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Abstract

We study effective gravitational F-terms, obtained by integrating an U(N) adjoint chiral

superfield Φ coupled to the Μ — 1 gauge chiral superfield Wa and supergravity, to arbitrary

orders in the gravitational background. The latter includes in addition to the J\f — 1 Weyl

superfield ΟαβΊ·, the self-dual graviphoton field strength Ραβ of the parent, broken Λ/" = 2 theory.

We first study the chiral ring relations resulting from the above non-standard gravitational

background and find agreement, for gauge invariant operators, with those obtained from the dual

closed string side via Bianchi identities for A/" = 2 supergravity coupled to vector multiplets. We

then derive generalized anomaly equations for connected correlators on the gauge theory side,

which allow us to solve for the basic one-point function CTrW2/(z — Φ)} to all orders in F2. By

generalizing the matrix model loop equation to the generating functional of connected correlators

of resolvents, we prove that the gauge theory result coincides with the genus expansion of the

associated matrix model, after identifying the expansion parameters on the two sides.



1 Introduction

The issue of effective gravitational F-terms in Λ/" = 1 gauge theories coupled to J\f = 1 super-

gravity, generated by integrating out a massive U(N) adjoint superfield Φ, has received much

attention recently [1, 2, 3, 4, 5, 6], after the conjecture of [1], which has identified these terms to

higher genus contributions to the free energy of a related hermitian matrix model, with potential

given by the superpotential W($) of the adjoint superfield. The conjecture was proved in [4, 5]

using the diagrammatic techniques developed in [7] to prove the relation between the effective

superpotential of the gauge theory and the planar, genus zero, contribution to the matrix model

free energy. One of the ingredients of the proof in [4, 5] was the modification of the chiral ring

of the gauge theory in the presence of a supergravitational background. The modification has

two sources. The first can be understood within the framework of ordinary supergravity tensor

calculus and related Bianchi identities in the presence of the Λ/" = 1 Weyl superfield Gajg7, and it

reads {Wa, Wβ} = 1ΟαβΊW
7, where Wa is the gauge chiral superfield. It turns out however that,

in order to capture genus g > 2 contributions, in the language of the dual closed string theory

side [8], one needs to introduce a more drastic modification in the chiral ring relation, to account

for a non-trivial vacuum expectation value of the (self-dual) graviphoton field strength Ραβ of

the parent Λ/" = 2 string theory. In this case the relation reads {Wa, \¥β} — Ραβ + 2ΟαβΊ\¥Ί.

In particular, one is modifying the Grassmann nature of the fermionic superfield Wa. In [6] we

considered the first kind of modification, involving only the Weyl superfield Ga/g7, exploited its

consequences and used generalized anomaly equations[9] to prove that, indeed, the order G2 ef-

fective superpotential is given, as a function of S = — Ττν72/32π2, by the genus one contribution

to the free energy of the related matrix model. A crucial fact in that approach was the lack of

factorization of chiral correlators in the presence of a non-trivial supergravity background, in

particular the non-triviality of connected two-point correlators.

The purpose of the present work is to complete and extend the above analysis to arbitrary

orders in jF2, i.e. to arbitrary genera on the matrix model side, or on the dual closed string

side. This amounts, among other things, to determine the modifications in the chiral ring

relations due to the presence of the Ραβ background. It turns out that in this case one has to

face ordering ambiguities in manipulating W's in the generalized Konishi anomaly equations,

somewhat similar to the base point dependence in path ordered exponentials found in [4, 5].

We fix the ambiguities by requiring that traces of (graded) commutators be trivial in the chiral

ring. This requirement will lead us to get identities involving gauge invariant and gravitational

operators, which will be very important when analyzing the anomaly equations. While we do

not have a proof of this assumption at the gauge theory level, quite remarkably we will find

that these relations are exactly the same as those we obtain on the dual closed string theory

side by using the Bianchi identities of the (broken) Μ = 2 supergravity theory coupled to vector

multiplets. We will then first, following the strategy of [6], reconsider the g = 1 case in the



presence of both Ραβ and ΟαβΊ and find that the order F2 and G2 superpotential terms have

the expected structure and agree with the g — 1 matrix model result.

In order to proceed with arbitrary genus analysis, for which a non-trivial Ραβ is essential, we

will need to further generalize the strategy of [6] to derive anomaly equations for the generating

functional of (connected) correlators, by coupling the relevant chiral gauge invariant operators

to external sources. From these equations we will extract the correlators which are required

to determine the one-point functions of R(z), T(z) and wa(z) (in the notation of [9] reviewed

in section 2) to all orders in F2. Prom these one can determine the effective superpotential as

explained in [9]. The connection with the matrix model will be proved by generalizing the loop

equation of the latter to a full generating functional of connected correlators of resolvents, by

coupling the matrix model resolvent £lm(z) to an external source. We will prove that, in fact,

the gauge theory (R(z)) coincides with the matrix model (Qm(z)}, to all orders, if we identify F2

with the matrix model genus-expansion parameter 1/N2. More precisely, there is a full class of

gauge theory correlators, (TrW23>k}, whose expansion in powers of F2 coincides with the 1/N2

expansion of (TrMk), where Μ is a N χ Ν herrmtian random matrix, whose expectation value

is computed with the measure exp(—^-TrW(M)). We find this fact quite remarkable.

It is also worth mentioning that lower genus contributions to a given genus term can be gotten

rid of by an operator redefinition, R —)· R+ \G2T, thereby generalizing the shift 5 -» S+ \G2N

needed to remove the genus zero contribution to the order G2 term.

It is interesting to note that, by following [9] and introducing an auxiliary Grassman coor-

dinate ψα, which can be thought of as a second supercoordinate of the broken J\f = 2 parent

theory, we can rewrite the anomaly equations in a shift-invariant way, if, in addition to assem-

bling R, wa and Τ in Έ,(ψ), as in [9], we assemble also F and G as Ή = Ραβ — \ψΊΟαβΊ. This

suggests that the effective superpotential can be formally written in a manifest shift-invariant

way, f ά2·φΉ.29^9(3 + ipawa — ̂ ψ2Ν). However, it will turn out that, due to the chiral ring

relations, to be derived in section 2, the g > 2 terms are all trivial from the Μ = 1 point of

view. We should stress, nevertheless once again, that the all-orders identification of the gauge

theory (R(z)} with the matrix model (£lm(z)), implying the exact identity of an infinite family

of correlators on the two sides, survives the chiral ring relations, since on the gauge theory side

it involves powers of F2 only.

The paper is organized as follows: in section 2 we discuss the chiral ring relations in the gauge

theory with background F and G and those coming from the dual closed string side. In section 3

we consider the genus one contribution, extending the discussion of [6] to the case where both F

and G are non-trivial and proving the expected structure of order G2 and F2 terms. In section

4 we derive anomaly equations for the generating functional of connected correlators, find the

relevant connected two-point functions and finally the all orders one point function of T, from

which the superpotential can be integrated. We also verify the shift symmetry of our expressions

and prove agreement with the matrix model result. In appendix A we prove the consistency of



the anomaly equations for the generating functional.

2 The chiral ring

The chiral ring in Μ = 1 gauge theories consists of all operators which are annihilated by the

covariant derivative D&, which is conjugate to the supercharge Qcb modulo Da exact terms,

where the exact terms should be gauge invariant and local operators. All relations in the chiral

ring are therefore defined modulo D& exact terms. The chiral ring and the various relations

in it play an important role in deriving the effective F-terms in J\f = 1 gauge theory obtained

by integrating out the adjoint matter [9]. This is because the contributions to the effective

action of all D& exact terms can be written as an integral involving both holomorphic and

anti-holomorphic integrations in superspace, f ά2χά2θά2θ3(θ, θ). Thus they do not contribute

to the F-terms, which involve only either a holomorphic or anti-holomorphic integrations in the

superspace co-ordinates.

For the Μ — I gauge theory with a single adjoint field on J24 the chiral ring relations are

given by [9] 6

[Wa, Φ] = 0 mod D, {Wa, Ψβ] = 0 mod D, (2.1)

where Wa is the Λ/" = 1 gauge chiral superfield and Φ is the chiral matter superfield in the adjoint

representation of the gauge group. In this paper we are interested in studying the F-terms in

Ν = 1 U(N) gauge theory obtained by integrating out a single adjoint scalar in presence of

gravity as well as the self-dual graviphoton field strength Ραβ, using the generalized anomaly

equations approach. The chiral ring relations in the presence of these backgrounds are given

by [4, 5]

[Wa, Φ] = 0, {Wa, πβ} = Ραβ + 2GafhWT. (2.2)

In the presence of just a curved background the ring relations can be derived by using the

Bianchi identities of jV = 1 gravity, but for obtaining the ring relation in the presence of the

graviphoton one has to resort to string theory. It was pointed out in [4] that the modification

of ring relations in the presence of Ραβ requires a non-traditional interpretation. The classical

Grassmanian nature of the Λ/" = 1 gauge multiplet no longer holds, the gauge multiplet in fact

satisfies a Clifford algebra. All the gauge invariant operators constructed out of the basic fields of

the J\f = I gauge multiplet and the chiral multiplet can be arranged into the following operators

1 / W2

ι / wa \
Pa(z)ij = -7- ( -"_, ) , wa(z) = Trpa(z),

47Γ \Z Φ/ ! ?

, T(z)=TrT(z).
ζ-Φ

6A11 relations in the chiral ring are modulo D, for the rest of paper this will not be explicitly mentioned, but
understood wherever necessary



Here, for later convenience, we have defined separate symbols for the matrix elements operators

and the gauge invariant, trace operators. Placing more W's in the trace does not yield any

more gauge invariant operators, as they can be converted to one of the above operators by the

ring relations in (2.2), therefore the above set of operators is exhaustive in the chiral ring. In

the next sub-section we will derive various identities from the relations (2.2), with a motivated

ansatz that the adjoint action with Wa on gauge invariant operators vanishes. In the subsequent

sub-section we will re derive these identities from the closed string dual using the Λ/" = 2 Bianchi

identities, thus justifying the ansatz.

2.1 Chiral ring identities from gauge theory

Prom the definition of W2 and the basic ring equations in (2.2) we can derive the following

identities using simple algebraic manipulations,

[Wa,W
2] = -2Ραβ\νβ, (2.4)

{Wa,W
2} = -

adding the above equations we find

WaW
2 = -Faftwe - ±G2Wa - 1-ΟαβΊΡ

β\ (2.5)

Considering the equation (2.2) with a product of arbitrary number of scalars Φ and taking trace

on both sides of the equation, we obtain

..), (2.6)

We see that on the left hand side of the equation we have the adjoint action on the operator

]ΥβΦΦ — For ordinary Grassman Wa, the trace of the adjoint action is zero, but here, from

the algebra in (2.2), it is not clear that this will still hold. However if the trace of the adjoint

action is not zero, then in any gauge invariant operator, like the one considered in (2.6), there

will be an ambiguity in the ordering of Wa, such that the cyclic property of the trace will not be

obeyed. This is the base point ambiguity noted in [4]. To remove such ambiguities we demand

that the trace of the adjoint action is trivial in the chiral ring. This leads us to the following

equation

Ττ((Ραβ + 20αβ^)Φ...) = 0. (2.7)

We can write the above equation compactly in terms of the operators in (2.3). After performing

the following convenient redefinitions, Ραβ -> 32π22\/2Ραβ and ΟαβΊ -> Λ/32π2 ΟαβΊ, (2.7) can

be written as 7

2ΡαβΤ + Ga/37™
7 = 0- (2-8)

7Prom now on we will use these scaled variables for the rest of the paper



A similar equation can be obtained by considering the first equation in (2.4) with products of

4>'s and a trace on both sides, we obtain

Tr([Wa, W2}$ . . .) - -2ΡαβΎτ(\νβΦ . . .). (2.9)

Again demanding that the adjoint action is trivial in the chiral ring we get

Fa/3Tr(W^$...)=0, (2.10)

that written in terms of the operators in (2.3) becomes

FrfwP = 0. (2.11)

Using Bianchi identities of Μ = 1 supergravity it was shown in [6], that the spin 2 combi-

nation of a product of two Af = 1 Weyl multiplet was trivial in the ring. This combination is

given by

GaβσGσ

Ίξ + ΟαΊσΟ° β$ + GasaG° βΊ = 0. (2.12)

This ensures that the gravitational corrections to the F-terms truncate at order G2. If a similar

Bianchi identity were applied on the symmetric tensor Ραβ we would obtain the following product

of the graviphoton and the Λ/" = 1 Weyl multiplet

ΟαβΊΡ\ + ΟασΊΡ\, (2.13)

which should therefore vanish in the chiral ring. However, a consistent Ν = 1 gauge theory

coupled to the spin 3/2 multiplet containing the graviphoton along with its supersymmetric

partner, the gravitino, is at present not known. Such theories are consistent from string theory

point of view as these are theories on D-branes with the graviphoton field strength turned on

in the bulk. The presence of the graviphoton field strength would perhaps modify the Bianchi

identity in (2.13), without an explicit construction of the gauge theory coupled to graviphoton

it is not possible to determine the modification of the Bianchi identity on the Ραβ· The product

of G and F in (2.13) contains both a spin 3/2 and a spin 1/2 part, but we make the minimal

ansatz that the spin 3/2 combination in the tensor product is trivial in the chiral ring as given

below

ΟαβΊΡΐ + ΟασΊΡ} + ΟσβΊΡΐ = Ο (2.14)

Prom the basic identities in the chiral ring, (2.8), (2.11), (2.12) and (2.14), we derive other

identities which are used at several instances in this paper. The first identity is obtained by

multiplying the equation (2.11) by Faf*, which is gives

Ί = -F*Wa, = 0 (2.15)

Another important identity is given by

02Ραβ = 0. (2.16)



In order to prove this identity, we first multiply (2.14) by Gg to obtain

= Ο (2.17)σ

The product ΟδβαΟ® contains both the spin 0 and the spin 2 part. The spin 2 part vanishes

by (2.12), therefore this product contains only the spin 0 part, which is given by

σ Ί σΊ

 2 (2.18)

Substituting the above equation in (2.17) gives (2.16). We also have the identity

ΡαβΟ
αβ

ΊΡ
Ίσ = (F · Ο}ΊΡ

Ίσ = 0. (2.19)

This equation is obtained by simply multiplying (2.14) by Ραβ, the last two terms vanish due

to the symmetry of ΟαβΊ in all the indices. Finally, using (2.8) and (2.11) we can show that

(F · G)awp = -(F- 0}βνα (2.20)

The identities (2.15), (2.16), (2.18) and (2.19) imply that terms containing G2 do not admit any

expansions in higher powers of either F or G. And the terms containing (F · G) also do not

admit any higher powers of either F or G. From these considerations we can conclude that the

only expansion which admits arbitrary powers is an expansion purely in F.

2.2 Chiral ring identities from closed string dual

Though we do not have understanding of the chiral ring identities discussed in the previous

subsection we can appeal to the open/closed string duality conjectured in [8] to derive them on

the closed string side. The basic conjecture of [8]is that Μ = 1, U(N) gauge theory with a single

adjoint chiral superfield Φ, realized, for instance, by Ν D5-branes wrapped on a two-cycle of a

local Calabi Yau threefold, is dual to closed string theory on a CY threefold which is related

by a conifold transition to the previous one. On the closed string side A/" = 2 supersymmetry is

broken down to J\f = 1 by the presence of three- form fluxes on the CY space [10]. The tree level

superpotential for Φ is related to the geometry of the CY manifold. More precisely, the duality

identifies the lowest moment of the gauge theory operators of (2.3) with the components of an

Z7(l) Λ/" = 2 vector multiplet on the closed string side

V(0, 0) = 8(θ) + θανα(θ) + Θ2Ν. (2.21)

S is the closed string field dual to Tr(WaWCt)/32w2 , and it corresponds to the complex structure

modulus of the CY threefold, wa is dual to Tr(Wa)/47r and N, the auxiliary field corresponding

to the three-form flux on the closed string side, is dual to Tr(l) of the gauge theory, θ is the

usual Af = 1 superspace coordinate and θ is the additional superspace coordinate for Μ = 2

superspace. The duality is expected to still hold after coupling the gauge theory on one side and



the vector multiplet on the other side, to the supergravity background given by Ραβ and ΟαβΊ.

In particular, a class of gravitational F-terms, usually called Tg [11, 12] are expected to match

on the two sides, with the above identification of fields.

We can also organize the background fields, the Λ/" = 1 Weyl multiplet and the graviphoton

field strength as an Λ/" = 2 Weyl multiplet as follows.

ΗαβΦ,θ) = Ραβ(θ}+ΡΟαβΊ(θ] (2.22)

In the above equation Ραβ stands for the Ν = 1 self-dual graviphoton multiplet and ΟΆβΊ refers

to the Λ/" = 1 Weyl multiplet which contains the self-dual part of the Riemann curvature. We

have set the auxiliary field of the Weyl multiplet to be zero as it does not play any role in

deriving the ring relations discussed in the previous sub-section.

Our strategy to prove the basic ring relations in (2.8), (2.11) and (2.14) would be to use

the Λ/" = 2 Bianchi identities to show that these equations are D exact. Here D refers to the

derivative of the Λ/" = 1 superspace coordinate. This is the same method used to obtain the ring

relations in (2.1). Consider the following D exact quantity

Da(DaaV) = [Da,Daa]V (2.23)

In writing the equality we have used the fact that V, the Λ/" = 2 vector multiplet, is annihilated

by D. Prom the definition of covariant derivatives in superspace we have the following (see for

instance [13])

* ·) (2.24)

Here A,B,C,D, etc. refer either to bosonic or fermionic coordinates in superspace, 6, c refer to

their grading, a bosonic coordinate having grade 0 and a fermionic one grade 1. R and Τ stand

for the curvature and the torsion in superspace coordinates respectively. For A/" = 2 superspace,

the complete solution for the Bianchi identities has been given in [14] and one can read out the

required curvature and torsion symbols. The equation in (2.23) can then be written as

(2.25)

There are no curvature contributions as V is a scalar in J\f = 2 superspace, there are other

contributions to this Bianchi identity, but they vanish on shell 8. The zeroth and the first

component in θ reduces to

(2.26)

2Fa0N +

8This is the holomorphic counterpart of equation (7 6) in [14]



The θ2 component is identically zero. These operator equations verify the lowest moment of the

ring relations in (2.8) and (2.11) from the closed string side. To verify all the moments of these

relations we need map which relates all the gauge invariant operators of the gauge theory to

closed string fields, at present such a detail map is lacking, though it is obvious they will all be

mapped to vector multiplets on the closed string side. To prove the relation in (2.14) consider

the following D exact quantity

(2.27)

Substituting the required curvature and torsion symbols we get 9

(2.28)

There are other terms in this Bianchi identity, but they all vanish on shell. Prom the lowest

component in θ of the above equation we obtain the relation (2.14). Note that on lowering the

β and 7 indices, the combination is entirely symmetric, thus containing only the spin 3/2 part

of the tensor product of G and F. This completes the proof of (2.14) from the closed string side.

The linear term in θ of (2.28) reduces to (2.12)

3 Genus one analysis

The chiral ring relations (2.1) ensures that only planar graphs contribute to the computation of

the superpotential in the absence of gravity or the graviphoton field strength. The diagrammatic

analysis of [4] and [5] show that higher genus diagrams contribute when either gravity or the

graviphoton background is turned on. In fact the contribution of gravity alone enters at genus one

in the superpotential, and it was shown in [6] that the genus one correction to the loop equation

in the corresponding matrix model agrees with the gravitational corrected anomaly equations

in the gauge theory. In this paper we extend this to the situation when the graviphoton field

strength is also turned on. The graviphoton affects the gauge theory loop equations at all genera.

In this section as an important preliminary step to the analysis at all genera and, as a means to

introduce all the definitions and methods, we will analyze the anomaly equations of the gauge

theory with the graviphoton also turned on at genus one.

To derive the Ward identities constraining the gauge invariant generating functions of (2.3)

in the presence of gravity and the graviphoton field strength we need three ingredients. Firstly,

the background modifies the ring to (2.2) and the associated ring equations discussed in section

2.1 play a crucial role. The generalized Konishi anomaly [15] forms the second ingredient: one

can derive the Ward identities constraining the functions R(z), wa(z) and T(z) by considering

We have used the holomorphic counterpart of equations (4 25) and (7 6) of [14]



an infinitesimal variation δΦ^ — jl3 where /^ is the matrix elements of the operators given in

(2.3). This variation is anomalous and, in absence of gravity, the anomaly is given by

"Jjt Λ /ο 1 \

-̂Α,,Η, (3-1)

with

(3.2)

When a gravitational background is turned on, there is a direct contribution to the Konishi

anomaly This is just the generalized gravitational contribution of the chiral anomaly [16, 17].

To include this contribution we replace Aj.fci m (3-2) with

Atj,kt -> A?,H + ^G 5kj5^ (3.3)

We expect that the presence of a graviphoton background will not affect the Konishi anomaly.

The graviphoton field strength is of dimension 3, all terms in the Konishi anomaly equation

are Lorentz scalars and of dimension 3. Thus there is no Lorentz invariant term which can be

constructed out of the graviphoton field strength which is of dimension 3. Therefore, the effect

of the graviphoton in the anomaly equations can be seen only through the ring (2.2). Using

these two ingredients, the equations determining the gauge invariant operators of (2.3) are given

by

(R(z)R(z)) + G2(wa(z)wa(z)} - (Ττ(ν'(Φ)Κ(ζ))) - 0,

2(R(z)wa(z)} - G2(wa(z}T(z}} - (Tr(V'($)pa(z») = 0, (3.4)

2(R(z)T(z}) - {Tr(V'(H>}T(z)}) + (wa(z)wa(z)) - G2(T(z)T(z}) = 0.

To arrive at these equations we have repeatedly used the identities in the chiral ring derived in

section 2.1. Had we not used those identities, we would have found ambiguities in various terms,

due to the fact that cyclic property of the trace is not obeyed. Note that the above equations

reduce to the same equations derived in [6] in absence of the graviphoton fields strength. To

see this, we have to use the chiral ring equation G2wa = 0 in the first equation of (3.4).

Finally, the third ingredient in solving for the gauge invariant operators is that the above Ward

identities involve two point functions of the gauge invariant operators. In absence of either

gravity or the graviphoton field strength these operators factorize in the chiral ring [9]. However,

in the presence of these background there is no apriori reason for factorization, in fact the

correspondence of the gauge theory with the matrix model and the diagrammatic calculations

of [4, 5] imply that these operators do not factorize. Therefore, we need a further set of Ward

identities determining the connected two-point functions. For the case of the gravitational

background alone, this was done in [6] , and it was shown there that the corrections to the gauge

invariant operator Τ is precisely that of genus one correction to the resolvent of the matrix

model. We will repeat the same analysis for the case where the graviphoton field strength is

10



turned on. In section 3.1 we set up the anomaly equations which determine the connected two

point functions and in section 3.2 we will solve for the one point functions of the gauge invariant

operators, to genus one.

Before we proceed, we note that the equations of (3.4) simplify if we perform the following

field redefinition

R(z\ -> R(z) + -G2T(z} (3.5)
6

This field redefinition shifts all moments in the generating functional, and it is therefore a

generalization of the field redefinition noted in [6], which removed the genus zero contribution

of the gravitational correction to the superpotential. In fact, in section 3.2 we will see that this

field redefinition does the same job in the general case. Using this redefinition in (3.4) we obtain

2(R(z)wa(z)} - I(z)(wa(z}} = 0 (3.6)

2(R(z)T(z)) - I ( z } ( T ( z } } + (wa(z)wa(z)) = 0

In obtaining these equations we have used the chiral ring identities as well as (3.4). Here the

integral operator I (z) is given by

with the contour Cz encircling ζ and oo. Note that if A is equal to 7£, pa or T, the integral

operator reduces to

I ( z ) A ( z ) = Υ'(Φ)Α(ζ) (3.8)

With the field redefinition above, the Ward identities reduce exactly to those with no gravita-

tional or graviphoton bacground, in fact the first equation of (3.6) is identical to the equation

for the matrix model resolvent.

3.1 Connected two point functions

Following the same method used in [6] we will derive a set of equations for the connected two

point functions. We see that, to solve for the one point functions from (3.6), it is sufficient

to determine the connected two-point functions evaluated at coincident points in the ζ plane.

However, it is more convenient to determine the connected two point functions at two different

points in the complex plane say ζ and w, for example (R(z)T(w)). This turns out be useful as

we can impose conditions on the connected two point function, such as their contour integrals

around various branch cuts in ζ and w plane vanish separately, which enable us to solve the

corresponding generalized Konishi anomaly equations completely.

We will briefly review the method used in [6] using the example of the two point function

(R(z)T(w)}. Consider the infinitesimal transformation which is local in superspace coordinates

) (3.9)

11



The Jacobian of this transformation has two pieces

(3.10)

The first term in the equation above together with the variation of the classical superpotential

gives rise to

((R(z)R(z)

= ((R(z)R(z) - Tr(V'(<S>)1l(z)}))(T(w)) + 2(R(z))(R(z)T(w))c

-(Tr(V'($)K(z)})T(w))c + (R(z}R(z}T(w}}c (3.11)

where the subscript c denotes completely connected 2- or 3-point functions. The first term on

the right hand side vanishes when we use the first equation of (3.6). From the second term in

the Jacobian, when combined with the anomaly (3.2,3.3), we obtain the following single trace

contribution

f^li-rt'l-fl r.}TlinY1 t i n ) } } = I4"'n...- ^—^ : :—— == —
Ζ — W 3

(3.12)

Here we have introduced the notation A(z,w) = (A(z) — A(w))/(z — w) for A equal to .R, wa

and T. Note that the field redefinition of (3.5) does not affect the single trace contribution,

as it already comes with order G2. The field redefinition introduces a correction of order £?4

for the above single trace quantity, which vanishes in the chiral ring. Combining (3.11), (3.12)

and the first equation of (3.6), one obtains the following equation for the connected correlation

functions:

(2(R(z)) - I(z))(R(z)T(w)}c + (R(z)R(z)T(w))c - , w)=Q (3.13)

Using estimates as the ones performed in [6], shows that the completely connected three-point

functions vanish. We will not need these estimates when we discussing the solution for all

genera, as will be seen in the next section. The method to obtain the other relevant connected

correlation functions is similar. We need to consider a general variation of the form

where A can be 7£, pa or T and Β can be R, wa or T. The resulting generalized Konishi anomaly

equations equations can be derived in the same way as above and are written as the following

matrix equation.

M(z) 2{T(z))
0 M(z)
0 2(wa(z)}

(3.15)

0
M(z)

1- k

• (T(z)T(w))c

(R(z)T(w))c

_ (wa(z)T(w)}c

/ \

I6F2R(z,w) -8

-8(F.G)aR(z,w)

(T(z)R(w})c

(R(z)R(w))c

(wa(z)R(w))c

( F - G ) f t R ( z , w )

12



Where we have introduced the operators M(z) — (1(R(z)) — I(z}) and Q^ = ^G2

8 (F · G)a υ)β(ζ, w~), here the second term is also proportional to εαβ using the chiral ring equation

(2.20). To obtain such equations we have used the chiral ring relations extensively. We have

also dropped all connected three-point functions. The order at which they occur can be inferred

using the estimates of [6]: they either vanish in the chiral ring or occur at a higher order. For

genus one we are interested in the solution at order G2, F2 or (F · G). The equation in (3.15)

is of the form

M(z)N(z, w) = dwK(z, w) (3.16)

with M(z) the first matrix operator appearing on the left hand side of eq. (3.15), N(z,w)

and K(z,w) satisfy N(z,w) — Nf(w,z) and K(z,w) = Κ*(ιυ,ζ). The non-trivial consistency

condition (integrability condition) is then given by

(dwK(z, w))M\w) = M(z)dzK(z, w). (3.17)

Using the methods of [6], it can be shown that the above integrability condition is satisfied.

The existence of solutions for the connected two point functions, equation (3.15), is guaranteed

by the fulfillment of the integrability conditions (3.17). However, as familiar also in matrix

models, these solutions suffer from ambiguities, in the form of a finite set of parameters. These

ambiguities will be fixed by the physical requirement that the contour integrals around the

branch cuts of the connected two point-functions, both in the ζ and w planes, vanish separately.

The reason for this is that the following operator equations hold:

(3.18)

where St is the chiral superfield whose lowest component is the gaugino bilinear in the i-ih

gauge group factor in the broken phase U(N) -> Π?=ι U(Nt) and wa l is the [/(I) chiral gauge

superfield of the U(NZ) subgroup. Since these fields are background fields, in the connected

correlation functions the contour integrals around the branch cuts must vanish. This requirement

makes the solutions of the equations of (3.15) unique.

We now write the solution of all connected two-point functions in terms of a single function.

Consider the equation for the correlation function (R(z)R(w))e from the matrix equation (3.15)

M(R(z)R(w}}c - 16F2dwR(z,w) = 0. (3.19)

The above equation is a linear equation with an inhomogeneous term which is proportional to

F2. Let the solution be given by

-ίτ ( dzR(z) = St, ~ f dwT(w] = Nt1 -?- / dzwa(z) = w
2ττϊ JCl 2πι JCi 2m JCt

(R(z)R(w))c = -lSF*H(z,w) (3.20)

where H^(z,w) solves the following equation 10

(z, w) + dwR(z, w} = 0, (3.21)

0This definition of Η differs from the one used in [6] by a sign.
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here the superscript in Η refers to the fact that we are working at genus one. It is possible to

define such a function, as the inversion of operator Μ is unambiguous. In [6] it was shown that

the function H(z, w) is symmetric in ζ and w. We now illustrate how the connected two point

function (T(z)T(w))c, can be expressed in terms of the function H^(z,w). Prom (3.15), the

equation satisfied by this correlator is given by

M(z)(T(z}T(w}}c + 2(T(z))(R(z)T(w))c + 2(wa(z)}(wa(z)T(w))c = ^-dwT(z,w) (3.22)
Ο

Now let us define the following operators:

r\ r\

D = Nt—, Sa=wazj~ (3.23)
obx σΰτ

Applying the operator (D + δ2 /2) on equation (3.21) we see that it reduces to (3.22) if one uses

the relations (T(z)) = (D + ^S2)(R(z)) , and (wa(z)) = 6a(R(z)). Though these relations are

valid only to the zeroth order, it is possible to use them here since corrections occur at higher

order than G2 in (3.22). Therefore, using the uniqueness of solutions of the equations involving

the operator M, we find

(T(z)T(w))c = -^-(D + \P}HM (3.24)

We can find all other two point functions in a similar manner, at genus one order they are given

by

(3.25)

(R(z)wa(w))c = 8(F · G

(T(z)wa(w))c = --G26aH
l (T(z}T(w)}c = --G2(D + <

3.2 One point functions at genus one

To solve for the corrections to the one point functions we first expand the one point functions

as

(R(z)) = RW(z) + RW(z), (wa(z))=wW(z)+WU(z), (T(z)} = T<°)(*) +T™(z), (3.26)

where the terms with the superscript 0 denote the zeroth order contribution in F2, G2 and

(F · G) and terms with the superscript 1 denote the first order contribution. Substituting the

above expansions in (3.6) we obtain the following equations for the genus one contributions

z) = 0

- 16(F · G)aH^(z,z) + 2R^(z)w^(z) = 0 (3.27)

z, z) + 2w a(z)w (z) + 2R (z)T (z) = 0

14



All the above equations are linear in the one point functions with different inhomogeneous terms.

The linear operator is Μ = (2R^ — /(«)), therefore we consider the equation

(2R® (z) - 7(*))Ω(1) (z) = # W (z, z) (3.28)

Prom the definition of the operator I(z) the solution of this equation is given by

^l](z]_HW(z,z)+c^(z)

" ( ) ~ 2R0(z)-V'(z) ' (0 *>

here c^ is the finite ambiguity in the solution, a polynomial of degree η — 2. This ambiguity is

again fixed by the physical requirement that the contour integral of Ω^, which is proportional

to the genus one correction to any one one-point of interest, vanishes around branch cuts. This

requirement ensures that operator equations (3.18) are valid and the background fields Sl, Ni

and Wai do not receive any G2, F2 or (F · G] corrections. Using these inputs, the genus one

corrections to the one-point functions of interest are given by

(3.30)

At this juncture it is worthwhile to point out the difference in the results had we not used the

field redefinition in (3.5). We would, in fact, be left with genus zero contributions, in addition to

the corrections found in (3.30). This is seen as follows: without the field definition there will be

additional terms proportional to G2, multiplying products of one point functions at the zeroth

order. For example, in the last equation of (3.4) there is a term proportional to G2(T^°)(^))2

which, since it goes like N2 , it represents a genuine genus 0 contribution,

4 Solution at all genera

In this section we obtain the complete solution for the one point functions R, wa and Τ for all

genera. Prom (3.6) we see that we need the connected two point functions (RR)C, (Rwa)c, (RT)C

and (wawa)c to solve for the one point functions. Our strategy in this section is to first obtain

equations for generating functionals for any arbitrary correlator using the generalized Konishi

anomaly. This can be done by introducing sources coupled to the operators of interest. The

equations constraining the generating functionals turn out to be a set of integro-differential

equations. From these we solve for the relevant two-point functions which in turn enables us to

obtain the one point- functions of interest. We then compare the results with the matrix model.

In the appendix we demonstrate that the integro-partial differential equations constraining the

generating functional are consistent and provide the details of the solution for all connected two

point functions.

15



4.1 Generating functionals for connected correlators.

To obtain equations for the generating functionals for connected correlators we extend the

method used to obtain equations for the connected two point functions. Consider the following

generating functional for the operators of our interest

(Z) = (exp \fdw(jR(w)R(w) +jS,(w)wa(w)+jT(w)T(w))\) (4.1)
L«/ J

The generating functional is a function of three variables JR,J%,IJT-There are three equations

which constrain Ζ which are obtained by considering the following three variations

δΦ31 = π3ί(ζ)Ζ, δΦ^ = ηαρα]ΐ(ζ)Ζ, δΦ3, = Τ31(ζ)Ζ, (4.2)

here ηα is an arbitrary spinor. We will now derive the constraint imposed by the Konishi

anomaly for the first variation. The derivation proceeds along the lines followed to derive the

equations for the connected two-point functions, discussed in section 3.1. The Jacobian of the

first variation in (4.2) is given by

(4.3)
v^kl v*kl v*kl

where

1 δΖ
/ dw jR(w)nmk(w)Tim(w) + ]^(w}wamk(w)Tim(w) (4.4)

+ JT(w)Tmk(w}Tim(w}}

Note that the expression contains terms similar to the Jacobians in (3.10). Therefore, we can

use the anomaly equations constraining the two-point functions for obtaining the equations

constraining the generating functional. The first term of the Jacobian in (4.4) gives rise to a

term which is the product of the first anomaly equation in (3.6) times Z, while the second term

of the Jacobian in (4.4) gives rise to inhomogeneous single trace terms similar to those in (3.12).

Using these considerations, the anomaly equation for the above variation can be shown to reduce

to

(R(z)R(z)Z) - I(z)(R(z)Z) (4.5)

I f f G 2 \ \
- { dw [ !QF2jRdwR(z,w) + —jTdwR(z,w) - 8j%(F · G)adwR(z,w) } Ζ } = 0

\J \ 3 / /

where R(z,w) = (R(z) - R ( w ) ) / ( z - w), T(z,w) = (T(z) - T(w)}/(z - w). We can write

the above equation as an integro-differential equation by introducing functional derivatives with
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respect to the sources on the generating functional. We define

δ π*
di =

R

δ 8*- δ

ι ' a~mz~r (4.6)

= 9,,
I

0%'w} =

— w

1

: — W

1

', — w

Now writing (4.5) in terms of these derivatives gives

[4 - I(z)dR -fdw (lQF2jR0R +
L J \

- 8j£ (F · G)aOR Ζ = 0 (4.7)

here we have suppressed the superscripts z, w in the derivatives for clarity of notation. The

generalized Konishi anomaly constraints from the other two variations in (4.2) are given by

[2dRda - I(z}3a

+ fdw ((8jR(F · G)a + \G2jwa
J \ ά

- I(z)&r + dada -^- f
ό J

(4.8)

Ο)β)Οα Ζ = Ο

dw (JR0R + 3TOT

The above equations form a set of closed integro-partial differential equations which determine

Ζ

For the connected two point functions of our interest it is sufficient to consider the following

ansatz for the generating functional

Ζ - exp(M) = exp (MR(JR) + JTMT(JR) + 3«Ma(jR] + l-j^wMap(3R]\ . (4.9)
V Δ /

Here the product JT^T is understood to mean / άζ]τ(ζ)Μτ(ζ), similarly for other products in

the above expression. In the appendix we will generalize this to include all two point functions.

Note that for the various cumulants in the ansatz we have allowed an arbitrary dependence

of 3R while we allow only a finite set of moments in jj· and j£j. As we will see subsequently,

it is possible that higher moments in JR are non vanishing, but higher moments in the other

currents truncate in the chiral ring. An indication of this is clear form the nature of the two

point functions at genus one in (3.25). Only the (RR)C correlator is a function of F2 alone, all

the others involve powers of G, thus they will truncate at some order in the chiral ring. With

this ansatz the connected two-point functions of interest are given by

(R(z)wa(w))c = dz

RMa(w,jR), (4.10)
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The three equations of (4.7) and (4.8) in terms of the cumulant generating functional Μ become

(4.11)

(dRM)2+[d2

R-I(z)dR

- fdw (l6F2jR0R + ̂ JT0R - 8j%(F · G)aOR] } Μ = 0
J \ ύ / J

2dRMdaM + [2dRda - I(z)da (4.12)

j dw (9>3R(F · G)Q + ̂ G2jwa)0R - (~JT + 8j%(F · G)p)Oa Μ = 0

(4.13)

daMdaM

+ \2dRdr - I(z)dr + dada - ̂  f dw (JR0R + JTOT + j^Oa]\ Μ = 0
L ά J J

As MR is only a function of jR, the equation determining MR can be obtained from (4.11), by

setting JT = ja = 0. This is given by

(dRMR)2 + \d2

R - I(z)dR - 16F2 [ dwjR0R} MR = 0 (4.14)
L J J

We will see in subsection 4.4 that the above equation is identical to the generating functional

equation for the resolvent of the matrix model. In fact the F2 expansion of the above equation

can be identified with the 1/N2 expansion of the equation of the resolvent of the matrix model.

We now find the solutions of the connected two-point functions of interest, the analysis is similar

to that of the genus one case in section 3. In fact, the solution is a direct generalization of that

case. To obtain the connected two point function (RR}C differentiate (4.11) by 9^, where w

refers to another point in the complex plane and set JT = ja = 0. We obtain the following

equation

(4.15)

This forms a basic equation out of which the solutions for the other cumulant generating func-

tions in (4.9) will be constructed. The equation is linear in d^d^Mn with an inhomogeneous

proportional to F2, therefore the solution is proportional to F2. Let the solution of of (4.15) be

given by

(R(z)R(w)}c = dz

R8lMR = -16F2H(z,w), (4.16)

where H(z,w) is the solution of the following equation

(2dz

RMR - I ( z ) ) H ( z , w) + dz

RH(z, w} (4.17)

*/,,*, ("i'·*»-"«·*>'
\ ζ - w'
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By this definition H(z,w) is symmetric in ζ and w. We have assumed that the solutions of

these equations are unique. An argument in favour of this is as follows. For the lowest order

in the genus expansion (setting jR = 0, and dRH(z, w) = 0) these equations reduce to the ones

which were studied in [6]. It was shown there that, by demanding the vanishing of the integrals

of the the various connected two-point functions around the branch cuts both in the ζ and w

plane, the solution is unique. The equation in (4.17) is a generalization of those equations. One

can envisage a generalization of those arguments for these equations, proving that the solution

of (4.17) is unique. To obtain the connected two point function (R(z)wa(w)}c we differentiate

(4.11) with respect to d™ and then set JT = ja = 0, to obtain

(2dz

RMR - I(z}}dz

RMa(w) + d*RdRMa(w) + 8(F · G)aOR'wMR (4.18)

-16F2 I dw'jRO(

R>w'}Ma(w} =0

Again comparing (4.17) and (4.18) we obtain

(R(z}wa(w}}c = dz

RMa(w) = 8(F · G)aH(z, w} (4.19)

At this point one might wonder if the equation for the above correlator obtained by differentiating

(4.12) by dz

R will reduce to (4.18). In the appendix we will see this is indeed the case and that

the set of integro-diiferential equations in (4.11), (4.12) and (4.13) is in fact consistent. In order

to obtain the correlator (R(z)T(w)}c we differentiate (4.11) by 3γ and then set JT = ja = 0, we

obtain

R - I(z))dz

RMT(w) + dz

Rdz

RMT(w) - -0R'wMT(w] (4.20)

-16F2 fdw'jR0(

R'w'}MT(w}=0

Comparing (4.20) and (4.17) yields

(R(z)T(w)}c = dz

RMT(w} = -^-H(ztw) (4.21)

Now differentiate (4.12) with respect to 9| and then set jaiJT = 0 to obtain the connected

correlator (υ)α(ζ)υ)β(υ))}0· We get

(20RMR - Ι(ζ))Μαβ(ζ,υ)) + 2^M/3HMa(;s) (4.22)

28z

RMa0(z,w) - 8(F

Ma(z) - Ma(w) _
-0

(4.23)

The last term in the above equation can be written as

'Ma(z)-Ma(w)\ 0 ^ fMT(z}-MT(w}
— w
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In the last equality we have used the relation, Τ = (D+1/262)R which is valid at the zeroth order

and the chiral ring relation (2.11) and (2.20). The second term in (4.22) contains dJjM^iy).

Substituting (4.19) for this we and using the equation (2.11) we see that this term vanishes. Using

(4.19) we see that term containing the integral in (4.22) is proportional to (F · G)a(F · (?)/?,

which also vanishes using (2.12). For clarity we write down (4.22) after dropping these terms

(2dz

RMR - Ι(ζ))Μαβ(ζ, w) + 2dz

RMaft(z, w) (4.24)

, z)MR + 8e^F2DO(

R^MR = 0

There are two inhomogeneous terms in the above equation which motivates the following ansatz

MC#(Z, w) = €αβ (~G2H(z, w) + 8F2DH(z, w)} (4.25)
\ ά /

With this ansatz the term containing the connected three-point function vanishes, because it

contains the derivative dR which contains an extra factor of F2. This is seen as follows: (4.17)

is identical to the corresponding matrix model equation for the connected two point function

of the resolvent, from a t'Hooft counting analysis, the connected three point function is down

by a factor of l/N2, which in the gauge theory implies that there is an extra factor of F2 since

the F2 expansion of (4.14) and (4.17) is identical to the I/TV"2 expansion of the matrix model.

Comparing (4.17), we see that (4.25) solves the (4.24), as with this ansatz the connected three

point function in (4.17) also vanishes, since it occurs with an extra factor of F2.

4.2 Solutions for the one point functions.

Having obtained the required connected two point functions we can now solve for the corrections

to the one point functions. The analysis is identical to the genus one case. We first expand the

one point functions about the zeroth order as

(R(z)) = R^(z)+R(z), (wa(z)) = wW(z) + wa(z), (T(z)) = T<°>(z) +f (z). (4.26)

here R, w and Τ denote corrections to the zeroth order solution. Now substituting the above

expansion in (3.6) we obtain the same equations as (3.27) but with H^'(z, z] replaced with the

full connected two point function H(z,z), which is the solution of (4.17). These are given below

- I ( z ) ) R ( z ) ~ lQF2H(z, z) = 0, (4.27)

- I(z))wa(z) + W(F · G)aH(z, z} + 2Rw^ = 0,

- 4G2H(z, z) + lQF2DH(z, z) + 2waw^ + 2T^R = 0

The corrections are given by

R(z) = 16F2tt(z}, wa = -1Q(F · G)aSl(z), (4.28)

T(z) = 4G2O(2)

20



where

«(*) = 2R(0) * v,(z] (H(z, ζ) + φ)) (4.29)

where c(z) is a polynomial of degree η — 2 and is uniquely determined by the requirement that

the contour integrals of Ω(ζ) around each branch cut vanishes. Note that the last term of the

second equation in (4.27) vanishes, because after substituting the solution for R, we see that

that term is proportional to F^wa, which is trivial in the chiral ring. In the section 4.4 we show

that this is exactly the answer obtained from the matrix model.

4.3 Shift invariance of the anomaly equations

In this section we show that we can assemble all the equations for the generating functions given

in (4.11), (4.12) and (4.13) into one superfield equation by introducing the auxiliary fermionic

coordinate ψα. We first assemble the loop variables as

K(z, φ) = R(z) + l>awa (z) - -^T(z] (4.30)

Note that with this notation the generalized Konishi anomaly equations (3.6) is given by

(K2(z, -φ·)) - I ( z ) { K ( z , V0> = 0 (4.31)

These generalized Konishi anomaly equations are the same as in the case of Af — 1 gauge theories

in flat space with no graviphoton background. In that case, the connected two-point functions

in (4.31) vanish, and this shift symmetry of the equations implied that the superpotenial could

be written as the integral [9]

(4.32)

We would like to demonstrate that this is also true for the case of Λ/" = 1 theories studied here.

We first show that the equations for the connected correlators can be written as a supermul-

tiplet in the ψ space. The background fields, the J\f = 1 Weyl multiplet and the J\f = 1 spin 3/2

multiplet can be assembled as

ΚαβΜ = Ραβ - ^ΟαβΊ (4.33)

To write the generating functional in the superspace -φ we introduce the multiplet of the sources

as follows
ψ2

J(z, i>) = JT + Ψα3α - γΐκ. (4.34)

Then the generating functional can be written as

( Γ \
Ζ = exp / (P^dwJ(w,i)}n(w,^} , (4.35)
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here we have normalized J ά2ψψ2 = —2. To obtain the various correlators from the generating

functional we introduce the following derivative in the supermultiplet space

3κ = 0β + ̂ -γ3?- (4-36)

With this notation the set of equations (4.11), (4.12) and (4.13) reduce to

/(*)% - \&(H2} j dwj(w,i>}0%w] (4.37)

+8 f dwD2(HaflJ(w,i>})n^O(K'w)] Z = 0
J J

where

— (438)
<* ( '

In (4.37) OK is defined using the super derivative of (4.36). In deriving (4.37) we have used the

identities (2.8), (2.11) and (2.20). This implies that the solutions of the loop equations can be

written in a shift invariant way. It is easy to verify this from the solutions we have found in the

previous subsection. The corrections to the one point functions can be written as

(4.39)

, 0)

t, 0) - 16F'£>Q(St, 0))
i

To obtain the expansion in the second line we have used the chiral ring relation F2wm = 0 and

1ΡαβΝ% + ΟαβΊια^ = 0. Here the dependence of F2 in the last two terms are set to zero as the

expansion in F truncates in the chiral ring for these terms. Since the solutions to the correlators

in 7£ can be written as a supermulitplet in ,̂ the corrections to the super potential must be

written as

Weff = / ά2ψΚ2Ρ (s, + i>awai - ^
2Ni] (4.40)

J \ z /
This motivates the completion of the gravitational corrections to the superpotential to as

(4.41)

which is in agreement with what is obtained from the closed string duality with ip playing the

role of the second Λ/" = 2 superspace coordinate. However because of the identities in the chiral

ring all terms for g > 1 are trivial form Λ/" = 1 point of view. Nevertheless, the generating

functional (R(z)} sees the complete genus expansion and is identified with the matrix model

genus expansion as we will see in the next subsection.

4.4 Comparison with the matrix model results.

Consider a hermitian matrix model with an action given by

i (4.42)
9m g
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where M is a hermitian Ν χ Ν matrix. The basic loop equations for the resolvent is given by

(Sim(z)0m(z)) - I(z)(ttm(z)) = 0 (4.43)

here $lm is the matrix model resolvent given by

Ω™<2> - f Ώ (rb?) <4·44'
We now obtain the loop equations satisfied by the variation

a \
dwJ(w)Q.m(w) 1 =SlmjlZm (4.45)

/

here Zm is the generating functional for the η-point functions for the resolvent of the matrix

model. The loop equations for the variation in (4.45) is given by

(4.46)
JM J \ z ~ w / ι

Writing this loop equation by introduction functional derivatives in the current J we get

- I(z)dj + 2 dwJOj Zm = 0 (4.47)

To obtain equations for the connected correlators we introduce the cumulant generating func-

tional Zm = exp(Mm). The cumulant generating functional satisfies the following equation

(djMm)2 + \8j - I(z}dj + φ)2 fdwJOj] Mm = 0 (4.48)
L J V J J

This equation is identical to the equation (4.14) which is satisfied by cumulant generating func-

tional MR of the gauge theory. The F2 expansion in the gauge theory is analogous to the I/TV2

expansion in the matrix model. The equation for the connected two point function is obtained

by differentiating the above equation with dj, which is given by

+(^) J dwJOj' djMm 0

By comparison with (4.17) we see that the solution of the connected two point function of the

matrix model resolvent is given by

Here again we have used the fact that the inversion of the operator (2djMm — I(z}} is un-

ambiguous if the ambiguity is fixed by demanding contour integrals of the two point function

around the branch cuts vanish. Note that in (4.49) using a t'Hooft counting analysis one finds

that the contribution of a / loop planar Feynman graph to the three point function djdjdJMm

is proportional to (gm/N)^+l^. Therefore its contribution is subleading compared to the other
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two terms, this and the fact that (4.48) and (4.14) are identical was used in the gauge theory

analysis to drop certain three point functions in the chiral ring. To find the the solution of the

one point function of the resolvent we expand tlm(z) = £lm(z) + &m(z), and substitute it in

(4.46). Ω™ is the contribution of the planar graphs to the resolvent. The correction £lm(z)

satisfies the following equation

((2Ω(°>(*) - I(z))Um(z) + φ2#Μ = Ο (4.51)

Demanding that the contour integral of £lm(z) around the branch cuts are vanishing ensures

that the correction is identical to (4.28), therefore proving the all-orders matching between gauge

theory and matrix model correlators claimed in the introduction.

5 Conclusions

In this paper we have analyzed the issue of gravitational effective F-terms, resulting from the

integration of a massive adjoint scalar with arbitrary tree level superpotential and coupled to

Af = 1 super Yang-Mills and supergravity, with the non-trivial, non-standard Ραβ background.

The main results we obtained are, firstly, the determination of the chiral ring relations in the

presence of both Ραβ and GQ/g7, thereby extending previous analysis of [6]. Secondly, the proof

that the gauge theory one-point function (R(z)) coincides to all orders with the matrix model

one-point function (Ω(ζ)), provided one identifies the expansion parameters on the two sides.

As mentioned in the introduction, this is equivalent to the statement that the gauge theory

correlators (1W2<&*) and the matrix model ones, (TrMfe), are identical to all orders in a genus

expansion, after the appropriate identification of the expansion parameters.

Concerning terms in the gauge theory low energy action, we have also argued that the

gravitational effective superpotential can be written in the form / <£"ψΉ?9Ρ9(8+'ψαιυα — ^ψ2Ν),

as expected from [8, 4, 5], with Tg related to a genus-g matrix model partition function. We have

however observed that, due to the chiral ring relations of section 2, the above superpotential

turns out to be trivial (i.e. J9-exact) from the jV = 1 point of view for g > 2. Of course, the

equality between gauge theory and matrix model correlators noted above, survives the chiral

ring relations, since it involves only powers of .F2 on the gauge theory side.

Prom the technical point of view, we have followed a strategy based on generalized anomaly

equations and chiral ring relations, as first exploited in [9] for the non-gravitational case and

then adapted to the case of super Yang-Mills theory coupled to supergravity for genus one in [6].

As already stressed, one of the points of the present work was to find the correct chiral ring

relations in the Μ = I gauge theory coupled to supergravity, with a background Ραβ·. whereas

we cannot claim we have a "microscopic" gauge theoretic derivation of them, we find the fact

that our assumptions agree, for gauge invariant operators, with the relations we obtain on the

dual, closed string side, rather remarkable.
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As for some open problems, it should be interesting to extend our approach to other matter

representations and to the other classical (or exceptional) groups, extending the analysis of

[18, 19] which did not involve gravity. Also, remaining in the context discussed here, on the

gauge theory side we have used the resolvent-like operators, R(z), wa(z) and T(z), but only

their contour integrals around the branch cuts in the z-plane (which in the semiclassical limit

become the critical points of the superpotential), ST, wm and Nt are identified with the closed

string vector multiplets. It would be interesting to see if there is a more general correspondence,

which, on the gauge theory side involves higher powers of Φ.

Acknowledgments The work of J.R.D, E.G and K.S.N is supported in part by EEC con-

tract EC HPRN-CT-2000-00148.

A Other two point correlators and integrability conditions

For completeness we derive the connected two point functions (T(z)T(w))c and {wa(z)T(w))c.

These are not used in evaluating the full one-point functions, but serve to demonstrate the

consistency of the constraints on the generating functional given by the equations (4.11), (4.12)

and (4.13). For convenience we define the following moments

=j*=o = MaT(z, w) = (wa(z)T(w)}c, (A.I)

W) = (T(z)T(w))c

We proceed as in section 4.1, to determine the correlator (wa(z)T(w). We differentiate (4.12)

by dtp and then set JT = 3a = 0 which gives

(2dz

RMR - I(z})MaT(z,w) + 2dz

RMT(w)Ma(z) + 2dz

RMaT(z,w) (A.2)

+8(F · G)a j dW'jR0(£w']MT(w} - ^dz

Ma(z)-Ma(w)\ = Q

ζ — w

First note that the term containing the integral drops out as it involves a dz

RMT(w) which, using

(4.21), is proportional to G2(F · G) and thus is trivial in the chiral ring. The solution of the

above equation can also be related to the function H(z,w), and this can be seen as follows:

differentiate (4.17) by 5a, to obtain

(28Z

RMR - Ι ( ζ ) ) δ α Η ( ζ , w) + 26ad
z

RMRH(z, w} + dz

R6aH(z, w} (A.3)

f
J

dw'JRdz z-

Now we note that for the one point functions we have the following relations

Ma(z,w) (A.4)

These relations are valid at the zeroth order, but it is sufficient for our purpose as we will consider

a solution which is proportional to G2 . Therefore the higher order corrections are trivial in the
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chiral ring. By comparing (A.2) and (A.3) we see that the ansatz

G2

MTa(w,z) = ——6aH(z,w) (A.5)

solves (A.2), as it reduces to (A.3). To show this one uses (A.4), the fact that the term containing

the integral vanishes in the chiral ring for both the equations and that the three point functions

in (A.2) and (A.3) vanish with the ansatz of (A.5), as they come with a higher power of F2.

Finally, to obtain the correlator (T(z}T(w)}c we take the derivative of (4.13) with respect to dj.

and set JT = ja = 0, giving the following equation

(A.6)

(2dz

RMR - I(Z))MTT(W, z) + 2d$dz

RMRMT(z) + 2Ma(z)MaT(z,w) + 2dz

RMTT(z,w)

, . Λυι',ζ)*, ι Ν G2 f MT(z) - MT(w)\
•wjRUp MT(Z) ow = 0

3 \ z — w )

On substituting the value of OR 'z MT(Z) from (4.21) in the term containing the integral, we

see that it is proportional to G4 and therefore trivial in the chiral ring. We can also substitute

the solutions of d^dz

RMR and MTT obtained in (4.21) and (A.5) in the above equations. With

this substitution it is easy to see that the solution of (A.9) equation can be written in terms of

H(z,w), differentiating (4.17) by the operator D + 62/2. We obtain

(2dz

RMR - I(z})(D + t2)H(z,w} + 2(D + S2)dz

RMRH(z,w) (A.7)

+26adz

RMR6aH(z,w) + (D + ±62)dz

RH(z,w) + (D + ^2)O(z'w)MR

We also have the following relation at the zeroth order

, (A.8)

Again it is sufficient to use the relation at the zeroth order, since we will be interested in a

solution which is proportional to G2, therefore higher order corrections to the above relation

vanish in the chiral ring. From comparing (A.6) and (A.7) and using the relations (A.4) and

(A.8), we see that the following ansatz satisfies (A.6)

MTT(W, z) = -^-(D + ^82)H(z, w). (A.9)

Note that, with this ansatz, the terms containing the integral and the three-point functions in

both (A.6) and (A.7) vanish, so that they reduce to the same equation.

To verify that the equations constraining the generating functionals are consistent we obtain

the correlators (R(z)wa(w))c, (R(z)T(w})c, (wa(z)T(w)}c by a different route and show that

they lead to the same results as discussed earlier. It is possible to obtain these correlators by
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a different route, as partial derivatives commute and it is not obvious that the results for the

correlators (4.11), (4.12) and (4.13) will be the same.

First consider the correlator (R(z)wa(w))c, in (4.18) we had obtained it by differentiating

(4.11) by d™ , we could also obtain the same correlator by differentiating (4.12) by &%. Here we

verify that we get the same result. On performing the differentiation and setting JT = ja = 0

we obtain

(2dRM - I(z))d%Ma(z) + 2d%dz

RMRMa(z) (A.10)

+2dR9RMa(z) + dw'8jR(F · G)aO
(

R'w'}Ma(w) + 8(F · G}aO
(

R'w}MR = 0

The following ansatz solves the equation (4.19)

6%Μα(ζ) = 8(F,G)aH(z,w). (A.ll)

To see this, note that with this ansatz the term containing d-frdfaMnM^z) is trivial in the chiral

ring as it is proportional to F2wa, the term containing the integral also vanishes. Therefore

comparing (4.17) and (A. 10) we see that the above ansatz satisfies the latter equation. The

solution is consistent with the one obtained in (4.19) as if (0, w) is a symmetric function in ζ and

w. Consider the two point function (RT)C, we now obtain this correlator by differentiating (4.13)

with 9χ and verify that the result is consistent with (4.21). On performing the differentiation

and setting JT = ja = 0 we obtain

(2dR - I(z}}d

+2d%d*RMT + dlM«a(z, z) - ̂  j dw'jR0(*'wl)dwMR - ^0(

R'W)MR = 0

The combination of the second and third terms in the above equation is trivial in the chiral ring

as shown below

2d%dz

RMRMT(z) + 2d%Ma(z)Ma(z] (A.13)

= 2(16F2MT(z) - 8(F · G)aM
a(z))H(z,w) = 0

Here we have used (2.8). Now comparing (A.12) and (4.17), it is clear that the following ansatz

solves (A.12)

9%Μτ(ζ) = ~H(z,w) (A.14)

The terms containing the integral and the connected three point functions are trivial in the chiral

ring, with the ansatz in (A.14) for both (A.12) and (4.17) as they come with a higher power of

F2. This solution is consistent with the one obtained in (4.21) because H(z,w} is a symmetric

function. Finally we consider the two-point function (Twa), we obtain this by differentiating
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(4.13) by d% and setting JT = Ja = 0

(2d*RMR - I(z))MaT(w,z) + 2dz

RMa(w)MT(z)

+2dRMTa(z,w) + 3™3βζθβΜ\]τ=3α=(ί - -̂ j dw'jR0(

R'w'}Ma(w}

Ma(z)-Ma(w)

Again the second and third term of the above equation can be further simplified in the chiral

ring, by substituting the correlators from (4.19) and (4.25)

2dRMa(w}MT(z] + 2Μα

β(ζ,υ))Μβ(ζ) (Α.16)

= 2 (s(F · G}aH(z,w)MT(z) + \G*H(z,w}Ma(z) - 8F2DH(z,w)Ma(z)]
V <* /

= ~G2Ma(z)H(z,w)

Here we have used the chiral ring equations (2.8) and (2.11) Now comparing (A.15) and (A.3)

we see that the the solution can be written as

The terms containing the three point functions and the integrals in (A.15) and (A.3) vanish

with the above solution. This concludes the proof of the integrability of the constraints on the

generating functional.
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