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Abstract

We investigate a family of probability distributions that shows anomalous hydrody-

namics dispersion, by solving a particular class of coupled generalized master equations.

The Fourier-Laplace solution is obtained analytically in terms of the matrix Green func-

tion method; then the Coats-Smith concentration profile is revisited in a particular case.

Two models of disorder are worked out explicitly, and the mean current is asymptotically

calculated. We present an approximation method to calculate the first passage time dis-

tribution for this stochastic transport process, and as an example an exact Markovian

result is worked out; scaling results are also shown. We discuss the comparison with other

different methods to work out complex diffusion phenomena in the presence of disordered

multiple transport paths. Extensions when the models are non diffusive can also be solved

in the Fourier-Laplace representation.
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I. INTRODUCTION

It is well known that molecular diffusion transfers fluid particles into and out of stag-

nant domains, or low-velocity regions, in porous disordered systems [1]. The study of such

phenomena is of importance in secondary oil recovery, chemical engineering, nuclear pol-

lution, etc. Thus hydrodynamic dispersion has become -for some years now- a subject

of great interest in many areas of science; for example, in the physics of fluids, geophysics,

and statistical physics, etc.

In general, the mixing of a dye or a fluid in the flow through a porous medium involves

two basic phenomena, namely, molecular diffusion and convection. Many years ago Deans

[2] 1963) and Coats and Smith 31 1964) attributed the anomalous dispersion to the

presence of dead-end pores, which can cause long delays in the transport phenomena, and

consequently can be detected in the macroscopic concentration profiles. These authors

developed a semiempirical model to account for this transient anomalous hydrodynamics

dispersion.

The Coats-Smith model is a -dimensional convective-diffusion equation (CDE) which

reproduces the effects of transient anomalous diffusion on the concentration profile Cf by

introducing a transient loss term in the CDE proportional to the rate of the concentration

in the stagnant C, or dead-end volume, i.e.,

acf - _ac, - V aCf + DL a2 Cf (1)')t aX2C at 19X

here V is the macroscopic mean velocity of the flow and DL is the longitudinal dispersion

coefficient. Then the rate l t is characterized by a mass transfer coefficient K, of the

form

ac, = Ke
at (Cf - Q) (2)

and K-' can be interpreted as the time that the fluid particles spend in the stagnant

regions.

The Coats-Smith-Baker 4 model is a little more sophisticated; it is sometimes as-

sumed that a fraction f of the pore volume is available for the flow, while ( - f is

the stagnant fraction; so f and K, are treated as adjustable parameters to fit the data.

Using the Coats-Smith-Baker model, and suitable boundary conditions, Bacri [5] et al.

attribute the transient anomalous dispersion in their data to the fact that the length of

their experimental set up was too short to allow for the development of Gaussian disper-

sion. Nevertheless using the same model Gist 61 et al. attributed the anomalous effect,

in his experiment, to the heterogeneous nature of their porous medium. Thus, as was

remarked by Sahimi [1], it is important to understand why the Coats-Smith model is able
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to provide such a good fit to the data. However, the origin of the anomalous transient in

the concentration profile is yet a controversial question.

In this work we revisit the Coats-Smith equation from a mesoscopic point of view in

an attempt to address the last question. Particularly, starting from a master equation

-to escri e t e presence mu tip e transport paths- and taking into account the

disorder effect into the corresponding transition and exchange matrices, we have been

able to revisit the Coats-Smith equation in its lattice versions. Then we can go one step

further and generalize the Coats-Smith model in n-dimensions and consider generalized

non-Fickian operators for each disordered multiple transport path. This generalization

gives the possibility of understanding the mesoscopic nature of the Coats-Smith model

and tackling a new range of transport problems which are outside of the scope of the

Coats-Smith equation; for example, we could work out the problem of flow transport in

stratified and disordered porous media with fractures.

The outline of the paper is as follows. In Section. II, we present a generalized master

equation with an internal state (for a given realization of the disorder) that describes the

system of interest, i.e., we present the theory of the Multistate Continuous Time Random

Walk 78] (MCTRW) to tackle the problem of complex transport phenomena in random

systems and in the presence of convection and multiple path options. The description of

the models of disorder, employed in our studies 910], and the comparison with the Coats-

Smith equation and their generalizations are given in Sections ILA and II.B. The solution

for the concentration profiles (probability distributions) averaged over the disorder are

presented in terms of the matrix Green function method in Section III; also in Section

IILA two applications are presented, in particular we show -for two different models

of disorder- the asymptotic temporal behavior of the current (i.e., the response to the

injection of an initial pulse); in Section 1ILB we apply our method to calculate the exact

solution of the Coats-Smith profile. The theory of the first passage time distribution

with internal states is presented in Section IV; in Section IV.A we apply this approach to

calculate a Markovian exact result and to present scaling results. Finally, in Section. V we

briefly summarize the results of our work and present our future programs. Appendix A

is devoted to the calculation of the average over the disorder, and in Appendix we show

an alternative study of the first passage time distribution for stochastic processes with

internal states.
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II. MODELING A MASTER EQUATION WITH DISORDERED MULTIPLE

TRANSPORT PATHS

Recently it has been remarked that simple descriptions in terms of single distributions

are totally inadequate to describe the flow transport in rocks consisting of interconnected

and intertwined networks of fractures and pores 11,12]; then it was suggested that in

general the starting point to study this type of complex transport phenomena (like trans-

port in polycrystal, porous catalysts, coalbed methane reservoirs, geological systems with

fractures and pores, etc.) should be done in terms of a master equation with multiple

families of transport paths 13]. In that reference the disorder was considered in both

the transition matrix of the random walk and the exchange matrix which gives the rate

of transition between different transport paths at a given site. Hughes and Sahimi 131

introduced the average over the disorder using a sort of effective medium approximation

with internal states. Many different models of disorder were solved, but the general case in

which both tansition and exchange disorder are present was not tackled due to the great

complexity of the algebra 141. Here we are going to by-pass this difficulty by introducing

an alternative procedure to take the average over the disorder; this is in principle a useful

approximation for the calculation of the mean probability distributions. As a bonus, and

for a special case of disorder we recover the Coats-Smith equation, so we can immediately

generalize this equation to many different interesting physical situations.

Let RI j, t) be the probability that a walker arrives at site j on path just at time t.

Then the functions R 3, t) obey the following continuous-time recurrence relations 7,81

t
RI (i, t) XFII, (j, t - r RI, j',,r) dT + 6(t) Jjo cl with 0 < cl < 1, (3)

where the elements TI (J, ", t) of the matrix transition probability density are associated

to the jump of a walker on path from site j to j after a waiting time t. The starting point

to describe a MCTRW is the characterization of the waiting-time matrix T Consider,

for example, a system with two possible transport paths and A (its generalization to

N possible transport paths is obvious), then for a fixed realization of the disorder we can

write 910,151

Bij e-t E Bj OB t) 6ij e-t E Aj �bBA t)

(4)

6,j e-t E� B.j �b4B t -t _ A OBAij e

where:

Bij is the tansition probability rate (in the path B) from site to i.
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e-1 E_ Bj is the probability that no jump (along the path B) to another site has

occurred up to time t after the last step (i.e., the sjourn probability at site j into

the path B).

(t) is the probability that the walker does not leave (from site j) the path 

during the time interval t since the last step.

0 (t) dt is the exchange probability (at site j) at time t + dt from path to A.

Similar definitions follow for the transition and exchange components along path A;

for example Aj is the transition probability rate (in path A) from site i to i, etc. 17].

Note that the integral in time and sum over sites of any column of T gives one, this in-

dicates that the waiting-time matrix is properly defined (the MCTRW is well normalized);

for example, for column we get

F,� Bj OB B�j O�BBij e-t (t) dt + f Jij e-t 3 (t) dt

E� B.j + 04Be Bij O�'(t) (t) dt.3 3

Defining �j B,,,j it is simple to prove that I = 1; this is so because

00 00
Oj e-O tO B(t) dt + e-Oj 04B (t) dt

I i I -7

OjCoj [OB(t)] +,Cgj [O�B(t)]
i 3

where C.,, [f (t)] (u) indicates the Laplace transform of any function f (t). In general
t I I

using that: 0(t) - fo 0(t ) dt , it follows that �(U) 1 - �(U) V u, then the proof

follows immediately.

The key element in the Continuous Time Random Walk (CTRW) theory is the cal-

culation of the effective waiting-time function 18,19]. As in the CTRW theory, in the

context of the MCTRW the effective waiting-time matrix is defined taking the average

-over the disorder- of its elements. Therefore in the same spirit of the CTRW 20] (see

Appendix A) we introduce here the following approximation; for example, to calculate

the average of elements Til and XF21

e-t Em Bmj OB e-t E� Bmj ) (OB
Olfll)Disorder Bij �Bij (5)

E�. Bj lp�B (t) Bmj (?p4B
�q'21)Disorder Oij e-t 3 (6ij e-t 1 (6)

Similar expressions follow for the other components The crucial point in a CTRW

theory is to assume that after taking the average, the system is homogeneous in space
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and is characterized by a translational invariant transition function A(i - j) in a regular

lattice; then the disorder is modeled by considering different waiting-time functions 0(t).

The same happens with the MCTRW theory in the presence of internal states. Then after

taking the average over the disorder we define the following functions that characterize

the lattice transition into each path and A respectively (for the separable case):

e-trm Bmj �bT t)(Bij 1
e-t E Aj OT t)(Aij = A2 (i 2

OT t) t TConsequently the functions I fo �bl (t dt (sojourn) are defined by

6,j e-tE_ Bj OT
1 M

(6,j e-t Em Aj OT
2 (0-

In the same wav the exchange between paths is characterized by the waiting-time

functions:

�B t) OE t)
0i, 21

(�bBA t) �bE t),
i 12

OE t) t Eand consequently the functions fo �b,,I(t ) dt are defined by

(OB(t) = E(t)
i 1

(OA(t) = E(t).
i 2

Note that after taking the average over the disorder we assume that �b E (t) and E (t) are

homogeneous in space.

With all these functions, we can immediately write down the Fourier transform of the

effective waiting-time matrix (111)Disorder = 77(k, t) in the form:

V)T(t)OE(t) OT(t)OE(t)
7711 7712 1 (k) I 1 2 12

,q(k, t) (7)

OT(t),OE t) OT(t) OE(t)
7721 7722 1 21 A2 (k 2 2

Here it is important to remark that a Markovian evolution will appear if and only if all

the waiting-time functions are exponential. A typical waiting-time function is shown in

Appendix A; in particular in that appendix we calculate a possible exchange waiting-time

assuming a model of strong-disorder for the exchange probability (at site j) from path 

to A.

The general solution of our MCTRW process can be given in terms of the matrix

Green function (see next section). But, before going ahead with this program, let us
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introduce here the corresponding generalized master equation associated to the MCTRW

characterized by the waiting-time matrix 7 Doing this we will be able to establish

the connection between the propagator of the MCTRW process and the one from the

Coats-Smith equation.

A. Computing the generalized master equation

Let PI k, t) be the Fourier transform of the probability in path and time t. Then

the evolution equation governing these elements is of the form (note that the Fourier

transform is taken over the lattice space) of a generalized master equation with internal

states 19,16]
t

at PI k, t) A,,,, k, t - ) P, (k,,r) d - Pi k, -r) Al,, I k = , t - r) d-r. (8)

The interesting point is knowing the relation between the elements A,,,, k, t) and the el-

ements of the waiting-time matrix (k, t). This connection is well established 21,18,19],

in particular in the Fourier-Laplace representation given by

(k, u = u �,, (k, u) (9)
- El,, �,, 1 (k = , u)

Thus we can rearrange (8) to show the explicit structure of its elements. Using 7), we

see that only the diagonal elements of 9) are k dependent. For the component I 1 we

have
t

at PI k, t) [All k, t- T) -Al (k= 0, t T)] PI (k, T) dT (10)

o A21(t - TPi (k, ) d- + A12 (t- -r) P2(k, T) dT,

and for the component I = 2 we have
t

OtP2(k, t) I [A22(k, t T) -A22(k= 0, t T)] P2(k, T) dT ( 1)

0 A21 (t r) Pi k, -r) d - A12 (t -- r) P2(k, T) dT.

where
[OT(t)V)E t)]

W U'CU I I'l fo r I I'
IC, OT(t)OE t) Lu [Al k = O)OT(t)OE(t)]

(12)
[OT(t)OE(t)]

(k, U) u Al k) Lu I
OT(t)V)E t) 0)�bTICU Cu [Al k (t)OE(t)]
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From 12) we may describe a great diversity of new physical situations, and while in

fact this has been known for many years in the literature of statistical physics, it seems

to us that it has not yet been fully explored in the area of fluid physics. Just in order to

clarify this point, let us revisit the Coats-Smith equation from our mesoscopic point of

view.

1. The Coats-Smith equation revisited

Here we would like to remark that if there is no disorder, equations (5) and 6) are exact

results and the waiting-time functions must be exponential functions. On the other hand

if the disorder is weak (it means that the kinetic coefficients are renormalized quantities

but the universal laws remain unchanged) the waiting-time functions can be approximated

to be exponential, perhaps with different coefficients in order to characterize the different

time-scales involved in the process (see Appendix A). Therefore let us assume that the

transition waiting-time functions involved in 12) are all exponential. In order to get an

explicit result we choose the functions:

V)T(t = a, exp(-alt), (13)

then the associated sojourns are given by

10't) = exp(-alt). (14)

From 13) and 14), and taking the Laplace transform involved in 12), after using the

known relation: L [e-atf t) = f (u a), it is simple to see that the off-diagonal elements

are the ones responsible for the exchange between paths

( + ,)
for :l'. (15)

�'( + z)1

On the other hand the diagonal elements give rise to the transport operators into each

corresponding path, i.e.,

All k, u = oz, Al k). (16)

Now if we also assume that the exchange waiting-times are exponential (weak-disorder)

V)E t) = 1,,,, exp(-v,,,t), (17)I'l

then the associated sojourns are given by

OE t)
I exp(-v1,,t). (18)
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Thus in the Laplace representation, from (15) we immediately arrive at the following

expressions

kju = v,,, for 1'. (19)

As expected, there are no memory effects neither in the exchange nor in the transition

matrices of the coupled master equation (the inverse Laplace transform of 16) and 19)

is of the form C1 [constant] = constant 6(t)); this means that the MCTRW process is a

Markovian one. So from 16) and 19 ), after taking the inverse Laplace transform, we

arrive at the following coupled master equations (in its Fourier representation)

OtP,(kt = a, [AI(k - 1] P(kt - V21PI(kt) + V12P2(k, t)

(20)

,9t P2(k, t = a2 [A2(k - 1] P2(k, t) + 21 PI k, t - 'l 2 P2 (k 0.

Again, we immediately get back the Coats-Smith equation (in its lattice version)

if we assume the probabilities P(kt) to be proportional to the concentration rates:

Cl(kt)ICI(kO). Therefore from 20) taking A2(k) - I and the Fourier representation

of the convection-diffusion operator to be a, [Ai(k - 1], and v2 = V12= K, we arrive at

the Fourier version of the Coats-Smith equation. This result means that the presence of

weak-disorder does not change the structure of the Coats-Smith equation, and gives the

same evolution equation as in an homogeneous (ordered) system. Thus we have shown

that the Coats-Smith model arises from the mesoscopic description of complex transport n

presence of multiple transport paths n an ordered lattice, as n a weak-disordered medium;

this result in agreement wth the dea of multiple transport paths n complex media 131,

or Composite Markov processes 161.

Note that, in general, in equation 20) the presence of a lattice-Fickian operator

[A2(k - 1] allows for diffusion also in path A, this fact gives us the possibility to con-

sider the case when the concentration in the stagnant regions can diffuse over a very long

time-scale a-'.

In order to exemplify that the Fourier representation of (1) and 2) corresponds to our

equation 20) it is still necessary to give the tansition lattice structure function i(k).

From this program it will be trivial to see that our equation 20) may be generalized to

a Coats-Smith equation in n-dimensions. Consider, for example, a bidimensional lattice

where the macroscopic mean Darcy flow velocity V points along the direction �. The

lattice structure is given by

AI k) exp ik r A r - r').
r

Because the lattice vector r is translational invariant, and considering that the one-step

(elemental) next-neighborhood transitions (in a simple square lattice) are characterized
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by a probability to jump to the right (left): p,,(q,,), and a probability to jump up (down):

PY(qy), we get for the lattice structure the function:

Al k., ky = p. e ika + q, -ika + y e ikya + qy -ika (21)

= 2py cos(kya) + (1 - 2py) cos(k,,a - 41 - 2p - 2p.,) sin(k,,a),

where a is the lattice parameter and I = p, + q, + py + qy; in the second line we have

used that py = qy; so we can identify a mean velocity flow V. To see this more easily, take

the limit of small lattice parameter a. Then

Al k.,,, ky) _- I - i ( - 2p - 2p.,) (k., a) - 2py (kya) 2 _ - 2py) (k., a) 2+ (22)
2 2

This means that 2py cc D (transverse diffusion coefficient), ( - 2py) o DL (longitudinal

diffusion coefficient) I and the mean velocity flow is characterized by (- I + 2py + 2p,) V.

Of course, from the present lattice Coats-Smith version 20), more general situations can

also be taken into account. This is a non-trivial result that is hard to get in the context of

the EMA theory; see for example Ref. 22] where we have been able to solve an asymmetric

anisotropic disordered media in the context of EMA (but without internal states). In the

next section we leave, for a moment, the discussion about the lattice structure Al k., k),

to get into the more interesting matter concerning memory effects in a generalized Coats-

Smith equation (possible due to the presence of strong-disorder).

B. The Generalized Coats-Smith equation

In this section we explicitly use the fact that there is no transport in the path A; then

OT(t) Soas before we assume in 4 that Aj = . This implies that A2(k = and 2

from 7 the matrix q(k, u) will look like

,OT t) OE t) E t)
Al(k I 1 12

q (k, t = (23)

OT t) E t)
1 21 0

In the present section we would like to comment some situations which are in fact

beyond the Coats-Smith model. Consider the case when the disorder produces a memory

kernel in the tansition and the exchange matrices. In this case the diagonal elements of

the generalized master equation are

[�bT(t)OE(t)]
1� I k, u) u Al k)Lu 1 1 lk22 (k, U = 0, (24)

_ Cu [OT t) V)E t) 'Cu [OT t) OE t)
1 2 1 1

and the off-diagonal elements are given by

10



U U [,OE

'A 12 U = 'Cu [OE
12

(25)
[OT(t)OE t)]

UCU 1 21
.A21(u) 'CU [OTI t)OE t) - Cu [OT(t)OE(F'

21 1 1

This is the general case when no transport is allowed in path A; many particular

situations can be analyzed considering different expressions for the waiting-time functions
OT OE t).

I (t) and 

1. Mixing strong-disorder and weak-disorder

Consider the case when the strong-disorder is present only in the transition waiting-

time. This case corresponds to the situation when:

OT t)
I = arbitrary

,OE t) = exponential.II'

Using the exponential model 17), from (24) and 25) we arrive to the following elements

All, k, u)

�T(U + V21)

All (k, u = Al k) I A22(k, u = 0, (26)
�T(U + V21)'

1

A12(U = V12, A21 U = 21 (27)

Due to the shift in the Laplace argument of ;it,, (k, u), there will not be a long-time

anomalous effect in the evolution of the process; even in the case when �T U) is not

analytic around u = . Note that the Laplace structure of the element A11(ku) will

drive to a transient memory effect at short times, of the order of V�,', even if T t) were

exponential.

Consider now the case when the strong-disorder is only present in the exchange waiting-

time. This case corresponds to the situation when:

,OT t) = exponential

OE t) = arbitrary.

�E U = E U = ESuppose, for example, the symmetrical case: 12 21 (u), and in addition

that �E (u) represents the presence of strong-disorder (see Appendix A). Then �E(U Mst

be a non-analytic function of the Laplace variable in u 0 A possible representation is



� -' (u = (1 + Cu') _ , with < < C = constant. (28)

We see that for very long times (in the Laplace representation u - ): �' (u) ( - Cu'),

this fact leads to a long-tail distribution with a divergent mean waiting time. From 28)

and 25) it is simple to show that 1�12(U = Ul-'/ C- In general from 24), 25) and 13)

it follows that the elements ,,, k, u) are

All k, u = ozi Al k) , A22 k, U = 0, (29)

E
A12(U = U1_0/ C, A21(U = O (U eel) (30)

�E(U + ,)'

As before, due to the shift in the Laplace argument Of A21 U), there will not be a long-

time anomalous effect in this element, even in the case when (u) is not analytic around

u = as in 28). This model corresponds to considering strong disorder in the exchange

matrix, but weak disorder in the transition matrix. Physically this means that changing

the paths, at any site J, are rare events; on the other hand the disorder only introduces a

renormalization in the kinetic coefficients of the transport operator into the path B. As

mentioned before, assuming (t = a, exp(-celt), and the expression for the exchange1

waiting-time 28) it is possible to see that the asymptotic long-time expression for the

elements Al,, k, t - T) is given by

CeiAl(k) J(t - T) C2/ (t ) 2-0

A(k, t - T) -_ 7 (31)

� C16(t - T) 0

where C and C2 are constants. Thus the long-time evolution equation that governs the

concentration profile can be read from (10) to (11) considering the memory 31). This

result predicts that there will be long-tails for the long-time regime. Note that we have

used that the Laplace shift in the argument Of A21 u) removes the non-analyticity coming

from �'(u).

To end this discussion consider here the case when the strong-disorder is present in

both: the transition operator, namely, into the path B, and in the exchange between

paths. This case corresponds to the situation when:

,OT t) arbitrary

OE t)
II' = arbitrary.

If the disorder introduces non-analytic expressions for the transition and the exchange

wa -hmes (which might, for example, result from energetic or spatial disorder on the
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paths [1 0]), then memory kernels will appear in all the elements (k, u). In this case,

depending on the particular structure of each function OT (t) and OE t), the elementsI II'
All, k, u) can be non-analytic in u = . We would like to stress that if the memory

functions All, k, u) are non-analytic, this leads to the occurrence of long-time anomalous

diffusion (long-time tails or asymptotic non-Gaussian profiles) in the concentration.

2. Extensions

Another interesting model is when we consider that the structure function, that char-

acterizes the transport in a particular path 1, has a non-separable structure of the form:

�'(k, u). This is just the case that appears when we study a dye in a steady flow through

a fracture network 23]. Thus the interesting case when multiple families of transport

paths include the possibility of a fracture network in a porous rock, can also be analyzed

by using the present approach; considering, for example, that the q(k, t) matrix is given

by:

AT (k) ?pT(t) OE(t) OT(t) V)E t)
I 1 1 2 12

,q(k, t = 7

OT(t) V)E t) T OE(t)
1 21 A2 (k, t) 2

OT (t = AT (k - -r) d.where, of course, 2 fo 2 - I

It should be remarked that even when all these models of coupled master equations

could look unwielding, we can work out their solution because we can map this process

with a MCTRW one (see next section).

III. COMPUTING THE MATRIX GREEN FUNCTION AND THE MOMENTS

OF THE MCTRW PROCESS

In general, if we know the matrix �(k, u), we can solve the Fourier-Laplace transform

of the probability PI (J, t) to be at site j in the path I at time t. The equation describing

these probabilities are given by the relation 7,8,10,18,19,211:

t
PI (j, t) (DI (t - T) RI (J, -r) dr, (32)

where (DI (t) is the probability that in the interval of time [0, tj no further jump occurred:

t
(t) = fo 77,11, (J", T) dT. (33)

13



Note that the solution of RI j, -) can be found from 3 using - and taking the

Fourier-Laplace transform. As usual, we start with our walkers from at origin; however,

we allow them to be situated on different paths. The normalized initial condition is then

Pi(], 0 = C,

with C1 + + CN = (N is the number of different paths). Notice that Eq. 32 is

a convolution in time, which simplifies in the Laplace representation. Furthermore, for

4)1(t) one has in the Laplace representation

(U) Ej" Y I U) (34)
U

In the following we will use the vectorial notation

P (k, u = (Pi k, u), - , fDN (k, )

and denote by Po k) the Fourier transform of the initial occupation probability P (j t = 0),

i.e., Po k) =_ P (k, t = 0). Here we are interested in a Green function, so we use the

initial condition P(k = Po independent of the Fourier variable k. The solution of the

MCTRW in the Fourier-Laplace representation is well known 78,211. For instance, use

(32) and 33) and the recurrence relation 3) in the Fourier-Laplace representation with

�(k, u = L. [Tk Nisorderl] ; then:

P(k, u = 4(u) - [I - �(k, u]-' - Po, (35)

where 4(u) (U) I is a diagonal matrix, and �(k, u) is the Laplace transform of the

matrix characterized in 7). Thus the matrix Green function is just (�(u) - [I - �(k, u]- .

From this expression the determination of many quantities of interest is reduced to a

Laplace inversion. For example, from 35) all the moments of the distribution P J, t) can

be easily calculated. One has (in 1-dimension):

AM W pi t)

(k, u)
lak- k=O'

Note that here, 'm(t) means a random walk average. Setting E) - (k, u) for

example., the first and second moments can be written as

MU = Z ) Po
I ak k=0 I

2 U) 92[( 26
ak 9k ak2 - 6 Po] k=0 I
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It is now simple to show that the current in the path is given, in the Laplace repre-

sentation [10], just by

MU = JiM (36)

-Z Po
I ak L0 1

These results show that many important quantities can be calculated straightforwardly

from our approach; thus the study of the time transients is indeed reduced to the analysis

of the inverse Laplace transform.

A. Applications (the current)

Here we shall use the matrix Green function method to calculate the current in a

1-dimensional system in the presence of disordered multiple transport paths. In particu-

lar we shall analyze the hydrodynamics dispersion for an initial pulse condition (Dirac-6),

for two models of disorder, namely, when the strong-disorder is in the transition, and

when it is in the exchange matrix.

Let us start with the first case- then assuming that the transport only occurs in the

path B, and that the strong-disorder is only present into the transition matrix (i.e., in

the path B), we should consider the expressions 26) and 27). Thus the corresponding

�(k, u) matrix is given by

Ai(k) OT(U + V21)
1 U+V12

�(k, u = 1 (37)

V210T(U + V21)
I 0

where the (asymptotic) lattice-Fickian operator is given in terms of a Taylor expansion

of the structure function [in 1D use equation 22) with p = qy = 0]:

Al k�,) -_ I - 41 - 2p.,)(k,,a - ka� + with 0 < p < (38)
2

III order to simplify the algebra, let us assume that the exchange rates are symmetric,

thenV2 = VI 2= K.; so the current in path can easily be calculated using 37) in 36)

with = In this case the current (i.e., a quantity proportional to the mean velocity of

the propagating pulse into the transport path B) is characterized by

(U = (2p, - 1) (Kc + U3- a for < < (39)
C u (2K, + U)2

where we have used the initial condition Po (1, 0) and the non-analytic tansition

waiting-time V)T U = (1 + C uo) This expression gives (in the Laplace representation)1

15



both the transient and long-time behavior of the current in the path B. For example, using

the inverse Laplace theorem it is simple to show that for times t > K the temporal

asymptotic behavior is a constant

I, (t) (2p� - I) K,- a with < < (40)
4C

This means that asymptotically in time, the hydrodynamic dispersion turns to be diffusive.

So in this case the presence of strong-disorder, in the transition matrix, only introduces a

transient anomalous profile. We say this because asymptotically the mean velocity of the

packet I, (t - oc) is just a constant renormalized by the strength of the disorder (i.e., the

parameter 0).

Now let us study the second case; i.e., when the strong-disorder is present only in the

exchange matrix, in this case we should consider expressions 29) and 30). Therefore the

corresponding �(k, u) matrix is given byI
a1A1(k)O'(u+ce1) 7p'(u)

1 12

�(k, u = (41)

V)' (u + a,) 0

As before, we assume here that the exchange is symmetric �b' (u) (u), but a non-

analytic function around u = like in 28). The current in path B can be calculated

using 41) in 36) with = In this case the current will be characterized by

(U = ual (2p., - 1) Cel + U21 1 + C I)2 a for < < (42)
(OZ1 U + Ra, u + 1 + C Ce + U)O)])2

where we have used the initial condition Po = (1, 0). This expression gives the behavior

of the current into the path B. For example, in this case using the Tauberian theorem

we get the asymptotic long-time behavior:

I, (t) (2p, - 1)a2O_1 a for < < (43)1 t2(1-0)

thus, showing an asymptotic vanishing current due to the presence of long-time tail dis-

tributions. Physically this behavior is due to the fact that particles that get into stagnant

domains, or dead-end volumes, can rarely leave those volumes. These rare events are just

characterized by the exchange waiting-time distribution O' (u) (see Appendix A).

The more general case, when both transition and exchange matrices have strong-

disorder, can also be analyzed in the same way by using the corresponding �(k, u) matrix;

work along this line will be presented elsewhere.
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B. Application to a Markovian case: the Coats-Smith profile

Here we shall use our method to calculate (in the continuous limit) the Green function

of the Coats-Smith equations (1) and 2 From 35) the matrix Green function of the

problem can be found if we known the matrix �(k, u). As we have remarked before

(see Section II.A.1), using 23) in the Markovian case [O'(t = a, exp(-alt), OE t)1 nm

vm exp(-v,,m t)], and considering the 1D asymptotic Lattice-Fickian operator 38), it is

possible to see that the matrix �(k, u) can be written in the form:

a, [1-i(1-2p,,)ka- 1 (ka)22 V12

Ctl +U+V21 U+V12

�(k, u) (44)

V21 0
al+U+V21

In fact, to solve the Coats-Smith equations (1) and 2) corresponds to study our MCTRW

scheme using 44) with V12 = 21 = Kc. The more general case V12 :� v21 can eventually be

mapped to the Coats-Smith-Baker 4 model where a fraction f CC V12 of the pore volume

is available for the flow, while ( - f) cc 21 is the stagnant fraction. From now on let us

analyze the Coats-Smith model.

The matrix Green function of the corresponding MCTRW, in the lattice-

representation, is given by

a +7r/a

(j, = 2ir f 7r/a 4,(u) [ - (k, u]- e-1 dk. (45)

In the case a < I we can consider the continuous limit: (�(J, u) -+ 6x, u) dx, there-

fore 45) reads

dx 1 ik
G(X, u) dx - f 4)(u) [ - �(k, uff e- x dk. (46)

27 _ 00

Defining the quantities:

ala 2
DL 2 V =_ a 2px 1)cel.

The Coats-Smith solution (for a delta initial condition 6(x)) can be read from 46) if we

identify

P(k, u) =_ (�(k, u) Po = (P,(k, u), P-2(k, u)) (Of k, u), 0,(k, u)) ,

where Po = Fk (Cf (x, 0), C, (x, 0)) = (Cf (0), C, (0)), with Cf (0) + C, (0 = .

17



Before taking the inverse Fourier transform 46) we need to calculate the elements of

the integrand: P(k, u) =_ 4(u - - (k, u]-' - PO; therefore using 34) and 44) we get

the expressions:

Q (0) Kr Cf (0) (K,, + u)
Of (k, u = (47)

A

2 -kV)(k, u = Cf(O)K,+C,(O)(K,+u+Dk (48)
A

where A = u(2K, + u) + DLk 2 (K, + u - kV (K, + u). Note that asymptotically each

component Cf (X, ) and C x, t) normalizes to 1; i.e., in the limit u -+ 0 we get2

Of k = , u) (k = , u)
2u

In general, the solution Of (k, u) can be written in the compact form:

Of k, u) -_ 1 (49)
OZ(u) + k2D(u - kV(u)'

where

(2K, + u) 'D (u) = DL(K, + u) V(K, + u)
R (U = V (U) =_

K, + Cf ()u K, + Cf (O)U K, + Cf (O)U'

Therefore the profile Of (X, U) F-' [Of (k, u) ] is given by 24]

exp _V + XX T(u) + DL 2DLV
Of (X, U) -_ 2D(u) (50)

U V+ -DL

where

D (u) D (u) DL (K, + u)
R(u) 2K,+u

From now on we shall use that the physically interesting initial condition is

(Cf (0), C., 0) = (1, 0); therefore we arrive to the expected conclusion that asymptotically,

at long-time, the Coats-Smith solution behaves likes a Gaussian profile (i.e., solution of a

CIDE) with a diffusion coefficient DL12 and a drift velocity V/2

Cf (X, ) 1/2 (x - Vt/2)2 -00 +0), t > K-1.
-�/1�7rtDL �/2 exp 4tDL/2 x E 

The whole transient behavior can numerically be obtained by calculating the inverse

Laplace transform of (50).

Many other interesting non-Markovian cases, which are in fact related to the problem

of strong disorder, can also be worked out in a similar way from 35); its analysis will be

presented elsewhere.
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IV. THE FIRST PASSAGE TIME DISTRIBUTION

The MCTRW approach enables us to estimate the first passage time distribution for

the present problem; this distribution is a very important quantity for calculating the exit

times of a test particle in complex media. Here it is important to stress that there exists

a fundamental relation between the First Passage Time Distribution (FPTD) to a site j,

and the propagator to find the particle at this site at time t. This relation expresses that

for a Markov process the probability of occurrence of an event at step is composed of

the probability of the first occurrence at step n, and of the probability of first occurrence

at step n < n times the probability that the event again occurs after the remaining n - n

steps.

Consider a uniform lattice of arbitrary dimensionality and the continuous-time de-

scription of a Markov process. Let F(j, t I 0, 0) be the probability density of first arrival

at site 1' at time t, when the particle starts at site j = and at t = 0. If the start is not

counted as an arrival event, then F(j 0, t = 0 1 0, 0 = 0. Thus the following relation

holds 7 

t
P01 I 01 0 = ) 6 + P (, t I j, t') F (j, t I 0, 0) dt', (51)

where 0(t) is the sojourns probability. Using that the lattice is translationally invariant

and assuming that the propagator is homogeneous in time, we get

t
P(il I 01 0 = ) JO I P (0, t - t I 0, 0) F (J', t I 0, 0) dt'.

This equation can immediately be solved in the Laplace representation:

P(j U I , = P(J' I , 0) 0u) 6jo (52)

J5(0 U I , 0)

The important point for considering this result in the context of a stochastic theory

with internal states, is the fact that this equation is valid for any Markovian process; thus

instead of (51) we can write the following generalization with internal states 25]:

t
pill U t I I = oil W JO 611 + I Pi, (j, t I ', t') Fll (J', t I 0, 0) dt'. (53)

This equation is based on the assumption that different internal states with the same site

JI visited by the walker are counted as distinct events, see our remark in Appendix B.

As before, from this equation it is possible to get a solution for Fill j, t I 0, 0), from the

Laplace representation of 53) we get:

'61 (0, U I , ) Ple J U I , = pit, u U I 1 0) �1 (U) JO . (54)
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Now we use that P,, (j, u I , 0) can be written in terms of the inverse Fourier transform

of the matrix Green function. Note also that from 35) we have

161 (k, u I , 0) (u) - (k, u)

So from 54)

pa, U I ' = P-11 (j = U I ' 0) - 1 (1611, (j U I ' 0) �1' M 6 6,

and using that (for example in 2D we have ' 4 1,12); k - (ki, k2) and a (a,, a2)):

151 ( U I ' 0) (U) a, a2 f2ir/a, fr/a2 �(k, u)]-' exp (-ik dki dk2

and, because 4�(u) is a diagonal matrix we get the final result

pw U U I , 0 = oil = ' U) I oil, 0, U) O = , U) - 6o, (55)

where (in general in nD)

a, f 27r/a an f 27r/an

ell ( U = [ - �(k, u]-' exp (-ik A dki ... An27r 0 27r 0

Equation (55) gives the desired result, i.e., the FPTD (in its Laplace representation)

from the origin = with internal state 1' at time t = 0, to site i with internal state at

time t; therefore the problem has been reduced to the calculation of an inverse Fourier-

Laplace transform.

Now going back to our original problem, we have to consider that each internal state

represents a possible path 1. Nevertheless, a new difficulty appears in our approach, and

it is due to the fact that our generalized MCTRW (a possible generalized Coats-Smith

model) could also be a non-Markovian process due to the memory effects introduced by

the disorder average. Then we can only use (55) as an approximation. Unfortunately this,

of course, is not a perturbative approximation; but our result gives a plausible approach

to the problem of solving the FPTD for a non-Markovian process, which in fact is a non-

trivial problem 16]. Indeed, in a future paper we will analyze this distribution in the

context of a characterization of the concentration profile in a disordered medium with

multiple transport paths 26].

A. The first passage time distribution for the Coats-Smith model

Here we shall use our approach to calculate the first passage time distribution associ-

ated to the Coats-Smith equations (1) and 2 i.e., a Markovian example. In this case
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the probability distribution to reach the position x = L > for the first time, when the

particle starts its walk from position x = at time to 0, is given by the first passage

time distribution (in its Laplace representation): (u) Pi I L, u I , 0). Therefore from

equation (55) we have

P ( = 81 (x = L, u) (56)
611( = ,U)

Using the results of Section 111.13 (with the initial condition: Cf (0) 1) is it simple

to see, from (50), that

Cf (L, u)
PL M = = exp + L (57)

Of , ) 2DL

where

D (u) DL (K, + u)
2K, + u

Formula 57) is an exact result; from this expression it is simple to see that after a time

of the order of K-', the first passage time distribution can be approximated by using:

P () exp - L 7�_ + + L ( V ) -2u V (58)L (�DL 2DL

This expression can immediately be transformed to its time-representation; then taking

the inverse Laplace transform of (58) we get the FPTD 271:

Vt)] L t-3/2 p [ -L 2 t >> Kc

FL (t) exp [ V (L - ex (59)
2DL 4 V2rDL 2DLt

Remark. As we have mentioned before there is not a smple perturbative approxima-

tion to calculate L(t) for a non-Markovian process- nevertheless our result (55) gives a

plausible method to tackle the problem of calculating the FPTD. Indeed, this is a possible

approach to analyze secondary oil recovery in a disordered medium, work along this line

will be reported elsewhere 261.

1. Scaling results

From the result 57) we realize that introducing the change of variables:

t DL DL

( V2 ) I ( V ) 7

the FPDT (in its Laplace representation) can be written in a simple dimensionless form:
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PL(U = exp -L U +U.+ I + L where U = u V , L > , 60)
U) 4 2 (DL

and L is a dimensionless distance. Therefore after a transient time of the order of

Xr_ = (K, DL /V2) -,

the FPTD of the Coats-Smith process can be approximated by the universal function:

3/2 2Lr- [L T L
FL(7) \� exT 2 8 2,r > X (61)

From this expression it is simple to see that the maximum of the FPTD, FG.,,.�(-r, L) is

located at

T = 6 M �+U.

Thus, if > x it means that the transient in the Coats-Smith profile is not important

because it is earlier than the time scale where the maximum of the CIDE profile is located;

then, in order to study the hydrodynamics dispersion it is suitable to represent the whole

FL 7-) by the Gaussian approximation FG,,u.(-r, L). Nevertheless, if -rm < ql the transient

in the Coats-Smith profile is very important; this fact can also be understood in terms of

system-size analysis. From the condition - < l it follows that

6 2
L < 9 = L, (62)

2

where L, is a critical value that characterizes the importance of the Coats-Smith transient.

Thus for a given value of the (dimensionless) parameter ', the FPTD of the system will

show a finite-size transient behavior only if L < L,. It is trivial to realize that if > 1

there will not be anomalous transient hydrodynamics dispersion for any size-scale L > ,

this fact is in agreement with an Heuristic analysis that can be done by direct inspection

in the Coats-Smith equation.

Before ending this section let us remark that the characterization of the critical dis-

tance L, is a result that helps to solve the controversial question about the origin of the

anomalous transient and finite-size effects.

In figures 1(ab) we have plotted, for several values of >r = (0.1, 1, 10) and L

(1, 5), the CDE approximation 61) against the exact result obtained numerically 28 by

calculating the inverse Laplace transform of 60). On the other hand, form 62) and for

different values of we get different critical values L, thus for example:

0. 1 L = 74162

1 L = 18027

10 L = 0.55
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Therefore, from figures 1(ab) it is simple to check our prediction that for L < L, the

system-size analysis is very relevant.

Remark. Note that the presence of weak disorder reduces the diffusion coefficient [i.e.,

in an effective medium approximation we have to change DL -+ Dff oc see for

example Appendix A], then K, DLIV' will be reduced too, and this fact will lead to

an increase of the critical distance L,, which ultimately will enhance the finite-size effects

and consequently the transient anomalous dispersion.

It would be very important to have similar conclusions concerning the scaling of the

FPTD in presence of strong disorder, work along this line is in progress.

V. DISCUSSION

Many models of disorder can be studied from our mesoscopic point of view, and

such analysis could help to understand more complex systems (concerning hydrodynamic

dispersion in disordered media) that cannot be described by a CDE or a Coats-Smith

model. For example, if the mean velocity of the flow V is replaced by a random vector

field V(r, t), the CTRW theory can also be used to tackle this problem 29]; this situation is

very important in the Geological analysis of stratified disordered media 30]. In particular,

if in addition there are multiple families of transport paths-which could appear due to

fractures in a porous rocks-this situation, in principle, can also be analyzed using the

present approach. Therefore, for example, the first passage time distribution of the test

particle can be estimated; or the transient and the long-time response to the injection of a

pulse can be calculated, etc. We expect that the present approach gives us the possibility

to study the occurrence of different scaling regimes and asymptotic universal forms-for

the problem of finite-size anomalous hydrodynamic dispersion in disordered media-as

we have done, for weak disorder, in Section IV.A.1.

A different interesting problem is the situation when there are two types of paths, one

of which leads to superdiffusion and the other characterized by subdiffusion, in this case

the structure matrix �(k, u) has the form as the one presented in Section II.B.2, where

we comment about the problem of a network of fractures. It is important to remark that

the present multistate approach can also be used to study the moments of the associated

random walk, work along this line is in progress.

To end this discussion let us emphasize that the analysis considering different boundary

conditions can also be worked out because we already know the matrix Green function of

the associated MCTRW process.
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APPENDIX A: THE WAITING-TIME FUNCTION AND THE MODELS OF

DISORDER

Depending on the analyticity (around u - ) of the waiting-time function �(U) it is

possible to characterize different types of disorder. In the context of the CTRW there

exists a clear relation between a model of disorder and the waiting-time function, which

is given by 201

0(s - S" t = W,/ et E� Ws", )Disorder (Al)

In the present paper we are dealing with a family of multiple paths, so we have

introduced internal states in the description of the process, that is why here we are

interested in a MCTRW; thus we have to calculate an average as in (5) or 6).

Let us consider the exchange probabilities, i.e., for example assume that there are only

two possible paths, then for a given realization of the disorder the waiting-time for the

exchange from path to A is

AB t = WAB (1) exp (_11VAB (A 0
V)i'

where, in principle, WA B j) is an arbitrary probability rate that indeed depends on the

site '. The fundamental ansatz in order to be able to calculate the average over the

disorder is that WA B j) is a random variable equally distributed over the sites of the

lattice. Then it follows that

(WAI (j) exp (_ WAB (1) 0 Disorder f wexp(-wt)P(w)dw=(wexp(-wt)) (A2)

It is now clear that depending on the nature of the probability density P(w), different

waiting-time functions will arise. Consider for example a model of strong-disorder (i.e.,

there is a chance to get w 0 with a finite probability):

(w/wo)"_', 0 < w < wo , 0 E (0, 1)
'P (W) Wo (M)

0 W > O,

Then from (A2) we get

V)E t = OWO
21 o-+, YO + 1, t) , 0 E (0, 1) with t = wot.

Here -y(O+ 1, i) is the gamma incomplete function, thus for i 4 we can use -y(O 1,

r'(0 + 1), and from this we get an asymptotic expression (for long times) for the waiting-

time function
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OE t _ OF(O + 1)
21 WO t0+1 0 E (0, 1), t (M)

0

It is simple to see that the Laplace transform of this asymptotic expression is (using the

Tauberian theorem around u - )

�E U , I _ C O,
21 u -+ 0, 0 E (0, 1), C = constant. (A5)

�E U)From this expression we see that for E (0, 1), the function 21 is not analytic around

u = .

If instead of M) we use a probability distribution such that lim"_.'o'P(w) + 0 weak-

disorder), the average (A2) may lead to a waiting-time which can be an analytic function
�E U) 00 Earound u = . Thus, for example, the quantity -d 21 du I =0 'r�b2l (-r) d- = (t)

is well defined, and it is in fact the mean waiting-time. This result shows that weak-

disorder can lead to memory functions (when the waiting-time is not exponential) but

with a well defined mean waiting-time 18-20]. Alternatively, this effective waiting-time

function can be calculated using the fact that: �(u = - u(u), where �(u = 1 ).

Then, if the quantities rn), Vm 1 2 - - - are well defined, we can write a seriesW
expansion:

�(u) U�(u) M=0 (-U)m )M)
Thus, in presence of weak-disorder we can write asymptotically:

limio(u) 1 u
U-+0 W WI ( I U)

which means that at long-time and if the disorder is weak, we can approximate the

waiting-time by an effective exponential function:

�b (t) exp t
W W

This result corresponds to the conclusion that weak disorder only renormalizes the kinetics

coefficients.

APPENDIX B: CONCERNING THE FIRST PASSAGE TIME DISTRIBUTION

Depending on the meaning of the internal states an alternative definition for the

FPTD can be introduced. Thus, here we are going to present a different point of view to

define the FPTD in presence of internal states. If the lattice itself is homogeneous 25]

but the walker can be in different internal states at a given site (i.e., spin or -1) so2 2
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(j, 1") and J, 1) represent different states at the same site, then 53) should be replaced

by

1, U t I 0) (t) 6 J,

pi PI,,, (j, t t') Fl, 1 (j, t I 0, 0) dt'. (Bl)

As before, from this equation it is possible to get a solution for ,,,, (j, t I 0, 0). From the

Laplace representation of (Bl) we get:

E PI,,, (0, I ' ) (j, U I , 0 = P^"' j, I , 0) - �1' (U 6o 611'. (B2)
It/

Now we can use that 6W, J, u I , 0) can be written in terms of the inverse Fourier

transform of the matrix Green function. Therefore from 35) we have

I" (j, u I , 0 = a, 27r/a, ... a, f 27r/a' [4,(u) - ;(k, u)] 1,, exp (-Zk j) dki ... dk,,.
15, 27r 27r 0

(B3)

From the definition O(k, u) = [ - (k, u)]- , and using the inverse matrix of (B3 in

(B2) we get the final result:

P(j, I , 0 = O(j = ' U)-1 - ;(j, U) O(J = U)-I 6jo 611, (B4)

Here u I , 0) indicates a matrix with the elements Pj (, u I , 0), and

(j, U = a, f r/al ... an 27r/a u)]-' exp (-ik - j) dki ... dk,

Equation (B4) gives the desired result (in its Laplace representation), i.e., the FPTD

from the origin j = with internal state 1' at time t = 0, to site with internal state at

time t; counting the different events (mutually exclusive) to give the possibilities to reach

the state (j, 1) passing through all the states (j, 1") Compare the subtle difference with

the result given in (55). For example, here the return to the origin is expressed by the

formula

P" (j = , I , 0 = 1 - 0, U)

27



REFERENCES

[1] M. Sahimi, Rev. Mod. Phys. 65, 1393 1993).

[2] H.A. Deans, Soc. Pet. Eng. J. 3 49 (1963).

[3] K.H. Coats and B.D. Smith, Soc. Pet. Eng. J. 4 73 1964).

[4] L.E. Baker, Soc. Pet. Eng. J. 17, 219 1977).

[5] J.C. Bacri, N. Rakotomalla and D. Salin, Phys. Fluids A 25), 674, 1990).

[6] G.A. Gist, A.H. Thompson, A.J. Katz, and R.L. Higgins, Phys. Fluids A 2 1533,

(1990).

[71 J.W. Haus and K.W. Kerh, Phys. Rep. 150, 263, 1987).

[81 M.O. Cdceres and H.S. Wio, Z. Phys. B Cond. Matt. 54, 175, 1984).

[9] C.E. Budde and M.O. CAceres, Phys. Rev. Lett. 66, 2712, 1988).

[10] M.O. Cdceres, H. Schnorer and A. Blumen, Phys. Rev. A 42, 4462, 1990).

[111 ZX Chen, J Yau, Transp. Porous Media 2 145, 1987).

[12] K. Hestir and J.C.S. Long, J. Geophys. Res. 95, 21565, 1990).

[13] B.D. Hughes and M. Sahimi, Phys. Rev. Lett. 70, 2581, 1993).

[14) B.D. Hughes and M. Sahimi, Phys. Rev. E 48, 2776, 1993).

[15] Note that for a given realization of the disorder, the matrix IF,, (j, J', t) characterizes

a Composite Markovian process, see reference 16].

[16] N.G. van Kampen, in: Stochastic Process in Physics and Chemistry, Second Edition,

North-Holland, Amsterdam, 1992).

[17] It is interesting to note that the off- diagonal elements (j, J, t) of the super-matrix

T are the responsible of the exchange matrix Ej in references 13,14].

[18] GH. Weiss, Aspect and Applications of the Random Walk, Amsterdam, North-Holland

(1994).

[191 M.O. CAceres, Elementos de estadistica de no equilibrio y sus aplicaciones al trans-

porte en medios desordenados, Barcelona, Ed. Revert6 S.A. 2003).

[20] H. Scher and E.W. Montroll, Phys. Rev. 12, 2455, 1975) [see appendix D].

[21] M.O. Cdceres, Phys. Rev. A 33, 647, 1986).

28



[22] S. Bustingory, M.O. CAceres and E.R. Reyes, Phys. Rev. 65, 165205, 2002).

[23] B. Berkowitz and H. Scher, Phys. Rev. Lett. 79, 4038, 1997).

[241 Here we have used the result:
+00 -
00 (p + 2qk + k2) - e(-ijalk) dk = e qlal 7r e-JajNrp7q2/ Vrp - 2.

[251 J.B.T.M. Roerdink and K.E. Shuler J Stat. Phys. 40, 205, 1985).

[26] M.O. Cdceres, L. Insua and E.R. Reyes, to be submitted.

[27] Here we have used the theorem of the Laplace shift, and the explicit result:
+00

I Cut exp (-X2/4t) / t1/2 dt = 2Vi e.1,1-.l

[28] These were numerically computed using the Laplace inversion program LAPIN, see:

G. Honig and U. Hirdes, J. Comp. Appl. Math. 10, 113, 1984).

[29] A. Compte and M.O. Caceres, Phys. Rev. Lett. 81, 3140, 1998).

[30] G. Matheron and G. de Marsily, Water Resours. Res. 16, 901, 1980).

29



Figure Captions:

FIG La): Log-Log plot for the FPTD of the Coast-Smith process (obtained from

Laplace inversion of 60) as a function Of T (dimensionless time) for L = (dimensionless

distance) for several values of 0.1, 1, 10) against the FPTD associated to the CDE

process (the Gaussian approximation 61)

FIG Lb): Log-Log plot for the FPTD of the Coast-Smith process as a function Of T

for L = for several values of x(= 0.1, 1, 10) against the FPTD associated to the CDE

process; using the same dimensionless units as in Fig La).

30



CDE
10 -K 0.1c

c

------- -K =10c

L=l

10-

LL

1 0

10-

10-1 1 00 1 01

IT

FIG. 1 (a)

31



CDE
=0.1

lo-

------- =10c

L=5

LL

1 0-

1 00 1 01 1 02

FIG. 1. (b)

32


