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ABSTRACT

An important limitation of the interface-tracking algorithm is the grid density, which
determines the space scale of the surface tracking. In this paper the analysis of the interface
tracking errors, which occur in a dispersed flow, is performed for the VOF interface tracking
method. A few simple two-fluid tests are proposed for the investigation of the interface
tracking errors and their grid dependence. When the grid density becomes too coarse to
follow the interface changes, the errors can be reduced either by using denser nodalization or
by switching to the "two-fluid" model during the simulation. Both solutions are analyzed and
compared on a simple vortex-flow test.

1 INTRODUCTION

The interface tracking methods [1] have been widely used for the last thirty years and
through numerous successful applications they proved to be a very useful tool for the two-
fluid flow simulations. Their ability for simulating the topological changes are usually
demonstrated on a small number of typical two-phase flow transients, such as the Rayleigh-
Taylor instability [2], [3], shape and stability of a rising bubble or a falling drop [4], just to
mention a few. These successful simulations encouraged also some other applications of the
interface tracking algorithms with more complex patterns of the two-fluid flow, e.g the falling
solid in the gas-liquid system [5], the simulations of some phenomena in the nuclear plants
[6], and others. In these simulations the dispersion of the interface occurs and the fluid is
fragmented into the chunks of the size comparable to the grid size. Since it is obvious that the
interface tracking algorithms are limited with the grid size, these examples give rise to a
question: is the result a real physical state or is it deformed by the numerical error of the
interface tracking algorithm.

In the variety of the interface tracking algorithms we focused on the front capturing
methods, more precisely in Volume-of-Fluid method [2], [3]. The interface reconstruction and
calculation of the fluid motion with the VOF method is largely geometric in nature and it
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involves some nonphysical elements in the simulation. While the fluid chunk is large
compared to the grid size these elements are negligible. However, there are numerous two-
fluid phenomena, where significant topological change of the interface shape occurs (like the
deformation and/or distortion)  - in this case the VOF geometrical characteristic might
significantly affect the result of the simulation. An example is a numerical dispersion, where
the VOF reconstruction algorithm numerically disperses and/or merges the fluid chunks [7].

The main purpose of this paper is to characterize the errors of VOF interface tracking
algorithm. Such errors can be reduced either by mesh refinement or switching the calculation
to a less grid dependent two-fluid model. In this paper both approaches are presented and
compared.

2 THE INTERFACE TRACKING IN THE VOF METHOD

The interface tracking in the VOF method is based on the color function, which marks
the positions of the fluids by setting the value of the function is f(x,y)=1 if the point (x,y) is
occupied by the fluid 1 and is zero if the fluid 2 is taking that place. The function f is
evaluated on the discrete grid as a volume average:
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where Vi,j is the volume of the cell (i,j). The interface tracking in the VOF method
consists of the interface reconstruction and of the interface advection algorithm.

There are several different interface reconstruction algorithms with different accuracies
and complexities [2], [3], …. In the present work we used the algorithm based on LVIRA
(Least squares Volume-of-Fluid Interface Reconstruction Algorithm) [3].
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Figure 1: a) Interface reconstruction with the LVIRA algorithm, b) Advection of the fluid

This algorithm makes a linear approximation of the interface by putting a line segment
in each multi-fluid cell, i. e., in each cell which has 0 < fi,j < 1. The orientation of the interface
segment in the cell (i,j) is determined from the local distribution of the fluids in the
neighboring cells. The tendency of the reconstruction algorithm is to keep parts of the fluid
compact as much as possible. An example of this algorithm is shown in Figure 1 where the
fluid 1 and the fluid 2 are represented with the gray and white color respectively. The values
of f in Figure 1a are known volume fractions of the fluid 1 in the 3x3 block of cells. The
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reconstruction algorithm puts the interface segment between the boundaries of the cell (i,j)
(thick black line in Figure 1a).

The second step in the interface tracking of the VOF method is the fluid advection
which is used for the time evolution of the volume fractions f. The time evolution of the
volume fraction follows the equation

( ) 0=⋅∇+ fu
t
f r

∂
∂ , (2)

which reflects the fact that in an incompressible fluid the conservation of mass is
equivalent to the conservation of volume and hence the conservation of f. To reduce
numerical diffusion and keep the interface sharp the eq. (2) is solved by special geometrical
algorithm shown on Figure 1b. Among the several interface advection algorithms, we chose
an operational split flux procedure [3]. The fluids are advected geometrically according to the
reconstructed interface. Figure 1b shows two neighboring cells which contain both fluids and
interface. Since the velocity on the cell boundary between cells is positive, the fluids are
advected from the left to the right cell. The amount of the advected fluid 1 in one time step is
a volume (hatched area in the Figure 1b) bounded by the cell right and bottom boundaries,
reconstructed interface and a line, which in the next time step reaches the right cell boundary.

The main purpose of the VOF method – of the interface reconstruction and the interface
advection algorithm – is to keep the interface sharp during the simulation and to exclude the
numerical dispersion of the fluids on the interface.

3 ERRORS OF THE INTERFACE TRACKING

Due to the approximations of the continuos interface on the discrete grid several
numerical errors occur, which might under certain circumstances significantly affect the
result. The errors, which occur during simulations are recognized as interface reconstruction
error, interface advection error and numerical dispersion.

3.1 The error of the interface reconstruction

The interface reconstruction error occurs when a curved interface is represented with the
linear line segments. This error is larger when smaller fluid chunks are reconstructed. It can
be represented on the most common topological shapes in the two-phase flow: a bubble.
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Figure 2: a) Circular bubble on the discrete grid, b) Reconstruction of the circular bubble
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Figure 2a shows a circular bubble with the diameter d on a mesh with the grid spacing
h. Its reconstruction with the VOF method is shown in Figure 2b, where the boundary consists
of disconnected broken lines.The computed errors can be estimated with the L1 norm defined
as
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which compares the reconstruction with the volume fractions of the exact solution. The
“exact” volume fractions fexact are actually the reconstruction on a 16 times denser grid  and
fcalculated is a volume fraction calculated on tested coarser grid, which is extrapolated on denser
grid. The error (3) is smaller when the radius of the curvature is larger. Figure 3 shows the
reconstruction error (3) as a function of the circle diameter to the grid spacing ratio (d/h).
According to these results the relative mass error due to the reconstruction algorithm is less
than 10% for the convex chunks with the characteristic size around d>3h.

Figure 3: Reconstruction algorithm as a function of the bubble diameter to grid space ratio

3.2 The error of the interface advection

The advection error occurs when the fluid chunk moves across the mesh. Figure 4a
shows a part of the two-fluid state in the two neighboring cells at the time t. The hatched area
is the volume of the fluid, which will cross the cell boundary in the next time step t+∆t. The
Figure 4b) shows the state at time t+∆t after the advection part of the time step, which
preserves the shape of the interface. But in the simulation between the two time steps the
LVIRA algorithm reconstructs the interface and changes the interface shape. Figure 4c shows
the state at the end of the time step when the interface reconstruction substep is finished. The
difference of the interface shape between the states in the Figure 4b and the Figure 4c causes
the difference of the transferred fluid across the cell boundary and volume fractions in the
cells at time t+2∆t (S1≠S2)- so called advection error.

The consequence of the advection error can be illustrated in the constant flow test in
Figure 5a. It shows the initial state which consists of several bubbles with different d/h ratios.
They are put in a constant velocity field v(x,y,t)=const. The bubbles and fluid around them
have the same density and move together as fixed, therefore theoretically the shape of the
interface should not change during the transient. Figure 5b shows their shape and positions
after the time t=50h/v, where v is the prescribed velocity. The effect of the advection error is
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the deformation of the bubble shape. If the original shape is circle it becomes thicker at the
front side after some time. When the chunks are very small (characteristic size d<2h), they
move faster than the flow field: vchunk>v.
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Figure 4: a) Error of the advection algorithm: a) The state at time  t;  b) The state at t+∆t
after the advection substep; c) The state at t+∆t after the advection and reconstruction substep

a)   b)

Figure 5: a) Interface reconstruction with the LVIRA algorithm, b) Advection of the fluid

The advection error can be estimated numerically in a similar way as the reconstruction
error (3):
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where f t=0 is the volume fraction of the initial state and f t=T is the volume fraction of the final
state at T=50h/v.
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Figure 6: Advection error as a function of the bubble diameter to grid space ratio
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The result in Figure 6 shows the advection error d (4) as a function of the characteristic
chunk size. The relative volume deformation due to the advection error is below 10% for the
chunks with the characteristic sizes d>3.5h.

3.3 The numerical dispersion

In some cases the reconstruction algorithm may fail by changing numerically the
topology of the interface (numerical splitting or merging). The representative case for the
analysis of the numerical dispersion is the deformation of the interface in the shear flow,
where the velocity field is in horizontal direction and its amplitude is changing linearly in
vertical direction ( ( )0,yv =r ).

The initial state of the simulation is a vertical strip - perpendicular to the velocity - with
the width d as shown in Figure 7a. The applied shear flow stretches the strip to the infinite
length, but theoretically it stays continuous. On the other side the numerical simulation is
limited by the grid density, that causes the numerical error in the interface reconstruction.
Figure 7b and Figure 7c show the state before and after the numerical dispersion occurs. To
reduce the computational domain the left and the right boundaries are periodical.

a)

u

d

          b)

c)           d)

Figure 7: a) Initial state of the shear flow, b) Onset of numerical dispersion, c) The strip
stretched by the shear flow, d) Numerical dispersion of the strip

The reconstruction of the linear interface with the VOF method is always correct, which
is also valid in the idealized shear flow - no reconstruction and advection errors occur. The
numerical dispersion occurs when the thickness of the strip is close to the grid size. In that
case the tension of the reconstruction algorithm to keep the particular fluid compact, spoils
the result. That is seen in Figure 7d, where fluid boundaries in the mixed cells are not parallel
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any more but try to form separated pieces (gray square in Figure 7d). That forms fluid chunks
with the characteristic thickness h<d<3h, which are stable due to advection error despite the
fact that the velocity is not constant across their cross section.

4 REDUCTION OF THE VOF ERRORS

The interface reconstruction error and the advection error are always present at the VOF
simulation and cannot be avoided. Their influence on the results can be reduced by using a
proper nodalization density. On the other hand the numerical dispersion results in a non-
physical state and should be avoided in order to produce correct simulation result .

One way to avoid the numerical dispersion is switching to denser nodalization. Its
benefit is to keep VOF model accuracy, which uses original equations for the fluid flow
description. The retain disadvantage is that dispersion might require very large resolution,
which extends the calculation beyond reasonable time limits.

Another solution to avoid numerical dispersion is switching to a two-fluid model [8] to
continue simulation. The two-fluid model is based on averaged fluid flow equations. In
contrast to the VOF model, which locates the fluids inside a particular cell, the two-fluid
model treats such “mixed” cells (where both fluids are present) as a homogenous mixture of
fluids in the ratio of the volume fractions. The time evolution of the volume fractions follows
the same equation as the VOF method (2), but instead of geometrical algorithm, which locates
the interface, ordinary 2nd order space differencing is used. The same or even coarser
resolution can be used after switching, but numerical diffusion smoothes the boundary
between the fluids.

The two-fluid model is less accurate than the VOF model since it uses averaged two
fluid flow equations. On the other hand, for the same reason it is less dependent on the grid
density and can calculate highly dispersed flows. Some parameters like position of the
interface are lost after switching, but the whole simulation  may be kept more accurately than
with the VOF method.  More details about coupling the VOF model and the two fluid model
are in [9], [10].

Very important in the switching process is the moment for changing the resolution or
the model. It is determined by to the mathematical expression
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which calculates the absolute value of the gradient of the volume fraction distribution on 3x3
block of cells. In previous calculations [9], [10], [11] it was shown that the expression (5) is
proper for estimating the reconstruction correctness. Its main characteristics are that its value
is close to 1 for clearly separated fluids and is 0 for homogeneously dispersed fluids. Results
in papers [9], [10], [11] also show that the numerical dispersion is avoided if the value gi,j in
all mesh cells is larger than 0.6. Otherwise, if gi,j <0.6 denser nodalization should be used
(increasing gi,j) or simulation should be switched to the two-fluid model in the critical mesh
cell. In our case the switching to the two-fluid model is done locally in each mesh cell
separately, while denser nodalization is applied on the whole domain at once to save the
programming work. That does not affect the analyses and comparison of approaches since in
the test case – vortex flow – the dispersion occurs in the whole domain in short time interval.
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4.1 Simulation the vortex flow

A vortex flow test is a simple 2D test problem that is also easy to implement and was
proposed by Rider and Kothe [7].  Such test is representative of the interfacial flow in the real
physical system like the Rayleigh-Taylor instability where the sharp gradients in the fluid
properties govern the transient mechanisms. This test was used in Refs. [7] for estimating the
accuracy of the particular reconstruction algorithms. In our case the study is focused on the
analysis of the numerical error accumulation and its reduction with the grid refinement or
switch to the two-fluid model.

The initial state in the vortex flow test is a two-fluid system where the first fluid is a
circle with the diameter 2r=0.15 centered in the point S(0.5, 0.85) (Figure 8a), deformed by
the fixed velocity field

( ))cos()sin()(sin2),cos()sin()(sin2 22 xxyyyxv ππππππ −=r . (6)

Theoretically the circle is deformed into a spiral (Figure 8b), which stays continuous
even in the case of an infinite whirling t→∞ but in the simulation the numerical dispersion
occurs as shown in Figure 8c.

    a)  b) 

c)  d)

0.4-0.5
0.3-0.4
0.2-0.3
0.1-0.2

Figure 8: a) Initial state of the vortex flow test b) State of the test at t=2, c) A
calculated state on 56x56 grid with the VOF method test b) A calculated state with the

coupled model

The error is calculated similarly as at the interface reconstruction error by Eq. (3). The
exact state fexact is calculated with the VOF method on a very large resolution 224x224 points.
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Figure 9 shows the accumulation of the error during the transient d(t). The thick line is the
simulation with the pure VOF method without changing the resolution. At tª0.9 the error is
enlarged due to the numerical dispersion. The case when the simulation is switched to the
double density before the numerical dispersion is presented with the broken line. The error
stays bellow 0.1 till tª1.3 when the dispersion in the higher resolution appears. At that
moment the resolution should be enlarged again. The thin line shows the result with the
coupled model, when the simulation is switched to the two-fluid model at the moment of the
dispersion. The two-fluid model treats the fluids as a homogenous mixture and cannot track
the interface explicitly. The distribution of the volume fractions is affected by numerical
diffusion and the boundary between the fluids is not clear as it can be seen in the Figure 8d.
But the result is closer to the correct solution as with the VOF model when the numerical
dispersion occurs.
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Figure 9: Accumulation of the interface tracking errors during the vortex flow test

A better numerical scheme cannot improve the results of the VOF model since the
interface tracking errors come from the grid limitation. On the other hand it would improve
the result of the “two-fluid” model if it would reduce the numerical diffusion.

Denser nodalization is effective only at a limited dispersion of the fluids. Otherwise the
required resolution quickly exceeds the computer capability. At a very fine dispersion the
coupled model is more effective since it is less grid dependent. According to these results the
most effective solution, one would suggest for the simulation of the fluid dispersion, would be
the combination of both approaches. When the characteristic size of the fluid chunks
decreases, the resolution is enlarged to the level allowed by the speed and capacity of the
computer. At further dispersion, the simulation would switch to the two-fluid model on the
coarser grid and continue the calculation.

5 CONCLUSIONS

The simulations with the VOF model might be affected by the interface tracking errors.
Such errors cannot be avoided by applying a better and more accurate interface tracking
algorithm, because its source is the limitation of the grid cell - the VOF model cannot
simulate the fluid chunks, which are smaller than the grid cell.

The numerical error can be reduced either by refinement of the mesh or switching to the
two-fluid model during the simulation. The first solution is effective when the characteristic



218.10

Proceedings of the International Conference Nuclear Energy in Central Europe, Portorož, Slovenia, Sept. 10-13, 2001

size of the chunks does not change much during the transient. On the other hand, when the
physical dispersion of the fluids is very fine, the second solution is better.

The test problem with the prescribed velocity proposed by Rider & Kothe appeared to
be very efficient for the study of the reconstruction correctness and evolution of numerical
errors on the different grid densities. The study in this paper was performed with the VOF
method and the LVIRA piecewise linear reconstruction algorithm, however the results can be
applied also for the other VOF reconstruction algorithms.
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