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Abstract

The application of different limit processes to a physical problem is an important tool in layer

type techniques. Hence the study of initial layer correction functions is of central importance

for understanding layer-type problems. It is shown that for singularly perturbed problems of

Volterra type, the concept of transcendental smallness is an asymptotic one. Transcendentally

small terms may be numerically important.
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I Introduction

The existence of an initial layer is a characteristic of singularly perturbed Volterra integral and

integro-differential equations of the following form:

t a (t, s)
,-U(t = OM + fo (t 80 f (s, u(s)) ds, t > 0 < 1, (1.1a)

t a (t, s)
EUIM = OM + f ( W-13f (su(s)) ds, t > 0 < < 1, u = uo(e). (1.1b)

Here 0 < E < I is the small parameter, the function f is assumed to be sufficiently smooth

and the kernel a sufficiently differentiable with respects to both arguments and that a0,0 is

nontrivial. 0(t) is continuous for all t > but t) is allowed to have an integrable singularity

at t = 0. Functions and f can depend, regularly on - as well. It is for the interest in physical

problems that the E is assumed to approach zero through positive values. The initial condition

uo(,-) is regular with respect to as - tends to zero when O(O = and singular when O(O) :A 0.

Thus in (1.1b) it is appropriate to write uO(E = uo when O(O = and uO(E = !O/((,-) when

O(O = where, uo and o are constants and E) -+ 0 when E 4 0. To guarantee the stability,

the following initial layer stability condition is imposed: there exists a positive constant such

that

a (0 0,92 f (0, v) - 7 (1.2)

for all v between �(O) and uo(fio), where is the solution of the outer limiting equation.

For sufficiently small values of -, the solution u(t; E) converges nonuniformly at t = and conse-

quently as tends to zero, becomes discontinuous at this point. Therefore for both theoretical

and practical purposes it is important to determine a uniformly convergent solution when the

parameter tends to zero. In singular perturbation problems of type 1.1), the limiting equation

(obtained by setting - = 0) either does not have a (unique) solution or has a solution whose

properties are incompatible with the solution of the perturbed equation. As a result, more

smoothness on the data is needed to solve the unperturbed equation as compared to solving

the perturbed equation. This shows that there is loss of regularity as changes from positive

values to zero. The loss of regularity is due to the dependence of the solution of the perturbed

equation on the That is to say, the solution u(t; -) contains functions which depend in a sin-

gular manner on Thus the solution of the perturbed problem converges to the solution of the

unperturbed problem, as tends to zero, in a nonuniform manner on the domain [0, T), T > ,

due to the presence of these functions. These functions are characterised by the fact that they

cannot be expanded in a series of nonnegative powers of E in a neighbourhood of the point = .

They are called functions of initial layer type and the paper studies their asymptotic behaviour

in comparison with the corresponding initial layer width.

The correct approximation to the solution involves the use of two or more variable scales with

different magnitudes; slow and fast variables. The method of matched asymptotic expansion
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has been widely used to approximate solutions of singularly perturbed differential equations.

In this method one obtains an approximation in each region (the layer and outer layer)

and then match them across their common interfaces (overlap region). This method has the

disadvantage that it results in different approximations in various regions over which the problem

is considered. Therefore one usually looks for a composite expansion that is valid over the entire

domain. This is called the method of multiple scale.

In secular type problems both slow and fast variables are used simultaneously. Here, a slow

variable is used outside the layer region and a fast variable inside the inner layer region. This

method, as part of the multiple scale, is called the additive decomposition. Thus the asymptotic

solution of 1.1) is thought in the form of

t
U (t y (t; '-) + A (E) Z (-r; (1.3)

ME),

The variable -r is the fast time. It magnifies the initial layer region into the semi infinite interval

-r > 0 and thereby disclosing the nonuniform convergence. The y(t; e) provides the asymptotic

solution for t > and therefore called the outer solution. The z(,r; E) is called the inner layer

correction, as it corrects the nonuniformity in the layer region. This function is asymptotically

negligible away from the initial layer region. Moreover, it is assumed that both y and z have

asymptotic power series expansions:

00
Y (t; E --'y- (t), (1.4a)

n=O
00

z (-r; E) E E" Zn (-r), e --+ 0. (1.4b)
n=O

The coefficients zn are the functions discussed in paragraph three, they all tend to zero as

-r tends to infinity. While the function p(-) determines the amplitude of the solution in the

layer, the p(-) determines the initial layer thickness. Therefore p(e) = o(i) - + 0 and thus

it is convenient to write p(E) = 6', a > 0. The variable -r is the new variable chosen. It is

asymptotically infinite at any interval of t > 0 value when e tends to zero, and this accounts to

the asymptotic negligence of the Zn for t > 0. The determination of the A(C) and p(e) will be

carried out in Section 2 by examining the dominant balance.

Asymptotic solutions of (1.1) have been constructed (using expansions of the form of (1.3))

and the results rigorously justified, in various articles including [1], [2], [3] -[11], [151, [16], [17],

[20]. A formal asymptotic solution is a solution of a neighbouring problem and the expectation

that this solution will be an approximation to the exact solution is based on the expectation

that two neighbouring problems will have neighbouring solutions. It is known that U(t; E) is an

asymptotic approximation to u(t; ,) uniformly valid to order �o(E) if

(t; U (t; 6)
lim U 0, (1.5)
E-+O W('-)
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uniformly for all t > 0. The function �p(E) is called a gauge function. It is regular with respect

to as tends to zero. Gauge functions are not unique, they include sequences of the form

nE n > , n E R

2 Initial layer thickness

To determine the amplitude and the width of the initial layer, equations (1.1) are considered in

terms of the outer (t > fixed, - 0) and inner (- > fixed, --+ 0) limits and then apply the

dominant balance argument. The linear case is considered first: in Section 21, equation (1.1a)

is analysed and (1.1b) in Section 22.

2.1 The integral equation

Consider (1-1) and insert 1.3) into it, giving

t t a (t, s) t a (t, s) S
EY (t; E 'EA E) Z -- E 0 M + y (s; E ds A e) Z(-;E)ds. 21)

E I (t - W-11 fo (t 8-0 ea

One will observe that for a fixed t > 0, the left-hand side of 2.1) is of order o(l), E -4 and the

right-hand side is of order 0(l), E --+ 0. Since the z is assumed to be asymptotically negligible

for t > fixed, as tends to zero, the outer limiting operation yields the leading order outer

solution. To observe the inner limiting, equation 2.1) is expressed in terms of the inner variable.

This yields

ey Ea -r; -) + Ey (E) z (-r E) (Ea -r) + e6 f r a ecr, Eau) Y Ea or. e du
0 ( - l

+ / (e) E a(e Eau) (2.2)
'r 7), z (a; e d.

The dominant terms can be balanced if, for O(O) 74- 0,

O(ep(e) = 0(l), and

O(EPW = ULNE ao ) E + .

This then implies that one has to choose

A (E = E -� 0, and ce

However, when O(O = 0, dominance balancing implies that

O(EAW = "O) I and

O(EPW = E O.

In this case, one chooses

M(E = 0(l), e -+ 0, and ce 
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If the inner limiting operation is Performed, the resulting equation is the leading order inner

layer correction equation. Therefore the singularly perturbed equation (1 la) has an initial layer
I

width of order of magnitude of 0(,-O),E --- � 0. This means that the solution u(t; E) of (1.1a is
1

slowly varying for O(eo) < t < T, T > as 4 0, but changes rapidly on a small interval

< < d).

The magnitude of the solution in the initial layer region depends on whether O(O = or

O(O : 0. When this is large, that is when O(O : 0, the second integral in 2.1) contributes to

the leading order outer solution. That, is it is of order 0(l), 6 + 0. Thus the leading order

term in (1.4b) satisfies

f t a (t, s)
zo ds - (0), - 4 0. (2.3)

E 0 (t - SP EC,

What happens in this case is that the reduced equation does not have a (unique) solution and

hence the term in 2.3) is what must be added to the reduced equation to guarantee the existence

and uniqueness of the solution. The asymptotic evaluation of the integral in 2.3) requires the

knowledge of the asymptotic behaviour of the zo(,r), -r -+ 00.

The differences between the cases O(O = and O(O = are twofold. Not only is the form

of the asymptotic expansion different, but also the initial layer correction solution should be

constructed first in the case O(O) :�A 0 whereas the outer solution must be found first in the case

O(O) = 0. Moreover, leading order terms in 1.4) obey different equations for each case.

2.2 The integro-differential equation

To determine the initial layer thickness and amplitude for equation (1.1b), substitute 1.3) into

(1.1b) to obtain

1-a t a (t, s) a (t, s) S
,cy' (t; '-) + E (0 Z' (-; 6) M + y (s; E) ds + p Z(-; 6) ds.Ea f ( - S)1-0 fo (t - S)1-6 Ea

(2.4)

When the outer limiting operation is performed, the result is the leading order outer equation.

To examine the inner limit, one expresses equation 2.4) in terms of the inner variable. This

gives

Cy' (,-',r; E) + C1-ap(e)z'(,r- E) = O(e'-r) + E'fl a(-',r, E'a) Y(Eao'. 6) do,
fo -r - oll-O

+ A (E) Cap f - a (e-,r, Ea a) z (u. 6) du. (2.5)
0 (-r u)'-O

To balance the dominant terms, one is required to choose

O(E1-'p(E)) 0(l), and

OWC)E"'), 0
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when O(O : 0. And when O(O = 0, one has to choose

O(E'-'A(E)) O(EO), and

OUL(E)E"') - O.

It then follows from this that when O(O) 0, one chooses

P(E = 0, and a= +

When O(O = 0, one chooses

,u(E = 0 (I), 0, and a

Thus, equation (1.1b) has an initial layer width of order of magnitude of 0(6 E 0. That,
1

within < t < (EI+O), the solution u(t;c) varies rapidly but changes slowly outside this

region. This layer is thicker compared to that of equation (1.1a). The amplitude of the layer

varies depending on whether O(O = or O(O) 54 like the case of (1.1a).

The nonlinear problem follows analogously only that the asymptotic form 1-3) is thought only

for the case E = 0(l), E - 0. This is due to the singular nature of the integral

t a t, s)
f (S. Y(S; E) + z E)) ds, -y > 0, E 4 .

(t - S)1-0 E'Y EC'

To conclude this section, one puts it in this form; the initial layer thickness uncounted in problems

of type 1.1) is of order of magnitude of O(E'), where a = and a > I for the integral equation

(1.1a) and a < I for the integro-differential equation (1.1b). Moreover, considering z,t,;E in

the layer region 0 < t < 0(-') is equivalent to considering z(-r; E) on 0 < -r < 1. Therefore, the

analysis in the sections to follow will consider z(,r; E) with 0 < -r < as the inner layer region.

3 Initial layer correction equations

Equations governing the initial layer functions will be derived in this section following the

analysis in Section 2 The cases when the amplitude of the solution is high will be treated

separately from the case when the amplitude is of order 0 (1), E -+ 0. Moreover, when O(O) = 0

dominant terms are conveniently balanced if is of order of magnitude of Thus

without loss of generality, 0(t) will be presented as

t a (t, s)
(t) = I (t 8) I -,O h (s) ds, (3-1)

when O(O = 0, where h(s) is a smooth function. However, if 0(t) cannot be expressed in

this form, then the dominant balancing should be carried out by considering the case 0 = 

separately from the case 0 < 1. Inner layer correction functions discussed here represent all the

6



Z' in (1.4b) and not just zo. For this reason, the inner layer function will be denoted by k

when O(O) -7� 0 and by ip,, when O(O = 0. Similarly, the outer solution will be denoted by 

instead of yo. For clarity, only the linear equations will be analysed, but the analysis applies to

the nonlinear equations.

3.1 The integral equation

Taking the inner limit in 2.2), when O(O : 0, the inner layer function satisfies

a (0, 0)
4 (T) (0) + fo -r - uY-0 io (a) du > < (3.2)

When O(O) 0, inner layer function will satisfy

Ir a (0, 0) a (0, 0)
(-0 (0) + f (h(O) + P(O)) do, + fo (7- - C) ik� (or) da, -r > 0, (3.3)0 (,r 1-3 -

0 < 0 1.

3.2 The integro-differential equation

Consider equation 2.5) in the inner limit. When O(O) =,4 0, the layer function ;,k satisfies

a (0, 0)
iW-0 = OM + fo (-T - U)1-0 io(u) da, -r > 0, io(O) = fio, < 0 < 1. (3.4)

Similarly, when O(O) = 0 the layer function must satisfy

if Ir a (0, 0) Ir a (0, 0)
00 (-0 = f ( - a) 1-6 (h (0) + � (0)) du + fo -r - or) i4,0 (or) du, > 0, io,, (0) = uO,

(3.5)

0 < 6 < 1.

4 Initial layer correction functions

In this section, equations derived in Section 3 will be solved. To simplify the analysis, following

the initial layer stability condition in (1.2) and the inclusion of fractional integrals, the constant

a(O, 0) will be represented by

a(O, 0)

The Laplace transform method will be employed and since solutions of (1.1) are conveniently

written in terms of the Mittag-Leffler function, it is defined below:

EP'6(z) 1: r, (pi 6 E W'-, z E (C. (4.1)
i=O
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The E,,6 is the generalised Mittag-Leffler function of order o. When 6 = 1, 41) reduces to

the standard Mittag-Leffler function. See 13] for more on the Mittag-Leffler function and its

properties. The following pair of the Laplace transform (see 14], [181 and 19]) will particularly

be used:
(0 (±,\te) se-,

tg'+J-l EP'j - (8 T \)'+ 1 , Re s > JAI 0, E R, A E C (4.2)

Above, the 0 is the usual notation for the ih derivative. Unless it is necessary, details of the

calculations will be omitted.

4.1 The integral equation

Equation 3.2) is equivalent to

;;0(7- = O(O) 1 du, > < 1.
IV)

Let Zp (s) denote the Laplace transform of ;ip (r) then the application of the Laplace transform

on the above equation implies that

O(O)SO-1
ZO(s) 1� 0 �' 18 > . (4.3)

+ 

The inverse Laplace transform implies that ip(-r) can be represented in terms of the Mittag-leffler

function as

io (7-) (0) E,8,1 (-,ro), 7 > < 1. (4.4)

Note here that when = io,(-r) reduced to the exponential function.

When O(O = 0, equation 3.3) can now be written as

4" (0 (0) f (-r - u) (h (0) + � (0)) do, - f (-r - or) 13 -1 io. (u) du > .
NO)

Applying the Laplace transform, one obtains

Z'P� (S) = W)SO-1 - (h(O) + Vo)) 18 > 1. (4.5)
i + so i + SO

The inversion formula and the Laplace transform pair in 4.2) yield;

io,, (,r) = -�(O) E,3,1 (-,rl) - (h(O) + �(O)) -r" E,3,1+0 (--r'), > 0, < 8 1,

where O,, (s) is assumed to be the Laplace transform of ip, (-r). The definition of the Mittag-

Leffler function simplifies this solution into

io, (-r) (h (0) + � (0)) + h (0) E,8, I (- -rO), -r > 0, < 8 < 1. (4.6)
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4.2 The integro-differential equation

Equation 3.4) is equivalent to

T>O, Zp(0)=i�o, 0<0<1.
TO)

Let Zp(s) denote the Laplace transform of io(T), then

'&08,a OMS11-1
ZO(S = 51+0 + T + �81+10 , IS > . (4.7)

The solution of this equation obtained by the Laplace transform method is

;0(-r = fioEj+pj(-T1+I) + 00)7-E1+0,2(-7_'+"), T > , <8 < - (4.8)

Equation 3.5) with aO, 0) 1 is equivalent to

00 (r) Or - u),6-1 (h(O) + �(O)) du - f (r - du, > 0,r(o) fo NO) "
ioo(O) = uo, < < 1. The Laplace transform implies

Zoo (S) UOS13 - (h(O) + �(O)) Isl > 1. (4.9)
+ S1+'3 + S1+0

The inversion formula then implies

i0o (-r) = uo E1+0,1 (--rl+") - (h(O) + �(O)) -r" El+,3,1+,B (-,rl+13), > 0, < 8 < 1 4 )

Note however that equations (4.6) and (4.10) can be simplified further by considering the outer

limiting equation. When O(O) = 0, the outer equation is derived first, hence in this case the

outer equation will have a unique solution if and only if

h(t) + P(t) = 0, V t > 0.

One will observe that inner layer correction functions for equations (1.1a) and (1.1b) are all ap-

preciably different from zero only in a neighbourhood of the initial layer region. Asymptotically,

they are grouped into:

e inner layer functions for layer width of order of magnitude of 0(e'), E -4 0, ce > 1, are

order equivalent (-r -4 0 and -r -4 oo) to the function

E0, 1 (-,ro), < 0 < i (4.11)

inner layer functions for layer width of order of magnitude of O(E), e --+ 0, axe order

equivalent (T -+ 0 and r --+ oo) to the function

e
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9 inner layer functions for layer width of order of magnitude Of (E'), E --� 0, < are

order equivalent (T - and T 4 00) to the function

Ej+0,i(-'r1+13)' < < (4.12)

The conclusion in 4.12) follows by noting that the second term in 4.8 is

,rEI+0,1(-rl+") E 1 +,6,1 (- a du.

Properties of the Mittag-Leffier functions in 4.11) and 4.12) have been outlined in 14]. It is

particularly shown that these functions are represented by the integrals

00 e- O"r 01 0-1 sin (07r)
20 .du, < < (4.13)

7r C + 20 cos (07r) + 1

Also,

i+'6) 00 e- 01'r uO sin ((1 + 0)7r)

E -T 7r fo 0,2(1+0 + 2or1+0 cos ((1 + 0)7r) + Idor

2 cos ( � )t
+ e 1+0 cos (t sin 0 < < (4.14)

1 + 0 1 + 0

Note from 4.13) and 4.14) that the inner layer correction function for the integral equation

(1.1a) is completely monotone for all - > but the inner layer correction function for (1.1b is

of oscillatory character with an exponentially decaying amplitude. However both decay to zero

algebraically at infinity. 4.13) and 4.14) are plotted in Figures 41 and 42 for specific values

of 0. Asymptotic behaviour of these functions at zero and at infinity are described below using

the Laplace transform theory.

The following theorem will be used to deduce the asymptotic behaviour of the inner layer

correction functions. It is a result which follows from the theory of Laplace transforms in 121

and 21] and therefore the proof is omitted.

Theorem 41. Let T(s) denote the Laplace transform of 0(t). If T(s) can be expanded in a

neighbourhood of ao in an absolutely convergent power series with arbitrary exponents:

0041 (s) = E C,(s - ao)A', - N < Ao < Ai <-+ oo,

V=0

then the following asymptotic expansion for V)(t) is valid for t oo

00

;z� ea0t E c. t-\-1.
V=0 A,)

Similarly, if

(5) cVs-'UV' < po < IL, <--+ 00,

V=0

as s -4 oo, then as t 0,
00

T r-V

V=0 NO
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Following Theorem 41, expressions 4.3) and 4.5), the integral equation (1.1a) with < < I

has the inner layer correction function which initially (within the layer region) behaves like a

stretch exponential function but decay algebraically to zero at infinity:

00 -l)n rn

ip (-r) E F( + n) -r -4 0, (4.15)
n=O

where cp is a constant; equals to O(O) when O(O) and equals to h(O) when O(O = 0 At

infinity,
00 -l)n+l r-fln

io co E r -+ o. (4.16)
n=1

As indicated in Figure 41, the larger the value of a, the smaller the inner region and the

faster the change (in the solution) in the layer region. Outside the layer region, the io lose

their exponential decay by exhibiting power law trails for large values of -r but keeping their

completely monotonic character.

Similarly, for the integro-differential equation, expressions 47) and 49) imply that when

0(0) 0,

00 1)n 1+0)n 00 (_l)n l+,8)n+l

(r) - &O 1: + CO) _r 4 ' (4.17)I`((1 + O)n + 1) F- Fl + O)n 2)
n=O n=O

and

00) 00 -l)n+l r1-(1+0)n 00 -l)n+l r(I+,6)n 'r 00. (4.18)

F(2 - 1 + n) "OF rl-(l+-,
n=1 n=1

When O(O) 0,
00 1)n r+,6)n

i,0(-r - u E ]P((l +O)n + 1) 'r -4 0, (4.19)
n=O

and
00 -l)n+l 7(I+,6)n

io(-r - uo E +O)n) T _� 00. (4.20)
n=1

Figure 42 below shows the behaviour of the inner layer functions for the integro-differential

equation (1.1b). In this figure, one will note as well that the larger the value of a, the smaller

the inner region and the faster the change of the solution in the layer region. Outside the layer

region, the i4, exhibits an oscillatory character but with faster decaying amplitudes, the larger

the value of a, the faster the decay in the amplitude.
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Figure 4 : The inner layer correction function for a layer width of order 0 (E') a >

- 0 83

-------- 0 74

0. 7 5 0. 67

0. 5 0 57

0 25

-0 25

-0. 5

Figure 4.2: The inner layer correction function for a layer width of order O(E'), a < 1

5 'Transcendental smallness and initial layer functions

A function -y(e) is called transcendentally small if it is of smaller order of magnitude than all

gauge functions. That, if Ca', a E R, n = 0, 1, 2, . .. is a sequence of gauge functions then a

function -y(C) is transcendentally small if

lim 0, V n.E--+O Can

With respect to the definition (1.5) and the asymptotic expansions for the model equations

(1. la) and (1. lb), one will observe that if the U (t; E) is the asymptotic approximation then

�p(E) = Can, a > 1, n = 0, 1, 2,. .. are the gauge functions for the approximation of the

solution of (1.1a) when 0 < 0 < 1. Moreover, in (1-4b), a > 1, when,8 < 1

�p(E) = 0, n 0, 1, 2.... are the gauge functions for the approximation of the solution of

(1.1a) when 1. Moreover, in (1.4b), a = 1 when 1

12



e �o(E = E", 05 < c < 1, n = , 1 2... are the gauge functions for the approximation of

the solution of (1.1b). Moreover, in (1.4b) a < .

Figures 5.1 and 52 shows the behaviour of the gauge functions for values of c < I and c > I

respectively. rom these one concludes that transcendental smallness is an asymptotic one.

That, if transcendentally small terms are present but ignored in calculations carried out to a

moderate value of ce, the results may be numerically unreliable.

0 2 5

0 . 50

0 . 8 0 67

0. 80
0 6

1. 00

0. 4.

0. 2

0. 1 0 2 3 0. 4 0 . 5 0 6E

Figure 51: Plots of a gauge function E', a < 

- 1. 50

2 0
0 17 5 2 67

0. 15 4. 00
0. 12 5

5. 0
0. 1

0 07
0. 05

0 . 02 5

0. 1 0 2 0 3 0. 4 0 . 5 0 6

Figure 52: Plots of a gauge function ell, a >
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