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Abstract

Partial Fourier series expansion is applied to the Dirichlet problem for the Lame equations in

axisymmetric domains Ω C R3 with conical points on the rotation axis. This leads to dimension

reduction of the three-dimensional boundary value problem resulting to an infinite sequence of

two-dimensional boundary value problems on the plane meridian domain Ωα C R+ of Ω with

solutions un (π = 0,1,2, · · ·) being the Fourier coefficients of the solution ύ of the 3D BVP. The

asymptotic behavior of the Fourier coefficients un (n = 0,1,2, · · · ) near the angular points of the

meridian domain Ωα is fully described by singular vector-functions which are related to the zeros

an of some transcendental equations involving Legendre functions of the first kind. Equations

which determine the values of an are given and a numerical algorithm for the computation of

an is proposed with some plots of values obtained presented. The singular vector functions for

the solution of the 3D BVP is obtained by Fourier synthesis.
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1 Introduction

Many problems in physics and engineering belong to the class of boundary value problems for

the elliptic partial differential equations with solutions having singularities due to boundary ir-

regularities The construction of suitable finite element (boundary element) methods for treating

BVPs with singularities (e g adaptive mesh refinement, singular function augmentation, etc.)

requires a priori knowledge of the form of the singular functions Moreover, some physical useful

parameters such as stress intensity factors can be computed if the singular forms are known.

Thus, the need to analyze and characterize singular forms and regularity results for BVPs is

crucial and much work has been done in this area (cf, [16] — [21], [4, 5, 8, 11, 12, 15, 22],

[23] - [26]).

In this paper we consider the homogeneous Dirichlet problem for the Lame system in ax-

isymmetric domains Ω C R3 with conical points on the rotation axis, i e

-μΔύ(χ) - (λ + yu)graddivu(x) = f(x) for χ e Ω, (1.1)

u ( x ) = 0 for χ 6 Γ : = # Ω , (1.2)

where u denotes the displacement vector field, f € (L? (Ώ))3 is the vector of the volume forces

and μ > Ο, λ > 0 are the Lame coefficients. Analysis of solutions of BVPs for the Lame

equations in domains with conical points and re-entrant vertices has been quite intensive (cf.

[4, 11, 15, 16, 22, 23, 24, 25, 26]). More precisely, suppose for convenience that the domain

Ω C R3 has only one conical point which coincides with the origin O, then according to the

general theory (cf [4, 15, 16, 17, 23, 25, 26]), in the vicinity of the conical point Ο the solution

ΰ of (1 1), (1.2) behaves like a linear combination of terms of the form

k

s=0

The exponents α (in general complex) are eigenvalues of a certain operator pencil which arises

from the Mellm transformation of the principal parts of the differential and boundary opera-

tors in (1.1), (1.2) on the tangent cone, and the functions us (0 < s < k) are the generalized

eigenvectors corresponding to a.

In view of the fact that boundary value problems m axisymmetric domains Ω C R3 with

nonaxisymmetric data, are treated numerically, preferably by the Fourier-finite-element method

(FFEM) (cf. [2, 6, 13, 28, 30, 33}), the characterization of singular forms and regularity results

for the Fourier coefficients of the solution of the 3D BVP is crucial for an efficient application

of this method In this paper we give a precise description of the singular vector-functions that

describe the asymptotic behavior of the Fourier coefficients of the solution of the 3D BVP near

the angular points of the plane meridian domain Ωα. The singular vector- functions depend on a

parameter a which is related to the roots of some transcendental equations involving Legendre

functions We present equations which determine the values of α and give a numerical procedure



for computing a. Some graphs of the computed values of α are presented The analysis shows

that Fourier coefficients un for η > 2 of the solution ύ of (1 1), (1 2) have the required regularity

for any conical points, whenever the right-hand side f belong to (1/2(Ω))3. The singular forms

for the solution of the 3D BVP is obtained by means of Fourier synthesis.

2 Analytical preliminaries

Let Ω C R3 be an open bounded and simply connected set with Lipschitz boundary Γ and

let (xi,X2,xs) denote the Cartesian co-ordinates of the point χ € R3. Suppose that Ω is

axisymmetric with respect to the za-axis and that the set Ω \ ΓΟ (Γο is part of the xs-axis

contained in Ω) is obtain by rotation of a bounded plane meridian domain Ωα about the £3-axis.

Let Γα := <9Ωα \fo and suppose that Γα 6 C2 and that Γα is straight line in some neighbourhood

of the points of intersection of Γα and fo (see Figure 2.1). With this assumption we exclude

axisymmetric edges on the boundary of Ω, this case has been handled in [32]. We assume for

convenience that the axisymmetric domain Ω has only one conical point on its boundary which

coincides with the origin Ο and let the interior opening angle be equal 9C.

Subsequently we employ cylindrical co-ordinates r, φ, ζ (φ € (—π, π]) which are related to

the Cartesian co-ordinates by x\ = r cos φ, x% = r sin φ, x$ = z. Thus the sets Ω \ ΓΟ and Γ \ ΓΟ

are mapped into the sets Ω := Ωα χ (—ττ,π] and Γ := Γα χ (—ττ, π], respectively, in cylindrical

co-ordinates. For any vector function u(x) = (ui(x),U2(x), «3(x))T, χ e Ω \ ΓΟ, some vector

function u = ( η τ ( Γ , φ , ζ ) , η ψ ( Γ , φ , ζ ) , Η ζ ( Γ , φ , ζ ) ) τ , (τ,φ,ζ) € Ω is uniquely defined by

ur := u\ cos φ + U2 sin φ, ηψ := —ΰ\ sin φ + U2 cos φ, uz := (21)

Γα

Figure 2.1



Let us introduce with respect to the origin Ο local polar co-ordinates R, θ viz r — RsinO

ζ = —Rcos9 and define a circular sector Ga in Ωα with radius Rc and angle 9C by (see Figure 2 1)

Ga = {(r,z) € Ωα . 0 < R < Rc, 0 < θ < 9C}, Ga = Ga\ dGa, (2 2)

where dGa denotes the boundary of Ga. Let G denote the domain generated by rotation of Ga

about the rra-axis and do its boundary. Then the images of the sets G \ Γ ο and dG \ FQ in

cylindrical co-ordinates are G := Ga χ (—π, π] and dG ·= doGa x (— ττ, π], respectively, where

d0Ga:=dGa\f0.

For the analysis of the behaviour of the solution ύ of (1.1), (12) and its Fourier coefficients

un, η € NO '= {0, 1, 2, · · · }, near the conical point O, we consider in cylindrical co-ordinates the

homogeneous Lame system in the neighbourhood G of Ο with homogeneous boundary conditions
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and the Poisson's ratio 0 < υ < 0.5 is related to the Lame coefficients by ν — 2^ *,

Using the orthogonal and complete system {l,sm<p, cos φ, ·· , s inny, cosntp, · · } {

we can represent the solution u of (2.3) in partial Fourier series in the form (cf. [2, 31]).

n=0
oo

n=0
oo

n=0

where the Fourier coefficients are defined the usual way (cf. [31]) Substituting (2.4) in (2 3)

we obtain m Ga the following sequence of decoupled two-dimensional boundary value problems

(we omit the superscript s and a).

n2 +1 2n . 1 derzn
ο — ™ -^ψη ~ - ̂  -- ̂r2 r2· 1 - 2f dr

.
= 0 in Ga,

n2 + 1 2η η __
£^TZuipn ~ 2 u<pn ^ ^urn ̂  ~. ^ erzn — " in Ga, (2-5)

Λ η2 1 derzn
&rzUzn -- ~Uzn + - - - -- - - =0 in Ga,r2 1 - 2v dz

Urn = ν·ψη = Uzn = 0 ΟΠ d()Ga,



where

52 1 a d2 durn 1 duzn η
Λ I ι a ' " I _, ·"'
'—*τζ ' r\ ο ' r·. < Λ 9 ' °Γ£Π ' r\ ι L

r dr dz2' dr r dz r

For the analysis of the generalized solutions un, η € N0, of (2.5) we introduce the following

spaces (see also [28, 31]).

L"2.(Ga) '·= (w = w(r,z) : I \wfdrdz < oo},
JGa

(2.6)

These spaces are endowed with the norms:

e
2 1/2

' ( '
1/2

Remark 2.1: We note here that if the function ΰ belong to the Sobolev space (Μ^(Ω))3, then

its Fourier coefficients un, η € NO belong naturally in the space (W2£($la))
3 (cf. [30, 32]).

Our main concern in the next sections is to determine the maximum value of the angle 9C at

the conical point which is permissible if the Fourier coefficients un, η G NO of the solution ΰ of

the BVP (1.1), (1-2) to belong to (Wl :2(Ωα))3. We also determine the singular forms for the

Fourier coefficients.

3 The singularity functions

We are interested on the solutions of (2.5) which have the form

un = Καη\3η(αη,θ), (3.1)

where R, θ are the local polar co-ordinates (cf. (2.2)). To determine expressions involving the

parameter an, we use the Boussinesq-Papkovich-Neuber representation of the general solution of

homogeneous Lame equations in three-dimensional domains in terms of three harmonic functions

Φ, Φ, Λ (cf. [3, 4, 16]) Thus in G the solution ύ of the homogeneous Lame system in Cartesian

co-ordinates has the form

ΰ = aV* + 26V χ (Φβ3) + c(V(x3A) - 4(1 - i/)Aes), (3.2)



where V denotes the gradient operator in Cartesian co-ordinates, 63 is the unit vector in #3-

direction and a, b, c are arbitrary constants We now seek to find the specific harmonic functions

which have the required property In cylindrical co-ordinates (3 2) has the form

?M \

= a

5Ψ \ / 1 <9Φ
dr \
1 9Φ
Γ δψ

a* ,
dz I

( τ9ψ

-%
0

(3.3)

z% - (3 - 4ι/)Λ

We expand the functions Φ, Φ, Λ in partial Fourier series with respect to the co-ordinate variable

φ in the form

00

Φ = / ί Φ η ί 7 * ' ζ) cos ηφ + Φ^(τ~, ζ) sin ηφ).
η=0

By comparing coefficients with the representation of u according to (2.4) we obtain the following

relation for the solutions un (n e NO) of (2.5)

\

uφη = a

u,

< η
dr

\ ΊΤ

26 - c

ο \ z~d? -(3-

\

}

(3.4)

We introduce for simplicity the 3 x 3 matrix 'Β(Η,Θ) with columns

/ «ηβ*
cos θ \ 2n

fisml

'ait' + R ~SeL

— η cot ΘΑ.

Relation (3 4) expressed in terms of local polar co-ordinates R, θ has the form

U r n \ f a

ηφη =B(R,0) I b ) .

Uzn I \ C

(3.5)

Now, let T(r, φ, ζ), (r, φ, ζ) € G be Ά harmonic function in G, i.e ΔτψζΤ = 0 in G. Suppose the

Fourier coefficients Tn(r, z), (r, z) £ Ga, η € NO, of Τ have the form ΛαηΤ^(^) with respect to

the local co-ordinates R, Θ, then the functions Τα" (θ) must satisfy the homogeneous differential

equation

,2

(36)

Equation (3 6) is the associated Legendre equation and the general solution is given by (cf.

[1, 9])

(3.7)



where Pan

n(cos0) and Q"n(cos0) are the associated Legendre functions of the first and second

kind, respectively. But, since the functions Tn are expected to be bounded, we must choose

c2 = 0 in (3.7) as Q£n(cos0) is unbounded at cos0 = ±1. Thus

Tn(r,z)=JR
a"Pa7(cos0). (3.8)

This suggests that we must choose the functions Φ, Φ, Λ in (3 2) such that their Fourier coef-

ficients on Ga have the form (3.8) and such that the solutions un (n 6 NO) of (2.5) having the

form (3.1) satisfy (3.5). Thus

*n(r,z) = -RQ«+1PQ7+1(cos0),

ΦΠ(Γ,Ζ) = fle"+1Pe7+1(cos0), (3.9)

An(r,z) = flQ"PQ7(cos0).

We introduce for simplicity the 3 x 3 matrix Mn(an,0) with columns

Κ + 1) sin"1 0PQ7+1 - («„ + 1 - n) cot 9P~?

-2(αη + 1) sin-1 ΘΡ~?+ι + 2(αη + Ι - η] cot ΘΡ~? ;

Ο /

((αη + 1) - (2αη + 1) sin2 0) cot ΘΡ~? - (αη + η + 1) cos 0 cot 0Ρ~η

π+ι

-ncot0PQ7

((2αη + 1) cos2 0 - (3 - 4ι/))Ρο;" - (αη + η + 1) cos0Ρ<7+1

Substitution of (3.9) in (3.5) gives the proof of the following lemma.

Lemma 3.1: Let {c*n}neN0

 De a sequence of real numbers. Then the Fourier coefficients given

by (3.9) define uniquely harmonic functions Φ, Φ and Λ in G and the functions

a
un = .RQ"Un(an,0) with Un(an,0) = MnK,0) b . (3.10)

V c I
are solutions of the differential equations (2.5) for any constant vector (o, b, c)T.

Now we determine a non-trivial vector (a, b, c)T in (3.10) such that the homogeneous boundary

condition at 0 = 0C is satisfied, that is

(*\Mn(an,0c) b 1 = 0 . (3.11)

V c I

Equation (3.11) has a non-trivial solution only if

detMn(an,0c) =0. (3.12)



The solutions an of the transcendental equation (3 12) are the eigenvalues of the operator pencil

in Ga that determines the asymptotic behaviour of the coefficients us

n (n £ NO) near the

vertex Ο The vector functions Un(an,$) from (3.10), where the vector (a, 6, c)T is the non-

trivial solution of the algebraic equation (3.11), are the corresponding eigenvector functions to

an. For 9C £ (Ο,ττ) given, we have

detMn = 2(π2(Ρα~"+ι)2 - ((an + l)P~n

n+i - (an - η + l)P~n

n cos6»c)
2)

(-(an +n + l)PQ"n

n

+1 cos0c + Ρα~η"(-3 + 4i/ + (2an 4- 1) cos2 0C)) sin""2 9C

+ (-an + n- l)Pa" cot ̂ (2η2Ρ~η

ηΡ^η

η

+1 sin"1 0C - (-(an + n + l)P~n

n+i cos^c (3 13)

+ \P«n(l + (2an + 1)cos 20C)) (2(an - η + l)p-n

n cot 0C - 2(an + l)P~n

n

+1 sin"1 0C)) = 0.

For each η € NO and #c € (Ο, π), the roots of equation (3.13) consist of an infinite set {an,}j6z of

isolated real numbers with no accumulation point. At each point (an,,0c) where equation (3.13)

is satisfied, we seek for a nontrivial vector (a, 6, c)T that satisfies (3.11), and verify via (3.10) if

Un(an,,#) is a nontrivial eigenvector function. We notice, for example, that for any Qc £ (Ο,π)

and η £ NO, the number an = η - 1 satisfies equation (3.13), but for this eigenvalue there is

no corresponding nontrivial eigenvector function Also, for an = 0, equation (3.13) is satisfied

for any Θ0 € (Ο, π), but for this value there is no nontrivial eigenvector function. We also note

that the geometric multiplicity of each eigenvalue an, is one, that is to each eigenvalue there is

only one linearly independent eigenvector function. This is easy to justify, since for there to be

two linearly independent eigenvector functions corresponding to the same eigenvalue an;, the

determinant of the matrix Mn must vanish at all points (an/,0) for θ £ (Ο,ττ). This is only

possible if Mn is a null matrix.

We are interested in positive solutions of equation (3.13) We assume that for each η £ NO

the roots {ani}ieN are arranged in ascending order Firstly, we are interested in the range of

values of an for which the Fourier coefficients u^ would exhibit singularities near the vertex

O, and secondly to determine which solutions of equation (3.13) lie in that range. Of course,

equation (3 13) can not be solved by analytical means and we must use numerical means to

approximate the solutions This will be done in the next section. Now by Remark 2.1, we

expect regular solutions Un of the 2D problem (2 5) to belong to the space (W^(Ga))3. The

following lemma gives us a useful criterion for deciding if a function of the form v(r, z) = RaT(9)
r\ fy

belongs to the space Wl',2(Ga) or not.

Lemma 3.2 Let ν £ W1\2(Ga) be a function defined on the circular sector Ga with vertex O,

and whose expression in terms of the local polar co-ordinates R, θ is of the form v(r, z) = RaT(9)

for some real number α > 0 and with T(0) 6 C°°([0, π]) Then υ £ W^(Ga] if and only if

a > 1/2

Proof The norm ||υ||νν,2,2,σ ·. of functions ν £ W1%(Ga) in local polar co-ordinates R, θ is given



by

+ 2 -

d2v

i^Vsinfci/W. (3.14)

We need to show that each term on the right hand side of (3.14) is bounded for ν = ΗαΤ(θ) if

and only if α > 1/2 Let us consider the term

d2v

JGa

ldv
R2sm9dR0. (3.15)

Substituting ν = RQT(9) in (3.15) and taking into account that /0" \Τ'(Θ)|2 sin θάθ < C < oo,

we get the identity

L lR2sm9dR9=(a-l)2 f \Τ'(θ)\2ζ'ιηθάθ [ R2Q~2dR. (3.
Jo Jo

16)

We see that the integral on the right hand side of (3.16) is bounded only if 2α — 2 > —1, i.e.

a > 1/2. The same argument holds for the other terms.·

Lemma 3.3: Let ϋ € (Η^Ω))3 be the generalized solution of the boundary value problem

(1.1), (1.2) for the right-hand side f 6 (Ι·2(Ω))3. Let <, u£ and f£, f« (n € N0) denote the

Fourier coefficients of ΰ and f, respectively, defined almost everywhere on Ωα. For each n € NO,

let ant (I = 1 ,2 , · · · ) denote the positive roots of equation (3.13) associated with non-trivial

eigenvector functions Un(an,,0). Then

(ι) if an, > 1/2, I = 1,2, · · · , for all n € N0 and / € N, then the coefficients u* and u£ satisfy

the relations

}3. (3.17)

(τι) if anf < 1/2, / = 1, ·· ,Ln holds for some coefficients u* and u", then there exist real

constants 7*; and 7^ so that these coefficients can be represented in the form

'), </a € (<;^(Ωα))3(3.18)

(3.19)

In (3.18) η dentes a smooth cut-off function.

Proof: Lemma 3.3 follows from the preceding analysis and Lemma 3.2 together with classical

results regarding the regularity of solutions of elliptic boundary value problems (cf [11, 15]).

Formulas for computing the coefficients 7n, are given, for example, in [25, 26]. ·

Remark 3.1. A regularity result for the solution hatu of the three-dimensional boundary value

1=1



problem (1.1). (1 2) can be obtained from the representation (3 18) of the Fourier coefficients

by means of Fourier synthesis However ύ 6 (W2

2(^))3 can not be proved by assuming that the

Fourier coefficients satisfy the relation Un ° £ (^^(Ωα))3, η € N0. That is if ani < 1/2, η =

0, ,K, I = 1, · , Ln, then the solution ΰ can be represented in the form

κ Ln

= us + w, us

n=0 i=l

where the diagonal matrices R£(y?) and R^v?) (ft € NQ,V 6 (— π,ττ]) are defined by

R*(<£>) = diag[cosn<£, — smn<,p, cosn<£>], R£(</?) '= diag [siring, cos n<p, sin n<p].

4 Numerical experiment

Now we introduce a numerical algorithm with which one can compute the roots of equation

(3.13). From the computation we are going to answer principally the following three questions:

a) What is the minimum value of the opening angle 0C at the conical point of Ω which can affect

the regularity of the Fourier coefficients?

b) How many Fourier coefficients can possibly be affected by the presence of a conical point on

Ω?

c) In each case, what is the value of Ln for which ani < 1/2, / = 1, · · ,Ln

?

We use the Mehler-Dirichlet formula (cf. [9])

P-" (cos θ) = ̂  ~ |̂y jT cos"~_;"cos g

a V_ n A. n > 0 . (4.1)

We notice that the integrand in (4.1) is singular at t — θ By trigonometric identity, we can

write the integrand in the form

cos(a + 4)i
ι „ ·
2~n

(4.2)

and use

cos(a + i)
(4.3)

10
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Figure 4.1: Solutions of (3.13) for π = Ο, ν = 0.2, ν = 0.3, ν = 0.4

to approximate (4.2) for t close to Θ. Using Gauss-Legendre quadrature formula with forty

five partition points the integral (4.1) is approximated by a sum containing the parameter

a. The expression is then used in (3.13) and with a root finding procedure values for α are

computed. The softwares MATLAB 6 and MATHEMATCA were used for the computation.

From the computation it was established that the Fourier coefficients un for η > 2 of the

solution ΰ 6 (Η^Ω))3 of (1.1), (1.2) belong to (W^'?2(^la))3, for any conical point, whenever

the right-hand side f belong to (Ζ-2(Ω))3. Moreover, the effect of the conical points on u*

is more than on UQ . In both cases the sum in (3.18) has only one term, i.e. Ln = 1 for

η = 0,1. The critical angle depends on the Poisson's ratio. Figure 4.1 shows the dependence of

the eigenvalues 0 < c*o < 1 for η = 0 on θ € (| , π) for different Poisson'ratios. For fixed θ the

eigenvalues increase monotonically with respect to the Poisson's ratio ν In Table 4.1 the roots

α of equation (3 13) for a few selected values of θ and for η = 1, ν = 0.2,0.3,0.4 are presented.

We note that the eigenvalues in this case are lower than the corresponding eigenvalues for η = 0

and are monotonically decreasing for increasing f and fixed Θ.

11



θ
60

100

120

150

160

</ = 02

0 994145

0812927

0 553730

0 3234873

0.277894

ι/ = 03

0 993887

0 806797

0 544059

0.315972

0.271532

ί/ = 04

0 993500

0 797492

0.529804

0 304933

0.262139

Table 4.1 Solutions of (3 13) for n = 1 and selected values for ν and θ
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