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Abstract

A program to solve the quantum-mechanical collinear three-body Coulomb problem is described

and illustrated by calculations for a number of representative systems and processes. In the inter-

nal region, the Schr6dinger equation is solved in hyperspherical coordinates using the slow/smooth

variable discretization method. In asymptotic regions, the solution is obtained in Jacobi coordi-

nates using the asymptotic package GAILIT from the CPC library. Only bound states and scattering

processes below the three-body disintegration threshold are considered here; resonances and frag-

mentation processes will be discussed in subsequent parts of this series.
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1. INTRODUCTION

It is well known that the two-body Coulomb problem (the theory of hydrogen-like atoms)

allows a complete analytical solution. It will not be an exaggeration to say that this solu-

tion provides a foundation for the whole field of atomic physics. The three-body Coulomb

problem (the theory of two-electron atoms, one-electron diatomic molecules, and more ex-

otic systems which apart from nuclei and electrons include also positrons, muons and other

elementary particles) is the next problem in terms of the number of particles involved. It is

much richer in contents, in fact it is the simplest (but far nontrivial) realistic model which

embraces all types of phenomena (bound states, resonances, elastic scattering, excitation,

rearrangement, and fragmentation processes) considered in the theory of atomic and molec-

ular collisions. This problem is not solvable analytically, but it is still simple enough to be

studied b exact (analytical and numerical) methods, i.e., beyond any approximations. The

results of such studies, besides being interesting in themselves, may shed a new light on the

behavior of more complex systems.

This work is a part of a larger project whose goal is to comprehend major mechanisms gov-

erning the quantum dynamics of three-body Coulomb systems via the synergism of asymp-

totic methods and modern computer resources and computational technologies. Here we

consider the three-body Coulomb problem in one-dimensional world - the so-called collinear

three-body Coulomb problem. This simplified problem allows a relatively cheap in terms of

computational expenses required and very accurate numerical solution and at the same time

preserves basic features that make the dynamics of the full-scale three-dimensional three-

body Coulomb problem so nontrivial, thus presenting an excellent model for studying the

dvnarnics. In this work we describe a program CTBC which enables one to solve the collinear

three-body Coulomb problem numerically and illustrate its application by calculations for

a number of representative systems and processes. Such quantitative analysis is essential as

a source of information using which a qualitative understanding will hopefully be developed

in future studies.

This work is written with the intention to make it self-contained and understandable to

a student. All necessary technical details are given in the main text or in appendices. We

hope it will be useful for students who wish to continue our efforts as an introduction into

the field, but also for all interested physicists who wish to use program CTBC.
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IL BASIC EQUATIONS

A. Description of the system and formulation of the problem

We consider a system of three particles restricted to move along a straight line and

interacting via the Coulomb forces. It is assumed that particles cannot penetrate through

each other in collisions, so they preserve their order on the line. In fact, this is not an

assumption but a consequence of the dimension of the problem; we shall return to this

point in the discussion of boundary conditions. Particles are enumerated and will be called

by their numbers Z = 1 2 3 and pairs of particles will be called by the number of the

remaining particle. It is more convenient to have natural order of pairs rather than of

particles, therefore particles are numbered as shown in Fig. la. Then only pairs and 2 can

be formed when the system disintegrates into a free particle and a bound pair. Particles are

assumed to be structureless and completely characterized by their masses Mi and charges e.-

2 (a)

case A

case 1

case B2

FIG. 1: Three particles on a line. (a) The convention for their numbers; this order does not change

during the motion. (b) Three physically different variants of their relative position; open circles -

the oppositely charged particle, solid circles - similarly charged particles, the difference in their

size symbolizes a difference between the particles.
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two particles with equal masses and charges will be treated as identical. We shall consider

only the case when one of the particles is charged oppositely to the others. Then two of

three interparticle interactions are attractive and one is repulsive, pairs of particles can form

bound states, and there is a rich variety of scattering processes that can occur in the system.

The other possibility, i.e., when all three particles are charged similarly, is of less interest

from the physical viewpoint. By convention we assume that e2e < 0, i.e., the interaction in

pair I is attractive. Then there are two possibilities: either e < or e1e > 0, which will

be referred to as cases A and B, respectively. In case A, the oppositely charged particle has

number 3 see Fig. I b. Interchanging similarly charged particles and 2 in this case does not

lead to a new physical situation, because it can be compensated by changing the direction

of the variation of a coordinate on the line. So the way of numbering similarly charged

particles in the case A is a matter of convention which will be specified later. Case A under

an additional condition that particles and 2 are identical will be called the smmetric

case. In case B, the oppositely charged particle has number 2 Now interchanging similarly

charged particles 3 and does lead to a new physical situation, if these particles are not

identical. Accordingly, we shall distinguish two subcases, Bl and B2, illustrated in Fig. lb;

their formal definition will also be given later. Cases A, 131, and B2 exhaust all physically

different variants of the relative position of three given particles on the line.

Considering evolution of this system in time, its initial and final states can be classified

by the number of fragments. There are three types of states: (i) one fragment, i.e., bound

states of the whole system, (ii) two fragments, i.e., a free particle and a bound pair, and

(iii) three fragments, i.e., three free particles. In case A, the system can disintegrate into

two fragments in two ways, 23) + I and 2 31), which will be called arrangements and

2, respectively, while in case such disintegration may occur only in the arrangement .

The same classification applies to initial and final states of scattering processes in time-

independent formulation which will be used in this work. Thus, depending on its energy,

the svstem can be found in one of the following (bound or scattering) stationary states:

in both cases A and 

(231) - bound (ground and excited) states, (la)

(231) - resonance (complex energy) states, (lb)
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(23)i + 1 (23)f I - elastic scattering and excitation in the (le)

arrangement ,

(23)i + 1 2 3 - fragmentation in the arrangement 1, (1d)

and in addition in case A only

2 + 31), 2 31)f - elastic scattering and excitation in the (le)

arrangement 2,

(23), + 1 2 31)f - rearrangement,

2 31)i (23)f + 1

2 31)i 4 2 3 - fragmentation in the arrangement 2 (1g)

where indices i and f identify states of the bound pair in the initial and final states of the

system, respectively. The purpose of program CTBC is to provide an accurate numerical

description of all these states in a wide interval of energy for arbitrary combinations of

the masses and charges of particles. In this work we consider only bound states (la) and

scattering processes (le), (le), and (1f) below the threshold of fragmentation processes (1d)

and (1g). Resonances (lb) and scattering processes (1c)-(lg) above this threshold will be

discussed in subsequent parts of this series.

B. Schr6dinger equation in a laboratory frame

Let us introduce a coordinate X on the line with the origin at the position of an unmov-

able observer (a laboratory), and let Xi be the coordinates of particles, see Fig. 2a. The

Schr6dinger equation in these coordinates reads

( + V - 6) �V (X1, X2, X3) = 0, (2)

where T is the kinetic energy,

1 (92 1 92 1 a2
= (3)

2m, 9X2 2M2 09X2 2M3 19X212 3

V is the Coulomb potential energy,

V e2e3 + e3el + eje2 (4)

IX - X31 JX3 X11 JXI - X217
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(a)

X2 X3 X X

Yj X2 (b)

01

xi

2

FIG. 2 Different sets of coordinates used in the problem. (a) Individual particles' coordinates

Xi defining a three-dimensional configuration space of the system R. (b) Jacobi (x,,,y,,,) and

hyperspherical coordinates in the reduced configuration space W. Only the sector lying

between two thick lines is considered; the wave function vanishes along these lines.

and is the total energy of the system. Configuration space can be thought of as a three-

dimensional Euclidean space RI with Cartesian coordinates (XI, X2, X3)- Interparticle colli-

sions occur on the planes X = X2, X2 = X3, and X = XI which intersect each other along

the line of triple collisions XI = X = X3, dividing the configuration space into sectors. In

order that matrix elements of the potential energy 4) be finite, the solutions of Eq. 2) must

vanish on these planes. This requirement is a mathematical formulation of the mentioned

above physical condition that particles cannot penetrate through each other; it is specific to

one-dimensional Coulomb problems, the situation in spaces of higher dimension is different.

Thus Eq. 2 can be considered separately in each sector, and by interchanging particles

the problem can be reduced to the consideration of one particular sector. Assuming that

particles are in the order shown in Fig. 2a, the coordinates X, are restricted to vary in the

sector

-0 < X _ X3 X < , (5)

and the wave function must vanish on its boundaries,

'P(X1, X2, X3)IX,=x, 'P(XI, X2, X3) x,=x, : 0 (6)
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Only this sector will be considered in the following. Inside it, we can rewrite Eq. 4 as

V e2e3 + e3e, + eie2 (7)
X - X2 X - 3 XI - X2'

C. Separation of the motion of the center of mass

The center of mass of the system is located at

XCM (MIX1 + M2X2 M3X3), (8)
M

where

M = MI M2 M3- (9)

Let r denote a set of two variables defining the positions of particles for a given value of X,"j;

a two-dimensional Euclidean space W spanned by r will be called the reduced configuration

space. We wish to change independent variables in Eq. 2 from (XI, X2, X3) to (Xm, r).

This can be partially done without specifying r. Indeed, variations of Xm without changing

r correspond to motions parallel to the line X = X = X3, and variations of r without

changing Xcrn correspond to motions parallel to the plane X = . Let us introduce mass-

scaled coordinates X = 'm-, X, in W. After such scaling, the line Xi = X = X3 and

the plane X = become orthogonal. The kinetic energy operator 3) reduces to a three-

dimensional Laplacian in terms of X. Its transformation to coordinates (Xm, r) can be

performed by a rotation of the frame (X', X', X') which brings one of its axes into the1 2 3

position of the line XI = X = X3, and then the other two will lie in the plane X = .

Because the Laplacian preserves its form under rotations, there will be no cross derivatives

in the expression for T in terms of the new variables, and hence no cross derivatives with

respect to Xcm and r. Knowing this, it can be shown that

1 j92
7 = - - + T, (10)2M 19X2

cm

where the reduced kinetic energy T is a differential operator acting on the variables r only.

The potential energy 7 depends only on the distances between particles which are de-

termined bv r. Thus we can separate variables Xm and r in Eq. 2 Substituting into

Eq. 2)

XP(Xh X2, X3) exp(iKcmXcm)xP(r)

9 



and

.F Kcm + E, (12)
2M

where Kc.. is the momentum corresponding to the motion in Xm and E is the reduced

energy of the system (its energy in the center-of-mass frame), we obtain a two-dimensional

differential equation describing dynamics in the reduced configuration space

(T + V - E)T(r = 0. (13)

Only this equation will be considered in the following, so we shall refer to T and E simply as

the kinetic and total energy of the system, omitting the adjective 'reduced'. When particles

are at rest (T = ) at infinite distances from each other (V = ) we have E = , which

defines the three-body disintegration threshold energy. In this work we consider only the

solutions of Eq. 13) for E < . Because the solutions will be expressed in terms of different

sets of coordinates in the different parts of configuration space, in some situations it will be

convenient to leave coordinates unspecified. In such cases, we shall use notation r for the

argument of the wave function.

D. Jacobi coordinates

Let us introduce reduced masses

Mi+lMi+2 (14)
Mi+1 + Mi+2

and angles of kinematic rotations

,y = arctan M�M 0 <y, 7/2, (15)
�+IM,+2'

where (i, i + 1, i 2 is a cyclic permutation of (1 2 3 The angles -yi satisfy

71 + Y2 + 1/3 = - (16)

We shall also use the simplified notation -y3. In addition, it is convenient to introduce

the parameter

'Y2 71 - < < 1, (17)
'Y3
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which characterizes mass-asymmetry of particles and 2 In terms of Y and we have

12 17F I (18a)

_Y2 17 - ( - )-Yl, (18b)

and

rn, -cot Y cot[(l + E)-yl2j, (19a)
'M3
M2
- = cot'Y cot[(1 - )-y/2]- (19b)
'M3

Jacobi coordinates are Cartesian coordinates in the reduced configuration space ?. There

are infinitely many ways to introduce Jacobi coordinates, the different sets being related to

each other by (kinematic) rotations and/or reflections. We shall use two particular sets of

(mass-scaled) Jacobi coordinates defined by

X = . [!MLM2M3 X _ M2X2 M3X3

V pi M M2 + M3 (20a)

Y1 = 'Y1 (X3 X2),

and

X = MlM2M3 M3X3 MIXI _ X2

P2 M M3 + MI (20b)

Y = \6112 (X1 - X3)

These coordinate systems are shown in Fig. 2b. They are related by

X2 cos -y sin y X1 (21)

Y2 sin -Y Cos y Y1

Jacobi coordinates of the 1st and 2nd sets are convenient for solving Eq. 13) in the asymp-

totic regions corresponding to disintegration of the system into two fragments in arrange-

ments and 2 respectively. In the following, arrangements will be specified by the Greek

index a taking the values I or 2 in case A and only I in case B, and all the quantities relevant

to the given arrangement will be indicated by the same subscript, e.g. (x", y,'). Many of

equations below have identical forms for both arrangements; in such cases, we shall omit

the subscript a where this does not lead to ambiguities. Substituting Eqs. (8) and 20) into

Eq. 3) and comparing with Eq. (10) we obtain

1 92 1 92
T - - (22)

2 X2 2 j9y2'



The potential energy 7) as a function of Jacobi coordinates is given by

Z1 Z2 Z3
V + + (23a)

yj xi sinY3 - Y1 COS y3 xi siny2 + Y1 COS -Y2'

Z1 + Z2 + Z3 (23b)
X2 SIn'Y3 - Y2 COS 73 Y2 X2 sin y + Y2 COS Yl'

where z, are the pair charges,

zi = ei+iei+-2v/-i- (24)

As follows from Eqs. (5) and 6), the Schr6dinger equation 13) must be solved in the sector

< x < oo, < y x tany, (25)

with the boundarv conditions

T(x, Y)I,= = *(x, Y)ly=xtany = 0 (26)

The volume element in R2 is given in terms of Jacobi coordinates by

dV = dxdy. (27)

E. Hyperspherical coordinates

Hyperspherical coordinates are polar coordinates in the reduced configuration space R 2

They will be used for solving Eq. 13) in the internal region, where all three particles strongly

interact with each other. We introduce two sets of hyperspherical coordinates, rl, 1) and

(r2, 02), defined in terms of the corresponding sets of Jacobi coordinates by

x = rcoso, r = VX �2+ X 2Y' (28)

y = r sin = arctan(y/x).

These coordinate systems are shown in Fig. 2b. Using Eq. 21), it can be shown that r, = 2

and

01 + 02 = Y (29)

The kinetic 22) and potential 23) energies in terms of hyperspherical coordinates read

a a 1 92
T r - - - (30)

2r ar ar 2r2 a02
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and

V Z1 + Z2 + Z3 (31a)
r sin 1 sin(-y - 1) sin(-y2 + 1)

i ( Z, + Z2 + Z3 (31b)
r sin(-y - 02) sin 02 sin(,y + 02)

The sector 25) corresponds to

< < < (32)

the boundary conditions 26) take the form

T (r, I =0 T (r, I =,y 0, (33)

and the volume element 27) becomes

dV rdrdo. (34)

-2 0As r - 0, terms T, V, and E in Eq. 13) grow as r , r-', and r respectively, see Eqs. (30)

and 31). Neglecting V and E, it can be shown that a general solution to Eqs. 13) and 33)

behaves as

IP (r, ) 1,, a r/-y sin(7ro/-y) (35)

F. Scaling

We are going to consider systems with vastly different masses m, and charges e, of par-

ticles. In order to bring them to a common scale, it is convenient to introduce scaled

coordinates

(i, h I z x (x, y r, h-10, (36a)

scaled energies
2(T, V, E) z, x (T, V, E), (36b)

and scaled charges

1z I-' x Z (36c)

where

h = 2-y < h < 1. (37)

13 -



Besides convenience in calculations, such scaling pursues a deeper goal: it reveals the pa-

rameter h (a resemblance of this notation to Planck's constant is not accidental) essential for

the analysis of this problem by asymptotic methods (to be discussed in future publications)-

Only scaled quantities will be used in the following, so from here on we shall omit the tilde.

After scaling, pair charges are explicitly given by

Z = (38a)

Z = - el Ml M2 + M3 el cos[(I + -)-y/2] (38b)
e2 M2(MI + M3) e2 cos[(l - )-y/2]'

Z = - el Ml M3 + M2 el COS +Cos � oS[(1 + e)-y/2] (38c)
e3 M3(M + M2 e3 2 sin2-Y COS[(I - )-y/2]'

Other changes in the above equations are summarized below.

Jacobi coordinates. The two sets (Xi, Yi) and (X2, Y2) are related by the same equation

(21). The kinetic 22) and potential 23) energies become

h2 92 h 2 92
T = - - - - (39)

2 19X2 2 1y2

and

V hzl + hZ2 + hZ3 (40a)
Yi xi sin y - yj os y3 xi sin -y2 + yj os -y2'

hzi hZ2 hZ3 (40b)

X2 SIn 73 Y2 COS Y3 Y2 X2 sin y + Y2 COS 'YI

The intervals of variation 25) and the boundary conditions 26) remain unchanged.

Hyperspherical coordinates. Relations 28) and 29) take the form

x = r os ho, = VX2 + y2, (41)

y = r sin hol = h-'arctan(y/x),

and

01 + 02 = r/2. (42)

The kinetic 30) and potential 31) energies become

h2 9 19 1 a2
T = __ _r_ - - (43)

2r i9r o9r 2r2 902

and

V I hzi + hz2 hZ3 (44a)
r sin[h0ij sin[h(7r/2 - Ij]+ cos[h(01 - 7(l - E)/4)])

hzl - hZ2 + hz3 (44b)
r (sin[h(7r/2 -_2) + sin[h021 cos[h(02 - 7(l + -)/4)]

14 -



The intervals of variation 32) are changed to

0 < r < oo, < 7r/2, (45)

and the boundary conditions 33) read

IF (r, 0) 10=0 =T (r' 0) 10=,r/2 = O' (46)

G. Permutation symmetry in the symmetric case

The symmetric case (case A when particles I and 2 are identical) requires a special

consideration. In this case, Eq. 2 remains unchanged under the permutation of , and

X2. As can bee seen from Eqs. 20), such permutation corresponds to xj, yj) 4 (-X2, -Y2)

in Jacobi coordinates. However, if the initial point (Xi, O lies inside the sector 25), its

image (-X2, -Y2) falls outside it. We can return back to the sector 25) by the inversion

(XI, X2, X) -� (-X1, -X2, -X3) which also leaves Eq 2 unchanged. This corresponds to

(-X2, -Y2) --+ (X2, Y2) in Jacobi coordinates. The composition of these two transformations,

(X1, Y 4 X2, Y2), amounts to mirror reflection of the sector 25) with respect to the line

y = x tan(-y/2). The solutions of Eq. 13) can be chosen to be either even or odd under such

reflection. Even (odd) solutions will be indicated by the subscript or They satisfy

'F, (X 1, YI = O'Ta (X2, Y2) (47)

This relation can be presented in the form of boundary conditions on the line y = x tan(-y/2),

19 - = ,sin(-y/2) - cos(^�/2 I (X, Y) �
19X (9y Y=X tan /2) (48)

1P-(X7Y)1y=xtan(,y/2 = .

In hyperspherical coordinates, these conditions read

aT+ (r, ) = ,

(90 L,,/4 (49)

= -

Taking them into account, in the symmetric case it is sufficient to consider Eq. 13) only in

a half of the sector 25), (45).

- 1 -



H. Asymptotic states

The disintegration of the system into two fragments in arrangement a occurs in the region

1
Xa --� 0, Ya O(X'). Here, the potential energy 40) can be expanded in powers of x-

= hza + hZa + hD,,y,, + O(X-3), (50)
Ya X, X2 aa

where Z are the asymptotic charges,

Z Z2 + .Z3 (51a)
siny3 sin -y2

Z1 Z3
Z2 - + (51b)

sin -y3 sin yl'

and D are the asymptotic dipole momenta,

DI COS IM COS Y2 (52a)
sin2 73 sin2721

D2 COS 73 COS ^/I (52b)
sin 2 _3 -J SiR2 'Yi

Retaining only first two terms in Eq. (50) and substituting them into Eq. 13) we obtain

h 2 92 h 2 hza V,
- - - + - + - E 1Y(X.'Y. = O. (53)2 aX2 2 9y2 X,

a a Ya I

Asymptotic states are the elementary solutions to this equation defining physical asymptotic

boundary conditions for scattering processes. They can be found by separating variables x"

and ya. In this work we consider only the solutions for E < . The regular (s) and irregular

(c) at x = solutions are given by

T'sr) (x., ya = (h/kan) 1/2)7(.9,r) (kan Xa / h; Z. / k..) x (I z I h) 1/2 Bn(jz.jy./h), (54)VM

n), a = 2 n = 2....

The two factors here describe the relative motion of the free particle and the bound pair

and the internal state of the bound pair, respectively, where a,; identifies asymptotic chan-

nels, with a and n specifying arrangement and state of the bound pair, kan is the channel

momentum,

2
kan = 2(E - Vn), (55)

Van is the channel threshold energy,

Z,2
Van 2n2l (56)

- 16 -



and functions (x) and are defined in appendices Ala and A2a, respectively.

Functions 54) satisfy the first of conditions 26), but they do not satisfy the second one.

However, the second condition is satisfied asymptotically for x, -+ oo, because B(x) expo-

nentially decays for large values of its argument. In the symmetric case, in order to satisfy

Eq. 47) we introduce symmetrized asymptotic states,

(S )
an 2 1'n' (X1 YO + 01'2n") (X2, Y2) (57)

Now we can complete the definition of cases A, 131, and B2. The following table summa-

rizes our conventions in terms of pair charges z:

case A: z < z < , 0 < Z3,

case Bl: < Z2, Z1 <- Z < 0, (58)

case 132: < Z2, Z3 <- Z1 < -

The physical meaning of these conditions can be seen from Eq. 56). In case A, we assume

that the hydrogenic spectrum of the bound pair in arrangement lies lower or coincides with

that in arrangement 2 which is always possible to achieve by interchanging particles and

2, and cases Bl and B2 are distinguished by the relative position of the hydrogenic spectra

in pairs and 3 (note that with the assumed order of particles pair 3 cannot be separated

from the remaining particle 3 Thus in all the cases the lowest channel is (a, n = (1, 1).

Taking into account that z = 1, see Eqs. 38), from Eq. 56) we have vjj = -0.5, which

defines the threshold energy for disintegration into two fragments.

I. Asymptotic boundary conditions

We are interested in the solutions of Eq. 13) which apart from the regularity boundary

conditions 26), 46) satisfy appropriate physical boundary conditions in the asymptotic

region r -� oo. Let us formulate these conditions.

For bound states, the wave function must vanish at large separations between any two

particles, therefore

�V(r)j,, = . (59)

The solutions of Eq. 13) satisfying conditions 26), 46), and 59) simultaneously may exist

only for discrete values of E, hence we obtain an eigenvalue problem (EVP). The purpose of

program CTBC in the bound case is to calculate bound state eigenvalues and eigenfunctions.
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For scattering states in the energy range -0. < E < , the physical asymptotic boundary

conditions are formulated in terms of the asymptotic states 54),

open

Tas (r) T( 8) (r)+ T(O (r)K/Aasvas, (60)as 1: Pas

Aas

where summation goes over all open channels (a channel is open if E > v,,,,,, otherwise it

is closed). Equation 60) defines the reactance matrix K which is related to the scattering

matrix by Ill
S 1 + iK (61)

1 - iK

In case A, matrix can be partitioned into four blocks according to the index a specifying

arrangements,
S(11) S(12)

S S(21) S(22) (62)

In case B, there is onlv one arrangement a = , therefore only one block S") is present.

In the symmetric case, the boundary conditions (60) can be reformulated in terms of the

symmetrized asymptotic states 57),

open
Tan(r)lr-+O = Ts)(r) + am mn'

an E T(c) (r)K(-) (63)
m

Note that there are no transitions between states with different permutation symmetry.

Equation 63) defines the reactance matrix K('), and the corresponding scattering matrix

S(') is again given by Eq. 61). In this case, matrix can be partitioned into blocks according

to the permutation symmetry index ,

S 0

= S (-) (64)

As follows from Eq. 57), representations 62) and 64) are related by

S(11 = S(22 = I S(+ + H
2( I (65a)

S(12 = S(21 = M - SH
2( (65b)

The purpose of program CTBC in the scattering case is to calculate scattering matrix S.
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III. HYPERSPHERICAL ADIABATIC (HSA) APPROACH

This approach 21 to the solution of the Schr6dinger equation for a few-body system is

based on the adiabatic expansion of the wave function in hyperspherical coordinates, with

hyperradius and hyperangles treated as "slow" and "fast" variables, respectively. It suggests

a consistent computational scheme which enables one, at least in principle, to obtain accurate

solutions of Eq. 13) for E < . The SVD method used to solve Eq. 13) in CTBC, see next

section, is intimately related to the HSA approach, so before describing the former it is

useful to recall main steps of the latter. To this end, let us rewrite Eqs. 13), 43), and 44)

in the form

h a a U (r) E 4 (r, 0, (66)-r- +
2r O r r2

where U(r) is the HSA Hamiltonian,

U(r) +rc(o), (67)2 a02

and C(0) is the effective charge,

hzi hZ2 hZ3
C + w (68a)

sin[h0i] sin[h(7/2 - I)]+ cos[h(0 - r(I - )/4)]

hzl hZ2 hZ3 (68b)

sin[h(7r/2 - 2)] Sin[hO21 + �OS[h(02 - I* + E)/4)]'

The notation U(r) emphasizes that this operator parametrically depends on r. Note that

for any fixed value of we have

Q0)1h,0 el - 2e, + 0(h 2) (69)

01 e2O2 7re3

Thus in the limit h -� 0 the parameter h enters into Eq. 66) only in the form of an effective

Planck's constant for the motion in r, which renders Eq. 66) amenable to the analysis by

asymptotic methods. This circumstance justifies scaling 36).

A. HSA eigenvalue problem

First in the HSA approach is treated the motion in angular variable for a fixed value

of hyperradius r. This motion is described by the HSA EVP

[U (r - U (r I D (0; r) 0, (70a)

�D(O; r = D(7r/2; r) 0, (70b)
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where, again, the argument r shows that the eigenvalue U(r) and eigenfunction 4D(O; r)

depend on r as a parameter. The solutions to Eq. 70) will be denoted by

U. (r), 4D. 0 r, v = 12.... (71)

For any r, the eigenfunctions form a complete set in the space of square integrable functions

in the interval < < 7/2. We normalize them by

(,D., 0; r) 1D,. (0 r) (72)

where
4 fir/2 . . . do. (73)
7 0

In two limiting cases the solutions can be found analytically. For r 0 we have

U, (r) 1r1O = 2V2 + rC, + O(r 2), (74)

�D. (0; r) 1,0 = sin (2vo),

where C = C,,,(0) and

C.,,, (r) r I C (0) 1,D,,, (0; r) = C,,. (r). (75)

For r -� oc, using the expansion

Z' 2 + O(O.2),
C (O.) I 0� 10 + hZ, + h (D, + z /6) (76)

we obtain

U,,.. (r) z.2 r2 + hZ,,,r + h 2 n 2 3D 1 +
2n2 (21z,,j 4)

-1>Va,(OCk;r)j,, = (7rjz.jr)'/'B.(jz.jrO.), (77)
2

v,, = (a, n), a = 1, 2, n = 1, 2,...,

where the function (x) is defined in appendix Ala.

B. HSA expansion

Second in the HSA approach is treated the motion in hyperradius r. Let us rewrite

Eq. 66 as

h 2 2 U(r - h 2/ _ E] r' /2 �V (r, 0. (78)
-- jr2 + r22
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The solutions to this equation are sought in the form of the HSA expansion

T(r' r-' /2 1: F., r) 41, 0; r). (79)
V

Substituting this into Eq. 78), one obtains a set of ordinary differential equations defining

the functions F,(r),

h 2 d2 + V, E F, h2E [2FV, (r) d + Q - (10 F, (r), (80)
2 dr2 2 dr

A

where
U,(r - h2 /8

V, (r) (81)
r2

are the HSA potentials and

P,,,, (r = 'D' (0; O r) Pv (r), FVV (r) 0, (82)
49r

Q-t, (r = �D, 0; r) a2(D ,, (0; (83)
49r2

are the matrices of nonadiabatic couplings. Introducing an additional matrix,

a�% 0; r) (0; r)Q(.q) (r = Q(s) (r), (84)
V'U ar ar /IV

we obtain the relations

jz(-) (r) P\v (r) PA,. (r), (85)

Q,,, (r) + Q (r = FVA (r) (86)
V'U dr

Using the perturbation theory, it can be shown that

P,,, (r) C,,. (r) (87)

UV(r) U"'(O'

Solving Eqs. (80) with appropriate boundary conditions and substituting the solution

into 79), one obtains a solution to Eq. 78). In practical calculations, only a finite number

of HSA channels Nh can be retained in expansion 79) . However, completeness of the HSA

basis 71) ensures that this expansion converges as Nh grows. The main advantage of the

HSA approach stems from the observation that in many situations expansion 79) converges

more rapidly than it could be a priori expected. Its difficulties are hidden in the solution of

equations (80).
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IV. SLOW/SMOOTH VARIABLE DISCRETIZATION (SVD) METHOD

This method 3 of solving the Schr6dinger equation applies to systems whose Hamiltoni-

ans allow adiabatic separation of variables. It is based on the expansion of the wave function

in a concerted combination of the adiabatic basis for "fast" variables and a DVR basis for

the "slow" one. In application to the present problem, SVD preserves all advantages of the

HSA approach leaving aside its difficulties. Let us introduce a new function

V (r, r-'I'T (r, (88)

and rewrite Eq. 66 as

h 2 2 a h2 2
_r + U(r - Er (r, 0. (89)

2 r i9r 8

Suppose we wish to find a general solution to this equation in the interval

r, < r < rb- (90)

As a first step, r must be replaced by a new variable t,

r = r(t) ++ t = t(r). (91)

The purpose of this transformation is to map the interval 90) into the interval of orthog-

onality a < t < b for a suitable set of COP, see appendix Bl. Only linear transformations

will be used here; let us introduce notation

dr(t)/dt = s. (92)

Then the type of COP is uniquely defined by the interval 90) and the boundary conditions

for the wave function V)(r, ) at its ends. Let t, and 7, (t), i = 1, . . . , N, be the corresponding

N,-point Gaussian quadrature and DVR basis, and ri = r(ti). Note that this basis becomes

complete in the space of square integrable functions in the interval 90) as N, - oo.

A. SVD eigenvalue problem

Let us introduce a Bloch operator 4,

h2 2

IC = _r [J(r - rb - 6(r - r] - (93)
2 9r'
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and consider the equation

h2 9 2 a h2 2
-T + L + U(r - Er O(r, 0, (94)

2 o9r 9r 8 1

which differs from Eq. 89) by the term with . The solutions to this equation are sought

in the form of the SVD expansion

�b(r, Civ7r*)(Dv(O;'ri)' (95)
iv

where 4)v(0; r) are HSA basis functions defined by Eq. 70). Substituting this into Eq. 94)

and using B16) and B19), one obtains an algebraic SVD EVP defining the coefficients civ,

E (h'Ki - s'pi,) ivj,,cjp + [U.(ri - h 2181civ = 0, (96)
311

where Kj3 and pj are the DVR kinetic and weight matrices,

Ki = I d7ri(t) r2 t) �� dt, (97)
2S2 dt dt

1 fb 2 t) 7r, (t
Pij = 7ri (t) r dt, (98)

2

and i,,,,, is the overlap matrix for HSA bases at different quadrature points,

OIIV,3 A = (,Dv 0; ri) I -,DI, 0; rj)) (99)

Let c' be the eigenvectors of Eq. 96); we normalize them byiv
83 Cn C Jnm (100)E E iv uPz3Oiv'jA

iv ]/I

The corresponding solutions to Eq. 94) will be denoted by

&, �,, (r, n = , 2.... (101)

The eigenfunctions satisfy

2(r, r (r, 6n., (102)

where
b

(... ) dr. (103)

Similar to Eq. 79), they can be expanded in HSA basis,

(r, T Pvn(r) Dv (0; r). (104)

Comparing this with Eq. 95) and taking into account property B15), we obtain a relation

CnbetweenPvn(r) and iv,

-1 nFv. (ri) = ri Ki cv. (105)
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B. SVD solution

In the SVD method, the solutions of Eq. 89) in the interval 90) are sought in the form

of expansion in terms of on (r, ). It can be shown that an arbitrary solution satisfies

0 I L 10 (r, 0)) -
En - E 10. (r, (106)

n

From this, for a particular solution defined by the boundary conditions

ao(r, ) ab
r) (9r = dV V (107)

,b

we obtain
h 2 On (r, )

(r, 2 En E E 1rbFVn(rb)4 - rafVn(ra)da] (108)
n V

where

fVn (r.,b) r.,b E cjn,7r (a, b) 0ab (109)

jA

and

0"� (4D, (0; rab I D'- (0; r,)). (110)

In these formulas 'a, b stands for one of a or b. Treating d' and d b as arbitrary constants,V V

Eq. (108) gives a general solution of Eq. 89) in the interval (90). There are two cases that

require a special consideration. First, if energy E in Eq. 89) coincides with one of the

eigenvalues En of Eq. 94), the coefficient in the corresponding term in 106) is arbitrary,

and the solution is not defined uniquely. Second, if da and d bare such that all the coefficients

in 106) are zero, we obtain an eigenvalue problem: a solution to Es. 89) and 107) in this

case exists only if E coincides with one of En and is given by On (r, ).

In practical calculations, expansion 95) contains a finite number NVD = N, x Nh Of

terms, where N, is the dimension of the DVR basis and Nh is the number of HSA channels.

Thus solving Eq. 96) one obtains NVD SVD solutions (101). Due to completeness of the

DVR and HSA bases, these solutions form a complete set in the space of functions square

integrable in the regio r < r < rb, < < 7/2 as both N, and Nh tend to infinity, which

ensures convergence of expansion (108). The rate of this convergence with respect to N,

is as high as in the DVR method and that with respect t Nch is the same as in the HSA

approach.
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V. NUMERICAL PROCEDURE

Here we discuss major elements of the numerical procedure used in CTBC, describe struc-

ture of the program, and specify recommended values of the input parameters.

A. Solution of HSA eigenvalue problem

The HSA EVP 70) explicitly reads

1 t92 + rC(0 - U(r)] �D(O; r = 0, (111a)
2 902

�D(O; r = 4)(7r/2; r = 0. (1 lb)

Let us introduce a new variable,

0(t = v1 + t)/4, t(o = 40/7 - 1, (112)

< < 2, - < < ,

and rewrite Eq. (111) in the standard form (B23),

d 1 _ t2) d I 72 (1 4D(0; r)
+ - t2) (U(r - rC(0)) 0. (113)

Idt dt - 2 8 1 V/_1 -- il

We solve this equation by the DVR method using Np-point Jacobi P.(a'o) (t) quadrature.

The parameters of the Jacobi polynomials are uniquely determined by the condition that

-�(O; r) must linearly vanish at the ends of the interval 112), which yields a 1. The

polynomials of even/odd order are even/odd functions of t, so the permutation symmetry

boundarv conditions 49) in the smmetric case can be easily implemented. The solutions

are obtained in the form

No

U, (r) 4 0; r = --- t2 C' 7r, (t), v 1 2. . No./j__ (114)

The eigenvectors c(r) are normalized by

No

c'(r)c,(r) (115)

Then

(,D, 0; r 141, 0; r)) (116)
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in accord with Eq. 72), where the approximation amounts to the use of quadrature (137).

With the same accuracy, the overlap matrices 99) and (110) can be calculated using

No

r) r')) ,:z� c' (r) ci (r'), (117)i

and the potential energy matrix 75) is given by

No

(r) c' (r) C (0j) c' (r), (118)i
t=1

where = (ti). Taking into account property 1315), at the quadrature points we have

-T,,(0j; r = K Ic'(r). (119)

We solve Eq. (I 1 1) using angular variable 1 from the 1st Jacobi set. The main limitation

of the procedure described above stems from the fact that for large values of r functions

�%(Oj; r) are localized in small intervals of 1 near = (arrangement a = ) or 1 = 7r/2

(arrangement a = 2 whose size is K I/r, see Eqs. 77). This situation is similar to that

discussed in appendix Alb. To cope with the localization problem the dimension of the

DVR basis must grow o VIFI

NO (120)

where the coefficient depends on the accuracy required. We have found the following

dependence between and the relative accuracy of the lowest eigenvalue UI(r),

q = 40 6U11U < 10-6, (121a)

q = 45 6UIIU < 10-8. (121b)

This agrees with Eqs. (A20) and (A21), where one must substitute a = r7r/2.

B. Bound state calculations

In the calculation of bound states, Eq. 89) is considered in the interval < r < oc. The

transformation 91) in this case is defined by

r(t = st, t(r = r1s, (122)

0 < r < o, 0 < t < 00,
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where

= r .. ItN,. (123)

Here tN, is the last quadrature point for the given dimension Nr of the DVR basis, and the

parameter r.. characterizes the size of the region where bound state wave functions to be

found are localized. A suitable DVR basis can be constructed from Laguerre polynomials

L(') (t). Then function 95) exponentially decays as r --+ oo, which is in accord with Eq. 59),

and behaves o r/' as r - 0. Taking into account Eq. (88), in order to satisfy Eq. 35)

we would have to put a = 27r/-y - 1, which gives growing values of a for y -� 0. However,

the interval of r where the power behavior 35) holds decreases as -y -� 0, and large values

of the exponent in this case indicate that the wave function decays actually exponentially

under the centrifugal barrier, hence there is no point to strictly observe Eq. 35) in numerical

calculations. In CTBC we use a = 3 which corresponds to the largest possible -y = 7r/2 In

thus defined DVR basis, matrices 97) and 98) can be calculated analytically, see appendix

133. Bound states are represented by the solutions of Eq. 96) with eigenvalues < 0-5.

Convergence of the eigenvalues with respect to the dimension of radial DVR basis N, is as

fast as in applications of DVR to the calculation of bound states in a simple one-channel

potential well; it is sufficient to have 68 quadrature points per half of the wave length for

the highest bound state desired. Convergence with respect to the number of HSA channels

Nh depends on the system; the value of Nh required varies from several units 3 to

several tens (- 30) for systems with h I and h - , respectively. A typical value of rm

for the ground state is 50-100.

C. Scattering calculations

For energies below the three-body disintegration threshold, the solutions of Eq. 13)

exponentially decay as r -+ oo except for near two singular directions at = and = 7/2,

where asymptotic states 54) representing disintegration of the system into two fragments

are localized. In order to reproduce this asymptotic behaviour in the numerical solution,

we divide configuration space into parts as shown in Fig. 3 and following 5] assume that

the wave function vanishes in the hatched area. In the calculation of scattering, Eq. 13)

is solved separately in the internal region and in asymptotic regions corresponding to each

of the arrangements. The internal and asymptotic solutions are then matched along the
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FIG. 3 The division of configuration space into parts used in scattering calculations. The wave

function is assumed to vanish in the hatched area.

arc r = rm, where they are valid simultaneously, to construct a global solution satisfying

Eq. 60), from which the scattering matrix is obtained.

1. Internal region

In the internal region hyperspherical coordinates are used, see Fig. 3 This region is

defined by

< r < rm, < < 2, (124)

where r is the matching radius. This interval of r is divided into N,, sectors with bound-

aries at fk,

= o < f < f2 < ... < fN., = rm. (125)

Within each sector, the solutions of Eq. 89) are found by the SVD method. The information

obtained is then used to calculate the I-matrix at the matching arc r = rm.

SVD EVP in a sector. Consider the k-th sector, fk-1 < r < fk. Here, the transforma-

tion 91) is defined by

r(t = s(t, + t), ++ t(r = rls - t, (126)

fk - < r < k, - < < ,
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where
fk + fk-1

2(fk - fk-1), t = - - (127)
rk - rk-1

In the first sector, a suitable DVR basis can be constructed from Jacobi polynomials P.(a,,3) W 

For the same reasons as in the case of bound states we put = 3 which is in accord with

Eq. 35) for -y = 7/2. In order to satisfy arbitrary boundary conditions at the right end

of this sector we put a = . In all further sectors, radial DVR basis is constructed from

Legendre polynomials P(t = P0)(t). Matrices 97) and 98) in this case also can be

calculated analytically, see appendix B3. Solving Eq. 96), we obtain NsVD solutions (101)

from which the SVD surface amplitudes Fn (i;k) and F. (i;k - 1) are calculated using Eq. (1 09).

There is certain dependence between the dimension of radial DVR basis N, and sector size:

increasing the latter one must simultaneously increase the former. On the other hand,

choosing sector size one must take into account that the wave length of radial oscillations of

the wave function is proportional to h. We recommend the following combination of these

parameters: sector size h7r, which is equal to half of the wave length in the asymptotic region

in the Ist channel for E = , and then N = 68, similar to the bound case.

R-matrix propagation. The R-matrix 61 is defined by

(ID, 0; r) 10 (r, 'R,, (r) (0; r) (128)
i9r

As follows from Eqs. 35) and (88),

R (0 = (129)

which provides the initial condition for the R-matrix propagation 7 The propagation of

IZ(r) through the k-th sector, i.e., from r = k-1 to r = fk, is accomplished using

'R(fk) = Rkk - zk k- 1 Pzk I k I R (fk-,) izk- 1 k, (130)

where
jZkI = h 2 NSVDE F,. (4) F.. (fl) (131)

2 n=1 En - E

Repeating this procedure N.. times, we obtain -- R(rm), which is the final result of the

computational procedure in the internal region.
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2. Asymptotic regions

In the asymptotic regions Jacobi coordinates are used, see Fig. 3 These regions are

defined by

XQM <_ X. < +00' 0 <_ Y", <_ Y.M' (132)

where

XC'm = TM OS(hoam), yom = M sin(hoam), (133)

and

Olm = Om, 02 = r/2 - Om. (134)

There is certain freedom in choosing the parameter OM; we define it by

case A: dC(Oi) = ,
dO, L=om (135)

case B: C(01)101=,p = .

In each of the asymptotic regions, the potential energy 40) can be expanded in a series,

hz,, hZ,, CC) YA
= - + - + hE V,,(\) ---a (136)

Ya Xa XA+1'A=1 a

where Z are the asymptotic charges (51) and

V(1) 12 )A Z3 (_ Cot y2)A
(Cot Y3 (137a)

sin -y3 sin -y2

V2-') Z (Cot IM )A+ Z3 (_Cot_yl)A. (137b)
sin y3 sin -yj

01).The asymptotic dipole momenta 52) are related to these coefficients by D a Retain-

ing only A,, terms in this expansion, the Schr6dinger equation 13) takes the form

2 192 2 a2 A, A
h - - h - + hz,, + h VA) V� q (X"" Y.).Z" E 'P (X., Y.") hL ", (138)
2 XC,2 2 0y 2 X, XA+1Ya I A=1 a

The asymptotic states used in CTBC are approximate solutions to this equation given by

No,
2 X IZ.11/2B.(VW ) (x., y. = E (x. / h; N., Z., ka A, A. Iz. I y, / h; a,,), (139)

M=1
Vas = (a, n), a 1,2, n = 2..., N,

30 -



KRAD=1

r , NM r

ra

hsa.inf

fun

v n V

OV

BOUN

FIG. 4 CTBC executing sequence for bound state calculations.

where functions (x; a) and n("')(x- N, Z, V, A, A) are defined in appendices Alb and

A2b, and the parameters used in their definition are given by:

the box size,

a, = z.1y../h, (140)

2 2the asymptotic channel momenta k = k k A where

2 Z2
kan = 2 E aEn(a,,)) (141)

and the matrix of multipole couplings,

2V(,\) ra�
A('\) j 13n (t; a.) t'B. (t; a,,) dt. (142)anm 1Z'1A

It is usually sufficient to put A,, = 35. Expansion 139) must include all open channels

2(kan > 0) and several closed ones (ka'n < 0)-
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KRAD=3

sctinf

ra

hsa.inf

v n

svd

FIG. 5: CTBC executing sequence for scattering calculations.

3. Matching

Let be a solution of Eq. 13) satisfying

r I r-112Xp.. (r))I,=,. R11, � 4�11 0; r) (143)
(9r

and

T... (r)lr>r. + (r)K,,. Vas' (144)
Aas

Matching consists in the requirement that this function and its derivative with respect to

r must coincide on both sides of the arc r = r. Projecting these conditions on the HSA
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TABLE 1: User-supplied input information.

file contents description

scuff N, dimension of radial DVR basis

N, number of sectors

fkI k ... I Nec sector end points

hsa.Inf 'M? , ej, i = 1 2 3 masses and charges of particles

(7 permutation symmetry (for symmetric case)

No dimension of angular DVR basis

Nchmax < No maximum number of HSA channels to be used in CTBC

svd.inf Nch <_ Nchmax actual number of HSA channels

E energies for which scattering matrix is to be calculated

basis, we obtain

F('s + F(r)K = IZ (D('s + D(r)K) (145)

where

F -t, 0; r) Ir-112,�(sr) (r)) (146a)
VV&S Vas Ir=r,

1/21�(',')
D(-',c) ar ., (r) (146b)

VVas ar )Lrm-

Matrix equation 145) is solved using singular value decomposition 17], which yields

K = - F(r - D(r)) 1 (F(-s - ZD(,") (147)

The scattering matrix is then obtained from Eq. 61).

D. Structure of the program

The execution of the program proceeds in several steps, differently for bound state and

scattering calculations. The program executing sequences and the organization of the in-

formation flow are illustrated in Figs. 4 and 5. There are three types of files: user-supplied

input information, executables, and generated output results. Their contents and role are

described in tables 1-111.
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TABLE 11: Executables.

file description

RAD generates a set of radial points where HSA EVP 70) is to be solved

HSA solves HSA EVP 70) and generates information needed to calculate matching

integrals 146)

OVLP calculates overlap matrices 99) and (110)

SVD solves SVD EVP 96) in sectors

BOUND calculates bound states

SCATT calculates scattering matrix

TABLE III: Generated output results.

file contents description

rad r, radial points

inf HSA run information, an auxiliary file

eig U� (ri) HSA eigenvalues

fun D,(0; ri) HSA eigenfunctions

Mas 41, 0; r.), 8. (x; a), d8. (x; a) ldx matching information

OVIP 0i"j," 0,b overlap matrices
VJIL

svd k., Pv. (fk) SVD eigenvalues and surface amplitudes

beig En bound state energies

bfu n F,. (ri) bound state radial functions

smat S (E) scattering matrix

VI. ILLUSTRATIVE CALCULATIONS

Application of program CTBC is illustrated in Figs. 629, where results of calculations for a

number of representative systems and processes are shown. HSA eigenvalues are represented

by HSA potentials (81) and effective quantum numbers

-112n(r = -2U(r)] (148)

Inelastic scattering processes are characterized by probabilities pif = ISf 12 as functions of

-1/2n(E) [-2E] (149)
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A. epe, or + (case A)
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FIG. 6 HSA potentials for epe, o The ground state energy E = 0.646 598 261.
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B. epe, o (case A)
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FIG. 8: HSA potentials for epe, o The ground state energy E -0.504 154 103.
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C. pee (case )
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FIG. 10: HSA potentials for pee. There are no bound states in this system.

P12 --------- P23 P34
O.O

----------- P45 ------- P56 O.O.-O'
-6 Ol1 0 ------- P67

7
CU 10-

0

CL

10-8

10-91

2 3 4 5 6 7 8
n(E)

FIG. 11: Probabilities p,,,,,,+, of (pe),, + e 4 (pe).,,+, + e.

- 37 -



D. ee+e, or + (case A)
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E. ee+e, o (case A)
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F. eee (case )
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G. pee+ (case A)
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H. epe+ (case B)
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L ee+p (case B2)
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FIG. 24: HSA potentials for ee+p. There are no bound states in this system.
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J. tpd (case A)
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FIG. 26: HSA potentials for tljd. The ground state energy E = 0.762 627 232.
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The scattering results reported in Figs. 629 were obtained with NO = 250, Nh = 30,

sector size equal to h7r, N = 6 and r, = 3000. The energy independent part of the

calculations (modules RAD, HSA, OVLP, and SVD) took from minutes for epe (a smmetric

systern with h -- 1) to two hours for tpd (a general system with h < 1). The energy

dependent module SCATT took 10-30 seconds per one energy point. The main parameter

controlling what could be calculated with the given set of energy independent information

is the matching radius rm. In order to consider scattering processes in the near threshold

energy regions as well as those involving highly excited states the parameter rm must be

sufficiently large; if it is not, then the calculated transition probabilities may have unphysical

oscillations as in curve P45 in Fig. 25.

VII. CONCLUSIONS

Program CTBC provides a tool for studying the quantum dynamics of the collinear three-

body Coulomb problem. However, the results obtained by this tool have the character of a

virtual experiment rather than a theory, and another theory is required for their qualitative

interpretation. For example, Figs. 629 show that probabilities of similar processes in systems

with different masses of particles may differ by many orders of magnitude. Why it is so?

What are the major mechanisms governing the dynamics? We believe the answers to these

questions can be obtained by asymptotic methods. In order to appreciate the quality of the

asymptotic results and hence the prediction power of the asymptotic theory, the accurate

numerical information supplied by CTBC is indispensable.
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APPENDIX A: ASYMPTOTIC STATES

Asymptotic states in our problem are represented by products or linear combinations

of products of two functions describing the internal state of a bound pair and the relative

motion of the bound pair and a free particle, respectively, see Eqs. 54) and 139). Here we

define these functions.

1. Bound-motion part

a. Hydrogenic states

Defining equation:

1 d 2 1

E 5 = 0, (Ala)2 dX2 X I

B(O = 0 = . (Alb)

The solutions are given by

E 1 2x e-x/nV0 (2x/n), n 1,2,..., (A2)n = -�nV Bn (X) n-

where RV (x) are normalized Laguerre polynomials [ 1 5]. Functions Bn (x) satisfy
00

B� (x) B�n (x) dx = n,,,. (M)

Their derivatives are given by

dBn(x = -X/n
[v n I Vl) (2x/n - fn 1 2 (2x/n)] (A4)dx n3/2 n

Using the relation [15]

n n n a + 1) ak(l - an-k
DO (ax) - L(n)(x), (A5)n F- k!f(k a + 1) (n - k) k

k=O

various matrix elements can be calculated. For example,

00 4VF-m-(n - 1!(m - )!
5n (x) x -'B, (x) dx (n + M)n+m

(4nM)kln - Mn+--2k-2E(_l).-k_ (M)
k=O k!(k + 1!(n - k - 1!(m - k 1)!

-2where K = min(n, m - 1. In particular, X-l)nn = n
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b. Hydrogenic states in a box

Defining equation:

I d 1 E (a) B(x; a) = 0, (A7a)
�X2 - - -2 X I

B(O; a) = 3 (a; a) = 0, (A7b)

where a is the box size. Introduce a new variable,

x(t = a(l + t)/2, t(x = 2x/a - , (M)

< x < a, - < < ,

and rewrite Eq. (A7) in the standard form (1323),

d (I _ t2) d I a2 (1 2 B(x; a) 0.
d j + t2) E(a) + (M)

Idt t - t2 2 a(l + t) �,F -- t 2

This equation is solved numerically by the DVR method using N-point Jacobi P (t)

quadrature, see appendix B. The solutions are obtained in the form

(2) 1/2 N
E, (a), B. (x; a) V _ 2 cn v, (t), n 1 2. N. (AlO)

a V t22=1

The eigenvectors Cn are normalized by

N
CnCrn

6nm (All)

Then functions B,, x; a) satisfy

I 13. (x; a) B,,., (x; a) dx ;�� J�,n, (A12)

where the approximation amounts to the use of quadrature (137). They can be represented

in terms of polynomials
N

(I _ 2 n (t),
Bn (X a E fk '5k I (A13)

k�l

where

n 21/2 N C'Tk,= - I (A14)
fk 1 V-'

a Z=1 t'2

Using te relation

d [l _ t2),Pk0j)(t) I'l)
dt -1 Pkpk-2 (t - Pk+lPk1'1)(t), (A15)
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where
Pk = k Fk I -- I (AI6)

V 4k -I'
their derivatives are given by

Bn (x; a) N+1 n

dkpk-l (01 (A17)
dx k=1

where
n 2 n

dk - (Pk+lfkl Pkfk-1) (AI8)
a

and it is understood that fon = g + = f2 0. The matrix elements required for

calculating multipole couplings 142) are given by

a N
Bn(x- a)?8, (x; a) dx ;:z� (a/2 Cn(j + tACm (A19)

Equation (A7) is a typical EVP arising in atomic physics. Let us use it as an example to

demonstrate efficiency of the DVR method. The accuracy of cigenvalueS En(a) obtained by

this method as a function of te box size a, state n, and basis dimension N is illustrated in

Fig. 30. For small a, function Bn(x; a) has similar amplitude all over the interval < x < a.

lo'

................ i1aln

10'
E

I 0-6 1 0-6 /C

lo'
n=1O

0 0 n=10
I Mr A A n=50

lo' lot 102 lo� 104

box size a

FIG. 30: The minimum dimension of DVR basis N which ensures the specified relative accuracy

of eigenvalues Eja) as a function of the box size a for three representative states n = , 10, 50.
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The minimum N which ensures the required accuracy Of E(a) in this case does not depend

on a and is proportional to n with the coefficient about 2 For large a, function (x; a) is

localized in a small interval of x near x = whose size vanishes as n 2/a, while the position

of its first zero does not depend on n and can be estimated as 1/a. In order to obtain an

accurate solution, the interval between x = and the first zero of (x; a) must contain

several quadrature points. Taking into account that for N - the first point xi of the

Jacobi quadrature satisfies (I - xi) x 11N 2, we obtain the relation

N = VI-a-. (A20)

The coefficient here depends o state and the accuracy required. The localization problem

is most severe for the lowest state n = see Fig. 30. We have found from numerical

calculations the following dependence between 71 and te relative accuracy Of El (a),

q = 319 4 511E < 10-6, (A21a)

q � 356 __+ IIE < 10-8. (A21b)

Equations (A20) and (A21) were checked i the interval 10 < a < x 104.

2. Free-motion part

a. Coulomb wave

Defining equation for an open channel:

d2 _ 2q + 1 F;,q = 0, (A22a)
�X2 X

.F(x;,q) exp [ix - iq n(2x) + i6j, (A22b)

where

6 arg (1 + iq). (A23)

The solution is given by

ie,,7/2+ib.F(x;,q = 2 X xe"U(I + iq 2 -2ix), (A24)

where U(a, b, x) is a confluent hypergeometric function 151. The regular (s) and irregular

(c) at x = solutions are given by

P" (x;,q) = Im T(x; 77) x-'', sin [x - in (2x) + ], (A25)

P') (x; 77 = Re.F(x-,q) x-',' cos [x - In (2x) + 1.
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For 7 = we have

(x; 0) = sin x,
.F(X; 0 = eiX (A26)

PO (X -7 0 = Cos X.

For a closed channel, only irregular solution is needed. It is defined by

d2 2,q 0,
�X2 - 1] I (A27a)

I X
PO (x;,q) exp [-x - q ln(2x)] . (A27b)

The solution is given by

-F(') (x;,q = 2 x xe-xU(l +,q 2 2x). (A28)

For = we have

.F(c)(x = e-x. (A29)

b. Multichannel Coulomb wave with multipole couplings

Defining equation:

N A Ad2 2Z Q E E �n�+j F" (X) _A+l n N.
[�� X I M=1A=1 X + 1 )�� (x), (A30)

For open channels, k 2 > 0, the regular (s ad irregular ) solutions are defined byn

(X) IX-400 = 6,,mkn- 1/2 sin [k,,x - h, ln(2k,,x) + (A31)

,gn' c. (X) - 1/2. M 1X-+O = ,,mkn cos [k,,x - qn ln(2k,,x) + 6n],

where

Z/kn, 6, = arg F(i + i7ln). (A32)

For closed channels, k < , only irregular solution is needed. It is defined byn

,Fn(c (X) 6n.r-1,2_ m n exp I-KnX + (Z/Kn) ln(2KnX)I, (A33)

where Kn kn In the main text, these functions are denoted by mn("'c) (x; N, Z, k2, A, A).

They can be obtained in the form of asymptotic expansions [8 9 In CTBC they are

calculated using CPC library subroutine GAILIT [101.
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APPENDIX B: DISCRETE VARIABLE REPRESENTATIONS (DVR) BASED

ON CLASSICAL ORTHOGONAL POLYNOMIALS (COP)

All numerical schemes used in CTBC are based on DVR. This method was originally

proposed in [11], its rigorous mathematical justification was given in 121, but its present

wide applications to the numerical solution of various problems in quantum mechanics were

initiated in 13] were the method received its name. So far DVR does not belong to the

family of traditional numerical methods whose description can be found in standard text-

books on computational mathematics. Rather, it is still in a state of development which can

be seen from a large number of publications suggesting new variants of its implementation

and generalizations. Here, partly following 14], we describe a well-established and very

efficient approach based on COP. All necessary information on COP and associated with

them Gaussian quadratures is given in [15]; more thorough discussion of the theory of COP

can be found in 16].

1. DVR basis

There are three ajor types of COP named after Jacobi, Laguerre, and Hermite; all other

sets of COP often used in the literature are their particular cases. COP

p, (x), n = 0, 1 2..., (BI)

as well as more general sets of orthogonal polynomials, apart from a normalization factor

are completely defined by their iterval of orthogonality la, b] and weight function w(x), see

table V. The orthogonality condition reads

b

p.(x)p.(x)w(x) dx = h1671rn, (B2)

where the normalization constant hn is determined by the convention of standardization.

Instead of polynomials (BI) it is ore convenient to introduce functions

�PnW = Vwx)lh�._Ip._I(x), n = 23,..., (133)

which are orthogonal over the same interval with the weight and normalized to ,

b

Wn (x) Wn (x) dx = nn. (134)
a
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TABLE IV: Summary of notations used in Es. (Bi)-(B6) for three major types of COP.

Jacobi Laguerre Hermite

P-(X) P.1""'I(x) L n(c) (x) H.(x)

la, b] [-1 +1 [0 +00] I_00'+001

W(X) (1 - X)"( + X)19 xae-x e _X2

U(X) 1 2 x

a 2 o2 a2

V (X) x + - x2
2 1x 2 1x 4 4x

1 1
En (n - 1)(n a 3) + (a + 0)(a + 2 n + (a 2 -

4 2

an 2 n(n + a)(n + 0)(n a ) �/n_(n -+a) V"-n-/2
2 a (2n a +,8)2 -

o2 - a 2 2n a - 0
(2n a 8 - 2)(2n a )

2n a - 2 1 /r�i(n a - fn _/2
2n+a+o (2n a + #)2

On -1/2 0

2an- - &n-1 -&n-I -&n-1

COP are the solutions of certain EVP formulated on the basis of the hypergeornetric equa-

tion. As a consequence, functions (B3) satisfy the following basic EVP

d d
- O' (X) - _ V (X) + En Wn (X) = 0, (B5a)

1dx dx I

�Pn (a) < o, (Pn (b < oc, (135b)

where the boundary conditions mean that the solutions are regular at the ends of the interval

a < x < b. Besides, COP satisfy certain three-term recursion relations, which leads to the

following properties of functions (133)

X�0.(X) = Cf.�O.+I(X) + On�Pn(x + an-11Pn-1(x), (B6a)

d�On (X)
U X) � � = &,(Pn+I(X) )3nVn(X) + �60n-l(X)- (B6b)

dx

All notations here are defined in table IV. For each type of COP there is an associate

Gaussian quadrature. An N-point quadrature formula reads

b N

F(x)w(x) dx zz� wiF(xi), (B7)
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where F(x) is an arbitrary function such that the integral exists, x, are the quadrature

points coinciding with the zeros Of PN(x), and wi are te quadrature weights (the Christoffel

numbers) given by

Wi kNhN-1 p,,(x = kx + (138)
kN-lP'N(X,)PN-1(X,)'

Formula (137) gives an exact result if F(x) is a polynomial of the degree not higher than

2N-1, otherwise it is an approximation. Simple and efficient algorithms for the computation

of quadrature points x, and weights w, for all tree types of COP are described in 171.

Functions (133), being the solutions of a Sturm-Liouville problem (135), constitute a com-
(N)plete set in L2 [a, b]. Consider an N-dimensional subspace L2 la, b] of functions

(V'(X = V"W X) P N - I (X), (139)

where PN-I(X) is an arbitrary polynomial of the degree not igher than N - . unctions

�O 1 (X), �02 (X) - . (X), - , �O N (X) (1310)

belong to ( N la, b] and provide an orthonormal basis there. Thus an arbitrary function2
(N)from L2 la, b can be expanded as

V) (N) X) CM CGO) �0.(X)ON)(X) dX. (1311)E n W, n
n=1

(N)Let us introduce another basis in L2 la, b],

71 (X), 72 (X), - , 7r, W, 7rN (X - (1312)

The two sets 1310) and 1312) are related by

N N

�Pn (X) E Ti 7r, (X), 7ri (X) E Tni �0. (X), (1313)
1=1 n=1

where

Tn = (T-'),n = N60n(X,), K, ccjl_ (1314)
W(X,)'

and orthogonality of the transformation matrix T follows from the Christoffel-Darboux iden-

tity. It is easy to see that functions 7ri(x) have the property

(1315)
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Basis 1312) is also orthonormal,

b

7r (X) 7r, (x) dx = ,3, (B16)

(N)and an arbitrary function from L2 [a, b] can be expanded as

N (" = b

V)(N) X) C( 7r )iri (x), C 7r, X) 0 (N) X) dx. (B17)

(N)Note that a product of any two functions from L2 la, b] has a form of the integrand in

Eq. (137), where F(x) is a polynomial of the degree not higher than 2N - 2 hence the

quadrature gives a exact result in this case. In particular, it gives an exact result for the

normalization integrals (B4) and 1316) within the sets 1310) and 1312) as well as for the

integrals defining the coefficients in expansions B11) and B17). Using this circumstance

and property B15) we obtain

Ci ,,O(N (Xi), (1318)

thus the coefficients in B17) are proportional to the values of V)(N)(x) at the quadrature

points xi, which is a remarkable property of this expansion. Moreover, Eq. (137) gives an
(N)

exact result also for the integrals of a product of any two functions from L2 la, b] and a

polynomial of the first degree, hence

b

7r (x) xir., (x) dx = x, 6,j. (1319)

This result shows that functions B12) are the basis of a discrete variable representation

conjugate to the polynomial basis 1310). For an arbitrary function f(x), using Eqs. (W)

and B15) we obtain
b

7r (x) f (x) ir, (x) dx �z, f (xi) bi,. (B20)

The smoother is f (x), i.e., the better it can be approximated by a polynomial of low degree,

the more accurate is this formula.

2. Application of DVR to the solution of a Sturm-Liouville problem

Many problems in quantum mechanics require to solve the Sturm-Liouville problem

d S (X) d + ER(X - V(X) P(X = (1321)
IdX dX
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with appropriate boundary conditions at the ends of the interval A < X < , where E

and T(X) are the eigenvalue and eigenfunction to be found, and S(X) 0, R(X) 0, and

V(X) are some given functions. Let us introduce a new independent variable x and a new

unknown functio Ox) related to X and T(X) by the transformation

X = X(x), dX W f (x) 0, X (a) = A, X (b = B, (1322a)
dx

ql(x = T(X(x)) = 040(4 (B22b)

defined by two functions, f (x) and g(x). Substituting Eqs. (1322) into Eq. (B21), the original

Sturm-Liouville problem takes the following standard form

d d
-a(x)- _ v(x - u(x) + Ep(x) * = 0, (1323a)

Idx dx I
,0 (a) < o, '0 (b < o, (B23b)

where

Cr(X) S(X(X))g2(X) (1324a)

f W

U(X) f X)g2(X)V(X(X) _ X d S(X(x)) d OX) VW, (B24b)
dx f (x) dx

P(X) f X)g2(x)R(X(x)). (1324c)

We wish to make Eq. (1323) as close in form to the basic EVP (135) as possible. To this end,

we require that the interval la, b] and functions x) and v(x) coincide with the corresponding

characteristics for a suitable set of COP, see table IV. Then Eq. (1324a) defines g(x) in terms

of f (x). The latter function remains udefined; some recommendations concerning its choice

will be given below.

Let us seek an approximate solution of Eq. (1323) by the variational method with trial
(N)functions from L2 la, b],

(N) '0 (x) z�� (x) E L (N) [a, b]. (B25)

Because the set (133) is complete in L2[a, b], this approximation converges to the exact

solution as N grows. Any of the expansions (1311) and 1317) can be used in the variational

procedure. Substituting (B11) into Eq. (1323) and using Eq. (135) we obtain a generalized

algebraic EVP in the �o representation,

(1E(W) + M ) c(w = E(N) PM CM (1326)
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where

CMnm fn6nm, (1327a)
b

UMnm �On (X) U (X) 0. (X) dX, (1327b)

b
MPnm �On (x) p(x) �om (x) dx. (1327c)

Starting from 1317) and acting similarly we obtain a generalized algebraic EVP in the 

representation,

(E(- + U(-) ) C(- = E (N) P (70 CM (1328)

where

N

,E�7r) (1329a)E Tnz6nTn3,
n=1

b

U (7r) = 7r, (x) u (x) 7 (x) dx, (1329b)U

b

P!ir) = 7r, (x)p(x)7r, (x) dx. (1329c)i Z

If all the integrals defining matrices u and p in Eqs. (1326) and (1328) were calculated

exactly, these equations would be related by the orthogonal transformation 1314) and both

approaches would obviously yield identical results. The essence of DVR is to calculate

matrices u and p approximately using the quadrature (137). In this case it is more convenient

to work in the representation. From Eq. (1320) we obtain

U (70 U(Xi)6i,, (1330a)13

(70
P13 P(xi)6i,. (1330b)

Seeking an approximate solution of Eq. (1323) in the form

N C1DVR)
E ;�� E (DVR), O(X _O(DVR,(X) 7ri (X), (1331)

V P(X%)
and using Eqs. (1330), we obtain an ordinary algebraic EVP,

(DVR),(DVR) (DVR)C(DVR),h E (1332)

where
,�7r)

DVR) tj U(Xj)
h( + 6ij - (1333)

P(X,)P(X,) P(Xi)
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This is the DVR. Due to property 1315), the components of the eigenvectors C(DVR) are

proportional to the values of the corresponding eigenfunctions at the quadrature points,

V) X (DVR) (1334)
j) Zz� u;' Z_(I JCt

The values of O(x) at an arbitrary point of the interval la, b] can be obtained by transforming

expansion (1331) back to the polynomial basis (1310).

As can be seen from the above discussion, DVR contains an additional approximation

(1330) in comparison with the variational method. The accuracy of this approximation

depends on functions u(x) and p(x). If these functions are linear, then formulas (1330)

are exact, and the variational (1325) and DVR (1331) solutions coincide. Otherwise they are

different, however, the difference is the smaller the better u(x) and p(x) can be approximated

by polynomials of low degree. This circumstance should serve as a guide in choosing the

function f (x) defining the transformation (1322) of the original Sturm-Liouville problem

(1321) to the standard form (1323), the other function g(x) in this transformation being

determined by Eq. (1324a). The present approach does not provide a unique prescription

for f (x), but in each case a suitable function can be usually found without difficulties. It

should be noted that if the transformation of the independent variable i (1322) is linear,

i.e., f (x) is a constant, then the type of COP used for constructing the DVR and all the

other parts of the described scheme are defined uniquely. If functions u(x) and p(x) are

sufficiently smooth, the difference between the variational and DVR solutions is small, and

then in choosing between the two methods one should consider the matters of simplicity in

implementation and convenience in practical calculations. Here DVR has several important

advantages. First, for calculating the DVR Hamiltonian (1333) one needs to know only the

values of u(x) and p(x) at the quadrature points x, Second, matrix oE(') depends only on

the type of COP and the dimension of the basis N and does not depend on the particular

problem under consideration, therefore it should be calculated once and then can be used

for recurrent solution of the same problem with different values of some parameters defining

the functions p(x) ad u(x). Finally, the form of the DVR solution (1331) is very convenient

for subsequent calculations of various matrix elements using Eq. (1320).
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3. Application of DVR in the SVD method

A general scheme of the SVD method 31 requires to calculate matrices of the kinetic

energy operator and weight function in a suitable DVR basis. In the applications of SVD

to the solution of the three-body Coulomb problem in byperspherical coordinates these

matrices can be calculated analytically. Here we summarize the results used in CTBC.

a. Kinetic matrix for bound states

For bound states, the DVR basis is constructed from Laguerre polynomials Ln(')(x). The

kinetic matrix 97 i tis case is given by

d7r, W 2 dr, () Ndx T,,jK(w)Tnj, (1335)Kil nm=l
2 dx dx nm

where
1 00 dpJX) 2 dw.(X)

K(w) X dx. (1336)nm dx dx

This is a symmetric matrix with three nonzero diagonals,

K(�O - 1 [2n 2 +2(a- 1n-a+2] ,nn 8 (1337)

-('P) - OW) [n(n + 1)(n + ce)(n a 1/2'Kn+2 - �n+2n 8

Matrix (1335) is calculated by subroutine DVRB.

b. Kinetic matrix for scattering in the first sector

For scattering in the first sector, the DVR basis is constructed from Jacobi polynomials

Pn'O' #) (x). The kinetic matrix 97) in this case is given by

i d7r, (x) )2 d7r, (x) N
- ( + X dx T,,jK1'P)T,,,3, (1338)

K" 2 dx dx nm
nm=l

where

K (�O) I d�o. (x) + X 2 Vm W dx. (1339)
nm 2 dx dx

We have
d�On (X)

+ X) dx ank�Ok(x)' (1340)
k=1
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where
1 dV, (x)

ank (X) (1 + x) � � dx. (1341)
dx

Using

d [Vn(X)(I + XA(x)j dx ank + akn + 6nk 2�o,,(1)Vk(l), (1342)
dx

we find

2
ann � Vn 2) (B43)

ank = 2Vn(l)�Ok(l), k < n.

From this we obtain

n-1
V2 2 (1) I (p2 2

KI1�11) = 2 E Vk 2 n 2

k�l n-1 (1344)

K.('.) = K m(n) V n Om 2 (1) + V2E Vk n n < m.
k=1

Matrix (1338) is calculated by subroutine DVRSJ.

c. Kinetic matrix for scattering in further sectors

For scattering in all further sectors, the DVR basis is constructed from Legendre polyno-

mials Pn(x). The kinetic matrix 97 i this case as the form

(2) d7ri (x) d7r, (X)
K,_7 cok(O) + c,O) + CA 0) X dx. (B45)13 tj ij 23 dx dx

We ave

d�On (X n I
d� E a.kVk(X), (B46)

k=1

where
dV,, (x)

ank Vk (X) � � dX (B47)
dx

From

1 d 1 V�2��
I dx [�0.(X)Vk(X)j dx ank + akn 1)(2k - 1) (1 (_l)n+k (1348)

we find

a Vf (2 �- 1) �(2k - if k = n - 1, n - 3.... > 1, (1349)
nk

0, otherwise.
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Using this we obtain

N d�p.(x) dp,,,(x) N

k(O) T-ITI-3 dX bkb3k, (1350)tj E f, dx dx
nm=l k=1

where
N

bk E Tntank- (1351)
n�l

Next

'v d(Pn (X) d(p. (x) N-1 k
k TnTn3 X dx (bkb3k+l + bik+lb3k), (1352)E 2dx dx N,4 �k f

nm=l k=1

and finally
IV

k (2) = k(O - (1353)%3 13 E(n - 1nTnT,,j.
n�l

Matrices 0) in (1345) are calculated by subroutine DVRSL.Z-7

d. Weight matrix

In all the cases considered above, the weight matrix 98) has the form

PO f r, (x) p(x) 7r3 (x) dx, P(X = CO CIX + C2 X2. (1354)

We have

N

f 7r, (x) x27r, (x) dx E TniTm3 f (Pn (X)X2�0m(X dX

nm=l

N N
X2

E T.T1.2 1: Tnk kTmk + A(N)6.N6mN
nm=l k=1

X26Z
z + A(N)TNTNj, (1355)

and therefore

Al = P(XiA3 + C2A(N)TNTN3, (1356)

where
N

2 X2
A (N) f �PN (X)X �PN (X) dX - 1: TNk kTNk (1357)

k=1

It remains to calculate A(N). First,

�PN (X)X2�PN (x) dx = a 2 +�2 + e 2 (1358)
f N N N-1,
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Second, taking into account that TN+,, = ,

XiTNz = ONTNi + CN-ITN-I,- (1359)

From this using the orthogonality of T we obtain

N

ETNkXkTNk =3N a' (1360)
k�l

2Thus A N) aN In the cases of interest here

N(N a), for Ln(") (x),

I (N) - 4 N2(N + 0)2 for P"q) W, (1361)
(2N + 02[(2N + 02

N 2
4N2 - for P,,(x).
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