J-Integrals for 31 random crystallographic orientations (Plane stress).
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4 CONCLUSIONS

The dependence of the crack tip loading (J-integral) on the random orientation of
neighboring grains is studied in this paper. A comparison of three different numerical
methods for the estimation of J-integrals indicated similar accuracy.

Anisotropic and randomly oriented grain structure is shown to be a large source of
scatter in J-integral. The limited number of calculations indicate that the anisotropic
arrangement of grains with local incompatibility strains causes on average about 10% (plane
strain) and 26% (plane stress) higher J-integral values at the crack tips than expected from the
calculations in the isotropic case. In individual cases, it may reach up to 70% or more.

Boundary conditions (macrostress or macrostrain) do not affect the average value of J-
integral, but may affect the degree of J-integral scatter.

Future work will assess influence of anisotropic and randomly oriented grain structure
on the direction of crack growth.
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