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Abstract

For a set S we construct a complex space Ζ'$ such that S is a unique range set for meromorphic

functions (URS) if and only if Z$ is hyperbolic. A consequence of this result is that the set of

URS with η elements (considered as a subset of Cn) is open, and then the small deformations

of Yi's and Frank-Reinders' sets are URS.
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§1. INTRODUCTION

The problem of determining a meromorphic (or entire) function on C by its single pre- images,

counting with multiplicities, of finite sets is an important one and it has been studied by many

mathematicians. For instance, in 1929 G. Polya ([P]) showed that an entire function on C is

determined by the inverse images, counting multiplicities, of three dictinct non-omitted values.

In 1926, R. Nevanlinna ([N]) showed that a meromorphic function on the complex plane C is

uniquely determined by the images, ignoring multiplicities, of 5 distinct values. A few years

later, by the argument of Polya, he showed that when multiplicities are considered, 4 points

are sufficient (with one exceptional situation). In 1977 ([G]) F. Gross extended the study by

considering pre-images of a set and introduced the notion of unique range set as follows.

Let / be a meromorphic function on C, and S be a subset of C. We define

E ( f , S ) = ( \ { ( ^ , m ) e C x N | f ( z ) = a with multiplicity m}.
"̂"̂  ilfc ώ

Besides, given a subset S of C containing {00} , we denote by E ( f , S ) the set of Ν* χ C :

E ( f , S Π C) U {(z, m) \z a pole of order q of / }.

Now let # be a nonempty subset of the set of meromorphic functions. A subset S of CU {00}

is called a unique range set (a URS in short) for 5 if for any /, g Ε 5 such that E ( f , S} = E(g, S)

one has / = g.

The first example of URS for entire functions was found by F. Gross and C. C. Yang (1982),

that is

Note that S is an infinite set. F. Gross posed the question "Is there a finite set S so that an

entire function is determined uniquely by the pre-image of the set S, counting multiplicities?".

The first URS with a finite number of elements was found by H. X. Yi ([Y], 1995). He

considered the zero set of polynomials of the form

P(z) = zn + azn~m + c,

where η > m > 1, and a,c are chosen so that Ρ has distinct zeros. Then Yi proved that the

zero set of Ρ is a unique range set for entire fuctions if η > 2m + 5, m > 5. (n.m) = 1. The

Yi polynomials are investigated by many others: C. C. Yang, B. Shiftman, P. Li. Mues, Frank,

Reinders, etc. So far, the Yi sets are proved to be URS if η > 2m + 9, m > 2.

Since then, the study of URS is focused mainly on two problems: finding different URS

with the number of elements small as possible, and characterizing the URS. So far the smallest



URS (with 11 elements) was found by Prank and Reinders ([FR]). These are the zero sets of

polynomials

P(z} =

where c 7^ 0, 1, η > 11. The zero sets of Yi's and Frank-Reinders' polynomials are only the

known URS, so far. Concerning the problem of characterizing URS, we have a nice result of

Boutabaa, Escassut and Haddad ([B-E-H]), saying that a set 5 is a URS for polynomials if and

only if S is affinely rigid, i.e. the only affine transformation preserving S is identity. Cherry and

Yang showed that this criteria is valid also for the URS for p-adic holomorphic functions ([C-Y]).

However up-to-now there is no such criteria for complex entire and meromorphic functions.

In this note we first give a characterization of USR in terms of hyperbolic spaces. Namely,

for a finite set S of η > 6 distinct points we construct a complex space Zg such that S is a

URS if and only if Z$ is hyperbolic. Then we show that the set of all URS with η elements,

considered as a set of points in C"·, is open for every η > 6 (and nonempty if η > 11). As a

consequence, the set of all URS is "sufficiently large" . and a small deformation of a Yi set and

Frank-Reinders set is also a URS.

§2.OPENESS OF THE SET OF ALL URS

Let S = {oi, . . . , an} be a set of distinct points in C. It is well known that a unique range

set for meromorphic functions must contain at least 6 points ([HY]), therefore we consider only

the case η > 6.

We correspond 5 to the surface X$ in P3(C) defined by the following equation:

.. (zi - anz2) - (z3 - enz4) . . . (z3 - anz4) = 0.

Further, let Υ and Y^· (for i ^ j, i, j = 1, . . . ,n) are defined by:

Υ : ζιΖ4 - z2z3 = 0,

Yij '· zl — aiz2 = 0) Z3 — djZ^ = 0.

We set

ys = yuui?i.,yy.

Consider the quotient complex space Z$ =



Theorem 1. A set S is URS if and only if the space Ζ 3 is hyperbolic.

Proof. Suppose that Zs is a hyperbolic space and / = /i//25 9 = 9i/92 are non-constant

meromorphic functions such that E(S,f) = E(S,g). Then the function

(/I -Ql/2) - . - ( / I ~ CLnh)

(9i ~ 0-192) · · · (91 - ang2)

is a nonzero holomorphic function. Hence, there exists a holomorphic function h such that the

map

<?:(/i,/2,e f t<h,e f ti72):-^P3

is a holomorphic curve with the image lying in Xs· By the hypothesis, the image of φ lies in

Zs, and then f ( z ) = g ( z ) at the points ζ such that f ( z ) Φ α$, g(z) Φ α,, (i,j = l,..., n). This

implies that f ( z ) = g ( z ) on C, and S is a URS.

Now assume that S is a unique range set for meromorphic functions. To prove that Zs

is hyperbolic, by Brody's theorem, it suffices to show that every holomorphic curve in Zs is

constant. Let φ : C — >· Z$ be a holomorphic map. Consider the following commutative diagram

of holomorphic maps

W — "-^ Xs

•Ι Ί4, 4,

C — 2-> ZS

where W = C χφ Xs, and θ,ρ, q are canonical maps.

Notice that q is proper. Denote

Then the map

is a biholomorphism. Moreover dim W = 1. Let Η be an irreducible branch of W which

contains q~l(V}. Note that Η is not compact, and dim Η — 1. then Η is a Stein space.

Now consider the map q~l(V] — >· H. Since q : Η — > C is proper and φ~1({Υ$}) is a discrete

set, by the Rieman theorem, the map

q~l :V-> H

can be extend to a holomorphic map



Thus, the map

φ : C -» Zs

can be lifted to a holomorphic map

φ : C -> Xs.

Write

Φ = (/I, /2, 51,52),

where /i,/2,5i,52 are holomorphic functions without common zeros. From definition of the

space -X"s we obtain:

(Λ - «1/2) · · · (/i ~ ^71/2) - (9i ~ «152) · · · (gi - αηβζ) = 0.

Consider two possible cases.
f

Case 1. — φ const. We are going to show that — φ const. Assume that it is not the case,
h 92

so g\ = λ#2· Obviously, λ Φ aj, j = 1, . . . , n. Then the image of the map ψ\ = (/ι, /a, 52) lies

in the following holomorphic curve X\ of P2 with the coordinates ( x , y , z ) :

Χι : (x- aiy) . . . (x - any) - czn = 0,

where c φ 0. It is easy to see that Χι is not singular, and if η > 4 then the genus of X\ is at

least 2. It implies that φ\ is a constant map, and so is φ, a contradiction.

Suppose that

/ι _ Λ 5], _ 5i

h h' 92 9-2

where (/i,/2) and (51,52) have no common zero. Since 5 is a URS we have fig2 = 51/2, and

then /i<72 = /25ι, ΐ·β· the image of φ lies in YS, and hence, φ = const.

Case 2. ̂  = λ, — = ε. Then
/2 52

/2

η(λ - αϊ) ... (λ - on) = 52 (^ - αϊ) ... (ε - an).

a) If λ = α·ι for some «, then ε = a, for some j. If ΐ = j, then Im ^ C Y. If i ^ j, then Im

ψ C y^j. Hence φ = const.
f

b) Suppose that λ φ a,· and ε φ α,· for all j. Then — = const. This yields that ψ. and hence
52

ψ is a constant map.

Theorem 1 shows the relation between URS and hyperbolic spaces. The well-known Kobayashi

conjecture says that a generic hypersurface in Pn of degree large enough with respect to η is

hyperbolic. Motivated by the Kobayashi conjecture one should hope that the set of all URS of

η elements is Zariski open. Here we will show that it is open in the usual topology.

Let Θ C Cre is the set of points (αχ, . . . , an) in Cn such that S — {a,\. ... ,an} is an unique

range set for meromorphic functions. We have the following



Theorem 2. The set & is an open subset o/C".

Proof. »

Let S = {αϊ, . . . ,ara} C C be a unique range set for meromorphic functions. We are going

to show that there exists a neighbourhood U of α = {ai,...,an} in Cn such that for every

point u = (HI, . . . , Un) € U the set S(u) = {HI,. . . ,un} is a unique range set for meromorphic

functions.

Consider the set W 6 C" χ Ρ3 defined as follows:

W = {(u, (x, y, v, w}} : (x - my) ...(x- uny) - (v - u-^w] . . . (v - unw) = 0}.

It follows that W is an analytic subset of Cn x F3.

We define an equivalent relation on W as follows. We call

(u, (x. y, v, w)) ~ (u', (x', y', ν' , w'))

if and only if u = «', (x, y. v, w) ~u (xf, y', ν' , w'), where

(x,y,v.w) ~a (x',y',v',w')

if and only if the images of (or, y. v. w) and (x', y'. v', w') coincide by the canonical map Xs(u) — *

Zg(u)· Here the spaces Xs(u)
 and %S(u) are denned as above.

Let

Κ = {(u, (x,y,v, w))\ (u,(x,y,v,w)) is equivalent to some point of

It is easy to see that Κ is compact for all compact sets Κ c W, i.e. the above defined equivalent

relation is a compactly equivalent relation. Hence Ζ = (W/ ~) is a complex space.

Consider the canonical map θ : Ζ — > Cn induced by the canonical projection W — » Cn .

Obviously, θ is proper, and 9~l((u} = Zs(u)·, for u G Cn . Assume that S(a) = {αϊ, . . . ,an] is

a URS with α = (αϊ, . . . ,αη) G C". By Theorem 1, θ~ι(α) = Ζ$(α) is hyperbolic. Since θ is

proper, there exists a neighbourhood U of α in C" such that θ~ι(ιι) — Z$(u) is hyperbolic for

uEU. Again by Theorem 1, S(u) is a URS for u e U.

Remark. Due to Frank and Reinders [FR], for every η > 11 there are unique range sets

for meromorphic functions with η elements. Then Theorem 2 asserts that for η > 11 the set

Θ of unique range sets for meromorphic functions is a non-empty open subset of Pn. From the

openess of the set Θ it follows that the small deformations of Yi's and Frank-Reinders' sets are

URS. Then we have the following corollaries.



Corollary 1. Let η > 11 be an integer. Then for ε1 ?... ,εη sufficiently small, the polynomial

Ρ defined by

P(w) = anw
n Η r· a0,

(n-l)(n-2) , 0, n(n-l)
where an = l·εn, αη_ι = η(η-2) + εη_ι,οη_2 = r Κεη_ 2, ak = ek, k-

1,..., η — 3, a0 T^ 0,1 /zas onfo/ simple zeros and the set S = {w € C|P(w) = 0} is a t/725.

Corollary 2. Suppose that n,m are positive integers, (m, n) = 1, ra > 2m + 9, m > 2. T/ien

/or ει,...,εη suficiently small the polynomial Ρ defined by

P(w) = anw
n -I h a0,

where an = 1 + εη, an_m 7^ 0, a0 = 1 -f· ε0, α^ = ε& /or otter coefficients, has only simple zeros

and the set S = {w 6 C\P(w) = 0} is a URS.
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