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1. Introduction

The purpose of this paper is to present a method for fitting experimental data using MC
sample. It concerns the case when we have a single MC source and a number of unknown
parameters to modify the primary MC distribution. As the distribution itself can be of an

arbitrary (in principle) dimension, and as it is usually binned, some bins might contain
very few events. Since both, experimental ad MC data are finite, a careful treatment when
evaluating the quantity to be minimized in search for "best fit" parameters ad parameters
errors should be applied.

A general approach for analyzing data involves fitting experimental data distribution (N-
dimensional) with one or a composition of more MC based distributions. Simulated and the
experimental data are both subject to statistical fluctuations. Usually the number of events
in some bins is small, and X minimization is inappropriate. Then accounting for oisson
statistics a Maximum Likelihood Technique is preferable.

Let us denote the number of events in some N-dimensional experimental data distribution
falling into bin i by di and the number of expected events from MC source j in the same bin
as Aji (which has unknown value). For each Ai the corresponding simulated aji is generated
by Poisson distribution (if Aji << Nj which is the case). Then the predicted number of
events f, in a given bin i is just the sum of the expected events from all MC sources taken
in some unknown proportions j:

fi = ND E Pj AjilNj - Y pjAji

where ND is the total number of events in the experimental data, and Nj is the the total
number of events in the j-th MC source. For convenience we have introduced notation

p, = ND P, IN, -
The logarithm of the Likelihood function to be maximized is the combined probability of

the observed Idil and the observed ajil:

InL = F (dilnfi - fi) + (ajil.Aji - Aji). (2)

In this way we account correctly for small numbers of events in the bins for both data and
MC distributions. The technique is called "binned maximum likelihood" fit [1]. The values
of unknown parameters pj and Aj, are found by maximizing this likelihood function.

In many cases it is necessary to apply weights to the MC distributions) before comparing
them with the real data. In this case the predicted number of events is modified and eq. (1)

becomes
fi = 1:pjwjiAji (3)
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The quantity w i does not need to be the same for all events From a given source i a
given bin ad is usually not. If one assumes it is the same (that is the ideal average weight
for source j in bin i) then one should be worried about the discrepancy between the average
actual weight and the true average weight. Fluctuations in the bins with sall number of
events with large weights will overwhelm te information obtained from low weight events.
For details see [11 2 3.

In the case when we have to obtain the parameters of the atrix element for some
physical process usually we have only one MC source. Then modifying the MC distribution
according to some theory and fitting the experimental data we are extracting the values to
these parameters. However, in this case the schema described above, as well as the standard
HBOOK 3 routines are not applicable directly and require some modification.

In section 2 a way out to solve this problem is proposed. In section 3 an example of the
application of the ethod developed is presented.

2. Fitting experimental data with modified MC sample

In the standard HBOOK realization P are considered as fractions of oe primary source,
i.e. 1: Pj = 1. The number of independent parameters P in the data/MC fit is f ourse
exactly equal to the number of MC sources and the latter mst be greater than .

Sometimes a little bit different case arise. Let us suppose we have only one MC source
which we have to modify (following some theory) by te factor of + W.A. or even

1 + Y W. A. E v. A2. + v,, AA, (4)

where A. are parameters (for example some form factors), a ad are parameter indexes.,
w and v are some weights (for example kinematic variables). What we are looking for are
the values of the parameters best fitting the experimental data. In this case, applying the
underlying theory, eq. 3) obtains the following form:

f = Aoi Y WjiP11 (5)

However the meaning of the quantities taking part in it is different. There is no need to use
the total numbers of events ND ad N, here, vij are jst redefined ills and vs from e (4)
(WO, _- 1), P' are functions of A and Pj' is not ormalized to 1, stands for a terril number
in eq. 4 rather than for a %IC source. Eq. 2 ten is modified to:

InL = Y (dilnf - f + Y (oj1nAO - Ao�).

To find the maximum of nL we differentiate eq. 6 and set the derivatives to zero. Differ-
entials with respect to P' give (for each ):

A(hwj, = 0. (7)

The ones with respect to Aoi are:

di y (wjip,,) (_jip,, + aoi 1 0. (8)
ft Aoii
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Multiplying eq. (8) by AO, and taking into account (5) we obtain

d - Aoi WjiPj + ao - Ao = (9)

or
AO di aoi (I 0)

, - + E, WjiT,
If we define (taking into account that w0i -_ )

hi W"3 = C( + E wjP,) ( 1)
j>O

we arrive to:
f = Aoihi and Ao = di ani (12)

1 hi

where C is a normalization factor for MC-data and P, are known functions of the parameters
(form factors) to be found. The maximization of the likelihood function is equivalent to
solving eqs. 7). Having P, it is straightforward to obtain the parameters Ak-

It can be shown [5] that the maximization of the log-likelihood functions InL -
(dilnf - f) and InL = T_ aOi1nAO - A) is equivalent to the minimization of' the

quantities X = 2[E f - di dilnd,)] and X = 2[E AO - ao + aoiln2�'-)] correspondingly.I ft 2 A.j

Both functions asymptotically obey X2-distribution. The sum of this two X2 -distributions

Lg.f = 2[E (f - di diln d') + Y (AO - aoi + aoiln aoi (13)

T ��O
is aX2 -distribution itself and can be used as an estimator of the fit quality [5], [6]_

In general, one needs not to use one and the same quantity for determination of the

parameters, their errors and the goodness-of-fit.

3. A practical example

Let us suppose we want to determine the values of the possible form factors in the decay

K -� 7ev (it does not matter here if the kaon is charged or neutral). This can be done by

exploring the experimental distribution of the Dalitz plot density:

P(X1, X.) -_ dnN (14)

dxl ... dXn

where Xi are corresponding independent kinematic variables describing the decay.

In our particular case there are two independent variables. The most general form of the

Dalitz plot density in the kaon rest frame can be written as:

p(E, E - B[l + WA, + WA' + W,( fS ) + W,( fT ) + W, fS fT- ] (15)+ f+ (0) f+ (0) f+ 0) T (0)
where E, is the energy of the pion, E, is the energy of the charged lepton, B and Wj

= -5) are some known functions of E, and E. f(0) �� 1 is a constant in which we

are not really interested now. The parameters +, Fs - fs and FT T are the form
f+(O) - f+ (0)

factors we are searching for. According to the V-A theory of the weak interactions, Fs and

FT are equal to zero and our investigation can be considered as a test for this theory. Fig. I

represents the shape of the Dalitz plot.
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Figure 1. Representation of the Ke3 Dalitz plot

We generate a MC sample in which all the three parameters are set to zero. Then we

evaluate the Ws (for each event) and weighte the binned MC Dalitz plot aoi according to
eq. (15) with three unknown parameters, i.e. eq. (11) in our case become:

hi -_ C(l + WI A+ W2A2 W�, WFT2 WFsFT) (16)

a0i is obtained from the reconstructed E and E. They are riot equal to the E and E, used

to calculate Ws due to the resolution of the experimental setup. The bins for which a -
or d = are rejected from the Log-likelihood sum. We account for this approximation by
varying the width of the bins over the Dalitz plot.

Fitting the modified Dalitz plot to the experimental one using eqs. 16) and 6 (or 3)),
we obtain results for the three form factors A+, Fs and FT 7 The number of degrees of

freedom (DOF) in the fit is equal to the number of bins used minus the number of the free

parameters (which is four). X from eq. 13) and DOF are a quantitative estimation of the
goodness-of-fit.

The Log-likelihood function (with "minus" sign) in the Fs-FT space is plotted on fig. 2 It

is normalized so as the minimum of the function is at zero (there are 2 minima there which

are equivalent to each other as can be seen from eq. 16)). Fig. 3 shows the same plot as

confidence level contours. For goodness-of-fit estimation we used eq. 13) and the fit gave
X2/DOF = 3010/2915.

To check the method we use MC source with embedded (as proper weights) form factors
instead of the experimental source. The values of the form factors are set to, as follows: A+ =

0.032, Ifslf+(O) = 002 and IfTlf+(O) = 0.01. Values for the scalar and tensor form factors

are chosen to be roughly equal to the experimentally obtained ones. Results from the Log-

likelihood fit are A+ = 00320±0.0009, fs1f+(O) = 0022 ± 0012, fT1f+(O) = 0.01 ±0.05.

When we are fitting without scalar and terisor parameters the result is A, = 00321 ± .0005.

The form factor values are statistically coincident with the embedded ones.
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4. Conclusions

A method for fitting experimental data with single finite MC sample has been proposed.
Based on some underlying theory a Log-likelihood function has been deduced to help in
fitting MC to experimental data. It accounts correctly for small numbers of events in the
bins for both data and MC distributions. The method using this function has been checked
by introducing some values of the fitted parameters in a MC sample and treating this sample
like an experimental one. It has been shown that the method can be successfully applied in
concerned regions of data analysis. A full practical example has been presented.

5. Acknowledgments

The author would like to thank Cvetan Cheshkov, Leandar Litov and Peter Hristov for the
careful reading of the manuscript and the valuable and helpful remarks. Special thanks to
Cvetan Cheshkov for the very close co-operation.

Reference

[11 Roger Barlow and Christine Beeston, Comp. Phys. Comm., 77:219, 1993.

[21 Roger Barlow, J. Comp. Phys., 72:202, 1987.

[3] CN/ASD Group. HBOOK users guide (Version 424), nPrograrn Library Y250. CERN,
1995.

14] CN/ASD Group. MINUIT - Users guide (Version 94.1), nProgram Library D506. CERN,
1994.

[51 S. Baker and R. Cousins, NIM 221, 437 1984).

[6] K. Hagiwara et a., Phys. Rev D 66 2002) 010001

[71 The NA48 Collaboration, "Experimental measurement of 3 form factors", in prepa-
ration.

Received on June 2 2003.



The Publishing Department
of the Joint Institute for Nuclear Research
offers you to acquire the following books:

Index Title

E2-2000-226 Proceedings of the V International Workshop (<Heavy Quark Physics>>.
Dubna, 2000 154 p., in English)

D9-2000-238 Proceedings of the International School for Young Scientists Problems
of Charge Particle Acceleration>>. Dubna, 1999 240 p., in English and Russian)

EI,2-2000-244 Proceedings of the International Workshop on Very High Multiplicity Physics.
Dubna, 2000 204 p., in English)

EI,2-2000-248 Proceedings of the Second International Symposium <<LHC Physics and Detectors>>.
Dubna, 2000 3 volumes, in English)

DI-2000-279 Proceedings of the XVII Meeting of the EMU 01 Collaboration and Perspectives
of the Emulsion Technique in the Expefiments at the Nuclotron Relativistic
Nuclear Beams. Dubna, 1999 244 p., in English and Russian)

EI,2-2000-282 Proceedings of the International Workshop <<Hot Points in Astrophysics>).
Dubna, 2000 406 p., in English)

D19-2001-5 Proceedings of the International Conference on Modem Problems of Radiobiology,
Radioecology and Evolution. Dubna, 2000 493 p., in English and Russian)

E 10-2001 I Proceeding of the Second International Workshop <(Data Acquisition Systems
for Neutron Experimental Facilities>) DANEF-2000). Dubna, 2000
(341 p., in English)

EI,2-2001-76 Proceedings of the International Workshop on Relativistic Nuclear Physics:
from Hundreds MeV to TeV. Slovak Republic, Stara Lesna, 2000
(328 p., in English)

E3-2001-192 Proceeding of the IX International Seminar on Interaction of Neutrons
with Nuclei. Dubna, 2001 450 p., in English)

E14-2001-215 Proceedings at II German-Russian User Meeting. Condenced Matter Physics
with Neutrons at IBR-2. Dubna, 2001 102 p., in English)

D9-2001-271 Proceedings of the Second International Workshop, Synchrotron Radiation
Source: Perspectives of Research. Dubna, 2001 157 p., in English and Russian)

E5,11-2001-279 Proceedings of the International Workshop on Computer Algebra
and Its Application to Physics. Dubna, 2001 359 p., in English

EI,2-2001-290 Proceeding of the International Workshop on Relativistic Nuclear Physics:
from Hundreds of MeV to TeV. Dubna, 2001 2 vol.: 300 p. and 275 p., in English)

EI,2-2001-291 Proceedings of the XV International Seminar on High Energy Physics Problems
Relativistic Nuclear Physics and Quantum Chromodynamics. Dubna, 2000 2 vol.:
(391 p. and 382 p., in English)



D9-2002-23 Proceedings of the IV Scientific Seminar in Memory of V. P. Sarantsev.
Dubna, 2001 263 p., in English and Russian)

D 10, 12002-28 Proceedings of the XVIII JNR International Symposium on Nuclear Electronics
Computing NEC 2001). Varna, 2001 261 p., in English and Russian)

EI,2-2002-45 Proceedings of the International Workshop on Very High Multiplicity Physics.
Dubna, 2001 191 p., in English)

E2-2002-48 Proceedings of the International Workshop on Supersymmetries and Quantum
Symmetries. Poland, Karpacz, 2001 276 p., in English)

E4-2002-66 Collection of apers, dedicated to the 60th anniversary of the birthday of R. Jolos
<<Perspectives on Nuclear Structure and Nuclear Reactions)). Dubna, 2002
(I I I p., in English)

E2-2002-70 Proceedings of the XXIII International Colloquium on Group Theoretical
Methods in Physics. Dubna, 2000 2 volumes: 335 p., 667 p., in English)

E15-2002-84 Proceedings of the V International Workshop Application of Lasers in Atomic
Nuclei Research. Prospects for the Development of Lasers Methods in the Study
of Nucelar Mattem. Dubna, 1998 384 p., in English)

E18-2002-88 Proceedings of the II International Symposium and 11 International Symposium
and 11 Sissalcian Readings Problerns of Biochemistry, Radiation and Space
Biology)>. Dubna, 2001 2 volumes: 249 p., 218 p., in English)

D19-2002-95 Proceedings of the 11 International Symposium and 11 Sissakian Readings
<(Problems of Biochemistry, Radiation and Space Biology))- Dubna, 2001
(2 volumes: 249 p., in English and Russian)

E2-2002-103 Proceedings of the IX Workshop on High Energy Spin Physics. Dubna, 2001
(389 p., in English)

E7,17-2002-135 Scientific Publication. Nucleation Theory and Application. Dubna, 2002
(528 p., in English)

EI,2-2002-166 Proceedings of the International School-Seminar <(Actual Problems
of Particle Physicsw Gomel, Belarus, 2001 2 volumes: 328 p., 292 p., in English)

Please apply to the Publishing Department of the Joint Institute for Nuclear Research for extra
information. Our address is

Publishing Department
Joint Institute for Nuclear Research
Dubna, Moscow Region
141980 Russia
E-mail: publish�pds.jinr.dubna.su



CTOfiHeB C. EI-2003-103
(PHTHPOBaHtie 3KcneptimeHTanbHbIXaaHHbIX

C HCnOJlb3OBaHHeM B3BeuleHHbIX co6blTHfi MOHTe-Kapjio

Pa3pa6OTaH meTOa anA (�HTHPOMHHA 3KcnepHmeHTambHblX aHHbIX C iOMO-
LWO co6bITHA, rioj-iy-qeHHb1X MeTOUOM MOHTe-Kapjio. MeTOA H3Boj1AeT H3BJ]eqb
BCYIH4HHbI napameTPOB 143 TeOPHH, nHMBaimuefi aHHblfi (�IBHqeCKHA npouecc,
HCnORb3yA orpaHHqCHHoe 4Hcjio moaeji1iPOBaHHblX co6b][Tlifi. Ha OCHOBe meToAa
maKCHMOAbHOrO npamonoaoftA nOBOAHTCA MmepeHtie Bemiqlffl liCKOMb[X napa-
meTPOB, NX OLUH60K a TaKxe BeJ]HqHHbl, KTopaA xapaKTep1i3yeT KaieCTBO 4HTa.

Pa6OTa BbinOJ]HeHa B Ia6opaTOPHH 4H3HK;i qaCTHU 0145114.

Coo6welitie 06-bealffleHHorc, HHCTHTyTa 5wepHb[X HccneJjOBaHHfi. y6Ha, 2003

Stoynev S. EI-2003-103
Fitting Experimental Data
by Using Weighted Monte Carlo Events

A method for fitting experimental data using modified Monte Carlo (MC)
sample is developed. It is intended to help when a single finite MC source has
to fit experimental data looking for parameters in a certain underlying theory.
The extraction of the searched parameters, the eors estimation and the good-
ness-of-fit testing is based on the binned maximum likelihood method.
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