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Abstract

Sarkisov (J. Chem. Phys. 119, 373, 2003) has recently discussed the structural behaviour of

a simple fluid near the liquid-vapour critical point. His work, already compared with computer

simulation studies, is here brought into direct contact for the heavier condensed rare gases

Ar, Kr and Xe with (a) experiment and (b) earlier theoretical investigations. Directions for

future studies then emerge.
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1 Introduction

Though a lot of progress has been made on the theory of critical exponents at the liquid- vapour

critical point * , it was recognized at least as early as in the important work of Choy and Mayer 2

that any final theory of the critical point must involve the statistical mechanical Bogoliubov-

Born-Green-Kirkwood-Yoon (BBGKY) hierarchy. Later significant studies of this kind were

made by Kayser and Raveche 3 and by Jones 4.

In 1984, Senatore and March 5 focussed on the behaviour of the triplet correlation function

at the critical point of simple classical fluids, invoking an exact relation 6 between the density

dependence of the pair correlation function g and the triplet function g(3\ They first noted, how-

ever, that for (assumed) density independent pair potentials Φ(Γ), the reduced compressibility

XT, discussed recently by Sarkisov 7, and defined by

, (i.i)
T

with kB denoting Boltzmann' constant, is given by

This eqn.(1.2) is now to be compared with eqn.(26) of Sarkisov 7, with the result that, in his

notation

-2πρ /·« 3d$(r) dg(r)r p - d r (L3)

Sarkisov 7 refers to ω as the 'thermal potential' after his eqn.(27), but earlier in his study defines

it as the 'negative of the excess potential of mean force'.

Using the customary notation U(r] for the potential of mean force, related to the pair

correlation function g(r) by

we next take the logarithm to obtain

U(r) = -kBT in g(r) (1.5)

Taking the density derivative of eqn.(1.5), we find

dU -kBT dg(r)

dp τ g ( r ) dp

Substituting this result (1.6) into the right-hand side of eqn.(1.3) then yields

(1.6)

dr

2πρ Γ°° dU_

Jo dp"



which shows the equivalence of the result (1.2) and Sarkisov's eqn.(27).

Another focus in the study of Sarkisov 7 is the heat capacity at constant volume Cy. After

discussing the relation of Sarkisov's study, already brought into contact with computer simu-

lation studies, to the critical compressibility ratio found experimentally for the condensed rare

gases in section 2 immediately below, specific heat theory will then be developed using both

structural correlation functions and thermodynamics in section 3. The final section constitutes

a summary together with some proposals for future studies in this area.

2 Critical compressibility ratio for heavier condensed rare gases
and its consequences

It was emphasized by March, Perrot and Tosi 8 (referred to below as MPT) that, for the heavier

condensed rare gases Ar, Kr and Xe, the critical compressibility ratio Zc, defined by

has the common (experimental) value 9>1° 0.29. Then, using the virial equation of state (see,

e.g., eqn.(25) of ref.7) MPT obtained 'empirically' the structural integral, denoted as /o below:

where Φ(Γ) as in ref.7 is the (assumed) density- independent pair potential, as

Jo = 1 - Zc ~ 0.71 (2.3)

Defining I\ with reference to eqn.(1.3) above as

r

d^dv (241

r d T (2'4)
6kBTcJ V dp

the critical point condition (ΘΡ/θρ)τε — 0 yields

Ji = 2ZC - I ~ -0.42 (2.5)

and hence in terms of Sarkisov's thermal potential w(r) any correct critical point theory must

yield for Ar, Kr and Xe

= -0-42 (2.6)

It is worth recording here that from the further critical point condition (dzP/dp2)c = 0 one

finds8

= 2-QZc (2.7)



which therefore, for Ar, Kr and Xe, has the common value ΪΊ = 0.26. Using eqns.(l.G) and

(2.7), /2 is again readily rewritten in terms of a density derivative of the thermal potential w(r).

Having discussed the implications of experiments on the heavier condensed rare gases for the

study of ref.7, we turn from compressibility and the virial equation of state to the heat capacity,

which was also discussed earlier in this Journal by Senatore and March 3.

3 Divergence of specific heats at critical point

In his study 7, Sarkisov considered also the theory of the specific heat Cv at constant volume as

the critical point was approached. Crucial to his argument was the behavior of the temperature

derivative (dg/dT)p in the vicinity of the critical point. In turn he related this to the thermal

potential ω(τ) through a function Y(r] defined as

Υ(τ}=Τ(6ω(τ}/6Τ}ρ. (3.1)

Then he writes 'the divergence of the heat capacity can be explained only assuming the Υ

function to be divergent everywhere ...'.

We avoid this assumption in what follows by appealing, as a starting point, to the early

study of the specific heat theory of liquids by Bratby, Gaskell and March 11. These authors

related the difference Cp — Cv of the specific heats to the long wavelength limit, q -> 0, of the

static structure factor S(q) of the liquid by the equation

5£Γ' I kB . (3.2)
τ\

Unlike the above approach via the thermal potential in the form exhibited in eqn.(3.1), there is

no difficulty in understanding the divergence in Cp — Cy at the critical point since 5(0) tends

to infinity there. But experiment 12'13 indicates that Cp — Cy diverges less strongly than 5(0).

This has the quite clear consequence from eqn.(3.2) that, at the critical point (c):

where, as already stressed for Xe etc., Zc = 0.29.

Of equal importance to the exact result (3.3) is to answer the question as to the precise

manner in which the square bracket in eqn.(3.2) tends to zero as the critical point is approached.

Some insight can be gained by writing, in the vicinity of the critical point:

(3.4)
T

where L(V, T) has a logarithm-type of divergence as the critical point is approached.

To understand the detailed behavior of L(V,T) in eqn.(3.4) will involve a full study of

the entropy Se, where the subscript e is used here to avoid possible confusion with the liquid



structure quantity 5(0) in the long wavelength limit. This is because, in eqn.(3.4), one can write

an equivalent equation in terms of the Helmholtz free energy F = Ε — TSe as

We return to this point briefly in the concluding section below.

4 Summary and future directions

In agreement with the philosophy going back at least to Choy and Mayer 2 and continued in the

recent contribution of Sarkisov 7, it is of major importance to describe the physical properties

of a simple liquid via the BBGKY hierarchy, near the liquid-vapour critical point.

In the present study, we have brought the work of Sarkisov 7 into direct contact with (a)

experiment and (b) previous theoretical studies of the condensed rare gases, both with regard

to compressibility and specific heats. In ref.7, contact was restricted to comparison with the

results of computer simulation.

Regarding (a) above, structural integrals are determined at the critical point by the fact

that the heavier condensed rare gases have practically the same critical compressibility ratio Zc

defined in eqn.(2.1). Any acceptable integral equation theory must accurately reproduce these

structural integrals and in particular eqn.(2.6) in terms of the Sarkisov thermal potential w(r),

together of course with g(r) and the pair potential Φ(Γ).

In addition to compressibility theory, and prompted again by the study of Sarkisov 7, at-

tention has also been focussed on specific heats, but now using both structural theory and

thermodynamics. Eqn.(3.3) is then an exact quantitative measure of the departure from Joule's

Law, namely (dE/dV}T — 0 which is true for hard sphere fluids, at the critical point in terms

of the experimentally accessible compressibility ratio Zc (equal, as stressed to 0.29 for Ar, Kr

and Xe).

For the future, eqn.(3.4) may provide a focus for either further analytical work, or for careful

computer simulation, to elucidate the nature of the function L(V,T), which we have argued

should have a logarithmic-type of divergence as the critical point is approached. An alternative

formulation in terms of entropy Se is worthy of further investigation via eqn.(3.5).
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