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an equation, which is almost identical to the exact solution.
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1 Introduction

Singularly perturbed problems are those problems which contain a small parameter and that the

regular perturbation expansion for small values of the parameter is not valid. In the case con-

sidered here, solutions behave nonuniformly, initially, when the limiting operation is performed.

The nonuniformity occurs in an isolated narrow region called the initial layer. In this rgion,

the solution varies rapidly. The region outside the initial layer, where the solution varies slowly

is called the outer region. By definition, the initial layer thickness must approach zero a the

parameter tends to zero.

In the situation where the regular expansion is not valid, a second expansion term is needed to

correct the nonuniformity. Thus one introduces a new scaled variable, with a different magnitude

in order to obtain a uniformly valid approximation. The idea is that, if the initial layer region

is described in terms of the new time scale, the layer region is stretched in such a way that its

neighbourhood gets magnified unproportionally to the rest of the domain under consideration,

and therefore no rapid variation in the solution should be exhibited. This new variable is

therefore called the inner variable or the stretched variable and the original variable, the uter

variable. The scale is chosen so that the new expansion a's a whole covers the entire domain

of interest (inner and outer). Therefore one considers the solution in an additive form of the

inner and the outer solutions. The inner solution corrects the nonuniformity, thus called the

inner layer correction term. Since the initial layer thickness approaches zero a the parameter

tends to zero, the initial layer correction solution, when described in terms of the outer variable,

approach zero as well, a the parameter tends to zero. The initial layer analysis which transforms

the original (single) problem into simpler equations is then carried out to find the approximate

asymptotic solution. These simpler equations, mostly solvable, are called the inner and outer

(integral) equations.

The application of singularly perturbed Volterra integral equations ranges from applied Math-

ematics, physics, chemistry to biology. Singularly perturbed equations occur frequently in ap-

plications due to the ongoing modelling; whenever some basic mathematical models of some

phenomena are improved by incorporating some of the effects that were first neglected., im-

proved models are most likely to be singularly perturbed problems. This can be explained as a

nonuniform transitions from certain physical characteristics to another.

Asymptotic solutions of some singularly perturbed Volterra integral and integro-differential

equations of the following form;
t

EYM = f M + k (t, s) g (s, y (s)) ds, t E Q,

t
YIM = f M + k(t, s)g(s, y(s)) ds, t E Q/101, y(O = yo < 

have sufficiently been investigated. The is the parameter in question and is the domain of
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interest. For a detailed discussion see for example [l]-[51, 17], 19], 20], 26] and the references

therein. These are initial layer problems whose, regions of rapid variations have thickness of

order of magnitude of 0(e), e - 0. In the analysis presented, various conditions are imposed

on the data. In particular, it is assumed that the kernel satisfies a stability condition;

k(t, t) 0, V t E Q,

where is a constant. Condition 1.1) leads to a rapid change (of order of magnitude of 0(c), E

0) in the solution near t = 0. Thus initial layer correction functions decay rapidly, and simplifies

the analysis. In general however, the thickness of an initial layer region need not be of order of

magnitude of 0(,-), 0. Problems in which the initial layer stability condition (1.1) fails axe

the prototype model equations-whose initial layer thicknesses are not equal to order 0(c), 0.

Examples of such problems are the subject of this investigation. Of particular interest will be

layer problems of Volterra fractional integral and differential equations.

The aim of this presentation is to demonstrate the existence of initial layers whose thickness are

not of order of magnitude of 0(-) - + 0, and to construct approximate solutions using the initial

layer theory. While leading order asymptotic solutions of singularly perturbed Volterra integral

and integro-differential equations with a generalised weakly singular kernels, have rigorously

been constructed in 68] on a finite domain, here, asymptotic solutions of some fractional

integrals and derivatives of order y < y < are derived to all orders, on an infinite domain.

The concept of initial layer theory will be discussed here using model problems, some of which

are exactly solvable.

To relate the present paper with the existing literature, the following notations will be adopted;

t
04,00 S,'O(s) ds, t > 0, k > ,

fo
1 t

oityo(t) - (t - sY-10(s) ds, t > 0, < < ,

t
oD'Yo(t) (t - s)-'Yo(s) ds, t > 0, < y <t r(1- y) d fo

They represent integral, fractional integral.and fractional derivative operators, respectively.

Therefore an analogous property to that of integer derivatives and integrals is,

oD'oJ'O(t = 0(t).

t t

This relies on the useful formula

t
(t - or) -' (a - sY- d= r-y)r(i -,Y) < <

The notation Z* will also be used to represent nonnegative integer numbers. J
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Solutions of linear fractional integral and differential equations are conveniently written in trms

of a special function, E,,j called the generalised Mittag-Leffier function. This function is defined

below as cc Z3

'0,5 (Z = 1: 0>0, J>O' ZEC. (1.2)
j=0 1PQOj + J)

When = 1, 1.2) reduces to the standaxd Mittag-Leffler function.

Asymptotic solutions of the following singularly perturbed equations will therefore be investi-

gated:
-YM f M -0 itly(t) > 1

1
EY'M = 0 jt2 I f (t _ y (t) t > 0, y (0) 0,

1 1,1.3)
ey(t) = 0 Jt' If M VW > ,

1
-oD 2lao - y(t)j = Y 4 (t), t > 0, y(O = ao,t

where f is some given function of t.

Since the limiting point of nonuniformity occurs at t 0, the new scaled variable is introduced

as
'r = (t 0)

P (E)
where IL is the scaling parameter which determines the initial layer thickness. Because the iitial

layer thickness must approach zero as approaches zero, it is convenient to write

M(-) = Ea, a > .

Then one seeks an asymptotic expansion to any of the equations in 1.3) in the form of

t
y(t- u (t; c) + W (-) v (-r; c), = - (1.4)

Eck

00

U (t; E E'U" (t), 6 ---> ,
n=O

V(7-; E) E E an Vn T), E - 0,

n=O

vn(-r) --+ 0, r - oo, V n E V.

Here u(t; represents the solution outside the initial layer (the regular expansion) and v(,r-,-)

represents the initial layer correction function. While a determines the initial layer thickness,

the function W describes the amplitude of the initial layer correction function. In the initiallayer

region, t changes rapidly, thus the essential behaviour of the solution should be described by the

inner variable. Therefore, to determine a and W, the original equation is expressed in terms of

,r and then the dominant balance axgument applied.

To avoid fractional powers of (where applicable), which sometimes complicates the analysis,

it is possible to rescale the initial layer width in such a way that it is of order of magnitude

of 0 (0), 7 E Z. To do this, one multiplies the power of - in the original equation the
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Figure 21: A plot of the solution 2.2) for f (t = 1 + t and for small values of 

denominator of the a value. Thus in place of the original equation in 1.3), one considers an

equivalent equation. In this case, the asymptotic expansion 1.4) is modified accordingly.

The derivation of the outer and inner integral equations; the uj and vj respectively, follows by

substituting 1.4) into the equation under consideration. Then for the uj, one fixes t > 0 and

let E -4 0. This is referred to as the outer limit. To determine the equations for the vi, one fixes

-r > 0 and let e -+ 0. This is the inner limit.

2 Initial layer correction with large amplitude

Consider

--Y(t) = f M - 0,10), t > 0, (2.1)

where f (t) is sufficiently smooth. The reduced equation, obtained by letting - tends to zero has

a solution
f 1(t)

yo M 7
t

which might not be continuous. The exact solution of this problem obtained by differentiating

the equation is
t2 t

Y (t; E) = e 2c f (0) + 77 e S2 /2f '(s) ds (2.2)

for all E > 0 and all t > 0. Note that for f (0) :� 0, the magnitude of the solution in the layer is

large. It is of order 0(1) and of 0 1 if f (0) = 0 but f'(0) :A 0.6 61/2

Figure 2.1 shows the behaviour of the solution in the initial layer region. One observes that the

amplitude of the layer region increases as e gets smaller and smaller. Consequently, the solution

becomes discontinuous in the limit e -� 0.
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2.1 Derivation of the inner and outer equations

To construct an asymptotic solution of 2.1), 14) is thought and that �O and a have to be

determined first. Substituting 1.4) into 2. 1), expressing all terms in terms of 'T and applying

the dominant balance argument, the result implies

�O (E) and a=
2

Thus, equation 2.1) has an initial layer with thickness equals to order of magnitude of (E2

and amplitude equals to order of magnitude of 0(l), E - 0.6

To avoid fractional powers of -, one considers an equivalent equation,

6 2Y(t = f M - Oltly(t), > . (2.3)

Then the formal solution is considered in the form

Y(t; = U(t; ) + Iv 7-; - = t (2.4)
T2 el

00
U(t; 6 = E E2n Un (t) E 0,

n=O
00

V(7- E = : --' Vn T), C 0,

n=O

vn (r) 4 0, - oc, V n C- V.

The N-th order asymptotic solution is the defined by

N

YN (t E En I Un M + V,,+2(t/,-)E 2
n=-2

where u = 0, when e �1 Z*

Since the problem considered has a large amplitude initial layer, the contribution to the integral

in 2.3) from the inner layer limit is of 0(l), e - 0. Thus, the inner layer correction equation

is constructed before the outer. In this case, one substitutes 2.4) into 23) and expresses all

terms in terms of -r giving

00 coE E2n+2 Un (,-7-) +E env" 7-) f 67-)

n=O n=O
00 00

2n+2 1: n (2.5)E OI1 Un (E-7 OI1rvn(7
n=O n=O

Expanding and collecting terms together yields,

00 n-2,r W 00 00 nf (n) 0)n U(n�2�i )(0) T

2 + E E' vn (-r) En-
i! 1: nl

n=2 i=O n=O n=O

00 n-2 7-i+2 W
Up�2�i (0)

En 2 En 01'vn(-r).
%.(i 2)n=2 i=O n=O
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To obtain the equation governing the inner layer correction, consider the above equation in the

inner limit. Equating coefficients of equal powers of gives,

n-2,r W i+2 n-2 (0) rnf (n) 0) n-2 r U n�2�i (0)
U - -i ) ( 2 )Vn(T) 2 + oIlvn(T), 7 > 0, n E Z*,

i! n! fl(i 2)
i=O i=O

(2-6)

and where u, = 0, when Z*. It also follows from 2.4) that

V0 (0 = f (0) (2.7)

V2n-,(O = 0, n E Z+, (2-8)

V2(n+l)(0 = -Un(0), n E V. (2.9)

To derive the outer equation, substitute 2.6) into 2.5) and the express all terms in terms of

the outer variable. Collecting terms together in the result, gives

00 "O tnf (n) (0) clo
E un-l(t = Pt)-Y: n! E AUn W
n=1 n=O n=O

00 00 00 02u(i) (0)
, tiu(i) I (0) n

+ Y .2n E- n + E .2n E-
n=1 i=O n=O i=O fl(i + 2)

Thus taking the outer limit, coefficients of equal powers of E satisfy,

00 tn f (n) (0) P
0 = f W - + -U0(0) OIIUO(t), > 0, (2.10)

E n! 2 tn=O

and
00 ti+2u(i) (0)

tiun�1(0) nUn-1 (t) = E + 1 (t), t>O, nEZ+. (2.11)i! E fl(i + 2) ri=O i=O

2.2 Solution

Solving for the inner layer correction (2.6), one has

Vo (7_ = f (0) r2
2 (2.12)

2 _2

V2n-l(T = e-' f e O2n-1 (u) du, n E Z+, (2.13)

,2 0,2

V2(n+l)(7- = -un(O)e- 2 + e-'22f e 2 O2(n+1) (CT) du, n E Z*, (2.14)

where
W (0) n-2 7.i+2 W (0)n-2 -riu(n�2�z) nf (n U( n�2�i )

2 -+ (0) 2 nEZ+.
On (T) i! n! fl(i + 2)

i=O i=O
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The outer equation 2.11) is solved to give

U0 (t) PM PM + 0 00 ti-2f(i)(0) (2.15)
t (0) + Y (i - 1) I

i=2

I 00 ti-2u(i) 0 ti
U Un_1(0) - Un_1(t) n-1(0) U,(,i) (0)

n M t + 1: (i - 1)! +E n 1� +. (2-16)
i=2 i=O

One will note that

liM Un M = Un (0), V n E Z*,t-+O

which is the required result.

In the case, f (t = I t, one chooses uo (0 = so that V2 (-r) - 0, -r oo. Therefore., the

asymptotic solution of 2.1) obtained, to all orders (after replacing back the power of e is

t2

YN (t; e 2 + /E eS1/2 ds , VNEZ*- (2 17)
E fo

This, is the exact solution.

3 Initial layer with oscillatory behaviour

Consider the initial-boundary layer problem

,92 C(X, t) - a C(X' t = 0, X>0 t>0,aX2 at
C(X, 0 = 0 > ,

a t
E-C(Ot = C(0, s) d. - f (t) < ,

09X 1
lim C(X, t = 0, > . (3. 1)

X_+00

This equation models the diffusion of a gas through a liquid with a surface dissipation effect

which depends upon the cumulative level of concentration. The function C(x, t) denotes the

concentration and f (t) is the given input at the surface. The smallness of '- implies a low

diffusivity of the system.

The function C(x, t) can be obtained once CO, t) is known. Thus it is appropriate to formulate

a suitable problem for the investigation of CO, t). It can be shown that

t
YM = fo C(O, s) ds

satisfies the fractional integro-differential equation,

EY'(t = J2 If (t _ y(t)j t > 0, y(o = . (3.2)t

The exact solution of 3.2) obtained by the application of the Laplace transform method is

3 t 1 3
y(t; = f (t - f (0) E 3, (_ _t'� + f'(t-s)E3'j(-_S'�)ds, t>O, (3.3)

E fo E
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Figure 31: A plot of the solution 3.3) for f (t = and for sufficiently small values of

where E I X) is the Mittag-Leffler function defined in 1.2). In particulax,

1 3 2 00 S2 1 4 00 2 + S VtIE
2 -2sVileu

E3 (--t e- ds + e- cos (v/'3ts/0) ds, t > 0. 3.4)
'i I E �77r fo 3,\,f7r fo

The initial layer region for this solution is plotted in Figure 31 for f (t) = .

One will see from Figure 3.1 that, in the layer region, there is an oscillatory character of increasing

frequency as - -+ 0. This behaviour follows from the second integral in 3.4). Since the forcing

function is initially zero, the amplitude of the initial layer correction is of order 0(i) as - tends

to zero. Thus one seeks an asymptotic expansion of the form 2-4) with V = 1. Substituting

this expansion into 3.2), expressing all terms in terms of -r, and applying the dominant balance
2

argument, one finds that the initial layer width is of order 0(,3) as E tends to zero. Thus the

initial layer encountered here is thinner compared to that of 2.1) but thicker compared to the

one corresponding to equations whose kernels satisfy (1.1).

To avoid fraction powers, consider an equivalent equation

I
3 2YIM = 0it if M - Y(t)} I t > 01 YOM = 0. (3.5)

It is easy to check that 3.5) has an initial layer width of order of magnitude of 0(-2) E + 0.
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3.1 Derivation of the inner and outer equations

To construct a formal asymptotic solution, one seeks

y(t; E) u (t; E) + v (r; -), - =t (3.6)
�21

where

U(t; E E 3n Un (t) E 0,

n=O

(-r; E E 2n Vn (-r), E 0,

n=O

Vn(7-) -� 0, -r -� oo, V n E *-

Thus N-th order asymptotic solution is then defined by

N
En f, t) + Vn t/62)

YN(t;E = E 3 2
n=O

where u,, v, 0, when E J� Z*. Substituting 3.6) into 3.5) yields

00 3n+3 00 2n+1 1( t 1- = j2f(t)E Unl(t) + E E Vn 62 t
n=O n=O

00 0. t
E 3n 0i2Un () .2n 0 J'i Vn(E t E t

n=O n=O

Collecting and rearranging terms in the above equation, one obtains

00 3n (t) 00 1 00 I
_ E.3n t 3n -� Un

Un-1 Un-l'(0) - j2f(t) + E Jt
n=1 n=1 n=O
00 00 2n+1 00 t

E U(2n+l '(0) I
E2n+1 Vn /( t - 6 2n OJ Vn( (3.7)E - ) 1: _1) - 1: tl T2

n=O 62 n=1 3 n=O

where u = 0, when Z*. In this case, the governing outer integral equation is derived first,

assuming that in the outer limit, Vn( t ) -+ 0, E -+ 0 which implies the terms on the right-handET

side of 3.7) go to zero as well, as E -+ 0.

To obtain the integral equation governing Un, consider 37) in the outer limit. By equating

coefficients of equal powers of

= J2 If (t - UO(t)}
t (3-8a)

and

Un-l'(t - Un-l'(0 = -0 jt2 Un(t) > n E Z, (3.8b)

Moreover, oe has from 3.6) that,

U2n (0) + V3n (0 = 0, n E Z*,

Un(O = '
V'(O = 0, otherwise.
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To derive the governing inner layer correction equation, the outer equation is substituted back

into 3.7), then all terms expressed in terms Of T. The inner limit then yields

I
Vn'(T)-U(2n+1-1)1(0 = -oJ2v,, (r) > ,

3

V3n (0 = f (3n) (0), n E Z*,

Vn(O = 0, otherwise. (3.9)

3.2 Solution

Solving 3.8) for Un gives,

UOM = f (t), > 0,

Un(t = -oD 2 (Un-1'(0-Un-1'(0)), t>O, U2n(O)=-V3n(O), nEZ'.t

Solving 3.9) using the Laplace transform method yields

3 T 3

Vn (r) = Vn (0) E 3 ', (-,r2 U(2n+l -1)1(0) E3,1 _0' f) da. (3-10)
-i 3

It can be shown that

00 1_3 00 3j
j+1 7 2i E(_,)j+l 7 2

Vn (r) = U(2.+l _ 1)'(0) E (_ 1) - ___ + Vn (0) - Ir 00.
3 F(2 - 3j) r(l _ 3j)

j=1 2 j=1 2

This expansion can then be used to justify the claim below equation (3.7).

Therefore for the simple case, f (t) = plotted above, Un M = 0, n = 1, 2,. and Vn (-r)

0, n = 1, 2,.... This gives the asymptotic solution, to all orders, as

t 3
YN(t; 6) E3,1(-(T2) 2), V N E V.

This is the exact solution, when one replaces back the power of C.

4 Fractional integral model with narrower initial layer region

Consider the following initial-boundary value problem for determining the temperature of a

linearly radiating semi-infinite solid with a high thermal loss;

a a2
-T(x, t = T(x, t), x > 0, t > 0, (4.1)
Ot OX2

a T(O, t = y T (0, t) (t), t > 0,ax
T (x, 0 = 0, x > 0, (4.2)

lim T(x, t = 0, t > 0.
X +00
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Figure 41: A graph of the solution 4.4) for V)(t = 1 + t and for small values of 

The function T(x, t) is the temperature. It is assumed that at the point x = , heat is eing

radiated away at a rate proportional to the temperature. The constant 'Y is the radiation

constant, it represents the ratio of the radiative properties to the conductive properties of the

solid material. It is also assumed that an external source generates heat at a rate proportional

to a given positive function ?P(t). It is known that to determine T(x, t) one needs to determine

T(O, t) which satisfies the fractional integral equation

I
T(O, t) = oJ' 10(t - yT(O, t)} .t

If one puts -y TO, t = y(t) in the above equation,

1
EYM = OJI 10(t) WI -Y-1. (4.3)

The exact solution of 4.3) can be obtained by the application of the Laplace transform method.

It is given by

t
y(t; E) =O(t - V)(0) E il(--ff + V'(t-s)E,'1(--Si)ds, t>O, (4.4)

where
1 1 2 co S2 2'V't

Ei'1(--0) - e- ds. (4.5)
E Vri fo

Note that yO; E = 0, > 0. But for small values of -, there is a narrow region near t = when
2y (t; e) jumps from its values at to values closer to 1, see Figure 4 . In particular, if t .1 E

1the function E i t2) drops rapidly from its value at t = to nearly zero. This shows the

singular nature of the solution 4.4).

4.1 Derivation of the inner and outer equations

To construct an asymptotic solution, the dominant balance argument implies that

a=2, o=l,

12



and therefore one seeks an asymptotic solution in the form of

t
Y(t; E = U (t; 0 + V r; ), - =T2 (4.6)

where
00

U(t; 6 = E En Un (t) 0,

n=O
00

E _2n
v (-r; E) Vn (F), - 0,

n=O

Vn (r) -� 0, - oo.

The N-th order asymptotic solution is given by

N

EnI Un (t) + V a (t/E2) N E Z*,YN (t; E) = E 2
n=O

where v, = 0, when 0 Z*.

Omitting the details, the derived outer and inner governing integral equations are given respec-

tively by,

2
= t 10(t) - UO(W I

I
Un-i(t = -Vn-I (0) - OJIUn(t), t > 0, n E Z+ (4-7)

2

(0) - OJ2Vn (r = Vn Vn (r), > 0, n E Z*, (4-8)

where v, 0, when E 0 Z*.

Solutions of these equations are then given by,

UO =

Un (t) = -oD2 Un-l(t) + Vn-I (0) t > 0, n E Z+,
tf 2

U2n-1 (0) = 0, n E Z+,

U2n (0) = -vn(0), n E Z*,
I

Vn (-r) = -U2n(0)Ei'j(--r2), >O, nEZ*.

For the case when O(t) = 1 + t,

2t'/2

UO M + t, UI M = - - U2 M 1 and ui (t) 0, i 3, 4,

The inner layer corrections are

V0 (r) E i (-,r 2 ), v (r) E i 1 (-,r 2 ) and vi (7) 0, i = 2, 3, 4,
2

Thus, the asymptotic solution of (4.4), to order N > 2 is given by

1 1 2E t1/2 + E2 _ C2
YN(t; 6) = 1 + t - Ei,,(--t2) - E1'j(-_ff)' t > 0.

E 7-r E

13



Using the following identities, one easily shows that this asymptotic solution is in fact the exact

solution:

X
ElA--s'�)ds xEl,2(- _x-i), > ,

El 2 1 (1-El',(-x)), x>O.'TIT T2

5 A nonlinear model having no exact solution

Consider the following initial-boundary value problem describing the process of cooling of a

semi-infinity body (with higher thermal loss) by radiation:

2

at T(x, t = aX2 T(x, t), x > , t > 0, (1). la)

a 4 t), t > 0 < ,
09X T(0, t = 6 T ( 5.1b)

T(oo, t = T(x, 0 = ao, x > , t > 0, (5. 1 C)

where ao is a constant. Like in 4. 1), the interest is in finding the temperature, TO, t) for t > .

It has been derived in 251 that if T(xt) satisfies (5.1a) and (5.1c), then

a 1
_T(0, t = D 2 (ao - T(0, t))ax t

Using (5.1b), one obtains

6 OD 2(ao - T(01 t) = T 4 (0, t).t

Let T(O, t = y(t) and consider the nonlinear singularly perturbed fractional differential equation;

I
E oDt' (ao - Y(t) = Y4(t), t > 0, y(O = ao. (5.2)

The limiting equation obtained by letting E -+ in 5-2 is

4 (t) = .
YO

This implies yo(t) = 0, t > 0. Thus the reduced equation has a different qualitative behaviour

from the original problem. In particular, yo(O : y(O) when ao 5 0. Thus when ao :A O., the

solution y(t;-) of 5.2) is not everywhere close to the solution of the unperturbed equation,

obtained by letting -+ 0. Therefore 5.2) is singularly perturbed.

5.1 Derivation of the inner and outer equations

To obtain a uniformly valid solution using the additive decomposition, one follows the analysis

in the previous section and obtains,

a=2, o=l,
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and that the asymptotic solution is thought in the form of 4.6). Substituting 4.6) into 5.2)

gives,

OD 2(eao - Euo(t) C3V1 t/_2)) + O(E3 = U4 (t) + 4u'(t)vo (t/E2)
t 0 0

+6u 2(t)V2(t/_2) + 4uo (t)V3(t/E2) + V4(t/E2) 4U3 t) U I t) + 0 (5.3)
0 0 0 0 0

The leading order outer solution is obtained by taking the outer limit in 5.3). This yields

UO(t) = > 0. (5.4)

Substituting 5-4) into 5.3) and expressing all terms in terms of r, one obtains

IOD 2(ao - vo(T) - EU1 (,-2r) - '- 2V,(7-)) + 0(62) = V' (T) + 0 (E).0

The leading order inner layer correction then follows by taking the inner limit as,

1
2 4oDr (ao - vo (-r)) = VO (-r), > 0, vo (0) = ao. (5.5)

Expressing (5.5) in terms of t and substituting it into 5.3), gives, after taking the outer limit,

4 (t) U 1 (t), t > 0.
0 = 4uO

For the first order solution to satisfy the initial condition, one chooses ul (t) = 0, t > 0.

In general, since the initial layer correction is assumed to be negligible in the outer region, in

the outer limit, the v,,(t/0) -+ 0, n > 0. Thus the governing outer equation is

I n n-m n-m-p-OD (Un-1 M + V _I (0)) =
t 2 E E E Un-m-p-q(t)Um(t)Up(t)Uq(t), t > 0, (5.6)

M=O =O q=O

Un-1(0)+Vn-1(0 = 0, n > 2,
2

where v, = 0, E � Z*.

If this is substituted back into the original equation, the governing inner layer correction follows

from

n n-m n-m-P

-oDt2 (Vn (_r) _V. (0) = E E Vn-m-p-q(r)Vm(7-)Vp(7-)Vq(7-) (5.7)
M=O =O q=O

+ 'Fn (T) 7- > 0, (5.8)

Vn(O) + U2n(O) = 0, n E Z+,

where Tn contain products of the uj for j = 0, 1, . . . , n -
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5.2 Solution

To solve for the outer solution, one rewrites 5.6 as

i
2 (U"_,(t) + V_ ()) 4(t)U"(t) t > ,-ODt �P,,(t) + 4uO

2

where (.,, (t) is determined by ui, i = 0, 1, . . . , n - 2 When n = 2 where uo, u 1, vo and v I axe

known, one has

2 U, (t) 2 t)U1 t) U4-oDt 6uO 4 0(t)U2(t), t > 0, 1 = -

This implies thatU2(t = > .

Thusassumingup(t)=O, p=1,2,...,n-1, t>Ooneobtains

Un(t)=O, t>O, n>2.

This then implies that,

Vn(-r = 0, - > 0, V n E Z.

Thus to all orders, the asymptotic solution of y(t) = y(t; '-) in 5.2) is given by V(t/,2).

Now consider the solution of (5.5);
1
2 4

ODIr (aO - v(r) = VO(,r), - > 0, vo(O = ao.

This equation cannot be solved exactly for vo(r) but it is simpler compaxed to 5.2) in the sense

that it does not contain the parameter -. Initial investigation of this equation implies that, there

exist a solution vo(,r) for a > 0, such that

0 < vo (-r) ao, V > .

Further analysis reveals that if the Mellin transform technique described in 9] is applied, the

following asymptotic relations are obtained:

2a4
vo(-r) � ao + T 2, -r 4 ,

ao
VO ('r) � 77 ' 8 'r + 00.

These results agree with those obtained in 27].

6 Concluding Remarks

e Not all Volterra equations which do not satisfy the stability condition (1.1) have iitial

layer width of order of magnitude not equal to 0-),,- -+ 0. In fact some do not have

initial layer behaviour at all, for example equations of the type
t

EYM = f M - I (t _ Skg(S' y(s)) ds, t > 0, k E Z+-
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It is known that if the initial layer thickness is of order E, the number of terms of the inner

layer solution and outer solution constituting a uniformly valid solution must be the same,

except of course, when the amplitude is not of order 0(l) - � 0. In general however,

whenever an initial layer thickness is not of order -, the number of terms constituting a

uniformly valid asymptotic solution is affected. From what has been shown, if the initial

layer is thicker, of order O(E'), - 0, with < a < , many more terms of the inner layer

correction solution are required compared to the terms of the outer solution. In contrast,

when the initial layer is thinner, of order O(E'), E - 0, with a > , many more terms of

the outer solution are required compared to the terms of the inner layer correction solution.

The actual number of terms depends on the actual value of a. For example when y,,(t; 6)

is a uniformly valid expansion, one has in 2.1), for n E Z*,

Y2n (t I E) = (n + 1) outer terms (2n + 3) inner terms
Y2n+l (t; 6) = (n + 1) outer terms (2n + 4) inner terms.

And for problem 4.3),

Y2n (t; E) = (2n + 1) outer terms (n + 1) inner terms
Y2n+ 1 (t; E) = (2n + 2) outer terms (n + 1) inner terms.
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