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RAPPORT CEA-R-5973 - Alberto BECCANTINI

SOLVEURS DE RIEMANN POUR DES ELANGES DE GAZ PARFAITS AVEC
CAPACITES CALORIFIQUES DEPENDANT DE LA TEMPERATURE

Risum - Ce travail de th6se pr6sente une contribution au d6veloppernent de sch6mas d6centr6s pour les
6quations d!Euler dans le cas des nidlanges; de gaz parfaits non-polytropiques, et A leur analyse pour la
mod6lisation de cas multidimensionnels en g6om6tries irr6guli6res. Dans la partie pr6liminaire, nous
construisons et analysons les param6trisations des courbes de choc et de d6tente dans respace des
phases. Ensuite, nous les utilisons pour r6aliser que1ques dcompositions champ-par-champ du
probl�me de Riemann : celle qui respecte la condition d'entropie, celle qui suppose que ]es ondes
vraiment-non-lin6aires sont des chocs (decomposition choc-choc), celle qui suppose que les ondes
vraiment-non-lin6aires sont des d6tentes (decomposition d6tente-&tente). L'analyse des compositions
champ-par-champ est tr&s importante pour le d6veloppement de solveurs de Remann la simplicit de
la dcomposition conduit la simplicity du solveur de Riemann associ6. Quand es capacit6s
calorifiques d6pendent de la temperature, la d6composition choc-choc est la plus facile d r6aliser. C'est
pourquoi, dans la deuxi&rne partie de la th�se, nous nous servons de cette dcomposition afin de r6aliser
un sch6ma d6centr6. Nous avons alors testd la robustesse, la pr6cision et le temps de calcul de ce
sch&rna par rapport aux autres sch6mas d6centr6s pour des gaz parfaits polytropiques ou non. Les cas
tests ID montrent que ce sch6ma est pr6cis (il capture exactement les discontinuit6s stationnaires) et tr�s
robuste. Les cas tests multidirnensionnels montrent que ce sch6ma pr6sente cependant les probl6mes
typiques qui affectent les sch6mas d6centr6s capturant exactement les discontinuit6s de contact
stationnaires, comme par exernple le d6veloppement d'instabilit6s non-physiques sur des ondes; de chocs
multidimensionnels. Enfui, dans la derni&re partie, nous pr6sentons que1ques applications pour la
simulation de la dtonation.

2001 - Commissariatti I'Energie Atomique - 2001

RAPPORT CEA-R-5973 - Alberto BECCANTINI

RIEEMANN SOLVERS FOR MULTI-COMPONENT GAS MIXTURES WITH
TEMPERATURE DEPENDENT BEAT CAPACITIES

Summary - This thesis represents a contribution to the development of upwind splitting schemes for the
Euler equations for ideal gaseous mixtures and their investigation in computing multidimensional flows
in irregular geometries. In the preliminary part we develop and investigate te parameterization of the
shock and rarefaction curves in the phase space. Then, we apply them to perform some field-by-field
decompositions of the Rieniann problem: the entropy-respecting one, the one which supposes that
genuinely-non-linear (GNL) waves are both shocks (shock-shock one) and the one which supposes that
GNL waves are both rarefactions (rarefaction-rarefaction one). We emphasize that their analysis is
fundamental in Riemann solvers developing: the simpler the field-by-field decomposition, the simpler the
Riemann solver based on it. As the specific heat capacities of the gases depend on the temperature, the
shock-shock field-by-field decomposition is the easiest to perform. Then, in the second part of the thesis,
we develop an upwind splitting scheme based on such decomposition. Afterwards, we investigate its
robustness, precision and CPU-time consumption, with respect to some of the most popular upwind
splitting schemes for polytropic/non-polytropic ideal gases. ID test-cases show that this scheme is both
precise (exact capturing of stationary shock and stationary contact) and robust in dealing with strong
shock and rarefaction waves. Multidimensional test-cases show that it suffers from some of the typical
deficiencies which affect the upwind splitting schemes capable of exact capturing stationary contact
discontinuities i.e the developing of non-physical instabilities in computing strong shock waves. In the
final part, we use the high-order multidimensional solver here developed to compute fully-developed
detonation flows.

2001 - Comndssariat ii PEnergie Atomique - 2001
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During certain postulated Loss of Coolant Accidents (LOCA) in a Pressurized Wa-
ter Reactor (PWR), hydrogen and water steam may be released in the containment.
Safety studies must therefore take into account the threat to containment integrity
from high pressure that may results from an accidental combustion of the hydrogen-
air-water steam mixtures.
Actually this problem is really complex, even if treated in a deterministic way. In
fact, once the hydrogen release rate is supposed to be known in a certain region,
we have to solve the problem of its diffusion in the containment. The diffusion phe-
nomenon can be accompanied by ignition events and the mixture can burn either as
a laminar/turbulent deflagration or a detonation. Other complex phenomena can
be involved on this problem (i.e. Deflagration to Detonation Transition, or DDT,
quenching and extinction of the flames, re-ignition, etc.).
Together with experimental investigation, CFD can be a elpful tool to nderstand
hydrogen risk problems. For this reason the French Atomic Energy Commission
(CEA), together with the French Institute for Nuclear Protection and Safety (IPSN),
are developing numerical codes to investigate all these phenomena (for example, the
code TONUS [PG97, PDD+97, BP98, BPMD99]). Moreover, these French insti-
tutions are involved in European projects (see for instance [BBR+99]), the main
objective of which is a better understanding of the physical phenomena involved
in the hydrogen risk and then the developing of CFD models necessary for their
description. The final target is to evise some efficient mitigation methods which
can be applied to reduce the hydrogen risk in nuclear power plants.
This PhD thesis represents just a small contribution to this ambitious project A
multidimensional bigh-order ustructured grid solver for compressible nviscid poly-
tropic and so-called non-polytropic ideal gases mixture has been developed. This
only represents the hdrodynamic convective solver for computing high-speed reac-
tive flows in an operator splitting strategy.

Premixed hydrogen-air combustion in a reactor
containment

The physical problem

In this section we briefly describe the phenomenon we would like to model. First of
all, we emphasize that nuclear containments have irregular shapes; moreover they
are filled with devices of all shapes and dimensions. In figure 0.0.1 we have repre-
sented the containment of the European Pressurized Reactor (EPR), next European
nuclear plant generation. Note that the free volume of te building is about '15000

3 i.e. (42.2M)3.

As far as premixed combustion is concerned, we have to distinguish between dif-
ferent regimes, at the border of which there are the laminar deflagration and the



i%

Figure 0.0.1: The containment of the EPR.

detonation. For the sake of smplicity, let us consider the case of ID stationary com-
bustion wave propagating in a tube of constant section, represented in figure 00.2.
Here (1) represents the gas upstream unburned) and 2) refers to the gas down-
stream (burned). In table 0.0.1 we have represented typical data on the upstream

(2)

Figure 0. 0. 2: ID stationary combustion wave in a tube of constant section.

and downstream conditions during detonation or deflagration waves uo86]. The
former process presents the following properties.

e It consists of a travelling shock wave which heats the flow and triggers the
chemical reactions. At the same time the energy released by the reaction
sustains the propagation of the shock. Thus we have a strong coupling between
the reaction front and the shock wave.
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Detonation Deflagration

wi/c�,,i 5 10 0.0001 - 003

W21W1 0.4 - 07 4 - 6

P2/pi 13 - 5 0.98

T2 / T1 - 21 4 - 16

P21PI 1.7 - 26 0.06 - 025

Table 0.0.1: D stationary combustion wave: typical data [Kuo86]

• Relatively to the unburned gas, the detonation wave propagates at supersonic
speeds.

• Pressure, density and temperature increase as the flow pass through the wave.

• Actually, even in ID geometries, a detonation wave has a multidimensional
structure, consisting of interacting reactive Mach waves. In figure 00.3 we
have represented the diamond-shaped cell pattern left by a detonation wave
on a smoke-cover foil in a tube with rectangular section. The regular pattern is
typical of low pressure mixtures involving oxygen as oxidizer ad inert gases as
diluter [FD79]. In the case of hydrogen air-mixtures at atmospheric conditions,

M

R

T

Figure 00.3: Diamond-shaped cell pattern live by a detonation wave on a
smoke-cover foil in a tube with rectangular section [GKL89].

the structure is very irregular and the dimension of the "principal" cell length
A varies from about 1.5 cm (stoichiometric mixtures, 1 .e. XH, zz 0296) to I m
(XH, �z 0136) [GKL891. In general the more reactive te mixture, the smaller
the cell size.

The reaction zone is about I - 2 order smaller than the cell length.

As far as deflagration waves are concerned,
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9 the combustion of the unburned gas Is caused by the dffusion of the heat and
of the species from the flame.

e Relatively to the unburned gas, the deflagration wave propagates at subsonic
speed; thus perturbation enerated in the burned gas can reach the unburned
flow.

e As the flow pass through the wave, pressure slightly decreases, the density
decreases, the temperature increases.

e If the mixture is ignited at an open end, in general the deflagration wave can
attain a steady velocity. Conversely if ignited at a closed end, the reacted hot
gases act as a piston because of their thermal expansion. Thus a precursor
shock can appear ahead of the combustion zone and it causes the increasing
of the pressure and the temperature of the unburned gases. A mechanism of
positive feedback can be generated and this can lead to a detonation wave.

9 As far as characteristic physical lengths are concerned, the reaction zone in
a laminar deflagration of hydrogen-air mixture at atmospheric condition can
vary from about I mm (Xfl, = 0296) to MM (XH2 = ")'

Actually, in hydrogen risk aalysis in nuclear power plants, the flame acceleration
is the most important phenomenon for the onset of detonation. Indeed the direct
initiation requires a very high-energy ignition source, thus it is considered very
unlikely. There are dferent mechanisms which can be responsible for the flame
acceleration (see for instance [LM80, CT91]). Amongst them, one of great interest
is linked to the presence of obstacles, which can change the regime of the flame
from laminar to turbulent, but which can also interact with the precursor shock,
diffracting or focusing it.

The modelling

The equations governing the different phenomena are the reactive compressible
Navier-Stokes equations. We have decided to solve this problem in an operator
splitting strategy [Str681. Thus the whole Cauchy problem, which can be written in
conservative form as

convection diffusion chemistry gravity
19U I7 - I - - I--=-
- + V F,(U) + V Fd(U, VU) G (U)
Ot

U F, = 0 = UO i;,)
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is solved from t in to t = n+ ' by decoupling it in three problems, easier to solve:

au*
at + V F,(U* = 

U, (,i;, t = n) U F, in)

au*. 
_ + - Fd(U*,7U** = at

U,* (,F t = n = U F, tn+1

du*'*
= G(U***)

dt

U*.* V t = in = U.. F, tn+1

and U , t = tn11 = U- i� t = tn+1).

The work of this PhD thesis mainly concerns the solution of the first problem (i.e. the

non-reactive multi-component Euler equations) in the case of high-speed flows. The

case of low speed flows has not been considered; we emphasize that the Euler equa-

tions are ill-conditioned in the case of low-speed flows; in this case fully-compressible

solvers cannot be directly applied without preconditioning [VM99].

In the development of the solver, we have paid attention to the following consider-

ations.

• Nuclear containments are irregular structures, filled with obstacles of various

dimension and form.

• In detonation flows, we deal with strong travelling shock waves, which are

'ble for the propagation of the flame. Dffusion and conduction phe-

nomena are not very important.

• Conversely, in a deflagration regime, thermal conduction and species dfusion

from the burned to the unburned mixtures are responsible for the propagation

of the flame.

The presence of irregular geometries have suggested us the use of unstructured grids.

If we want to compute detonation flows in the containment, the numerical solver

for the Euler equations must be efficient in computing flows involving strong shock

waves interactions and their diffraction over obstacles. Finally, the computation of

deflagration flows requires that the numerical diffusion relative to the solution of te

convective part must be less important than the physical diffusion.
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Before concluding, we want to emphasize that the dimension of the reactor con-
tainment is larger than the characteristic length of the physical phenomena we have
to model; this obviously constitutes a frther difficulty, which sometimes could be
insurmountable.

Outline of the work

The first part of the work is ust a preliminary introduction.

• The ID Euler equations for ideal gases mixture being a hyperbolic convex
problem, in chapter we recall the main properties of convex hyperbolic Sys-
tems of conservation laws. Then, according to the numerical approach followed
here, we briefly outline the spirit and the fundamental properties of the upwind
conservative numerical methods for hyperbolic problems.

• Chapter 2 deals with the ID Euler equation for ideal gases mixtures. Here
we introduce the ideal gas model and present the most relevant mathematical
properties of the ID Euler equations in this case (in particular, the convexity
of this hyperbolic system, under the hypothesis of sound speed increasing
function of the temperature)-

• In chapter 3 we present a new parameterization of the rarefaction curve and
the shock curve in the phase space, in the general case of a gas consisting of
a mixture of ideal gases with temperature-dependent specific heat capacities.
Then we describe and investigate some possible field-by-field decompositions
of the Riemann problem. Their importance is not only theoretical: as well
known, many upwind splitting schemes use a field-by-field decompositions of
the Remann problem to compute the numerical flux.

The second part of the thesis concerns the description and the investigation of some
Rlemann solvers in computing one-dimensional and multidimensional flows.

• In chapter 4 we present some of the most popular flux splitting schemes for
the Euler equations. Then we develop a shock-shock approximate Riemann
solver and an Hybrid Upwind Splitting scheme to compute ideal gases flows

'th temperature dependent specific heat capacities.

• In chapter we investigate the behavior of these methods in solving ID nu-
merical test cases, with respect to some of the most common upwind splitting
schemes for polytropic ideal gases. We emphasize that the interest of ID test
cases is mainly linked to their simplicity; this easily allows to understand the
performances and the failures of a numerical scheme.



16

e In chapter 6 we describe the implemented algorithm to solve the 2D Euler
equations on unstructured grid. First of all, we introduce a test case in order
to show that the considered multidimensional algorithm is efficient on both
structured and unstructured grids. Then we investigate the behavior of the
schemes developed in chapter in computing 2D flows and we compare them
to the exact Remann solver and to the van Leer-Hinel Flux Vector Splitting
scheme. Particular emphasis has been given to test-cases involving contact
discontinuities and strong shock waves, as these characterize many flows of
interest for high speed reacting flow modelling.

In the third part, we present some applications of the multidimensional algorithm
thus developed, to fully-developed detonation flows of hydrogen-air mixture at atmo-
spheric conditions (chapter 7. In these computations, the importance of considering
the temperature dependence of specific heat capacities is evident.
Finally, we draw our conclusion and emphasize the future work which still remains
to be performed to improve the combustion modelling in the field of nuclear reactor
safety.

Scientific contribution

Most of this work concerns the development and the investigation of a shock-shock
approximate Riemann solver to compute ideal gases mixtures with temperature-
dependent specific heat capacities. In particular, a new parameterization of the
shock curves in the phase space, which allows us to write them in a closed form, is
developed and thus implemented in the shock-shock approximate Remann solver
and in the HUS scheme.

The investigation of these upwind splitting schemes is performed in computing one-
dimensional and multidimensional flows. Concerning the latter, we investigate, on
non-structured grid, flows nvolving the propagation of strong shock waves: classi-
cal and new test-cases are considered to identify the best candidate in computing
detonation flows. The results thus obtained corifirm that the failure in computing
shock waves is strictly linked to the lack of dffusivity in direction parallel to the
shock plane.

As far as the reactive flow is concerned, te parameterization of the reactive
Rankine-Hugonlot equations is developed in the same manner as in the non-reactive
case. This parameterization allows to compute the ZIND solution of ID detonation
waves in the unsupported and the overdriven case. We recall that it is a non-stable
solution of the reactive multidimensional Euler equations. Even if not physical, the
ZND solution of a detonation wave is a solution of the reactive ID Euler equations
and can be used to validate numerical solvers for ideal gases.
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Chapter 

Convex Hyperbolic Systems of
Conservation Laws

Introduction

This chapter introduces the modelling of the ID Euler equations for ideal gases
mixtures. The problem being convex hyperbolic, in section 1.1 we provide the defi-

't'ons and the mathematical properties of a general ID convex hyperbolic systems
of conservation laws.
Section 12 introduces the upwind conservative approach for a system of conserva-
tion laws. Particular emphasis is given to the description of the MUSCL (Mono-
tonic Upstream-centered Scheme for Conservation Laws) approach [LeV92] and of
the flancock-van Leer predictor-corrector scheme [vAvLR82], which is applied to
achieve hgher order accuracy in space and time.

1.1 Mathematical theory: some definitions and
properties

1.1.1 Scalar case

First of all. let us introduce the scalar hyperbolic Cauchy problem

au + OF(U) 0
Ot ox (I. . )

U (X, = 0 = UO (X)

22
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where

U R X R+

(X, ) U(X t)

Q being an open subset of R., and F is a smooth function

F : R

U F(U)

called flux function.
The problem (1.1.1) is said to be in conservative form and U is called conservative
varzable. When U is C function, problem (.1.1) can also be written in quasi-linear

form:

19U au
at a U) 0

U (X, = 0) U0 (X)

where

a(U = dFdu

The Rlemann poblem is a Cauchy problem where te initial condition presents the
particular form

UL if X < 

U0 (X) (1-1-3)
UR

Advection equation

If a is constant, the problem (1.1.1) is linear, and we call the equation 11.2)
advection equation. The analytical solution is very easy to determine if we make
the following change of variables

(X, ) -+ (Y' t)

y = x - at
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In this case the advection equation reduces to

a 
at U(Y = 

and the solution of the problem is 0(y, i = Uo(y), i.e.

U (x, t = Uo (x - at)

So we have a signal travelling along the x-axis with velocity a. The curves

x - at = constant

are the so-called caracteristic curves and a is the caracteristic velocity or signal
propagation velocity. We emphasize that U is constant on each characteristic.

Nonlinear case

Let us consider the case where a is a function of U and the initial condition solution
is a smooth function. In this case we can make the transformation of variables
(1.1.4), with a = a(U). If a is not constant, the characteristic curves in the (xt)-
plane are not parallel and can intersect each other in the half-plane t > 0. In this
case the solution cannot be written in the form 1.1.6), and we have the formation
of discontinuities.

Let us now write the problem (I. . 1) in weak form; the function U (x, t) is said to be
a weak solution of the problem (1.1.1) If, VO E C-(C'), with C compact in R x +0

+C-0 dt +"O dx ao + 00 F(U) + +" Ox, )Uo(x) dx = (1.1.7)
Jo f . 9t 0X f.

C-(C') represents the set of fnctions which are infinitely differentiable in C and0
equal to zero outside.
A weak solution of the problem (1.1.1) is also a classical solution whenever it is C".
In general, weak solutions are piecewise C fnctions, which can contain some discon-

'ties. But not whatsoever dscontinuity s admissible. It can be shown [LeV92]
that the so-called Rankine-Hugoniot conditio mst be satisfied, i.e. for a dsconti-

ity propagating wth speed D, UL being the left state and UR being the right one,
it must satisfy

D((' - UR) = F(UL - F(UR)
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The important point Is now that weak solutions of the problem (1.1.1) are not
unique. However, if we want equation (1.1.1) to represent a physical problem, it
must be considered as the limit of the viscous-perturbed conservation law

19U aF(U) 92U
+ � � = c- (1. 1. 9)

at ax aX2

as the viscosity -+ 0. Then the physical solution of (1.1.1) must be the limit
of the solution of the initial value problem for the equation 1.1.9) as the viscosity
tends to 0. Note that, from a physical point of view, discontinuities represent zones
where spatial gradients are very large, i.e. we have a strong variation of U in zones
whose length is very small compared to the characteristic dimensions of the system.
The "vanishing viscosity weak solution" can be related to the so-called entropy
function. Let us define a convex fnction of U, 7(U), and determine the associated
entropy flux, O(U), as solution of the (ordinary) differential equation

do d77 dF

dU dU dU

It can be shown [LeV921 that, V[XI, X21, [17 t2l

• any "classical solution" of the problem (1.1.1) satisfies also the differential
equation

aq(u) (9�b (U)
+ 0

at Ox

or, in integral form,

2 2

77(U(X7 t2)) dx = JX`C Tj(U(xtI)) dx
1

(112 O(U(X2, t) d - t2 O(U(X It)) di
tI it I

• for "vanishing viscosity weak solutions" of the problem (1.1.1) it is

2 2

j,_T q(U(X, t2)) dx < JXT 77 U (x, t 1)) dx
I (1.1.10)

Y ? O(U(X2, t) d - t9 O(U(xi, t) di
tI it 

In general, a weak solution which satisfies (1.1.10) is said to be entropy-respecting
or entropy-satisfying. In the scalar case, it can be shown that it is unique [GR96].



1.1 MATHEMATICAL THEORY: SOME DEFINITIONS AND PROPERTIES 26

Solution of the iemann problem

Let us now consider the Riemann problem for the hyperbolic scalar equation, i.e.
an initial value problem with the initial condition 1.1.3). It can be shown that the
solution depends only on = x1t, i.e. it can be written in the form

U (X, t = W UL, UR)

with

W(-00; UL, UR) = UL, W ( 00; UL -, UR) UR

We limit our attention to the case were F is a convex (concave) fnction Of U, i.e.

d 2F

dU > < )

Then a(U) is a monotone fnction of U. In that case, the hyperbolic problem is
sa'd convex. Moreover

a(UL > a(UR) we have a shock propagating wth a speed that s determined
by the Rankine-Hugoniot condition (1.1.8)

D = FUL - F(UR)

U - UR

a(UL < a(UR), we have the right state travelling faster than the left one
and so we have a smooth solution, a so-called rarefaction wave or simple wave:

UL < a(UL)

W(�; UL, UR) (U - UL)( - a(UL)) + UL a(UL < a(UR)
a(UR - a(UL)

UR a(UR <

If a(U) is not monotone in the interval UL, UR), (i.e. the hyperbolic problem is not
convex), then the solution of the Remann problem is more complicated because it
consists of shocks and rarefaction waves travelling together.
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1.1.2 System of conservation laws

Let us consider now a hyperbolic system of conservation laws and its associated
Cauchy problem expressed in conservative fonrn

au OF U)
+ 0at 19X

U(X = 0 = U0(X)

where

U : R X R+ Q P

(X, ) (, t)

Q being an open subset of , and F is a smooth flux function

F : RP

U F (U)

if U is a C' function, problem (1. 1 II) can be written in the quasi-linear forni

IOU + A(U) au = (x, t) E R x R+
-�T ox

U(X, t 0 = U0(X)

w'th

A(U = dF(U = OF U)
0 U

The system is said to be hyperbolic if all eigenvalues ), k = . p, of the
Jacobian A are real and A is dagonalizable [LeV92]; it is trictly hyperbolic if tey
are different from one another, so they can be arranged as

A (1 <A (2) < ... < A(P-1 < A(P)

In that case the Jacoblan matrix is diagonalizable and

A R = R A, L A = A L



1.1 MATHEMATICAL THEORY: SOME DEFINMONS AND PROPFRTIES 28

where A is the diagonal matrix of the egenvalues of A:

A = dag(A(1) ...... VP))

R is the column matrix of the right eigenvectors of A, i.e.

R=

We also define

IAI = R IAI L

where

IAI = dag(jA1')j,... , JA(P)J)

The matrix with rows consisting of left egenvectors of A can be chosen such that

L = R-' = )' I(P)] T

If the system 1.1.11) is linear, i.e. if the matrix A is constant, we can decompose the
system in p independent equations by defining the vector characteri8tic ariables

as

G = L U

When the problem is nonlinear, we can decompose the system In p independent
equations if the solution is smooth and the differential form

JG = L JU 8)

is exact. III either case, we can write system (1.1.11) in the characteristic form

0 G + A(G) OG = (x, t) E R x +at '9X

G(x, t 0) =: Go(x)

We can easily extend the concept of weak solution 1-1.7) to the system of conser-
vation laws; the Rankine-Hugoniot conditions still hold:

D(UL - UR) = F(UL) F(UR) (I. .1 9)

Let us give the following definitions.
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• The gradient of a scalar function of U, q(U), defined as

Oq

dq(U) 'qu,

dU ...
(9q

9 up I

• We call k-field of a hyperbolic system the part of the solution relative to the
k-th eigenvalue.

• A k-field is genuinely nnlinear (GNL if

r(k) (U) =� 0 (1.1.20)
dU

the dot denoting the scalar product between the two vectors of P

• A k-field is linearly degenerate (LD if

r(k)(U) d,\(k)(U) - 0
dU

• A kRiemann invariant is a function g(')(U) that satisfies the following con-
dition:

(k) dg (k) (U)
r (U) dU - 0 VU E Q (1.1-22)

If the dimension of the vector U is p, it is can be shown [GR96] that there exist
locally (p - ) k-Riemann invariants

�k)(U) =
92 I , P

which have the gradients with respect to U linearly independent (note that any
linear combination of these k-Riemann invariants is a k-Riemann invariant as well).
By comparing (1.1.18) and 1.1.22), and observing that

r(i)(U) . IW(U = j

Jjj being the ronecker delta, it is obvious that, if tey exist, the characteristic
variables Gi, corresponding to the elgenvalues ), Z' :� k, are k-Riemann invariants

'th linearly independent gradients wth respect to U.
As far as the entropy fnction and the entropy flux are concerned, they exist if p < 
but may not exist if p > 2 Actually, in practical problems derived from pysics we
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are able to determine an entropy function with physical meaning [GR96].
For the physical existence of a k-shock travelling with speed D, the Lax entropy
condition states that

10)(UL > D > AW(UR)

V-1) (UL < D < A(k+l) (UR)

For sufficiently weak shock waves, the Lax entropy condition is equivalent to the
requirement that the shock is an entropy-respecting solution. In the general case, it is
not cear whether these entropy conditions are equivalent, except in some particular
cases.
Let us consider the following problem: assigned the left state UL, we want to find
the set of right states UI that can be connected to the left state by only one k-field.
Such set can be represented as a curve in the phase space and it is called Hugoniot
locus. Similarly to the scalar case, we limit our attention to a "convex" system of
conservation laws. According to [GR96], we say that a hyperbolic system is convex
if each field can be either GNL or LD, i.e. 1.1.20) and 1.1.21) hold VU Q.

e If the k-field is GNL, we can distinguish between two cases:

if P-)(UL < A(k)(U), starting from UL we can construct a one-parameter
curve in the phase space by solving the equation

dU (k) (U ())
do

i.e.

1(j)(U(o) - dU = k (1.1.24)

This curve is called PO-rarefaction curve. Note that the latter equation
states that on this curve the k-Riemann invariants are constant. In the
(x, )-plane, this curve corresponds to a self-similar solution of the system
of conservation laws, each point of which propagates along x direction
with constant velocity P)(U). We call this solution rarefaction wave or
simple wave.

if A(k) (k) U),- Conversely, I (UL > A the left and right states are connected
by a shock 'wave; in this case the set of right states can be determined by
imposing the p - I equation obtained by eminating D in the p equations
of the Rankine-Hugonlot condition 11.19) (i.e., it is a one-parameter

(k)curve as in the previous case). We call this curve A -shock curve.

In both cases, these two curves start from the fixed state UL. Moreover, if
the parameter for these curves is suitably chosen, it can be shown that in the
phase space, they present the same first and second derivatives in UL [Smo83].
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9 If the k-field is LD, it is

d,\(k) (k) dU
r 0

da da

As in the previous case, the set of right states } is determined by imposing
the constancy of p - I Riemann invariants. ) being a k-Riemann invariant,
we have k) (UL = A(k) U); thus in the (x, t)-plane, there is a wave behaving
like a linear one, i.e. it travels with a velocity \(k) (UL).

In general the solution of a Remann problem is self-similar. Moreover, it consists
on a combination of the p different k-fields. Thus it can be solved by using the so-
called field-by-field decomposition: we have to determine the intermediated states
U(j), - U(pI) such that U) is connected to the left state UL by the 1-field, U(2)
is connected to the left state U) by the 2-field, i.e.

,\ (1) \ 2) \(p-1) A (P)

U L L )U(i) __+ ... �-� U(p-i) �-� UR

This problem admits solution, providing that the left and the right states are not
"too distant" [Smo83].
Before concluding, we want to emphasize that the results recalled here concern
hyperbolic convex systems of conservation laws which are strictly hyperbolic but
also non-strictly hyperbolic, with a complete set of egenvectors and egenvalues with
constant multiplicity. It can be shown that multiple fields are necessarily linearly
degenerate [GR96].

1.2 Introduction to the upwind conservative
approach

1.2.1 Conservative numerical methods

Many hyperbolic problems are expressed in conservation form, by stating the conser-
vation laws of the so-called conservative variabics. So an efficient numerical scheme
for a conservative hperbolic problem must conserve these quantities.
Let us consider the Cauchy problem for the hyperbolic system of conservation
laws Given an uniform grid, with time step At and spatial mesh Z\x.

let us define

Xi ZAX, Xi±112 Z Ax
1 2)

t, nAt
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where xi is the position of the i-th cell center andXi±1/2 are the positions of the th
cell interfaces. Integrating the differential equation in Xi-112, Xi+112) x (t., t+,) we
obtain

Xi+ 1 2 U(x, t+,) dx =J.Xi+ 1 2 U(x, t,) dx
i-1/2 i-1/2

jt1n+ 1 t'+1 (1.2.2)
F(U(xi+ll,, t)) dt F(U(Xi-112, t)) dt

By defining the cell averaged quantities

Un = , j-T1+1/2
i U(x, t) dx (1.2-3)

AX Xi-1/2

ite equation 1.2.2) n te form
we can wri

I ( 1
U-1� +1 = n F(U(Xi+1/2, t)) dt

i Ax ft n

F(U(xi-1/2, 0) dt

Then we can easily compute U from the initial condition, by using 1.2.3) and
determine an approximation of Un once we have decided how to evaluate the time
integrals of the interfacial fluxes. From now on, such approximation will be denoted
as j.
A numerical method is said to be conservative if it can be written as

un+1 = un At nu.,
(F i+1/2 Fnu.,i-1/2) (1.2.5)

Ax n

where

F"' rni+1/2 Fnurn (Un P'... Un q)nu i- i+

is the so-called numevical flux.

We usually consider a three point scheme, i.e.

F"umi+1/2 = Fum(Un, Un 1) (1.2.6)

n i Z+

I Z I I is

This scheme s said to be consistent with the system of conservation laws f Fn rn

a Lipschitz continuous function of each variable and

FnL[M(U7 U = F(U) (1-2.7)
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If we consider a Riemann problem for equation (1.1.11) and we integrate it on the

set (-M, M) x (0, t.+,), with M large enough (i.e. the signal has not arrived to M

in t,+,), we obtain

M �U(X, tn+l) - Uo(x)l dx = tn+l (F(U, - F(UR))
I M

For the conservative numerical method it is

Ax Un+1 U0 tn+1 F.., (UR, UR) (1.2.9)
i I = (F,,u,,,(UL, UL)

and, for a consistent numerical flux, combining 1.2.9) with 1.2.8) we have that

M
�U(Xtn+l) - Uo(x)l dx = Ax un+1 uO (1.2.10)

M i i)

Before concluding, let us recall the Lax-Wendroff theorem: when a conservative

consistent scheme converges to a fnction u (in the "ntearal" sense), u is a weak

solution of

1.2.2 Properties of numerical methods for a scalar problem

Let us mentioned some important properties of the solution of the convex scalar

problem (1.1.1):

1. the preservation of monotonicity, i.e. if U(x, t = 0) is a monotone fnction of

x then U(x, t) is. a monotone function of t;

2. if U and V are solution of the problem (I. . 1), and U(x, t = 0 > V(x, t = 0),

then U (x, t) V (x, t) Vt

3. the solution U of (I. . 1) is TVD (Total Variation DiTninishing), i.e.the Total

Variation of U, defined as

TV(U)(t) au (x t dx

'th the derivative mplied n the distributional sense", cannot ncrease

wi I I I I I I I 1 1 in

time.

4. the LED ("Local Extremum Dimlinishling") property, i.e. local minima cannot

decrease and local maxima cannot increase in time.
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Numerical methods which conserve these properties in the discrete sense are respec-
tively called

1. monotonzcity preserving methods;

2. monotone methods;

3. TVD methods;

4. LED methods.

It can be shown [LeV92] that if a numerical scheme is monotone, then it is TVD if
it is TVD it is also monotonicity preserving:

monotone =�, TVD # monotonicity preserving.

Concerning the LED property, it can be shown that a one dimensional scheme LED
is also TVD [Jam93].
These properties are very important in the scalar case, but unfortunately for systems
of conservation laws they don't hold on the conservative variables.

1.2.3 The upwind approach for a scalar problem

Pure central scheme for the advection equation

Let us consider the following Cauchy problem or the advection problem

au+ aa =0
C i ax

U(.X, = 0 = Uo(x)

We define

xi Z'Ax, t = nAt

Ui' u(Xj t,)

Let us consider a finite dfference scheme which is two level and explicit in time and
"centered" in space, i.e.

19U u1n+1 _ Uin

at At
Un - Unau i+ i-I

ax 2Ax
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where U n denotes the approximation of Q. Then we have the three points schemei

U?"+, U!, Un - Un- -1 + a. -1-1 = 0 (1.2.12)
At 2Ax

Note that 1.2.12) has been obtained by the finite difference approach. Actually, we

obtain the expression 1.2.12) by using the conservative approach, with the interfa-

cial flux evaluated as arithmetical average of the left and right states, i.e.

Un+ = Uin _ At ... (Uin, Ui-J _ F..(Un , Uin))
Ax i- (1.2.13)

w'th

U + V
F�,,,,,, (U, V = a ��

2

We emphasize that, although the expressions 1.2.12) and 1.2.13) have the same

form, the definitions of the uknowns Uin are different (compare 12.11) with

(1.2.3)).

To study the stability of the scheme 1.2.12), we utilize the so-called "equivalent

differential equation" method [LeV92, HUM]. We observe that, assuming that the

a function V(x, t) is a suitable regularity, it is

+ aV) At (a2V n At2 + O(At3)

V(xi, t.+i = V(xi t) at at 2 2
+ aV)nX+ (a2V)n AX2 + (AX:3)

V(Xi+l, tn = V(Xi, tn) (1.2.14)ax ax 2
aV n AX (92V n AX, + O(AX3)

V(Xi-1, tn = V(Xi, tn) (ax OX2 2

By inserting these relations in the finite difference equation 1.2.12), we find

aVy (aV n = _I At a2V n + O(AX2, At2)

+a (1.2.15)at ax 2 at2 i

Let us derivate equation 1.2.15) with respect to t:

192V a ( (92V n + O(AX2, At)

at2 . atOx
a2 (a2V)n + O(AX2, At)

aX2
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By substituting this expression in the RHS of 1.2.15), we obtain

(OV)n I 2At 02V n + O(AX2, At2)

OV)" +a - = -a
at Ox 2 ( l9X2 (1.2.16)

O(AX2, At)

So our numerical scheme is "first order in time and second order in space" consistent
(in the finite difference sense) with the advection equation and "second order in time
and second order in space" consistent with a "parabolic" equation with a negative
diffusivity. Thus this scheme is obviously unstable, i.e. the numerical error will grow
undamped.

Why upwinding?

Since pure central approach is unstable, to compute the numerical solution of a
hyperbolic problem a different strategy must be aopted, which consists typically in?n

9 the use of a central scheme with artificial diffusivity;

e the use of an upwind scheme.

Following Jameson [Jam.93], artificial diffusion has the drawbacks that it is less
effective in resolving moving shock waves, and that in order to stabilize calculation
it tends to introduce more diffusion than is really needed". This is particularly
true for system of conservation laws, where we have to introduce a scalar dvision.
Moreover, as already mentioned, the solution of a scalar hyperbolic problem satisfies
the so-called LED (Local Extremum Diminishing) property. As shown in Jam93],
the upwind scheme "is the least dffusive first order scheme which satisfies the LED
condition" in the discrete sense. Thus "upwinding is a natural approach to the
construction of non-oscillatory schemes".

The upwind scheme for the advection equation

Upwind schemes are based on the physical condition of respecting the direction
of the propagation of the signal, i.e. the numerical information must travel in the
same direction as the physical one. Let us illustrate this principle in te case of the
advection equation. In the finite difference approach, the explicit upwind scheme
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consists in approximating the spatial derivative as

U11 UPZ+- t if a < a
a au T Uin Ax

_ Un
19X i a _I if a > (1.2.17)

Ax
a

(U�n+ U�n a (Un 2 U�7 + Un,)
2Ax 2Ax

Then the discretized advection equation reads

Un I _ Uin+ a (T U� I - 1 a ( Un+ 2 U� + Un 0 (1.2.18)
A t 2Ax 2Ax

The scheme 1.2.18) can also be written in conservative form, with the interfacial
flux defined as

F...(Uj, Ui+j) aui if a > 
alli+1 if a < 

From a mathematical point of view, the approximation of the derivative with respect
to x consists of two parts:

* a central differencing part;

* a diffusive part that, thanks to the numerical dissipation, stabilizes the simple
central dfferencing approach.

The equivalent differential equation, obtained by substituting the Taylor expan-
sions 1.2.14) into te upwind numerical scheme, reads

(,91,,)n = aAX laAt) a2V n + O(AX2. Atl)
'V)"+a (1.2.19)
at Ox i 2 Ax OX2

Ie. the upwind scheme is "first order in tme and in space" consistent (in the finite
difference sens-) with the advection equation and "second order in time and second
order in space" consistent with a parabolic equation with a positive diffusivity,
provi 'ding that

At < Ax (1.2.20)
- jal
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The method is conditionally stable and the so-called CFL (Courant Friedrichs Levy)
condition 12-20) states that the numerical information in one time step cannot
cross more than one cell. Thus we define CFL number

CFL = Z-\ I a (1.2.21)
Z_\ X

and the CFL condition requires that CFL < Actually, if we consider non-linear
problem, it is sometimes required (see for example [Sa198]) that the numerical in-
formations coming from the different faces of the same cell do not interact, i.e.

CFL < .5 (1.2.22)

Actually this condition is not a necessary condition for the stability of an upwind
scheme and, as we will see in the numerical experiments, it can be violated without
compromising the numerical results.

The dissipative part of a numerical method

Following [LvLS3], in general we can write a conservative numerical scheme in the
following form:

F.um(UL, UR) (F(UL) + F(UR) - 'd(UL, UR)
2 2

As we have seen for the (linear) advection equation, only the first part makes the
numerical method unstable, and the second part, d(UL, UR), called dissipative part
or also diffusive term of the numerical flux, is necessary to stabilize the scheme.
Moreover it must allow the method to capture the only entropy respecting weak
solution. A very interesting property of d, but that not all the ethods possess,
would be the following one:

d(UL, UR) = 

on a stationary discontinuity so as to ensure its exact capture.

1.2.4 Higher order solutions

Let us describe two possible approaches to obtain higher order accuracy in space
and ]in time. in te case of conservative schemes:

the MUSCL approach (theoretical second order accuracy in space);

the Hancock-van Leer predictor-corrector approach (theoretical second order
accuracy in space and time)
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Second order accuracy in space: the MUSCL approach

The MUSCL (Monotonic Upstream-centered Scheme for Conservation Laws) has
been introduced by van Leer (see [LeV921); its main feature is the preservation
of TVD property in the scalar case. Let us describe this approach for the scalar
equation, supposing that the first order method is TVD and conservative.
Let us consider the numerical solution of a scalar equation at the time t,, fll;
the discretization is chosen regular. Let us compute the numerical spatial radient,
de-fined at each interface, as

Un
n - '+I

gi+1/2 Ax

In the i-th cell, i.e. x E [xi, xi+,], we can write

UT (x = ? + an (X xi)

w'th

an = ag 12 gn
i i- i+1/2)

the function still being to be specified.
Then the numerical flux at each interface can be evaluated b considering the value
of Uin(x) at the interface, i.e.

Fnumi+1/2 = Fnum ((Ui'+1/2)_, (Ui'+1/2)+)

where

7' = Uin + n Ax n Axi anWi+1/2) 2 (Ui+1/2) = Uin1 i+i 2

nNow we have to define the function a in order to estimate the value i

If we took it as the arithmetical average of the left and the right gradients, i.e.

a(gi-1/2, gi+1/2) UZ+i - ui-I
2Ax

would aect the solution in regions where there s a strong
spurious osci I I I I I
variation of the U The reasons are very easy to understand. First of all, the
reconstruction could create new extrema, thus violating the LED property.
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Moreover, let us consider the case where the left state is larger than the right
one, i.e.

U > U,

I 1+1

This condition can be different for (U,!'+1/2)'1 i.e. we could have

(UZ7+1/2)- < (Uz!+�1/2)+

and in this case we calculate a numerical flux were the rght state is larger
than the left one while the first order accurate method does the opposite. Tis
generates spurious oscillations and obviously we loose the TVD property of the
method.

Godunov demonstrated that no monotone numerical mthod for olving a
.scalar conservation law can be both linear and second order accurate (Godunov
theorem).
Another mportant property which is lost is the so called LED property, i.e. we
can have interfaces states which are larger than the maximum average state,
and this may cause the "non-physical" growth of the unknown in time.

We want, to respect this condition, i.e.

U; > Un1 ==�. U I
T 2 > !+1/2)+

To do that, so called slope limiters have been introduced. One of them is the
so-called "minmod" limiter, i.e.

,7 minmod(g' 1/2, 12)

i+ i-

w'th

minmod(a, b) (sign(a) + sgn(b)) mn(lal, bl)
2

This limiter is zero when a and b are of opposite signs, i.e. when Uj" is a
local "extremum"; conversely it is the smallest slope. It can be shown tat
this uarantees that no spurious oscillations appear and that LED and TVD
properties of the method are preserved.
Note that the Godunov theorem does not concern this case, because the use
of the mnmod function makes the second order accurate method nonlinear.

The MUSCL approach is also called "slope limiter" approach: we limit the gradient
of te variables. Another possible approach o preserve the TVD property in a
second order accurate method is the "flux limiter" approach [LeV92, Rd92, Swe84]).
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Second order accuracy in time: the Hancock-van Leer predictor-corrector
approach

Numerical tests show that second order accuracy In space gives more accurate re-
sults than the first order scheme; conversely the loss of diffusion imposes stricter
conditions on the time steps, i.e. we must work with smaller time step if we want
to avoid the appearance of numerical oscillations in the solution. To solve this
problem, Hancock and van Leer have developed the following predictor-corrector
scheme [vAvLR82].

1. By using the numerical values of the unknown at the time t,, we compute the
limited spatial gradient a' by using a slope limiter (for example the mnmod).i

2. Observing that in any region where U is smooth, one has

au au- = -a(U)
at Ox

we can estimate the numerical time derivatives of the U as

orn'U) = -a(U,-)
( at 

3. Then we compute the "predicted" value of U in each cell at the time tn+1/2

t, + At as
2

+1/2 At aU)n At
uin ui + _a(Uj')g'

') ( at Z. 2 i

4. We calculate the interfacial values of U by using the gradients evaluated at tn

("correction"). Then the rght state of tl�e face - 12 is given by

+1/2 n+1/2 ,n Ax
(U�11/2 Ui i

and the left state of the face 12 is given by

n+'/ + n+1/2 + 0 Ax
(�-' + I/ 2 = U�, i ')

It can be shown that this step does not change the spatial order of the
method [TCS97]. Moreover we observe tat the evaluation of the limited
gradients is CPU-time expensive (especially in the mltidimensional case). so
using the same a" allows us to save sensibly CPU-time.i
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5. Finally, we evaluate the interfacial numerical fluxes as

+1/2 - n+1/2)+
Fnumi+1/2 - Fnum Oin'+1/2 ) (Ui+1/2

Note that the prediction step has been performed by using limited gradients. In fact
the quasi-linear formulation of the problem holds only in smooth solution regions.
Moreover, in numerical experiments concerning the ID Euler equations. we have
tested the use of non-limited gradients in the prediction step, and we have observed
numerical oscillations in proximity of the shock waves.

Extension to systems of conservation laws

As anticipated, the conservative variables are not TVD and theoretically, when
'ble, we have to perform the reconstruction on the characteristic variables (which

exist in the case of the ID Euler equations).
When not possible (for example in the case of multi-dimensional Euler equations),
the MUSCL approach and the Hancock-van Leer predictor-corrector scheme can be
applied to another set of variables. As we will see in the modelling of the multi-
dimensional Euler equations, the choice of this set is not trivial.



Chapter 2

ID Euler Equations for Ideal
Gases Mixtures with
Temperature-Dependent Heat
Capacities

Introduction

In this chapter we present the ideal gas model and we recall some elementary prop-
erties of the D Euler equations for ideal gases. In particular, we show that they
form a hyperbolic system of conservation laws which is convex, under the hypothesis
of speed of sound being a non-decreasing function of the temperature.
In section 21 we introduce the ideal gas odel for an equilibrium mixture of gases.
Just as in the polytropic ideal case, intermolecular forces between particles are ne-
glected. Conversely, the vibrational degrees of freedom of poly-atornic molecules are
taken into account via the dependence of specific heat capacities with respect to the
temperature. Thus this gas model is more complex than the polytropic ideal one,
where the specific heat capacities of the sngle species are constant, but less complex
than other gas models, for which the ID Euler equations result to be a non-convex
hyperbolic system of conservation laws (e.g. te van der Waals gas model).
In section 22 we recall some elementary concepts properties and definitions)
relative to the ID Euler equations for ideal gases mixtures. All these concepts are
fundamental to perform the field-by-field decomposition of the Rlemann problem
for a as mixture, which is the sub'ect of next chapter.

43
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2.1 Ideal gas model

Following [Cal6O] a simple system is a homogeneous system in mechanical, thermal
and chemical equilibrium (i.e. in thermodynamic equilibrium), for which there exist
an extensive quantity S, called entropy, which is a function of the extensive variables
internal energy E, volume V and molar composition N, i.e.

S = S(E, V, N)

Equation 21.1) is called fundamental (entropic) equation for the simple system.
The system evolves with its environment and the final state is determined by the
conservation laws for mass and energy and by the pinciple of maximum of entropy
(of the system and its evironment). See [Cal6O] or any classical Thermodynamics
book for the rigorous definition of this problem. Here we only underline that, for a
simple system, the following exact differential expression holds

dS = dE + dV - dIV,
T T T

where p is the pressure, T is the temperature, is the 1-th chemical potential. More-
over, in the case of monocomponent simple system, we can write the fundamental
equation in differential form for the specific entropy as

d = I de p d 1 (2.1.2)
T T p

e being the specific internal energy of the system and p the mass density.

2.1.1 Monocomponent case

A gas is said to be dal (or thermally perfect) if the intermolecular forces can be
neglected. For states of thermodynamic equilibrium, the fndamental equation of
the ideal gas can be derived by using the classical statistical mechanics. Of course,
the gas model thus obtained is not valid at very low temperatures, where quantum
effects cannot be trated in a continuum way.
Following [Ca160j, let us mention the main properties of an ideal gas.

The fundamental equation 2.1.2) assumes the following form

d (T) dT R,, dp (T) dT R dp (2.1.3)
T W p T P

where c, is the specific heat capacity at constant volume, R the universal
constant of ideal gases (R, = 8314 J/mol/K), W the molar weight of the gas
and R = R,,IW the constant of the considered gas. Note that 2.1.3) defines
s, but an integration constant has to be determined.
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o From 2.1.3), we can derive the equation of state in the fllowing dferential
form

de = c,(T)dT (2.1.4)

and

p = pRT (2.1.5)

o The specific enthalpy being defined as

h + P
P

from equation 21.4) and 2.1.5) it follows that it depends only on tempera-
ture, i.e.

dh = cp(T)dT (2.1.6)

where the specific heat capacity of the considered gas at constant pressure is
given by

Cp (T = c, (T) + R

9 In equation 2.1.4), the specific internal energy is defined once an integration
constant is specified. In order to determine tis constant, let us consider
for a mixture of gases a reversible "quasi-static" chemical transformation at
constant pressure and temperature (Topo). Under these hypothesis, the heat
released to the environment is given by

- Q A N, h (To, po)

h*(Topo) being the not-yet defined molar enthalpy of the ith species ati
(To, po) Tis suggests the following convention:

- for each element we define a standard state (for example, for the oxygen
its standard state is the molecular oxygen 02 at the reference state To
and po);

- the molar enthalpy of each element In its standard state is zero',

- the molar enthalpy at the reference state for an aggregate is the heat0
evolved when one mole is formed from ts elements in their respective
standard states. Such quantity is called heat offormation .
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The general convention is to take for the reference state To = 298.1 K and
P = I at m z:� 1. 0 1 5 - I ' P a.

Example. Reference enthalpy for H20 (gas). At T = 298.15 and p = I atin.
the enthalpies of H2 andO2 are 0. Moreover it is

H2 + 1 02 -+ H20 AQ*
2

where AQ = 57.778 kcal/(mol Of H20) [Kuo86]. Then for the H20the molar
heat of formation is 57.778 kcal/mol, i.e. the specific heat of formation and
the reference enthalpy for H20 (gas) are 1.3427 10' J/kg.

• It is now possible integrate equations 2.1.4) and 2.1.6):

= ho + ' c,(o do

0 T (2.1.7)
h = ho + cp(a do

w'th

h (To. po) TO

ho W fo cp(a d (2.1.8)

Note that c,(T) and cp(T) in the proximity of T 0 K are numerical
quantities (as already mentioned, the ideal gas model is not valid at low tem-
peratures). h' is a numerical quantity as well; it can be considered the species
reference enthalpy (energy) at OK.

• The velocity of sound is defined by the relationship

2 a
Cs - P(P 8)

ap

and can be easily determined by using 2.1.3 ad 2.1.5):

2
C = -� (T) RT (2.1.9)S

-Y being the ratio of the specific eat capacities, i.e.

(T) c, (T) + R
(T) _ c.

c, (T) c, (T)

• Concerning the temperature dependence of specific eat capacities, it is strictly
linked to the different excitation modes of the molecule:



2.1 IDEAL GAS MODEL 47

- any molecule has three translational excitation modes (along the three
directions);

- multi-atomic molecules have also rotational and vibration excitation
modes;

- concerning the electronic modes of excitation, they can be usually ne-
glected for temperatures lower than 10.00 K.

In the hypothesis of independence between the different excitation modes, an-
alytical expressions can be derived.
The experimental temperature dependence of specific heat capacities can be
found in the JANAF tables [SP71]. In [Gar84] one can find polynomial expan-
slons of the specific heat capacities as fnction of the temperature in different
ranges of validity; non-polynomial expansions useful in a wider range are also
given. Anyway, the specific heat capacity is an increasing fnction of T and
-y(T) is a decreasing fnction.

e According to [GR96], we define a polytropic ideal gas (or alorically perfect
gas a gas in which the specific heat capacities are constant. In that case ' is
constant and

- h = cT = I P
I 

h - ho = cT = 7 p
I 

2.1.2 Multicomponent case

Having neglected the intermolecular forces, we can state that for simple system
consisting in a mixture of (non-reacting) deal gases the total energy and the total
entropy are the sum of the energies and the entropies of the single components
as they occupy alone the total volume V at the equilibrium temperature T of the
mixture (Gibbs theorem).
The following properties hold.

The fundamental equation can be expressed as

s isi (2.1.10)

Y being the ass fraction of the 1-th species, si being the entropy of the ith
component (see equation (2.1-3)).
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• The equation of states can be written as

0
e Yz (ho +fT c,j(a) da

and

P P Yi T = pR(Y)T (2.1-12)
Wi

• The speed of sound is determined by

2
C 7(TY)R(Y)T (2.1-13)

w'th

Fi Y� CP'i (T) c, (T, Y) R Y) cp (T, Y)
-y (T, Y)

E Y,,i(T) c, (T, Y) c, (T, Y)

cpi(T = c,,i(T) + R.,, (2.1.14)

Wi

• In the particular case of a polytropic ideal gases mixture, it is

iho) Yc,,,j T = c,(Y)T = Y(Y) I R(Y)T

7(y)h - Yho Ycpi T = c,(Y)T = R(Y)T
-/(Y) I

2.2 The Euler equations

2.2.1 Differential formulations

The Euler equations express the conservation of mass, momentum and total energy
for a fluid when heat conduction and viscous phenomena are neglected (see Tor97]
for their derivation). We consider here the formulation of the governing equations
in a fixed coordinate system (Eulerian formulation).
Let us consider a mixture of gases with n chemical species. In that case, the ID
Euler equations can be written in conservative differential form as

19U OF(U)- + � � = 0 (2.2.1)
at Ox
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where U is the vector of conservative variables arid F is the vector flux:

P PW
PW PW 2 

pet pwht
U F =

A PYJW

Pyl_�_LW

Here w is the flow velocity and total specific eergy and enthalpy are defined as

1 2 1 2et = e + 2W ht = h + )W (2.2.2)

Note that the n-th mass fraction can be recovered from the fact that Zi Y = 
Moreover, we need to ad to 2.2.1) an equation expressing p as a function of the
independent variables. W suppose that the mixture of gases is only subjected to
quasi-static transformations and can be considered at each time in local equilibrium.
Then we can introduce an equation of state for the system in the form

P AP e Y)

(y1'. ywith Y ")T. We emphasize that, because of the Galilean invariance, the
thermodynamic equation of state for p cannot depend on w.
Before proceeding, we remind that the notions of hyperbolicity, GNL and LD fields,
and Remann invariants do not depend on the conservative or non-conservative form
of the hyperbolic system [GR96]. Thus, let us write the Euler equation for an

ilibrium gas mxture in the quas'-I'near form for the primitive variables V
(P W P Y,... , Y-,)', which is easier to analyze than the quasi-linear form relative
to the conservative variables. The equation of mass conservation can be written in
quasi-linear form as

OP Op ow+ W + P-� = at Ox X

By combining the equation for the conservation of the mass with te one for te
conservation of momentum, i.e.

ap + OPW 0
at 19X

O(PW) 0(PZvW) Op
� + �� + = 

at Ox Ox
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we derive

OW aw ap+ + T=0at ax P x

Finally, by combining the equation for the conservation of the mass with the one for
the conservation of the total energy

O(Pet) O(Petw) a(PTV)+ - = 0ax ax

we obtain

aet + act + I PW) 0
at ax P ax

or

09 + wage + 19W = (2.2.3)
at ax ax

Finally, for each species, it is

a Y, + W (9 Y, = 
at ax

If we express the internal energy as a function of the primitive variables, we have

de = a e(p, p, Y) dp + a e(p, p, Y) dp + C e (p, p, Y) d Y
ap ap ayi

By replacing this differential form in 2.2.3) and using the mass and species conser-
vation equations, we obtain

ap PP2 ePy OW
ap TT = (2.2.4)
at ax papa p, P, Y) 19X

It can be easily shown that

P - 2 9 e (p, P, Y) a 19T_
a Y) _P(P e Y) + _P(P e Y)

Pap P Oe OP (2.2.5)

P(P S y = PC2
S

ap
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If we substitute 2.2.5) in 2.2.4), we obtain

ap aP + C2 OW
+ W s- = 

at a x 09X

Thus, for smooth flow, the Euler equations 2.2.1) can be written in the quasi-linear
form for the primitive variables as

av + B(V) OV 0 (2.2.6)Ot ax

where the Jacobian matrix B(V) is given by

W P O O ... O
O W I O ... OP

2
0 PC W 0 ... 0B (V) S (2.2.7)
0 0 0 W ... 0

0 0 0 0 W

it is nteresting to note that another interesting way of writing the Euler equation
in quasi-linear form is that based on the set of variables , W, .5, Y1, Y.- 1) In
fact, by inserting 2.1.10) in 2.2.3), we obtain

+W = 
Ot ax

By mass conservation, this also implies that, for smooth flows, Ps is a conservative
variable, i.e.

a(Ps) a(WPS)
-- 5-t + ax 0 (2.2.8)

'th associated flux wps.

2.2.2 Eigenvalues, eigenvectors, characteristic variables

It can be easily shown that the following properties hold.

The Jacoblan B(V) has three different egenvalues: A(+) = w ± c,, with mul-
tiplicity one, and A(') = w, with multiplicity .
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e The Jacobian is dagonalizable, i.e. it possesses n 2 linearly independent left
(right) eigenvectors

- 1) (r(±)), relative to the egenvalues A(±)

- 10,1), . . . 10,n) (r(0,0, . . . , r O'n) ), relative to te egenvalue AM

Left and right egenvectors can be chosen in order to satisfy

1(') r(j = j

Jjj being the Kronecker symbol. Their computation is really trivial:

I ± = I (0 ±C 1 0, O)T
2pc2I

1(0,1 = 1 2, 0, _1, 0, O)T
(CS

1(0,2 = (0, 0, 0 1 O)T

1(0,,,) (0 O O O.... I )T

and

r W (p, ±C" C2, 0, O)T

r(0,1) (1, 0, 0, 0, . . . O)T

r( 0,2) (0, 0, 0 1 O)T

r(o,') (0, 0, 0, 0, . . 1)T

The differential form

IW JV = (dp + pcdw)
2,oc2

1H JV = (dp - pcdw)
2pc2

1(0,1) 6V = I dp _ C2 dp)2

1(0,2) JV = Cs d Y (2.2.9)

i(O".) 6V = d Y,-,

can be arranged in order to be an exact differential form; thus characteristic
variables exist [HU90].
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2.2.3 Ideal gases mixtures: convexity, (mathematical)
entropy, Riemann problem

Let us restrict our attention to the ideal gases mixtures. In this case, the equations
of state 2.1.11) and 2.1.12) hold, i.e.

IT

T, e=YY (hi 0 cvi(a do
Wi .

possible way of writing the Euler equations can be obtained by combining to-ether
the energy conservation equation with the equations of conservation of the single
species, multiplied by ho:i

pet PT iho + (pwet - pw Yho + wp 0
Ot . z) Ox I

Thus, we can write the Euler equations by redefining the internal energy, previously
defined by the relationship 2.1.11) as

e IT,: Yc,,i(a d (2.2.10)0 i

We prefer performing this choice because easier to treat from a practical point of
view. In fact the reference enerles hi' dsappear from the problem 2.2.1); moreover,
to check the positivity of the temperature we have only to check the positivity of
the internal energy. Then, with the performed choice, we search for solutions of the
system of conservation laws 2.2.1) such that

> 0

> 0

W 2
et > 

2

i Y = I

Concerning the ID Euler equations for ideal gases, the following properties hold.

2 -
9 The square of the sound speed c. is given by formula 2.1.13) and it is positive.

Then the Jacoblan B(V) has real egenvalues and is dagonalizable in R, i.e.
the system 2.2.1) is hyperbolic, even if not-strictly.
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• Concerning the M-field,

d A ) (V)= dw=(0'j'0'0'...'0)T
dv dV

i.e.

dw r 0,j) (V = i n
dV

Then the A)-field is LD.

• Concerning the A(±)-fields, it is

d A W (V) d(W ± Cs) (9
= ( 9 s(PI PI ) 1 C (P.dV d V OP Op P, Y),

T

19 a Y)
Cs (P, P, Y), � C (P, P,

(9 Y,

so that

d(w ± s)
r(±) (V = PCs (P, P, Y) + C (P, P, Y) + PCs, j7 C (P, P, )

dV ap P

Let us evaluate the derivatives of the veloc1tv of the sound with respect the
density and the pressure. First of all, we remark that in our case

Cs = V' y (T, Y) R (Y)T (2.2-11)

Then

P
Cs (P, P, Y) C (T, Y)

19P R( Y)p2 (9T

C (P, P, Y) C (T, Y)
Op R(Y)p OT

and

d(w ± c,) P 0
r ± (V) (T, Y - 1) - C (T, Y)

d V R(Y)p,9T (2.2.12)

+ C (T, Y)
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BY replacing the expression of the speed of sound 2.2.11) in 2.2.12), we find
that

d(w ± c,) -�(T, Y - I
r(±) (V) c, (T, Y)

dV
T -�(T, Y) + 1 (2.2.13)

-- �(T, Y) +
(T, Y) OT 'Y(T, Y - I)

0 Concerning the convexity of the hyperbolic system, if the function c,(T, Y is
a non-decreasing function with respect to the temperature, 2.2.12) does not
change its sign VV. This implies that the A-fields are GNL VV, i.e. the
Euler equations are a convex hyperbolic system of conservation laws. It can
be easilv shown that

c., (T, Y) 0
OT

if and only if

T 0 0
��(T, Y) (T, Y) � log � (T, Y) - (2.2. 1 4)

-/ 0 T a log T)

Then, i the polytropic ideal gases case, system 22.1) is convex, -/ being
constant with respect to the temperature.
In the case of ideal gases mixture, we observe that the variation of -V(T, Y) with
respect to the temperature is really slow (see figure 22.1), and this condition
is usually verified. From now on, we consider only gases mixture for which the
velocity of the sound is a non-decreasing function of the temperature.
More in general, from 2.2.13), we deduce that the Euler equations a a convex
hyperbolic system ofconservation laws if and only if

(T, Y) -y(TY - I T 0 -y(T, Y) 7(T , Y) - I > 1 (2.2.15)
-�(T, Y) I (T, Y) aT -y (T, Y) I

In [CF481, the convexity of the hyperbolic system of conservation laws 2.2.1)
is shown for a general medium wch satisfies the following properties:

a P(P' Y > 
ap

P (p, Y > (2.2.16)
as

2

- AP, S, Y > 
ap 2
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Figure 22.1: Variation of �(T) and w(T) for some ideal gases. Specific heat

capac uted as 4-th order polynomial regressions of JANAF data.

Note that condition 22.14) on the function is strongly satisfied.
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In the case of an ideal gas, the first condition is verified (c 2 > 0). Concerning6
the second condition, from the fundamental equation it follows that

19 p(p, s, Y = T9 P(P C Y = T p(p, T, Y = > 
(93 (9e cv OT C'

Finally,

,92 2 y)

Op 2P(P' .9, Y) ap C'
a c2 p C y) + a e(p 8 Y) a C2 p e y)

'9P ' Op Oe

Since c, and are function of T and Y only,

aC2(p e y = 

'9P '

From the fundamental equation we also derive that

a P
'9P e (p 8 Y) P2

Moreover

-C y) C (p, T, Y)
Oe cv (T, Y) cT

Then we conclude that

a2 Y) P a 2 T, Y)
ap2 P2c,(T, Y) OT 5

Then the third condition of 2.2.16) is verified if ad only if the sound speed
is a non-decreasing function of the temperature. i.e. if condition 22.14 is
satisfied.

In [GR96] it is shown that for a medium satisfying

,92

- e (r, 8 > 
(972
02 02 02 2 (2.2.17)

- C(-r, s) e(7, S - e (7, ) > (97-2 _5S2 (9-r(9-5
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with7 I p, then the function -ps ( pw, pet), with the specific entropy, is
strictly convex.
Since

de = Td - pdr,

in the case of an ideal gas it is

,92 a a P(P'S = 2C2
- e (-r, S = P(7,S = P' -y(T)pp
a-r2 0'r 19P 3
,92 a (9 T

e(7, S = T(7, s = T-T(7,C =
aS2 as ae c, (T)

,92 6(7, 8 = a T (-r, s = -p a T(-r, e) p
0-r0s 197 ae c, (T)

Then

(92 e(7,S) 02 C(7,S = -y(T)ppT - 7(T )P2 -y (T) P2

(9-r2 aS2 c, (T) Rc, (T) -I(T - I c,(T )2

i.e. the required conditions are satisfied, providing that

-�(T) >
7(T -

I.e . (T > .
The convexity of the function -ps (p, pw, pet), combined with 22.8), implies
that for ideal gases, -ps is a mathematical) entropy function for the s s-
tem 2.2.1).
In the same monograph [GR961 , many general properties for the Euler equa-
tions for a medium satisfying 2.2.1 70 and 2.2.16) are presented; among them,
the equivalence of the Lax entropy condition with the ncrease of the entropy
across a shock wave. We remark that tis is also true for multi-component
ideal gases mixtures. In fact, as we will shown in section 32, the mixture
composition does not vary across a shock wave.

e If existing, the field-by-field decomposition of the Remann problem between
two states UL and UR

A(-) U* \0) U* A(+)
UL __+ L R I ) UR (2.2.18)

is very easy to perform. In fact., if we impose in 2.2.9) that

I(+) = -) S = 

it follows that w and p are Remann invariants for the LD field. Thus the
solution of the Remann problem is determined by intersecting in the (WP)-
plane the projection of the one-parameter curves of the GNL fields intersect
each other in (w, p* = w* , p*L L R R



Chapter 3

The iemann Problem for the D
Euler Equations of Ideal Gases
Mixtures

Introduction

Because of the great importance of the Remann problem in developing numerical
upwind splitting schemes for the ID Euler Equations, we dedicate the entire present
chapter to it, in the particular case of a mixture of ideal -vases with temperature-
dependent specific heat capacities.
In sections 31 and 32 we propose a new temperature parameterization of the A(±)-
rarefaction curves and shock curves in the phase space. In section 33 we use this
original parameterization to perform some field-by-field decompositions of the Rie-
mann problem:

• the first decomposition satisfies the entropy condition;

• the second one assumes that GNL waves are both rarefactions;

• the third supposes that GNL waves are both shocks.

As anticipated, ad as it will seen in the next chapter, many upwind splitting
schemes use a field-by-field decomposition of the .lemann problem to compute the
interfacial numerical flux. Then the efficiency of the parameterization to represent
the GNL curves and of the algorithm to perform the field-by-field decompositions
of Rernann problem are of fundamental importance in order to arrive at numerical
schemes of practical interest.

59
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3.1 Parameterization of the rarefaction curves

As already mentioned, to determine the field-by-field decomposition of the Riemann
problem 2.2.18), we have to find the intersection of the left and the right GNL curves
in the (wp)-plane. Then, in this section and in the following one, we determine a

'ble expression for the rarefaction and the shock curves n the phase space.
Let us now compute the rarefaction curve, i.e. the one-parameter family of states
which can be connected to the right state UR by a A(+)-simple wave (rarefaction
wave)

A(+)
U: U i UR, A-field is a simple waver

This can be done by imposing the constancy of the n I Remann invariants, i.e. of
the characteristic variables relative to the other fields. This leads to the following
system

dp - c2do = S

dp - pcdw 0

d = 

dY.-I = 

where

c = c, (T, Y) (T, Y) R(Y) T (T, Y) -
P

First of all, we see that the mixture composition does not change through a rarefac-

tion wave. It follows that �(TY) depends only on the temperature while the gas

function R(YR) is constant: from now on, it will be denoted by RR. Thus the gases

mixture behaves like a monocomponent gas.

The composition being constant, the second equation states that the physical en-

tropy s is constant. As a consequence the direct ntegration of the first equation,

performed with YR and SR constant, allows to determine the velocity as a function

of the pressure.

This can be easily done in the special case of polytropic ideal gases mixture, where

the function �(TY = y(Y), so that we can define -yR = (YR). Observing that

C2 =�plp, the first equation of 3.1.1) can be integrated as

P=PR - 'fR (3.1.2)

PR( )
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By substituting this equation in the second equation of 3.1.1), after straightforward
calculations, we obtain

2 2-fR

W = WR + � �C,,R 1 (3.1.3)
7R PR

where c 2R = IRPRIPR.
'5,Considering now the general case of ideal gases mixture, -� depends on the temper-

ature and we cannot proceed in the same manner. From equation p = pR(Y)T we
have

dp dp dT

P P T

and by using this relation in the first two equations of 3.1.1) we have

dp 'YR (T) dT

P 'IR(T - I T
dp I dT

P 'YR (T - I T (3.1.4)

VIRR YR (T) dT
dw '7R(T - I T

where we have define 7R(T = y(T, YR)-

Accordingly, we have

FRR -IR(T) dT a
dA(+ = dw + dc, 7 + -C (T, Y)dT (3.1-5)

'IR (T - I T aT

Since

c. (T, Y) 0
OT

equation 3.1.5) states that on an admissible AW-rarefaction wave T is an increasing
function of = x1t. In fact, if we impose that the wave is a single-valued function
of �, it must be

A(+)(U < A(+)(UR).

Then, from equation 3.1.4), we see that p, p and w are increasing fnctions of as
well.
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Equations 3.1.4) can be integrated Independently. Concerning the pressure and the
velocity:

T 7 (a) d
p(T; UR) PR exp VR -IR(oz) - 1

(3.1-6)
w(T; UR) WR + T JRR -YR�O) dc,

fTR IR (a) 70

The density can be computed as

p(T; UR) PR exp T I da (3.1.7)
V" -IR(a) -

or directly from the equation of state p = p(RRT) along the considered rarefaction
curve.
These equations give all the possible states which can be connected to UR by a
AW-rarefaction wave in a parametric form, the temperature being the parameter.
Since -YR(T) is a decreasing function of T I < YR(T < 53, it is

lim p(T; UR) = '
T-+O+

0 V�RR 7�(c,) dc,
lim w(T; UR) WR +

T--*O+ fTR 'IR (a) < `0

lim P(T; UR) 0+
T-*o+

We remind that the ideal gas model has been derived by classical statistical mechan-

ics and ceases to be valid at very low temperatures. But even In cavitation formation,

the pressure and density predicted by this model remain positive as T + 0.

Concerning the non-admissible branch of the curve (i.e. T > TR), it is

lim p(T UR) = oo
T +00

lim P(T UR) = +00 (3.1-9)
T +00

lim w(T; UR) = OC
T +00
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In the particular case of a polytropic perfect mixture, equations 31.6) can be
exactly integrated and expressed in the following closed form:

_'R

P PR (TR) _'R-1

9 (3.1.10)
W WR + � �(C - CsR)

YR - I

i.e. we recovered 3.1.2) and 3.1.3).
As far as A-rarefaction wave is concerned, we can observe that it is a A-
rarefaction wave in the coordinate-system W, t = (-X, t).

3.2 Parameterization of the shock curves

We want to determine the one-parameter family of states which can be connected
to the left state UL by a AH-shock wave, i.e.

A(-)i ) IU: UL U A-field s a shock waver

This family can be determined by imposing the continuity of F(U) in a frame fixed
with the 'ump discontinuity, i.e.

PLUL = PU = M

U2 2
PL L + PL = PU + P

,m (hL + U2 rn (h + IU2)L 2
(3.2.1)

mYLl = nY

mYL,.-, = rnY.-I

u being te flow velocity in the shock frame ad m being the mass flux. Equa-
tions 3.2.1) are called Rankine-Hugoniot equations.
When rn = we have a contact discontinuity, which travels at velocity w = WL in
that case the second equation of 3.2.1) eads t P = PL-

For a shock wave, m :� 0. In that case, as on a rarefaction wave, the composition
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remains constant. Then, given PL, PL, WL, we have to determine p, p, u and UL

(note that h is linked to p and p by the equations of state). Once determined UL,

the shock speed is given by

D = WL - UL (3.2.2)

and

w = u + D (3.2.3)

Before solving this problem, let us derive some useful equations. Introducing the

notation [q = q - qL, the combination of the first and the second equation of 3.2.1)

gives

[P = -'rn [u] (3.2.4)

or

[PI = (3.2.5)
P

or

IU 2] [PI I (3.2.6)
P PL

Third equation of 3.2.1) can be written in the form

[h] [U21 (3.2.7)

Then, from 3.2.6), we obtain

[h] [PI + (3.2.8)
2 P PL

or

[e] (P + PL) (3.2.9)
2 p

By combining the first and the third equation of 3.2.1), we derive

P

U 2= 2(h - hL) (3.2.10)L ( P )2

PL
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and

U 2 = 2(h - hL) (3.2.11)( P )2

PL

Finally, by combining equation 3.2.5) with 3.2.9), we find

[el = 1 [P2] (3.2.12)
2m2

We have not yet imposed that we are dealing with a AH-shock wave: as we will see

further, for a left travelling shock (entropy-respecting or not) we have rn > , i.e.

UL > , U > -

3.2.1 A classical paxameterization

In [CG85], Colella and Glaz write the one-parameter Rankine-Hugonlot conditions

by combining equations 32.4), 32-5),(3.2.12) and the equation of state which

express the internal energy as function of p and p:

[WI [PI
M

[PI

M2 Pi (3.2.13)

[P2]

2M2

= C(P, Pi YL)

In this system of equations w, p, mi P e are unknown. Colella. and Glaz propose

to parameterize the shock curve by using p as parameter. We emphasize that, in

solving the Riemann. problem, it is useful to express the velocity w as a function of p

(as already mentioned, the one-parameter crves relative to the A()-fields intersect

each other in (p*, w*) (p , w*L L R R

Let us now detail te Colella-Glaz parameterization of the shock curve. Once
2 p is given, from the last three equations of 32.13) we determine m i.e. m

'rn(P; UL = V;��. By re-placing m in te first equation of 32.13), we have

W = W(P; UL)-
Actually, Tn2 as a function of p can be expressed in closed form in the particular
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case of a polytropic ideal gases mixture. In that case, form the last three equations
of 3.2.13), we deduce

P-PL -P + P
M 2 ) P PL

(P _ PL 1 (P2 _ I
-IL I P PL 2M2 L

2Since p is given, this is a linear system in the two unknowns p1p and 1/,m
Conversely, for an ideal gases mixture with temperature-dependent specific heat
capaci 'ties, the second and third equations of 3.2.13), together with the equation of
state, gives

T

= 10 C (CZ; YL) d a,

T= P I P - PL)
RL PL M 2

- eL 2 L2M2 (P _ PI

w'th

c, (T I YL) YiL C,,i (T)

Since p is given, this is a nonlinear system in 1/m2 T and e. Thus we need an inner

iteration procedure to determine m 2as function of .

3.2.2 A new parameterization

When the specific heat capacities depend on temperature. we suggest using T as

parameter. In that case, by imposing p = pRLT in equation 3.2.8), we obtain the

follow quadratic equation

2 - 2b - = (3.2.14)

for the dimensionless density ratio PIPL, with coefficients depending only on T

in closed form as

= h(T; YL - hL + - and c TL (3.2.15)
RLT I( T T
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Then the physical solution can be expressed in the closed form

< = + + b (3.2.16)
PL

Thus, once computed PIPL, equations 32.10) and 32.11) give U2 and U2 (theL
velocity in the shock frame).

In order to determine the sign of these velocities, let us now impose the Lax entropy

condition for a AH-shock wave:

WL - C,,L > D > w -

i.e.

-C,,L >_ -UL W - C., - WL

or

WL - C,,L - W >_ -U >_ -C,

Then

UL > CsL

M PLUL > 0

M
U > 

P

< s

1.e. the mass flux m is positive and, in the sock frame, the flow is supersonic in

the state UL (ahead the shock) and subsonic in the state U ehind the shock).

Moreover, since

Cs - CsL - , - UL) 0

by equation 3.2.0 we can deduce that

Cs - CsL 2 h - hL > 
U+UL 
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Reminding that

+ UL > 0

a h TY > 
OT

09 c,(TY > 
aT

it follows that on an entropy-respecting shock wave it is

T > TL

P PL

U2 = U2 - 2(h - hL) < U2 (3.2.17)
L L

P = PLUL > PL
U

Conversely, for a non-entropy-respecting A-shock,

WL - CsL D < w - ,

i.e. we still have m > , but the opposite of the inequalities 3.2.17).

Anyway, from equations 3.2.10), 3.2.11), we deduce

D=WL-UL=WL- 2(h-hL 2 2

and

w=u+D WL- h U
V 2 - (3.2.18)

ign( - ) 2(h hL)

WL - C +

Note that > implies that D < w, both in entropy-respecting and non-entropy-

respecting case (i.e. D < AM(u)).

Summarizing, equations 3.2.16), 3.2.18) and the equation of state p = pRLT allow

to determine te one-parameter family of states which can be connected t UL by
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a A-shock wave.
Let us compute the limit state as T -+ oc.

h I
lim P(T; UL = 2PL lim - - 1) = PL

T +00 T-++oo (RLT 2 -�L,.

lim P(T; UL = +00 (3.2.19)
T �+00

lim w(T; UL = OC
T ++co

w'th

'YL�oo = lim -�(T; YL)
T ++co

Let us now compute the non-entropy-respecting limit situation of T O+. In that
case equation 3.2.14) reduces to

(2hL - RLTL) RLT = 

i.e.

lim p(T; UL = P'L - RLTL PL > 
T-+O+ 2h - RLTL

lim p(T; UL = 
T-+O+ (3.2.20)

1 (Lo

lim w(T; UL = WL + 2hL-
T-+O+ I O

L

'th Co = Po IPL < I Note that in the case of potytropic ideal gases

lim p(T; UL)
T_w+ -/L +

2lim w(T- UL) WL + < WL + � �C,,L
T-+O+ I CsL + 1)7L -YL

As far as A(+)-shock wave is concerned, we can observe that it is a A-shock wave
in the coordinate-system W, tl (-x, ); then the one-parameter family of states
which can be connected to the state UR by a shock wave can be derived in the same
temperature-parametric form.
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3.3 Field-by-field decompositions of the iemann

problem

In this section we present and investigate, from a computational point of view, some
field-by-field decompositions 2.2.18) of the Riemann problem. We have considered:

• the entropy-respecting decomposition;

• the shock-shock one, which supposes that both GNL fields are shocks;

• the rarefaction-rarefaction one, which supposes that both GNL fields are rar-
efactions.

3.3.1 The entropy-respecting decomposition

In the phase space, let us consider the one-parameter curve of states U which can
be connected t UL by an entropy-respecting A-wave,

U L U

In sections 31 and 32 we have seen that this wave is a shock if T > T; conversely
it is a rarefaction wave. Moreover, from the results shown in these sections and in
the appendix A, for the projection of the one-parameter curve on the (wp)-plane,
it is

dp 19 T; UL
_ aTP( < (3.3.1)

dw a w(T; UL)aT

and

lim p(T; UL) +OC
T +00

lim (T; UL) 0
T-+o+

(3.3.2)

lim w(T, UL) -00
T +00

lim w(T; UL) WL + TL -YL(cf) dc,
T-+O+ 10 _/ (a) I a



3.3 FIELD-BY-FIELD DECOMPOSITIONS OF THE RiEMANN PROBLEM 71

where, as usual, -YL (T) (T, YL)

A
Concerning the A(+)-wave U _� UR, it is

dp a p(T; UR)
_ aT 0 (3.3-3)

dw � w(T; UR)aT

and

lim AT; UR) = +00
T +OQ

lim (T; UR) = 
T-+O+

lim w(T; UR) = +CIO (3.3.4)
T--�+oo

TR �rRR -�R(a) d,,
lim w(T; UR) = WR

T-+O+ Jo '/R (a) 

Then it is clear that the GNL curves intersect each other i the (wp)-plane ff

W*1 = VRL -YLa) dc,
L W L + >

in 'YL (ce -I 7V (3.3-5)

UIR - TR VRR 7R�(a) dc, *'O
WR

0 'IR (a) I a

Conversely, we have the vacuum formation, i.e. the solution consist In a AH-
rarefaction wave for WL - CL < Xlt < W* 'O I -rarefaction wave for

L
W*'O 0

WR + CR, in the vacuum for w*' < x1t < w*'O. It is important to
notice that in the vacuum region, the vector of the conservative variables, as well as
the vector flux, are 0, i.e. the vacuum is a trivial solution of the ID Euler equations.
Then the entropy-respecting -solution of the Rientann problem ests VUL, UR -
Let us analyze the problem from a computational point of view. e have already
shown that, in the polytropic ideal gas case, we can express the projection of the
one-parameter curves relative to the A and A-waves as w = W(P; UL) and
W = W(P; UR) in closed form. But we are not able to find one analytical expres-
sion for their intersection [CG85], i.e. a Newton-Raphson procedure is required.
When the specific heat capacities depend explicitly on temperature. we can use the
temperature-parameterization proposed in the previous sections. In that case we
have to compute te temperatures of the intermediate states U* and U* (T� andL R

T�) solution of the system

WL(T�; UL = WR(T� UR) (3.3.6)

PL(T�7UL) = PR(T�;UR)
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This nonlinear problem can be solved by a Newton-Raphson procedure (see ap-
pendix B). Actually, the entropy-respecting field-by-field decomposition can involve
both rarefaction and shock curves. Then it is obvious that the corresponding so-
lution of the Riemann problem is computationally more complicated than the ones
where the GNL fields are assumed to consist only of shocks or only of rarefactions.

3.3.2 Non-entropy-respecting decompositions

The shock curves and the rarefaction curves in the phase space have the same first
and second derivatives with respect to the temperature in UL and UR. Thus it
can be interesting to compute the intersections of the GNL waves in (wp)-plane by
supposing that both waves are shock or are rarefactions.

• From an algebraic point of view, we can see U and U thus obtained as anL R

approximation of the points relative to the entropy-respecting solution.

• Actually, the solutions obtained by supposing that both GNL waves are rar-
efaction or shock waves are exact solutions of the Remann problem, which
can be different from the entropy-respecting one.

Rarefaction-rarefaction decomposition

First of all we observe that the properties 33.1)-(3.3.4) hold even if we suppose
that the GNL waves are rarefactions (see section 31 and appendix A). Then, if
condition 3.3.5) is satisfied, intermediate states can be determined by solving the
following nonlinear system in (T�, T�)

TZ ( T'
PL exp -YL (o) do PR eXP JR '/R(a) da)

(JTL 'IL OZ) IF a Ti? IR(a) a

(3.3.7)
TZ �RL �-yL(a) do T' �RR -YR(o do

WL (o) WR ' IT,
JTL '�L a -IR (01) VIC'

by using a Newton-Raphson procedure (see appendix B).

When condition 3.3.5) is not satisfied, the rarefaction-rarefaction solution coincide

w'th the entropy-respecting one. Thus the rarefaction-rarefaction solution of the

Riemann problem eXiStS VUL, UR .
In the polytropic ideal gas case the problem is much easier to solve. From equa-

tion 3.1.3), p is determined by solving

2 2 -yL 2 2-�"
WL + � �CsL WR- CsR 1 33.8)_'L --I _1R__1�L PL _YR PR) ( )
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See for example [CAFL90, CJM95] for efficient numerical algorithm to solve 3.3.8).
In the particular case of monocomponent polytropic ideal gas, t 
then equation 3.3.8) is solved in the closed form:

2'�

C.,,L + C.,,R (WL - WR)

P CsR C�"L

2-� 2-y
PR PL

Shock-shock decomposition

In the phase space, let us consider the one-parameter curve of states U which can
be connected to UL by a A-shock wave. Concerning the projection of the oe-
parameter curve in the (wp)-plane, as shown in section 32 and appendix A), it
is

dp (T; UL)
_ QTP

dw 3 w(T; UL)aT

and

lim p(T; UL) +00
T +00

lim p(T; UL) 0
T-+O+

lim w(T; UL) = -00
T +00

0+
(Llim w(T; UL) WL + 2hL 0+

T--*O+ + (L

W
Concerning the AW-shock wave U UR, I is

dp a p(T-7 UR_ aT > 
dw a w(T UR)all
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and

lim (T; UR) +OC
T +00

lim p(T; UR) 
T-+O+

lim w(T; UR)= +00
T +oo

O+
lim w(T; UR) WR -_ 21�R O+-

T-+o+ +, �R

with

O+ ReTt

2h - RTe

= L, R. Then it is clear that the shock curves intersect each other in the (w, p)-

plane ff

O+
WL + 2hL CL > V)R - hR (3.3.9)+ (0+ + o+

L R

In this case the intermediate states can be determined by solving the following non-

linear system in �, T�)

(L PL RL T� - (R PR RR T = 

- sign 2(h- hL) �L I
WL (CL 1) L ( + (3.3.10)

(WR Sign ((R hR) (R 0

w'th
P�*- = VbT + c � + b f
Pe

where

be=h�--he+i R _l), ce T�
ReTf* 2 T�' Te*
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and = L, R. The solution of this problem can be easily computed by usin a
Newton-Raphson procedure (see appendix B). Conversely, if condition 33-9 is
not satisfied, we cannot build a vacuum solution. as in the previous cases. In fact,
as you can see in 3.2.20), the density does not tend to as T tends to 0. Then the
shock-shock solution of the Riemann problem EXist-5 VUL, UR E that satisfy the
condition (3.3.9).
From a computational point of view, we make the following observations.

• In the polytropic ideal gas case the shock curves in the phase space can be
expressed in closed form as

W = W(P; UL), W = W(P; UR)

but their intersection cannot be computed in closed form even in the mono-
component case.

• When specific heat capacities depend explicitly on temperature, it is clear that
the solution of 3.3.10) is much easier than the oe relative to rarefaction-
rarefaction field-by-field decomposition (problem 33.7)). In particular, if

'fic heat capacities are computed as polynomial functions of T, the evalu-
ation of w(T, Ue) and p(T, Ue) involves only elementary operations and square
roots. Concerning the evaluation of the derivatives, the identity

d Vf -T) = I d f (T),
dT 2 �F (T) dT

shows that only elementary operations are involved because the square roots
appearing in w(T- Ue) and p(T; Ue) have been already evaluated to compute
the functions values.

3.3.3 An example

In order to understand the meaning OF the different field-by-field decompositions,
let us consider the the Remann problem reported in table 33.1. e have here
computed different intermediate states: the entropy-respecting ones and also the
non-entropy-respecting solutions.
In figure 33.1 we have represented, in (w, p)-plane, the curves containing the possible
states which can be connected to the state UL by a A(-)-wave. Note that there Z's
Iust a little difference between the shock and the rarefaction curves (in UL they
present the same first and second derivatives). In figure 33.2 we have represented,
in (zvp)-plane, the intersections of the different curves. Finally, in figure 33.3
we have represented the density as fnction Of Xlt in the three cases. Note that
the presence of a non-entropy-respecting rarefaction wave leads to a multi-valued
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T () p (kg/ml) p (Pa) w (m/s) yo�, YN,

L 346.478 10. 1. 106 0. 0.222150 0.777850

R 375.257 0.1 10000. 0. 0.820451 0.179549

L*, entr. resp. 154.852 1.40878 62963. 607.215 0.222150 0.777850
R', entr. resp. 7117.8719 0.329127 62963. 607.215 0.820451 0.179549

L*, SS 87.5279 2.26626 57250 7 561.202 0.222150 0. 7 17850

R*, S S 685.599 0.313357 57250.7 567.202 0.820451 0.179549
L*, RR 158.553 1.4895 68161.6 593.077 0.222150 0.777850

R*, RR 627.388 0.407692 68161.6 593.077 0.820451 0.179549

Table 3.3. 1: Solution of a Remann problem for a mixture of nitrogen and
oxygen. Specific heat capacities are computed as 4-th order polynomial regres-

sions of JANAF data. We have considered the entropy-respecting intermediate
states, the ones obtained by intersecting in the (wp)-plane tile shock curves

(SS), the ones obtained by intersecting the rarefaction-rarefaction curves (RR).

5.Ge+06 lo'

- rarefaction curve entr. resp.) - rarefaction curve (entr. resp.)
rarefaction curve (non entr. resp.) - r retaction c rve (non entr. resp.)

4.0e+06 -- shock curve (entr. resp.) lo' ock curveuentr. resp.)

--- shock curve (non entr. resp.) shock curve (non entr. resp.)

3.0e+G6 lo'

L

2.0e+06 lo'

1.0e+06 lo'

0.0e,00 lo'
-500.0 0.0 500.0 -500.0 0.0 500.0 1000.0

W (nvs) W (nvs)

Fiyu?-e 3.3.1: Curves of the states which can be connected to the state UL Of
Table 33.1 by entropy-respecting and Don-entropy-respecting A(-)-wave. On

the left, linear-linear plot. On the right, linear-log plot, where we can see the

difference between the Rankine-Hugoniot curve and the constant Riemann

invariants curve at low pressure.
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L 7.0e+04
10'

*entr. resp. solution
ASS solution
V RR solution

lo'

Z 0-_ 6.0e+04

lo'
left rarefaction curve entr. reap.)
left shock urve nn entr. reap.)
right rarefaction wave non anLr. reap.)
right shock wave (entr. reap.)

lo' 5.0e+04
0.0 250.0 500.0 750.0 500.0 600.0

w (ffvs) W nds)

Figure 33.2: Entropy and non-entropy-respecting solutions of the Riemann
problem of Table 33.1. On the left, linear-log plot; on the right, linear-linear
plot (zoom).

solution; conversely if we impose that GNL fields are shock waves, the solution
is sin-le-valued even in non-entropy-respecting case, as you can easily see from?O ZD

equation 3.2.18) (which leads DL A(')(U' = A(')(U ) DR).L R

Conclusion

In this section we have presented an original temperature-parameterization of the
GNL waves in the phase space and we have investigated some field-by-field decom-

itions of the Riemann problem, because of their great mportance in the design of
numerical schemes. Concerning the field-by-field decompositions, we have observed
that

•in the case of polytropic ideal gases mixture, the field-by-field decomposition
performed by supposing that GNL-fields are both rarefaction waves is the
easiest to perform (in the monocomponent case, it admits solution in a closed
form). Conversely, in the more general case of ideal gases it involves integrals
exponential functions, which can be very CPU-time consuming to evaluate.

•If the specific heat capacities depend on the temperature, the field-by-field
decomposition performed by supposing that GNL-fields are both shock waves
is the easiest to perform.

•The entropy-respecting field-by-field decomposition involves both the shock
and rarefaction curves. Thus, it is computationally more complicated than
the field-bv-Held decompositions based on wave of only one kind.I
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100 100

80 - entr. resp. solution
- SS solution

60 RR solution

L 10

40 entr. resp. solutionSS Solution
RR solution

20

1
-500.0 0.0 500.0 1000.0 -500.0 0.0 500.0 1000.0

xtt (rnls) Nit ("us)

Figure 33.3: Entropy and non-entropy-respecting solutions of the Riemann
problem of Table 33-1: P = PIPR as a function of x1t (linear-linear plot on
the left, linear-log plot on he right). Note that the rarefaction-rarefaction
(RR) solution is multi-valued, while the shock-shock (SS) one is not.
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Chapter 4

Flux Splitting Schemes for the ID
Euler Equations

Introduction

In this chapter we present some of the most common upwind splitting schemes for
the D Euler equations in the case of ideal gases mixtures. Particular emphasis is
given to the development of a shock-shock Remann solver for ideal gases mixtures
with temperature-dependent -specific heat capacities.
In the shock-shock approximate Remann solver, the interfacial numerical flux is
computed by using the shock-shock field-by-field decomposition of the interfacial
Riemann problem (i.e. by supposing that the GNL waves are shocks). We em-
phasize that in the case of a polytropic ideal gas, this scheme has not been widely
implemented. The main reason is tat the intersection of the left and the right shock
curves cannot be expressed in closed form (as opposed to the intersection of the rar-
efaction crves, used in the evaluation of the numerical flux in the Osher-Solomon
scheme). But the simplicity of the new shock curve parameterization, presented in
section 32, and the consequent simplicity of the shock-shock field-by-field decom-

ition, presented n section 33.2, make t one of the best candidate to compute
moilocomponent/multicomponent gas mixtures as specific eat capacities are func-
tion of T.
We want to emphasize that the investigation of ID flux splitting schemes is not only
important from a theoretical point of view. As we will see in chapter 6 we ave
performed the solution of the multidimensional Euler equations in a "cell-centered
finite volume approach", where the computation of the interfacial numerical flux is
performed by considering an interface ID Rlemann problem. Thus the efficiency of
the multidimensional solver is strictly linked to the efficiency of the involved ID flux
splitting scheme.

80
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4.1 State of the art

We can consider four different classes of numerical upwind schemes for the ID Euler
equations: the exact Remann solver, the Flux Dfference Splitting (FDS) methods,
the Flux Vector Splitting methods and the Hybrid methods.

4.1.1 The exact Riemann solver

The exact Remann solver [God59] is a conservative three points scheme to solve
the h perbolic Cauchy problem (1.1.11). Here the unknowns are the cell averages
of U(X t, i.e.

1 Xj+ 12 U(x, t,) dx
Ax

and the interfacial numerical flux (1.2.6) is computed by solving at each cell interface
the Remann problem between the left and right states. Thus, under the hypothesis
of non-interaction of the waves coming from the dferent interfaces

F,,,,,(UL, UR) = F(U(0-1 UL, UR))

where U( = Xlt; UL, UR) is the self-similar solution of the Remann problem having
UL as left state and UR as right state.

I I 1 1
This method is entropy-respecting (i.e. t only captures weak solutions which do
not violate the entropy condition) and both robust and accurate (exact capturing
of stationary discontinuities).
In the case of polytropic ideal gases, there exist some efficient parameterisations of
the shock and the rarefaction curves which, linked to its robustness and its precision,
make it a good candidate to compute the Euler equations [GG88]. Conversely,
when specific heat capacities depend on T, it could be very CPU-time consuming.
In fact the evaluation of the integral functions appearing in the rarefaction curves
parameterization is really expensive in CPU-time.
Since te first version of te exact Remann solver is due to Godunov [God59], from
now on we wi 'II call t "the Godunov method".

4.1.2 Approximate Riemann solvers (FDS)

The exact Remann solver determines the numerical ffux by computing the exact
solution of the interfacial Remann problem between two states which approximate
the unknown U with a pecewise function. Thus, it is more efficient to replace the
exact solution of the Riemann problem with approximate solutions easier to com-
pute.
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There are two principal approaches of the so-called approximate Riemann
solvers [LeV92]:

• to replace the exact solution of the Remann problem U; UL, UR) with an
approximation U�; UL, UR), easier to calculate, and to determine the numer-
ical flux as

F,,,,m(UL, UR) = F(U(O; UL, UR)) (4.1.2)

• to evaluate the numerical flux by using formula 4.1.1) but for the iemann
problem relative to a modified hyperbolic system

au OF(U)
- + � � = 0 (4.1.3)
at Ox

easier to solve than the original one.

The first method is conservative and consistent, providing that the flux vector is
Lipschitz continuous and tends smoothly to U as UL and UR tend to U.
As far as the second approach is concerned, let us consider figure 41.1. We im-

t

41.) 41)

_M M X

Figure .1. 1: Domain in the (x, t)-plane with the characteristic curves for the
approximate problem. Note that = F(UL) 2 = F(U( = ; UL- UR)),
(3 = F(UR).

pose that F,,,,,(UL, UR) is a Lipschitz continuous fnction of each variable and that
the solution of the exact Remann problem and the approximate Remann prob-
lem 4.1.3) have, in the (x, t)-plane, the same integral in the domain [-M, A1] x [0, ],
w'th

M > max (IA (k) I (k) 1)
1<k<p

Then we obtain a numerical method which is both consistent and conservative, and
which satisfies the following property:

F(UL - F(UR = F(UL) FUR) (4.1.4)
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The Roe solver

The Roe method computes the numerical flux by solving at each interface a Riemann
problem for a linear hyperbolic system [Roe8l]. The Jacoblan of the approximate
vector flux wth respect to the conservative variables, A(UL, UR), must satisfy the
following properties (altogether called the Property b):7

e A(UL, UR) is a linear mapping;

* A(UL, UR) is diagonalizable with real egenvalues;

e as UL, UR smoothly tends to U, A(UL, UR) smoothly tends to the Jacobian
of the vector flux F(U

0 A(UL, UR)(UL - UR) F(UL - F(UR) (property 4.1.4)).

Note that the last property implies that the Roe scheme reduces to the exact Rie-
mann solver if the left and right states are connected by a discontinuity satisfying
the Rankine-Hugonlot condition. Thus this scheme exactly captures stationary d-
continuities. But it is not entropy-respecting (for example, it produces unphysical
expansion sock waves): for this reason, it needs an entropy-fix [vLLP89]. As far as
the modelling of the ID Euler equations for polytropic ideal ases mixtures is con-
cerned, in its original version, coupled with the Harten entropy-fix, the scheme is not
capable to compute strong rarefaction waves [EMRS91]. Recently Dubroca [Dub98]
has constructed a new family of positive Roe matrix, and the resulting numerical
method is positivity preserving, but there are still some problems in computing
vacuum formation. Actually in this work we have no tested this method.

The Osher-Solomon method

The Osher-Solomon scheme S82] is not strictly-speaking an approximate Riemann
solver, i.e. it cannot be expressed in form 4.1.2) or 41.3). However, as in FDS
schemes, the numerical flux is computed by performing a field-by-field decomposition
of the Remann problem.
In this scheme the interfacial numerical flux is computed as

= I UR

F,,,,,(UL, R F(UL)+ F(UR - JA(U)j dU (4. 1. 5)
9 Ju, L

where

9 A(U) is the Jacoblan of the vector flux with respect to the conservative vari-
ables;
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0 IAI is defined by (1.1.15), I.e.

Al = R IAI L

where L is matrix with rows consisting of left eigenvectors of A, R is matrix
wi'th columns consisting of right eigenvectors of A and

IAI = dag(JAI"I,. .. , IP11)

9 the path UL -� UR is determined in phase space by imposing, in the field-
by-field decomposition, that the GNL fields are only simple waves (disposed
in the so-called natural or physical order decomposition or in the reverse order
one).

Note that to compute 4.1.5) we also need the evaluation of the eventual sonic states
on the GNL field. Although this scheme uses a field-by-field decomposition which
is in general non-entropy-respecting to evaluate 4.1.5), it can be shown that it is
entropy-respecting in the discrete sense [LvLS3].
In the solution of the ID Euler equations for a monocomponent polytropic ideal gas,
the scheme has been widely used, because the intermediate states and sonic points
can be determined in closed form. Actually, the main shortcoming of this scheme is
the lack of robustness in dealing with strong shock waves [AK98]. Note also that, if
specific heat capacities explicitly depend on the temperature, this method is really
CPU-time consuming: integrals must be evaluated to compute the intermediate
states as well as the sonic points.

The shock-shock approximate Riemann solver

The shock-shock approximate Remann solver has been presented in [Co182] as a
variant of the exact Remann solver for the Euler equations of a monocomponent
polytropic ideal gas. In this scheme, the field-by-field decomposition of the nterfa-
cial Remann problem is performed by supposing that the waves of the GNL fields
are shock waves. This solution of the Remann problem being single-valued, it can
be used to compute the numerical flux in the same manner as the exact Riemann
solver (see equation 4.1.2)). The numerical scheme thus obtained captures exactly
stationary discontinuities. As in the Roe scheme, an entropy Ex is required to avoid
the exact capturing of stationary expansion shocks.
It is interesting to remark that this non-entropy-respecting solution of the Riemann
problem, constructed by means of only shock waves, can be seen as the solution
of a Riemann problem for a linear yperbolic system, whose associated matrix is a
Roe matrix (see [GR96] for a rigorous demonstration in the case of the ID Euler
equations). Thus, this method belongs to the Roe family solvers.
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We emphasize that in modelling of 1D Euler equations for monocompo-
nent/multicomponent polytropic ideal gases, this scheme has not been widely im-
plemented, since the intersection of the shock curves cannot be computed in closed
form even in the case of a single polytropic ideal gas (while for the rarefaction curves
this is possible).
In [CG85], Colella and Glaz have developed a shock-shock approximate iemann
solver for "real" gases with approximate shock curves. Because of this work, which is
absolutely a pioneer work in the computation of real gases mixtures, the shock-shock
approximate Riemann solver is sometimes called the Colella-Glaz scheme [CL951.
Of course, this scheme can be used to compute ideal gases mixtures with temper-
ature dependent specific heat capacities. But, since the exact parameterization of
the shock curves presented in section 32 is extremely simple from a computational
point of view, we have preferred to develop a new shock-shock approximate Riemann
solver (see section 42).

4.1.3 Flux Vector Splitting Schemes (FVS)

While in the Remann-solver-based approach we solve a Riemann problem at the
cell interface to determine the numerical flux, the Flux Vector Splitting schemes

'der "pseudo-part'cles" moving in or out of each cell, backward or forward
direction. For this reason this approach is also called "Boltzmann" approach. The
goal of a FVS method is to determine a backward flux function, F- (U) and a forward
flux fnction, F(U) such that we can write the numerical flux in the form

F,,Lm(UL, UR)= F(UL) + F (UR) (4.1.6)

The functions F(U) must satisfy some properties: consistency, Lipschitz continu-
ity (possibly also the continuity of their Jacoblans), nvariance with respect to the
orientation of the x-axis, upwinding. Moreover theJacobians must respectively have
non-negative and.non-positive eigenvalues.
The most common are the Steam and Warming scheme [SW81], the van Leer
scheme [vL82], the van Leer-Hdnel scheme [HSS81]. They are robust in dealing

ith strong shock and rarefaction waves, but more dssipative than the FDS meth-
ods. In particular they strongly diffuse stationary contact discontinuities and slow
moving contact discontinuities. In our case, this lack is crucial from a practical point
of view. In fact, we are looking for a convective solver efficient in detonation and
in deflagration regime of H2-air combustion. We recall that the propagation. of a
deflagration is due to the diffusion of the heat and of the free radicals from the burnt
How to the unburned one. Then, if the numerical diffusion linked to the convective
solver is more important than the physical one, the results we obtain are completely
inaccurate.
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Van Leer-Hiinel FVS method for ideal gases mixture

In this section we briefly describe the FVS of van Leer-Hinel, which is can be readily
used to compute ideal gases with temperature dependent specific heat capacities.
We emphasize that it differs from original van Leer scheme [vL82] only for the
splitting of the energy. In the case of polytropic gases mixtures, the latter scheme
presents singular Jacobians dF' in the sonic region. This property guarantees the
exact capturing of stationary shocks with two intermediate zones. But it is not

ible to recover this property
poss s the specific heat capacities depend on the tem-
perature M901.
Let us write the FVS of van Leer-Hanel wth the same notation as Liou [Lio96 by
using the lIach and pressure functions

±I(M ± 12 IMI I
./k4_1_(M ) 4 (4.1.7)

�'(M ± MD otherwise

I M ± 12(3 - (I ± M)) if IM < I
'P±(M) 4

'.(I ± sgn(M)) otherwise
2

where M = W/Cs.
In that case:

�"±(M)Pc'

F± (U) A4 ± (M)PC' + P± (M)p
A4'(M)pcht
jW(M)PC'y

This scheme is robust, positivity preserving but, as any FVS scheme, it is unable to
capture stationary contact discontinuities.

4.1.4 Hybrid schemes

These schemes try to couple the obustness of the FVS methods with tile capabil-
ity of the FDS ones in capturing the stationary contact discontinuities. Amongst
them we have the A USAII family schemes [LS93, Lc,96, Lo95], and the HUS family
schemes [CL951.

AUSM family

The AUSM, or Advection pstream Splitting Method of Liou and Steffen [LS93],
can be considered as a natural development of van Leer-Hanel FVS method. It
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is founded on the hpothesis that, in computing the numerical flux, we have to
distinguish between a "convected" flux and an "advected" one, respectively defined
as

P 0

F (c) (U = w (U = Pw and F (P) (U) P
pht 0

Py 0

The former must be convected according to the sign of an appropriate numerical
interface velocity w = c Mi; the latter, must be governed by the acoustic wave

'2
propagation. Then he umerical flux is computed as

Fnum(ULi UR) = Mi c,,,� 4) + P+(/V1L)F(P)(UL) + P(1V1R)F(P)(UR)

WI'th

ML = WL and MR = WR
CsL CsR

M ="+(ML)+./" JR)

C,,L if MI > 0
C.9 I -2

C,,R I f M < 0
2

(1) (U L MI > 0

(1)(UR) if Ml < 

and 'P' being defined by (4.1.7) and 41.8) respectively. It can be easily
veri'fied that in this way, we recover the stationary contact discontinuities. But
unfortunately, we loose the good behavior of the van Leer-Hinel FVS scheme in
computing shock waves: numerical computations performed with the AUSM usu-
ally present big oscillations in te proximity of shock waves.
Nowadays, there exist several members in the AUSM family. One of the most
popular is the AUSM+, which improves the behavior of AUSM on shock waves
by defining an interface sound speed and modifying the Mach and pressure func-
tions [Lic,96, Lc,95]. Once defined ci as an average Of C,,L and C,,R, We compute

ML = WL and MR = WR
C1 C1

Ml MR)? " = A + (ML + /"
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w'th

1)2 ± M2 _ 1)2 IMI I
4(M

1?(M IMD otherwise

and using the modified definition for the (M)

(M ± 12 (I ± M) ± CM(M2 _ 12 IM < 
4 (3 -

(I ± sgn(11)) otherwise

The values for (,)) suggested by Lou are 316, 1/8). Actually, although this
scheme improves the behavior of AUSM in dealing with strong shock wave, oscilla-
tions in the proximity of the shock do not completely disappeared (see the head-on
shock collision test-case, section 52.4).
Other version of the AUSM family partially couple the original FVS with AUSM by
using switch functions depending on the pressure 'ump [WL97].

HUS

The HUS method [CL95], or Hybrid Upwind Splitting method, consists in the hy-
bridization of a FVS method with a FDS method. The coupling is performed in the
following way:

1. the interfacial Riemann problem is solved by using the field-by-field decompo-
't'on relative to the coupled FDS scheme;

2. the numerical flux is computed by mposing the FVS scheme to act on the
GNL fields and the FDS one to act on the LD fields.

For a detailed definition of this numerical scheme, see [CL95]. Here we want only
to emphasize the following properties.

Anv FVS method can be adopted for the coupling; conversely, there is a com-
patibility condition that a FDS-method have to satisfy on the LD fields. We
emphasize that the Osher-Solomon and shock-shock FDS schemes satisfy the
required compatibility condition.

• If the considered field-by-field decomposition of the Remarm problem is made
of only GNL fields, the HUS schemes reduces to the FVS-method; conversely
if it is made only of LD fields, the HUS schemes reduces to the FDS one.
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HS is entropy-respecting in the discrete sense even if the used FDS-method

is not.

Concerning the solution of the ID Euler equations, once performed the field-by-field

decomposition

'\(0) A(+)
UL U� U* UR-_+ R �_�

by supposing that GNL waves are both rarefaction waves or shock waves, the nu-

inerical flux can be computed in the following form:

F�,,.(ULUR) F+(UL)+F-(UR)

F+(U-)-F+(U-) w-<O (4.1.9)R L

F-(U-)- F-(U-) elsewhereL R

where w = w = w is the speed of the contact discontinuities.L
Equation 41-9) can be seen as the sum of the FVS numerical flux with an anti-

diffusive part to capture exactly stationary contact discontinuities. Note that in the

case of a contact discontinuity, UL = U1 and UR = U* , and the previous formulaR
reduces to

Fnum(UL, U R) F(UR I W < 

F(UL) elsewhere

Experimental results have shown that this scheme has some problems in preserving

the positivity of the mass fractions. In order to avoid these problems, we have

used the Larrouturou theorem [Lar9l] concerning the exact solution of a Riernann

problem: the sign of the velocity on the contact dscontinuity and of the velocity on

x1t = are equal. Thus we can split the flux relative to the mass fractions as

(F...)1YL if (F...), > 

(FI.m)IYR elsewhere

being the numerical estimation of pw.

In the case of polytropic ideal gases mixtures, the HUS scheme has been usually im-

plemented by using as FDS scheme the Osher-Solomon scheme (i.e. the intermediate

states U* and U are determined by using the rarefaction-rarefaction field-by-fieldL R
decomposition; see for example [CL95, GM98, Zem95]). Conversely, in the case of

ideal gases with temperature dependent specific heat capacities, it is obvious that it

is convenient to replace it wth the shock-shock FDS scheme (i.e. the intermediate

states U* and U are determined by using the shock-shock field-by-field decompo-L R
sition)-
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4.2 A shock-shock approximate Riemann solver

4.2.1 Introduction

As already mentioned, the shock-shock approximate Remann solver performs the
shock-shock field-by-field decomposition of the interfacial Remann problem and uses
the obtained single-valued solution to evaluate the numerical flux as in the Godunov
method (see equation 4.1.2)).
The problem of the computation of the intermediate states UZ and U� has already
been treated in section 33.2 I this section we present

• the motivation of this work;

• the entropy-fixes we have implemented in order to avoid to incur into expansion
shock waves;

• the strategy of computing the numerical flux when the field-by-field decompo-
't'on does not exist (i.e. strong rarefactions);

• the complete algorithm to evaluate the numerical flux.

4.2.2 Motivation of the work

Let us describe the reasons which bring us to develop a shock-shock approximate
Rlemann solver for ideal gases mixtures with temperature-dependent specific heat
capac 'tes. As mentioned in the introductory chapter, our purpose is to find a
convective solver which is a good candidate to compute reactive flows (in deflagration
and detonation regime) in regions containing obstacles. Thus, if possible, we need
an upwind scheme which is both robust and accurate. About the schemes presented
in the previous section, we can make the following observations.

• The exact Remann solver is both accurate and robust, but it is CPU time
consuming because of the integrals appearing in the rarefaction curve param-
eterization.

• The original version of the Roe scheme [Roe8l] has been developed for is
designed for a monocomponent polytropic ideal gas. Extensions of the Roe
scheme to mixtures of ideal or even "real" ases have been extensively treated
(see for example [VM90]). Anyway, the lack of robustness in computing strong
rarefaction waves makes it a bad candidate to compute flows involving diffrac-
tions of shock waves around obstacles.

• The Osher-Solomon scheme has been widely used in the case of monocompo-
nent and multicomponent polytropic ideal gas flows. Extension of this method
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ilibrium vbrational gases [AFT901 has been performed. Anyway,
the Osher-Solomon scheme is lacking in robustness in computing strong shock
waves, i.e. is not a good candidate to compute detonation flows.

e The van Leer-H�nel FVS scheme, AUSM and AUSM+ can be readily used
to compute polytropic and non-polytropic ideal gas mixtures. Actually, the
first scheme spreads the stationary contact discontinuities (bad candidate in
computing dffusion-dominated problems, like reactive flows in deflagration
regime); the other ones face with difficulties in computing problems involving
strong shock waves (bad candidate in computing flows involving strong shock
waves, like reactive flows in detonation regime)-

These reasons, together with the computational simplicity of the parameterization
of the shock curve and of the shock-shock solution of the Remann problem for ideal
gases, have brought us to develop a shock-shock approximate Remann solver.

4.2.3 Entropy-fixes

To avoid the generation of unphysical entropy-violating shock waves, in the original
version of the scheme Colella proposes to replace the eventual transonic expansion
shock wave appearing on the shock-shock solution of the Remann by a rarefaction
wave. Actually, this way of proceeding requires the evaluation of the sonic point,
Which is CPU-time consuming as the specific heat capacities depend on temperature.
Thus we follow a different strategy. To illustrate it, let us consider an example.
Supposing that the \) field

A(-) U*
U L �_� L

is a entropy-violating transonic shock wave, 'It 'IS WL - CsL < 0 < WL* C,*,L In
that case, we can compute the generic variable q by supposing that it is linear if

(WL - C,,L, WL* e*,L), i.e.

q(fl a(�))qL + ce(�)qL*

with

W (WL - CsL)

(WL Cs',L - WL - C,,L)

As shown in section 31, on a A rarefaction wave it is

dp dp dT < 
dT-_) ' jT-_) ' j\_J



4.2 A SHOCK-SHOCK APPROXIMATE RiFMANN SOLVER 92

and

dw
TA _(_J > 

i.e. p, p, T (h), w are monotone functions of the characteristic speed (of course,
the same is true for a A rarefaction wave). Thus these variables are the best
candidates to be linearized on a transonic expansion shock. Note that p is not a
monotone function of the characteristic speed, i.e. the choice of pt as linear fnction
of would be completely nonsense.
The choice of the variables to linearize is not unique. We consider two different
strategies:

1. we linearly interpolate w, p and T in (WL C,,L, L* C), and we evaluate
p and h by using the equations of state.

2. we linearly interpolate p, p, h, w in E (WL C,,L, WL* ,*,L)' In this way the
equations of state are respected only in UL and U�. This way is less CPU-
time consuming than the previous one but numerical experiments have shown
that it is also less robust in the computations of strong rarefaction waves.

4.2.4 Strong rarefactions

As already mentioned in section 33.2, problem 3.3.10) admits no solutions when

W*'o 1 �R = *'o
L = WL + 2h I c < WR 2hR i co R

L R

where

0 P*,o 10 ReT�
and P" = im (T; Ue) -Pe

Pe e T-+O+ 2h - Rj�

= L R.
In this case we cannot construct a vacuum solution. as in the Godunov scheme. In
fact

Too P*'o
L > and R > 
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and U*'O and U*'O, defined as the limits of the left and right Rankine-HugoniotL R

curves as T� - 0, T� - 0, are in general different. But the vector flux evaluated in

these states has the following form:

P*,Ow*,o
e e

*,D(W*,O)lF(U*'O) P�lp*,O 03� e e

'O*'OW*1OYe
i e

Then we can evaluate the numerical flux in the following way:

F(UL) f 0 < WL C,,L

W.'O
F, (UL, UR) I WL - C,L < 0 < L

F,,,,,, (UL -UR) 0 if W. '0 < 0 < W*'OL R

F2(UL, UR) if W*'O 0 < WR + C,,RR
WR + C,,R

F(UR) 1 < 0

where F, and F2 are evaluated as explained in the previous section (note that the

left and right GNL waves are expansion shock waves). We emphasize that this way

of proceeding does not violate the continuity of the numerical flux. In fact, as w*' 0

tends to 0, F(U;'O) tends to .

4.2.5 The complete algorithm

Let us here describe the implementation of this scheme with entropy-fix. If the

shock-shock solution of the Riemann poblem exists, once computed U1 and U*R,
we have to determine the solution in = An elegant way to write the scheme and

which allows to avoid conditional branchings, consists in computing p, T, w and Y,

as an average of the other states:

q(� = /VL(&) qL + IYV�(&) qL + W�(&) q* + )IVR(� qRR

where Wj(�) are weight functions. We recall that w = W', YL = Y' and YR = Y-L R L

In figure 42.1 we have represented the left part of the solution. Te characteristic
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1: state L 2 3: state L*

1 C D C W X/t

Figure 42.1: Left zone: the Lax entropy condition states that we have an
entropy-respecting physical) shock waves WL - C.,,L > DL > WL* - C,L;
conversely, we have a non-entropy-respecting shock wave. In the latter case,
we replace it by a "linear wave" (solid line), where some variables are evaluated
as average of their values in UL and UL-

velocities of the states L and L ae given by

I
CL (DL + WL - C,,L WL C,,L - DL min(DL, WL CsL)

WL - CsL expansion shock wave

DL physical shock wave
C* max(DL, W* C*,L)

L L

W L -C sL expansion shock wave

DL physical shock wave

We also define the fHOWITIg fnctions of

C*
K:j min 1, C* L

- CTL L + ,

c, being 10-'m1n(C,,LC,,R),

I If < Z

0 elsewhere

I physical shock wave

Ishock 2 (sign(CL CZ + C, + 1) 0 expansion shock wave
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1 if < L*

11,2,3(� =2 (s'gn(w* + 0 elsewhere

Now we can define the weight functions in the left zone:

W L(�) = (I 1sh.ck)(I 11,2(�))11,2,3(�) + lshock(11,2,3(�) 11,2(�))

Note that

W*0 if > L

I if C' < < W*L L

W� W 0 if < CL

�-CL -f CL < < C� (expansion shock wave)
CZ CL + ,

and + YVI(�) 11,2,3(�)- In the same manner we can determine W�(�) and

'YVR
if w' < < w*"; conversely,

When problem 3.3.10) admits no solution, Fn,,n = R

we evaluate the numerical flux in the same manner, by observing that the GNL
waves are entropy-violating shock waves.

Conclusion

In this chapter we have revisited and analyzed some of the most common upwind
splitting schemes for the ID Euler equations. In particular., we have developed a
shock-shock approximate Riemann solver for (polytropic and non-polytropic) ideal
gas mixtures. In fact, from a computational point of view, this extension is really
simple to perform. As we will see in next chapter, the numerical scheme thus obtain
result to be both accurate and robust in computing ID flows.



Chapter 

Numerical Results for ID Flows

Introduction

In this chapter we test the robustness and the accuracy of the shock-shock FDS
and HUS (van Leer-H�nel FVS shock-shock FDS) schemes, with respect to some
of the most common splitting schemes for the ID Euler equations. As already
mentioned, in the polytropic ideal case, the former scheme has not been widely used
and the latter usually uses the rarefaction-rarefaction field-by-field decomposition
in the coupling.
After a brief presentation of the algorithm we use to compute initial values problems
for the ID Euler equations (section 5.1), in section 52 we present some numerical
results concerning ID test-cases for polytropic ideal gases. The purpose is obvious:
we want to understand whether the schemes developed to compute gases MiXtUrCS

with temperature dependent specific heat capacities are enough accurate and robust
with respect to some of the most common splitting schemes. We emphasize that
the investigation of polytropic ideal gases only is linked to the fact tat some of
the schemes considered for the comparison are designed to compute only polytropic
ideal gases mixtures.
Finally, in section .3, we investigate the CPU-time performances of the shock-shock
FDS and the HUS schemes with respect to the van Leer ffinel FVS scheme, which
is a low CPU-time consuming scheme. Here we consider test cases involving ideal
gases wi'th temperature dependent specific heat capacities.

5.11 Preliminaries

In this section we present the complete algorithm we use to compute the ID Euler
equations for ideal ases. We also present the numerical parameters we impose in

96
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the test-cases proposed in this chapter.

5.1.1 The complete algorithm

As already described in section 12.1, the solution of a Cauchy problem for the ID
Euler equations can be performed by using the conservative scheme

Un+1 = Un At n..' num,
i _ (F i+1/2 Fn i-1/2)Ax 

Let us describe the complete algorithm we implement to evaluate the interfacial
numerical fluxes in the case of ideal gases mixtures involving ns species.

9 Computation of the variables. From the values of the conservative variables in
thei-th cell, U', we must deduce Tin, p, w', Yni, Y'n _,j cni. As far as velocityi i I ns S,
and mass fractions are concerned, their computation is trivial. Conversely, the
temperature Tin can be evaluated as the solution of the nonlinear problem

T
jni = (5� v. f0f (T I cV'1 (o) do C' 0 (5.1.2)

Being

ns
19 Un) yn

aT f (T; lic,,,(T > 

Tin can be computed with Newton-Raphson method, the convergence of which0

is guaranteed by the strict monotonicity of f with respect to T and by the

fact that its second derivative is bounded. Once computed Tin, the unknowns

p�' and cni can be evaluated in closed form.I S,

9 Variables reconstruction. To achieve higher order accuracy in space (in space

and in time), the MUSCL strategy (the Hancock-van Leer predictor-corrector

scheme) is implemented as described in section 12.4. The reconstruction is

performed on the so-called primitive variables V = p, w, p, Y)'. Limited

gradient are evaluated by using the mmod limiter.

In our opinion, the choice of the reconstruction on primitive variables is the

most natural one for the following reason.

- As already mentioned, it is better to reconstruct the characteristic vari-

ables, because they are TVD, as well as the single variable of a ID hy-

perbolic scalar equation. But, in the case of the multidimensional Euler

equations, the system of characteristic equations (1.1.18) is not an exact

differential form, i.e. characteristic variables do not exist. For this reason,
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if we build a reconstruction algorithm on the characteristic variables in
the ID case, we cannot extend it straightforward to the multidimensional
case.

- The choice of the primitive variable is better than the one involving con-
servative variables.
Note that

P > 0, P > ==>- e 

i.e. a reconstruction which guarantees the positivity of the primitive vari-
ables, guarantees also the positivity of the conservative ones.
As already mentioned, the primitive variables are monotone functions of
the characteristic speed A on a rarefaction wave. This is not true for
the conservative variables. Thus a reconstruction which uarantees the
monotonicity of the variables is more sensate on primitive ones.
Moreover, the Jacobian relative to the primitive variables is simpler than
one relative to the conservative ones [Hii:901.
Finally, if we performed the reconstruction on the conservative variables,
we should solve equation 5.1.2) on the cell centers, to evaluate the Ja-
coblan for the time prediction, and on each interface, to deduce the tem-
perature. Conversely, by performing the reconstruction on the primitive
variables, the solution of equation 51.2) is required only on the cell
centers. In fact, at each interface we can compute the temperature as
function of the reconstructed primitive variables in a closed form.

e Once computed the left and right reconstructed states

(Vn 12 n+1/2 +
i+1/2 )_ (Vi+1/2 )

at each interface, we can compute the numerical flux by using an upwind
splitting scheme.

5.1.2 Numerical parameters

All the computations presented in this chapter are performed on regular grids. The
imposed numerical parameters are the following ones:

• Ax, the length of the grid or, alternatively, ,, the mesh cells number. and
L, the length of the computational domain;

• tfi,,, the final time or, alternatively, Nit,,, the number of iterations in time;

• At, the time step, or a CFL-like parameter, defined as

At max(lwi I c,j)
CFL (5.1.3)

Ax
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• SO, i.e. the theoretical-space order;

• TO, i.e. the theoretical-time order.

We emphasize that, in the case of smooth flow, the condition CFL< 0.5, i.e.

At < I Ax
2 maxi (I w I c,,j)

guarantees the non-interaction of the waves coming form the different interfaces.
originating by the interfacial Remann problems; the condition CFL< 1 i.e.

At < Ax
maxi(lwi + c,j)

guarantees that in one time step the waves cannot cross more than one cell (this is
the linear stability limit for the CFL). In most of the computations here considered,
we chose CFL = 07, i.e. we allow the the interaction between the waves coming form
the dferent interfaces. Anyway the former condition is not a necessary condition
for the stability, while te latter is.
The case SO=2 and T=l refers to the MUSCL reconstruction, while SO=TO=2
refers to the Hancock-van Leer predictor-corrector approach.
As far as the boundary conditions are concerned, we recall that in a Remann prob-
lem -oc < x < oc. Of course, the computational domain is finite. As explained in
section CA (appendix C), we use the so-called "ghost-cells" technique, i.e. we add
a cell to the left and right extremities of the interior domain, where we take into
account the direction of propagation of the signals.

5.2 Accuracy and robustness: polytropic ideal
gases 1D test-cases

5.2.1 Introduction

In this section we investigate the robustness and the accuracy of the shock-shock
FDS and the HUS schemes, developed for ideal gases mixtures with temperature-
dependent specific heat capacities, with respect to the following schemes:

the Godunov scheme (or exact Remann solver);

the Roe FDS scheme;

van Leer-Hanel FVS scheme;
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e the AUSM+ scheme;

The exact Remann solver is implemented by using the parameterization of
Smoller [Smo83, For84]. In this way the scheme is really simple to implement but
also very CPU-time consuming [GG88]. Anyway, we are not here interested on the
CPU-time performances of this scheme. The classical Roe solver [Roe8l] is coupled

'th the classical entropy-fix of Harten [vLLP89]. In AUSM+, we compute the n-
terface velocity of the sound as arithmetic average of the left and the right ones.
Of course we consider the "non-dimensional" ID Euler equations. "Non-
dimensionalization" can be easily performed by introducing a reference state PP)
and a reference length x.
As far as the test-cases here presented are concerned, the first one only involves
the shock-shock scheme: we analyze its behavior in computing transonic rarefaction
waves. Afterwards, we compute ID flows to test the schemes robustness (i.e. we con-
ider strong rarefaction waves, vacuum, head-on shock collision) Fnally, we analyze

the schemes accuracy (computation of stationary shock and contact discontinuities
in the case of monocomponent and multicomponent gases mixtures).

5.2.2 The shock-shock scheme on transonic expansion waves

First of all, let us analyze the behavior of the shock-shock scheme in computing
transonic expansion waves. Let us consider the following Riemann problem for D
non-dimensional Euler equations:

PL = 100. PR = I.

PL = 100. PR = I. (5.2.1)
WL = 0. WR = 0.

1. 4). As one can see in figure 5.2.1, the solution contains a strong transonic
rarefaction wave. By using the following numerical parameters,

9 Ax = .01, i.e. Nx = 00, L = .0;

CFL = 077

tfin = 015,

we perform first order and higher-order numerical computations.

On the left of figure 52.1 we represent the ones relative to the scheme without

entropy-fix: in the first order computation the scheme captures a non-entropic ex-

pansion shock in x1t = 0, while the higher-order ones do not present this problem.

On the right we represent the computations obtained by using the scheme coupled

ith the first entropy-fix described in section 42.3 (the one which takeswi I I I into account
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100.0 100.0

o SO=TO=l 0 EF, SO=TO=l
exact - exact

80.0 80.0

60.0 60.0

P P

40.0 40.0

20.0 - 20.0

0.0 0.0
-0.5 -0.3 -0.1 0.1 0.3 0.5 -0.5 -0.3 -0. 1 0.1 0.3 0.5

x x

100.0 100.0

0 SO=2, TO= I 0 EF SO=2. T=1

80.0 exact 80.0 - exact

60.0 60.0

P P

40.0 40.0

20.0 20.0 -

0.0 0.0
-0.5 -0.3 -0. 1 0.1 0.3 0.5 -0.5 -0.3 -0. 1 0.1 0.3 0.5

x x

100.0 100.0 --- ---------- ------

0 SO=TO=2 o EF, SO=TO=2

80.0 - exact 80.0 exact

60.0 60.0

P P

40.0 40.0

20.0 20.0

0.0 0.0
-0.5 -0.3 -0.1 0.1 0.3 0.5 -0.5 �.3 -0 I O'l 0.3 0.5

x x

Figure 52. 1: Behavior of the shock-shock scheme in computing a transonic
rarefaction wave: the effects of the entropy-fix (EF), of the space reconstruction
(T0=1, SO=2) and of the space and time reconstruction (TO=SO=2).
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the equations of state). In the first-order computation, the non-entropic transonic
shock disappears but the slope of the solution is overestimated at x1t = 0. This
"local pathology" is named "glitch" or "dogleg" and has been deeply investigated
in [Roe92]. It affects also other upwind solvers, for example the exact Riemann
solver. As one can see, the glitch is drastically reduced in the higher-order compu-
tations.
We want to emphasize that the MUSCL and the predictor-corrector techniques can
not alone guarantee the entropy-respecting of the computed solution. For example,
in figure 52.2 we show the numerical solutions of the Remann problem

5.0 5.0

o SO=TO=2 -- -------- - -- 0 EF, SO=TO=2
Exact Exact

4.0 4.0

3.0 3.0

P P

2.0 2.0

1.0 1.0

0.0 0.0
-0.5 -0.3 -0 I 0.1 0.3 0.5 -0.5 -0.3 -0. 1 0.1 0.3 0.5

x x

Figure 5.2.2: Behavior of the shock-shock schemes on transonic expansion
waves: the effect of the entropy-fix (EF). In both the cases SO=TO=2.

PL 4.57143 PR = 1.

PL 18.5 PR = 1.

WL 1.03531 WR = 4. C.,,R -- 473286

at tfi, = 0075 (- = 14). It represents a stationary expansion shock wave, i.e. a
non-entropic weak solution of the ID Euler equations. The limiter action forces the
computation to be only first-order in the vicinity of the so the shock-shock
scheme without entropy-fix exactly captures this expansion shock wave. Conversely,
the entropy-fix bans the computation of non-entropic solutions. In [Roe92], the ie-
mann problem 52.1) has been computed with the original Roe scheme (without
EF): the MUSCL computation with the "Superbee limiter" presents an expansion
shock which is better resolved than in the first order computation. For all these
reasons,it s obvious that an entropy-fix is necessary.
Before concluding, we emphasize that the solution obtained with the predictor-
corrector approach is more diffused than the one obtained by using the space recon-
struction, as you can see in figure 52.1. But the former presents some oscillations,
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which reduce as we decrease the CFL factor. Thus although more diffusive, space
and time reconstruction allows CFL factors larger than the ones we should use if we
performed the space reconstruction only.

5.2.3 Strong rarefaction waves

In this section we investigate the behavior of the schemes here considered, in par-
ticular the shock-shock one, in computing strong rarefaction waves.
First of all, let us consider a test case presented by Einfeldt et al. in [EMRS91]:

PL = L PR = L

PL = 0.4 PR = 0.4 (5.2.2)
WL = -2. WR = 2

for a monocomponent gas with = 14 (i.e. eL = eR = 1, etL = etR = 3.
This test case is particularly interesting because:

• the entropy-respecting solution of the Remann problem consists in two rar-
efaction waves connected by a constant state, and does not involve vacuum
formation, since condition 3.3.5) is verified:

1)
WR - WL= 4 _ (C,,L + CsR)-_ 748

7 I

• The shock-shock solution of the Remann problem does not exist, since condi-
tion 3.3.9) is not verified:

-y+1
WR - WL= 4 > ')hL -Y-1+ 2hR + 2v/2eL -_ 2828

We compute the solution of this Rlemann problem by considering the following
parameters:

• Ax = .01, i.e. N = 00, L = .0;

• CFL = 07;

tfi = .1,

SO=TO=2.
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Figure 52.3: Behavior of the van Leer-Hanel FVS scheme in computing the

Einfeldt test case 5.2.3): the conservative variables (p, = p w, Et = p et)

and the pressure p.
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In figure 52.3 we represent the numerical solutions concerning the conservative
variables and the pressure obtained with the van Leer-Hinel FVS scheme (which
is a positive-preserving scheme). As one can see, the results on the conservative
variables is quite precise, even if the density is slightly underestimated in the central
zone. This implies that the pressure, computed as

P pet - 0.5 (pw�
P

is overestimated. In figure 52.4 we ave represented the speed w and the ratio
p1p = T. In the central zone the former is overestimated (in modulus) because of

2.5 0.6

o VLH
1.5 exact

0.4

0.5

W T'

-0.5 00

0.2

o VH
-1.5 - exact -

-2.5 0.0
-0.5 -0.3 -0.1 0.1 0.3 0.5 -0.5 -0.3 -0. 1 0.1 0.3 0.5

x x

Figure 52-4: Behavior of the van Leer-Hanel FVS scheme in computing the

Einfeldt test case 5.2.3): te speed w and T* = p1p.

the underestimation of the density, and the latter is completely false in the central

zone (it is strongly overestimated). Actually, in high speed flows, the internal energy

is little. Since it is computed as the difference of the the total one and the kinetic

one, it is strongly affected by cancellation errors phenomena. Moreover, if strong

rarefaction (i.e. low densities) are involved, the temperature, which is proportional

to the ratio by internal energy and the density, can be completely false, as in tis

case. From a practical point of view, in high-speed flows computations we must be

very careful in the interpretation of the numerical results as they depend on the

temperature. For example. in computing reacting flows, we can have the formation

of spurious hot spots behind an obstacle when a shock wave diffracts over it (because

of the numerical temperature jump).

Anyway, as already told, the van Leer-Hanel scheme does not present any problem

concerning the computation of negative internal energy. This property is important

for a numerical scheme. As explained in [EMRS911, "attempting of replacing nega-

tive internal energy values by positive ones leads to a non-conservative scheme and
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may result in ... I an exponential error growth".
Let us now investigate the behavior of the shock-shock FDS scheme in computing
these strong rarefaction waves. In particular, we analyze this scheme coupled with
one of the two entropy-fixes presented in section 42.3. We recall that the first one
evaluates the numerical flux on a non-entropy-respecting transonic shock wave by
linearizing p, T and w and computing h and p with the equations of state. Con-
versely, the second one supposes that p, w, h and p are linear function of x1t on a
non-entropy-respecting transonic shock wave. In figures 52.5 and 5.2.6 we present
the results obtained with the shock-shock approximate Riemann solver (coupled

ith the first entropy-fixes; actually the solution obtained wth the second are al-
most identical). As one can see, there are no sensible dferences with respect to the
results obtained with the VLH scheme, i.e. the scheme do not fall in computing neg-
ative internal energies even if the shock-shock solution of te considered Riemann
problem does not exist.
In order to test the robustness of the shock-shock scheme, let us compute a Riemann
problem involving the vacuum formation. We consider a mixture of ases 02 and
Ar), with the following initial conditions

PL 10. PR 3.

PL 10. PR 1. (5.2.3)

WL = -10- C,,L WR = 10- C,,R

YLAr = 0.1 YR, A, = 0-9

Oxygen is supposed to be a polytropic ideal gas, with -y 1.4. Argon presents
-y 5/3. The computations are performed with

Ax = .01, i.e. N = 00, L = .0;

CFL = 07;

tfi, = 003;

SO=TO=2.

In figure 52.7 we present the numerical solutions obtained with the scheme coupled
with the entropy-fix which does not respect the equation of state (actually, even
in this casethe ones concerning the other entropy-fix are almost identical). Note
that the temperature evaluation is completely false, but the method do not compute
negative values for the internal energy.
Finally, let us now consider the following AH transonic rarefaction wave for a mono-
component gas (- = 14):

PL = I- PR 1 1-2

PL = I- PR= 1.5849 10-3

WL = 0- WR = 3.5608
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Figure 52.5: Behavior of the shock-shock FDS scheme in computing the Ein-
feldt test case 5.2.3): the conservative variables (o, m = p w, Et = p et) and
the pressure p.
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Ft ure 52.6: Behavior of the shock-shock FDS scheme in computing the En-
feldt test case 5.2.3): the speed w and T = p1p.

with

• Ax= 0.01;

• CFL = 07;

• SO=TO=2.

In computing it, the shock-shock scheme works. Conversely, if we subtract 1.0
fromW L andWR, it works only if coupled with the entropy-fix which respects the
equations of state. If we use the other one, the density and the total energy remain
positive while internal energy becomes negative, i.e. the shock-shock scheme coupled
with this entropy-fix is not positive preserving. We emphasize that it has been very
difficult to find a test-case where the scheme fails (we find it in analyzing te glitch
problem on strong transonic rarefaction waves!). Conversely, till now, we have not
been able to find a test-case where the shock-shock scheme, coupled with the first
entropy-fix, loses the positivity of the internal energy. From now on, the shock-shock
FDS scheme computations are always performed by coupling the scheme with this
entropy-fix.
As far as the other numerical schemes are concerned, their performance on strong
rarefaction and vacuum computation can be summarized as following:

• Godunov, van Leer, AUSM+ and HUS work;

• the implemented Roe scheme does not and is really weak (as explained
in [EMRS91]).
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Figure 52.7: Behavior of the shock-shock FDS scheme in computing vacuum
formation: the conservative variables and T = p1p.
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5.2.4 Head-on shock collision

In order to analyze the capability of a scheme in computing strong shock waves, let
us cons'der the following Riemann problem for a monocomponent gas 1.4),
proposed in [Lic,95]:

PL = 1 PR = I

PL = I PR = I

WL = 29.5 z:� 25. C,,L WR = -29.5 :�5 25. CsR

The solution is symmetrical and presents two strong shock waves travelling in op-
posite drection with DL= -DR -5.9395. In particular, for DL < x1t < DR, t

is

p 1046.5

p 5.9695

W 0

Note that, in the limit case of

WL = -WR = 00

in the central part it is

P I = 6.

PL I

In the numerical computations we consider

• Ax = .005, i.e. N = 320, L = 16;

• CFL = 07;

t fi, = 0. 0 7;

SO=TO=l.

In figures 52.8 and 52.9 we represent the computed density and pressure. The

AUSM+ computation is the only one which presents important overshots of the

pressure in the proximity of the shock and a big oscillations in the central part of

the density computation. Actually, all the computations present some little oscil-

lations in the central part of density. These numerical oscillations does not appear

on the pressure and velocity profiles, i.e. this numerical structure is a stationary LD

wave. For this reason, it is less evident in the van Leer-H�nel computation (this
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scheme diffuses stationary linearly-degenerate waves).
Here we have only shown the results concerning first-order computations. Actually,
the MUSCL reconstruction and the van Leer-Hinel predictor-corrector do not sen-
sibly improve the numerical results, i.e. the oscillations do not disappear even if we
perform the higher-order reconstructions.

5.2.5 Stationary shock

In the present section we investigate the capability of upwind splitting schemes in
computing ID stationary shock waves. We consider - = 14, PL = 0, PL = 0

and the shock strength, defined as TRITL, equal to 401. This leads to the following
Riemann problem:

PL = 1. PR 4.0584

PL = 1. PR 18.279
WL -_ 4.7048. -_ 33606 C,L WR 1.0321 z� 18385 C,,R

Boundary conditions

It is well-known that in computing stationary flows, the convergence is very sensitive
to the boundary conditions [11160]. In figure 52.10, we represent the left and right
ghost-cells, where we take into account that:

• on the left the flow is supersonic, i.e. we have three nformations entering the
domain (with the velocities A(+), AH, AM), and no information exiting;

• on the right the flow is subsonic, i.e. we have two informations exiting the
domain (at the velocities AM, A(+)) and one information etering (with velocity
AH).

Thus in the left ghost-cell we have to impose the left state; conversely, in the right
one the state is nfluenced by two signals exiting from the interior domain. Wen
possible., the best way to determine ghost cells state is to use the characteristic
formulation of the Euler euations:

OG(j) + A(') o9G(, = (5.2.4)
at Ox



5.2 ACCURACY AND ROBUSTNESS: FOLYTROPIC IDEAL GASES 1D TEST-CASES 112

6.0 vnv 6.0

4.0 4.0

p - Godunov p Roe
- exact exact

2.0 2.0 -

0.0 0.0
-0.8 -0.2 0.2 0.8 -0.8 -0.2 0.2 0.8

x x

6.0 r

6.0

4.0
p 4.0 AUSM+

- VLH exact
- exact

2.0
2.0 -

0.0
-0.8 -0.2 0.2 0.8 0.0E__

-0.8 -0.2 0.2 0.8
x

x

6.0 6.0 r

4.0 4.0

p p HUS
- shock-shock exact
- xact

2.0 2.0

0.0
-0.8 -0.2 0.2 0.8 0.0

-0.8 -0.2 0.2 0.8x
x

Figure 52.8: Head-on shock collision: density.
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Figure 52.9: Head-on shock collision: pressure.
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Figure 52.10: Stationary shock: interior domain and ghost cells.

In the polytropic ideal case, it is

G(±) v 2 C�'

G(o) PP'Y

A(±) w c, AM = w

Thus the right ghost-cell state is determined by the right value of G-) and the value
of G+) and Go) coming from the neighboring cell of the computational domain.
Note that we can recover the primitive variables (and the sound speed) as

I
W = -(G(+ + G-))9

-S -- / IG(+ - G-))
4

-Y-1

,IG(o)= ( )

C,"P
'Y

Numerical computations

In the numerical computations we consider

• Ax = .05, i.e. Nx = 20, L = .0;

• CFL = 07;

It = 000;

• SO=TO=I.
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In this case we perform first-order computations only; anyway, te limiter action
forces te solution to be only first order in the vicinity of the shock.
In figure 52.11 we represent the density and the mass flux m pw, computed

5.0 5.4000

+
0

4.0 0 5.2000

P 30 M 5.0000 0
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F1 ure 52.11: Stationary shock: density p and mass flux m = pw computed9
w'th the van Leer-Hanel FVS (VLH) and the shock-shock FDS schemes.

w'th the van Leer-Hanel FVS and the shock-shock FDS schemes. We compute the
convergence error by using the formula

max P�'

pn i being the numerical estimation of p at the n-th time iteration in the 1-th cell: we
reach 10' with the shock-shock scheme and the zero-machine with the van Leer-
Hanel FVS scheme.
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As one can see, the van Leer-H�nel FVS scheme captures the stationary shock with
three intermediate zones. The shock-shock scheme captures it "almost" exactly: the
computation of m, which is constant through a stationary shock, has a little jmp.
This is due to the fact that the shock-shock scheme computes the intersection of
Rankine-Hugonlot conditions by using the Newton-Raphson method. Then the
jump on mass flux is simply due to the numerical error of the Newton-Raphson
method.
Let us summarize the results concerning the other numerical schemes.

• The exact Rlemann solver captures this stationary discontinuity almost ex-
actly, in the same manner as the shock-shock FDS'.

• The Roe scheme captures exactly this stationary discontinuity.

• The computations performed with the HUS schemes are not sensibly different
from the ones obtained with the FVS schemes used in the coupling.

• The ASM+ captures the shock with two intermediate zones. Actually it
is also possible to capture it exactly, by using a particular definition of the
interface sound speed [Lio96], but this is possible only in the polytropic ideal
case.

5.2.6 Contact discontinuities in monocomponent and mul-

ticomponent gases mixtures

In this section we investigate the behavior of the considered upwind splitting schemes
in computing stationary and moving contact discontinuities.
We emphasize that a numerical scheme which widely diffuses stationary or slow-
moving contact discontinuities contact discontinuities which are slow with re-
spect to the involved speeds of sound) is not a good candidate to compute the
convective part of the reactive Navier-Stokes Equations. In fact, in the case of a
deflagration wave, the propagation of the flame is linked to the diffusion of the
free-radicals and of the heat from the burned to the unburned region. Then if the
numerical diffusion of the scheme on the contact discontinuity is more important
than the physical one, we have a diffusion of the different species due to numerical
effects more than to physical reasons. Thus, it is obvious that the numerical result
we obtain is completely false.
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Stationary contact

Let us consider a monocomponent polytropic ideal gas, with 1.4. The following
't'al condit' n for a Riemann problem

]III 10

PL = 10- PR = I-

PL = I- PR = I-

WL = 0- WR = 0.

represents a stationary contact discontinuity, i.e. an exact weak solution of the ID
Euler equations. As far as boundary conditions are concerned, we can proceed in
the same manner as in the case of stationary shock.
Computations are performed with

• Ax = .01, i.e. N = 00, L = .0;

• CFL = 07;

• Nit,, 10, 50.

In figure 52.12 we represent the first and higher-order numerical results obtained
after 10 and 50 time iterations with the van Leer-Hinel FVS scheme. As any
FVS scheme, it diffuses stationary contact discontinuities. The computed pressure
presents big oscillations, the absolute value of which decrease by increasing the iter-
ations number I As one can see, the predictor-corrector technique does not sensibly
improve the result. As far as the velocity is concerned, its computation presents the
same characteristics as the pressure one.
As far as the other upwind schemes are concerned, we recall that the exact Rie-
mann solver, the -shock-shock and the Roe FDS schemes, HUS and AUSM+ exactly
capture stationary contact discontinuities.

Moving contact in a monocomponent gas

If we consider the previous Remann problem and add a velocity to the left and
the right speed, we have another weak solution of the ID Euler equations, the
moving contact discontinuity. In this case, if the spatial grid is fixed ("Eulerian"
formulation), the schemes cannot compute it exactly.
First of all, let us consider a slow-moving contact discontinuity, i.e. WL = R

0.05 _- 013 C,L -_ 0041 C,,R. Computations are performed with

'We recall that, in computing Remann problems in regular grids, the numerical solutions
fU'j`1 only depend on Ax/At (see equation (5.1.1)). Thus the effect of increasing the time
iterations number Nter is the same as the increase of the number of cell Nx.
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Figure 52.12: Stationary contact: on the top, results after 10 iterations; on the
bottom, results after 50 iterations. First order and space-time reconstruction
computations are performed with the van Leer-H�nel FVS scheme.
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• Ax = .01, i.e. Nx = 00, L = .0;

• CFL = 07;

• tfi = 02;

• SO=TO=2.

In figure 52.13 we represent the density and the pressure computed with the shock-
shock FDS and the van Leer-Hanel FVS scheme. As one can see:
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Figure 52.13: Slow-moving contact: note that in the computation performed
'th the van Leer-Hanel FVS scheme the contact is much more dffuse wth

respect to the one performed with the shock-shock FDS scheme.
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• the van Leer-Hinel FVS scheme computations present some oscillations on the
pressure (as well as on the velocity, not shown here);

• the contact discontinuity is much more diffused by the FVS scheme than by
the shock-shock FDS scheme.

All the other schemes present no any oscillation on the pressure and the velocity
computations, and they dffuse the contact discontinuity in the same manner as the
shock-shock FDS scheme.
Finally, if we consider a fast-moving contact discontinuity (for exampleWL = WR

1. 0 ;z:� 2.67 C.,,L z� 085 C,,R), we can observe that In that case,

• the van Leer-Hiinel FVS scheme computations present some oscillations on the
pressure and the velocity solutions, even if not so important as in the former
cases;

• all the other schemes present no any oscillation on the pressure and the velocity
computations, although they diffuse the contact discontinuity.

We emphasize that, in the case of a supersonic contact discontinuity. the behavior of
the upwind schemes is the same (in that case, any upwind splitting scheme reduces
to the exact Riemann solver).

Moving contact in a multicomponent gas

It is well-known that if we compute a moving contact discontinuity for a multicom-
ponent polytropic ideal gas with -�L -YR, any upwind splitting scheme computes
big oscillations on the pressure and the velocity field, if applied in a conservative
finite volume approach [CAFL90, Abg96, JMT97, Shy98].
More in general, if we compute the solution of a Remann problem which is not a
moving contact discontinuity, in the proximity of the contact discontinuity there are

'llat'ons on the pressure solution; however, the contact dscontinuity widely
diffused. Let us consider the following Remann problem for of a mxtureOf 02 and
Ar:

PL = 100- PR = 1.

PL = 100- PR = I- (5.2.5)
WL = 0. WR = 0.

YLAr = 0-0 YRA, = I-

We suppose that oxygen has = 14, and argon presents - = 53. In figure 52.14 we
represent velocity ad the pressure computations obtained with the van Leer-H�nel
FVS scheme (CFL = 07, tfi, = 0.1, IV, = 00, L = .0, first order and higher-order
computations). Note that
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Fz' ur 52.14: Shock tube problem 5.2.5): pressure and velocity computations9
(van Leer-Mnel FVS scheme, CFL = 07, tfin, = 0.1, N = 100).
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• there are not important oscillations on pressure and velocity computations;

• the space-time reconstruction improves the computational result in the inter-
mediate constant state region (moreover, it reduces the glitch in x1t = 0).

Let us perform the computation of the same problem with CFL = . 1 t = .1,
SO=TO=2, Nx = 50, 100, 500, 1000. In table 52.1, we represent the numerical
error on the momentum m = pw, defined as

lVx = 50 N = 100 Nx = 500 � N = 000

Godunov 1.075 0.661 0.187 0.125

shock-shock 1.357 0.770 0.238 0.148

van Leer-Hanel 1.151 0.710 0.178 0.121

HUS(VLH+CG) 1.142 0.706 0.1,179 0.122

Table 52.1: Shock tube problem 5.2.5): numerical error on m = pw (CFL
0.7, tfi,, 0.1, SO = TO = 2.

Err imi - M,.,(Xi)IAX

relative to the exact Remann solver, the shock-shock FDS, the van Leer-Hanel FVS
and HUS schemes. Note that the shock-shock scheme is less precise than the other
schemes; this is probably linked to the fact that the left GNL wave is a very strong
transonic rarefaction wave, i.e. at the first iterations the intermediate states are
badly evaluated. Conversely, the van Leer-Hinel FVS is the most accurate. This
confirms the good behavior of this scheme in computing test-cases involving strong
rarefaction waves. As represented in figure 52.15, the contact discontinuity is widely
spread.
Let us now consider the computation of the following moving contact discontinuity
for a mxtureOf 02 and Ar:

PL = 10- PR = I 

PL = PR =

WL = WR =

YLAr = 0-0 YRAr =

Numerical computations are performed by using the same parameters as in the
previous case and with predictor-corrector technique. We only consider the Godunov
method and the van Leer-Hanel FVS (for the other schemes the result is analogous;
in particular, for the van Leer-Hanel FVS, the spurious oscillations on the pressure
are slightly more pronounced). The computed pressure of this Remann problem is
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Figure 52.15: Shock tube problem (5.2.5): momentum in the vicinity of the

stationary contact. All the computations are performed with the predictor-

corrector approach.
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represented on the left side of figure 52.16. As one can see, convergence is really slow.
On the right side of figure 52.16 we represent the numerical solution of a similar
Cauchy problem, but in the initial condition we "linearly" diffuse the density and
the argon mass fraction in cells on each side of the discontinuity. Note that, in that
case, the numerical oscillations drastically reduce. Actually, we diffuse the initial
contact discontinuity in the same manner as any upwind method diffuses contact
discontinuities in computing a general Riemann problem, which does not consist in
an isolated contact discontinuity. Note that this expedient can be very efficient in
computing Cauchy problems with adaptive grids.
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o-� Godunov 100 elts) 0.990 Godunov (1 00 elts)
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X X
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Figure 52.16: Moving contact with different -y: on the left classical Riemann
problem with PLIPR IO.; on the right the discontinuity has ntially been
diffused into 10 cells.
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5.3 CPU-time consumption

In this section we evaluate the CPU-time performances of the shock-shock and
the HUS (van Leer-Hinel FVS shock-shock FDS) schemes in computing non-
polytropic ideal gases flows. In particular, we compare them with the van Leer-ffiinel
FVS scheme, which is reputed to be a low CPU-time consuming scheme.

5.3.1 Blast-wave interaction

Let us consider a test-case very similar to the blast-wave interaction problem, pro-
posed by Woodward and Colella in [WC84]. The blast-wave interaction consists in
computing the solution of the ID Euler equations for a monocomponent polytropic
ideal gas ( = 14), in the space interval (-0.5,0.5), with the initial condition

P 1.0

W 0.0

1000.0 -0. < x < -0.4 (5-3.1)

P= 0.1 -0.4 < x < 0.4

100.0 0.4 < x < 0.5

and wall boundary conditions in x = ±0.5. At the be-inning (t > 0), the left and the
right discontinuities generate two locally self-similar solutions, which interact with
the left and right walls. The resulting structures are two blast waves travelling each
towards the other. Then they interact and, at tfi, = 38 10-2, the resulting wave
structure is very complicate, and contains strong shocks, rarefactions and contact
discontinuities.
Let us now compute the Cauchy problem with initial condition (5.3.1) but for a non-
polytropic ideal gas. The non-dimensional gas constant and the constant volume
speci'fic heat capacity are given by

R = 1.0

c, (T) = 1.52335872 000321-050387 T - 174049449 . 10-6 T 2

+ 7.55882706 - 0-1 T 1.3645-929 1-13 T 4

c,(T) is the fourth degree regression of the function v2_.'2�5+ I.-I25 1�0`1 T evaluatedZD 0

on 1000 points on the temperature interval (0, 2000). Note that

c, (T = ) I 5 -y(T = ) ;z 53

c,(T = 2000) -_ 5 -y(T = 2000) ;zz 12

By imposing
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tfin 3.5 10-2 ;

Ax 2. 10-3, i.e. N = 500, L = ;

CFL = 07.

we perform first (SO = TO = ) and higher-order (SO = TO = 2 computations.
Of course, the exact solution is very difficult to determine; for this reason we have
computed a reference solution with the van Leer-Hanel FVS scheme (SO = TO = 2,
on a finer grid (Ax = 4 10-4, 1. e. IV, = 2 0 0).
In figure 53.1 we represent the solutions obtained with the van Leer-Hanel FVS
scheme, compared with the reference solution (note the efficiency of the predictor-
corrector approach). Actually, the solutions obtained with the other schemes are
not sensibly different. The other schemes present the same behavior. In table 53.1

5.00 500.00
Reference solution Re�erence solution
NX=500, SO=TO=2

....... .. Nx=500, SO=TO=l ---- NX=500, SO=TO--2
4.00 NX=500. SO=TO=l400.00

3.00 300.00

2.00 200.00

1.00 100.00

0.00 0.00-0.5 -0.3 -0. 1 0.1 0.3 0.5 -0.5 -0.3 -0. 1 0.1 0.3 0.5
X

X

Reference solut ion - Re ferenc e solut ion
15.00 - ---- Nx=500, SO=TO=2 1.60 ---- Nx=500, SO=TO=2

Nx=500, SO=TO=l NX=500, SO=TO=l

10.00
1.50

5.00

1.40

0.00

1.30
-0.5 -0.3 -0. 1 0.1 0.3 0.5 -0.5 -0.3 -0 I 0.1 0.3 0.5

X X

Figure 5.1: Blast waves interaction: the numerical solution obtained with
the van Leer-Hanel FVS scheme.

we represent the numerical error on the density, (improperly) computed as

Err 1p - p,,�fjjAx
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where the sum concerned the values associated to the cell center of the coarser grid
(N = 500). We emphasize that a CPU-time consumption evaluation is sensate only
if they are not sensibly dferent (as it is in this case). In table 53.2 we present the

SO=TO=l SO=TO=2

van Leer-H�inel 0.1743 0.06318

shock-shock 0.1589 0.05697

HUS 0.1690 0.06029

Table 53.1: Blast waves interaction 53.1): numerical error on the density
computation (with respect the reference solution).

CPU-times obtained by -using these numerical schemes. As you can see,

SO = TO = SO = TO = 2

Numerical scheme tCP s tcPU/tCPUVLH tCPU (S) tCPU/tCPU'VLH_

van Leer-H�nel 172 1.00 562 1.00

shock-shock 204 1.19 502 0.90

HUS 277 1.61 668 1.18

Table 53.2: Blast waves interaction (5.3.1): comparison of the CPU-time
consuming.

• the shock-shock FDS scheme is slightly the most accurate, while the van Leer-
H�nel FVS is the least one. Actually, we are dealing with a problems which in-
volves strong shocks interaction; thus this result is not astonishing (the shock-
shock FDS scheme behave like the exact Remann problem on strong shock).

• The HUS scheme is the most CPU-time consuming. In first order computa-
tion the less CPU-time consuming is the van Leer-Hdnel FVS, while in hgher-
order computation the fastest one is the shock-shock FDS scheme. We em-
phasize that the CPU-time consuming depends on the way of programming
the schemes. Anyway, it is obvious that in the higher-order computations
the advantage of FVS schemes drastically reduces; this is due to the fact
that predictor-corrector algorithm is very CPU-time consuming, i.e. te CPU-
time relative to the flux evaluation becomes less important. Moreover, all the
schemes involving a Newton method to perform a field-by-field decomposition
of the interfacial Remann problem are favored by the reconstruction, because
in smooth flow regions the interfacial states are closer. Thus the number of
iterations necessary to solve the interfacial Riemann problem is reduces as we
uses a predictor-corrector reconstruction.
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5.3.2 Shock tube with a strong rarefaction wave

Let us computed the shock tube problem for a mixture of non-polytropic ideal 02

and IV2, presented in section 33.3 (see table 33.1):

PL 10. PR 0.1

PL 1.0 _ 106 PR 1.0 104

WL -150. WR -150.

YO,,L 0.222150 Y02,R 0.820451

By using the following numerical parameters,

Ax = 0002, i.e. Nx = 500 and L = ;

CFL = 07;

tfi, = 0.005;

we perform first (SO = TO = ) and higher-order (SO = TO = 2 computations. In
figure 53.2 we represent some solution profiles obtained with the shock-shock FDS
scheme (the solutions obtained with the other schemes are not sensibly different).
In table 53.3 we represent the numerical error on the density. Finally, in table 53.4,

SO=TO=l SO=TO=')
van Leer-ffiinel 0.0683 0.0157

shock-shock 0.0611 0.0156
HUS 0.0684 0.0157

Table 53.3: Shock tube with a strong rarefaction wave: numerical error on
the density computation (with respect the exact solution).

the CPU-times relatives to the performed computations are shown.

SO = TO = I SO = TO = 2

Numerical scheme tCPU (s) tcPU/tCPUVLH tCPU (S) tCPU/tCPUVLH

van Leer-H�nel 66.3 1.00 175 1.00
shock-s 87 r� 1.32 192 1.10

hock I.,

HUS 95.6 1.44 201 1.15

Table 53-4: Shock tube with a strong rarefaction wave: comparison of the
CPU-time consuming.
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Figure 53.2: Shock tube with a strong rarefaction wave: the numerical solu-
tion obtained with the shock-shock FDS scheme.
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• Even in this test-case, which involves a strong rarefaction wave, the shock-
shock FDS is slightly more accurate than the other.

• The HUS scheme is still the most CPU-time consuming, while the least one
is the van Leer-Hanel FVS scheme. As in the former case, in the predictor-
corrector computations, the CPU-time consumption differences are not very
important.

Conclusions

The analysis of the test-cases here presented, resumes in tables 53.5 and 53.6,
confirms that:

• The Godunov scheme performs well on LD and GNL fields, i.e. it is robust
and precise.

• The van Leer-H�nel FVS schemes performs well on test cases involving GNL
fields (strong shock and rarefaction waves); however it smears LD fields (con-
tact discontinuities).

• The implemented Roe FDS scheme is very precise (exact capturing of station-
ary discontinuities), but suffers from a lack of robustness in low densities flow
computations.

• The hybrid methods based on pressure splitting (the AUSM family) improve
on FVS schemes for the resolution of LD fields while not performing quite as
well for the resolution of shock waves.

Concerning the shock-shock FDS and the HUS (van Leer-Hanel FVS shock-shock
FDS), we have observed that

• The shock-shock FDS scheme coupled with the entropy-fix which takes into
account the equations of state, is robust on GNL fields. As the exact Riemann
solver, it exactly captures stationary discontinuities. Moreover, its CPU-time
consumption is comparable with the one of the van Leer-Hanel FVS. Actually,
it is less accurate than the Godunov scheme in computing Riemarm problems
involving strong rarefaction waves.

• The HUS scheme of Coquel and Lou is very robust. It exactly captures
stationary contact discontinuities, but not stationary shock waves. Concerning
the CPU-time consumption, it is slightly less efficient than the shock-shock
FDS scheme.



Test-case Purpose Results

Shock-shock scheme Entropy fix orks
To verify te eiciency of the

on transonic expan- 9 MUSC ad predictor-corrector reconstructions reduce
entropy fix

sion waves the glitch problem

* Temperature badly estimated

Strong rarefaction To verify the robustness of * Codunov, HUS, van Leer-ffinel, AUSM schemes works

waves and vacuurn the nmerical scheme in com- e shock-shock scheme works if coupled wth the entropy-

fori-nation puting CNL waves fix wich takes to account the equations of state

* The implemented Roe scheme is very weak

Head-o sock colli- To verify te robustness of 9 In AUSM+ computations, big oscillations in te central

sion the numerical scheme i com- part of te density solution and in the vicinity of the

puting CNL waves shocks i te pressure solution

To verify te accuracy of te * Godunovshock-shock, Roe schemes exactly capture it

Stationary shock schemes in computing sta- e The other schemes captures it with two or tree inter-

tionary discontinuities mediate zones

To verify te accuracy of * Van Leer-Hiinel FVS scheme smears the stationary con-

Stationary contact the schemes i computing tact discontinuity; in particular, te computed pressure

discontinuity stationary discontinuities and present ig oscillations wich decrease with time (or, at

LD fields the same tfj, by decreasing x)

Table 53.5: ID numerical computations: surnmary of te results



(7:

Test-case Purpose Results 0

e In Etilerian formulation, all te schemes smear it

9 If -y is constants all the schemes, except te FVS one,
compute pessure and velocity field without any oscilla-

Moving contact dis- To verify te accuracy of tion

continuity the schemes in computing LD e If -y varies troug te dscontinuity, all te schemes
fields

compute pressure and velocity fields with big oscilla-
tions; actually, oscillations can be drastically reduced
by te "artificially" diffusion of te initial conditions

Blast waves interac- Evaluation of te CPU time e HUS is te slowest one

tion (non-polytropic consuming of HUS van Leer- e Van Leer-H�nel and shock-shock schemes are te fastest
ideal gas, c,,i fourth H�nel + shock-shock), van ones i lugher-order computations (11ancock-van Leer
degree polynomial of Leer-H�nel and shock-shock predictor-corrector), the shock-shock scheme is even
T) schemes faster tan the van Leer-H�nel scheme

Shock tube problem Evaluation of te CPU time

with a strong rar- consuming of IIUS (van Leer- 9 HUS is te slowest one

efaction wave for a ffinel + shock-shocl�), van 9 Van Leer-ffinel is the fastest one
non-polytropic ideal Leer-H�nel ad shock-shock
gas schemes

Table 53.6: ID numerical Cmputations: summary of te results.



Chapter 6

Numerical Results for 2D Flows

Introduction

In this chapter we test both the accuracy and the robustness of the shock-shock FDS
and the HUS scheme in computing 2D flows on both structured and unstructured
grids. We compare these schemes with the Godunov scheme and with the van Leer-
H�nel FVS scheme. The AUSM family and the Roe solver have not been considered,
because 1D experiments have confirmed their problems in computing strong shock
waves (the former) and low density flows (the latter).
After a brief presentation of the implemented algorithm to compute 2D flows, in
section 62 we present the computation of an isentropic flow in a nozzle of varying
section both on structured and unstructured grids. Because of the smoothness of
the flow, this test-case is very useful to determine the efficiency of the space recon-
struction algorithm.
Another classical test-case is the computation of the interaction of two horizon-
tal supersonic Jets (section 63). Here the purpose is to test the capability of the
schemes in capturing stationary contact discontinuities. As already mentioned, this
property is very important if we want to use the numerical scheme to compute the
convective part of the Navier-Stokes equations, in an operator splitting strategy. In
fact, if the scheme diffuses stationary discontinuities, it might be so diffusive that
the numerical diffusion becomes comparable to the physical one.
Finally, a sequence of test-cases involving moving and stationary shock waves are
computed (section 64): their importance is obvious, the detonation being a physical
mechanism governed by the propagation and interaction of shock waves.

133
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6.1 Preliminaries

6.1.1 The multidimensional algorithm

Let us briefly illustrate the algorithm we implement to compute the Cauchy problem
for 2D Euler equations

19U+ Ai + A5 = (XI Y) V > 
Ot O X ay

U(X, Y, = 0 = UO(X, Y)

U is the vector of conservative variables, Li Li are the fluxes in the XI y directions,
i.e.

P PWX PWY

PW, PW 2+ P PWXWY
X

PW Y PWXW Y PW 2 

U pet I Li PWxht I L PWYht

A PW., Y PWYY1

PY.-I pw.,�Y.-, PWYY.-1

and V is a compact domain.
In the implemented algorithm, presented in details in appendix C, this problem is
solved with a "cell-centered" Finite Volume approach on fixed unstructured grids.
Summarizing:

the total domain V is decomposed into a partition IVl, constituted of quad-
rangles and triangles. Then, by integrating 6.1.1) in V, we obtain

d
ViUj(t) + L,�,dS = (6.1.2)

dt la Vi

where

U (t) U(x, y, t)dV
Vi Vi
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PWfi

PWf' W + Cos

pw.h W + p sin 

pwfht

P Wh Y

PWfiY.-I

h is the normal to the elementary surface dS (see figure 61.1) and

Wi = 1� W, Cos WY sin 

ds

Figure 6 1: Elementary surface: (i, ) and (h, i) frames.

• The numerical solution of the problem 6.1.2) is performed by evaluating Lh

in the center of each face (i.e. we only consider one integration point on each
face). This cannot be performed with a two-level explicit scheme in time
and a central scheme in space, the method being unconditionally unstable.
Conversely, it can be performed by considering a local ID Riemann problem
(section CA).

• The left and right states of this Remann problem can be the average states
of the two element containing this surface. Conversely they can be computed
with a MUSCL approach or the Hancock-van Leer predictor-corrector ap-
proach, in the same manner as in ID case.
The only difficulty is the numerical evaluation of the limited gradient on un-
structured meshes. The one here proposed is based on the k-exact reconstruc-
tion method applied to linear polynomial (k = ), coupled with the Barth-
Jespersen limiter [Del96] (section C.3).
Even in multidimensional case, we prefer performing the reconstruction on

itive variables p, tV, p and Y and not on conservative ones. The reasons
are the same as in the monodimensional case (see section 5.1).

• The boundary conditions are imposed with the ghost cells technique (sec-
tion CA).

• Of course, a multidimensional CFL-like parameter is also defined (section C.2).
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6.1.2 Numerical parameters

We only consider test-cases for polytropic ideal gases. The purpose is the evaluation
of the robustness and the accuracy of the numerical schemes extended to the ideal
gas model with respect to the Godunov scheme (designed for polytropic ideal gases
mixtures). All the computations are performed for the non-dimensional Euler equa-
tions. As in ID computations, the numerical parameters we impose to calculate the
numerical solutions are:

tfin, te final time or, alternatively, the number of iterations in time;

the CFL-like parameter;

SO, i.e. theoretical space order;

TO, i.e. theoretical time order.

As usual, the case SO=2 and T=I refers to MUSCL reconstruction, while
SO=TO=2 refers to predictor-corrector approach.

6.2 Isentropic flow in a channel with varying sec-
tion

This test-case consists in the computation of the stationary solution of an sentropic
flow in a channel, whose section varies regularly. The domain is represented in
figure 62.1: the lower wall is described by

. . . . . . . . . .=-7-71-7

Figure 62.1: Channel with varying section: internal and ghost domains (the
bump is exaggerated).

0.1 (I + COS(7rX)) 1 < X <

=

0 if -2 < x < -1 or I < x < 2
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while the upper is at y = . Note that the domain is symmetric with respect to the
axis x = (i.e. the y axis).
The uniform flow enters the channel with Mach number M = .5, p = 14, p = I
(state (1)) and remains subsonic throughout the whole channel, i.e. sentropic. Thus,
the domain being smmetric with respect to the y axis, the stationary physical
solution presents the same property.
As far as the boundary conditions are concerned, we have

• wall conditions on the top and the bottom boundaries;

• inlet subsonic condition on the left border (i.e. three waves entering and one
ex I

• outlet subsonic condition on the right border (i.e. three waves exiting and one
entering).

As explained in section 52.5 (computation of a ID stationary shock wave), we use
the ghost cells approach. Thus, at the inlet we have to impose three strong (phys-
ical) conditions and one weak (numerical) condition; conversely, at the outlet we
have to impose one strong condition and three numerical conditions. The flow being
one-dimensional at the inlet and at the outlet, we impose these boundary conditions
by considering the ID Euler equations in their characteristic formulation 52.4),
together with the equation of the splitting of w .
As far as the initial condition is concerned, for the first-order calculations we impose
the physical value at the inlet everywhere; conversely, for the higher-order calcula-
tions we impose as initial conditions the solution of the first-order ones.
The purpose of this test-case is the verification of the accuracy of the predictor-
corrector scheme; in particular we want to verify whether the evaluation of the
gradient is efficient on unstructured grids. The flow being sentropic and smooth, we
can compute the solution without limiting the gradients.
All the computations are performed with the original van Leer scheme [vLS2]. Any-
way, we are only interested in the efficiency of the reconstruction algorithm, inde-
pendently on the used flux splitting scheme.

Convergence study on structured and unstructured grids

We compute the smooth flow on three different unstructured (figure 62.2) and
structured grids (see figure 62.3). As shown in figure 62.4, the convergence to
stationary state is very slow. This is normal as we use a global time step (the same
time-step for all the spatial domain) while for stationary problems a local time-step
technique is suggested (see [PaI95]). We recall that our general objective is the
computation of unsteady flows; for which a global time-stepping is required.
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\/\// \Z\ZV\/,\/\/\/\//
V V

A

................................................. ......... ...

Figure 62.2: Channel with varying section: sequence of unstructured grids
used for the convergence study. The coarse grid has 552 triangles; the medium

id is obtained from the coarse by dviding each triangle in four equal ones
(2208 triangles); the same for obtaining the fine mesh from the medium one
(8832 triangles).
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F-1

+4+-

Figure 62.3: Channel with varying section: sequence of structured grids used
for the convergence study. The coarse grid has 32 x 8 256) quadrangles; the
medium grid is obtained from the coarse by dividing each quadrangle in four
equal ones 1024 elements); the same for obtaining the fine mesh from the
medium one 4096 elements).
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Figure 62-4: Channel with varying section: a convergence history. The error is

loglo(Er,,), defined by 6.2.2). For the higher-order computation we consider

as initial solution the result of low order computation.

The flow being isentropic, we evaluate the orders of accuracy in L2 and L norms

of the entropy deviation , defined as

(6.2.1)

w'th

P
P'y

Then

L2(a) 0'2dV� IV JV V

L,, (o-) max j
i

As convergence criteria, we consider Er... and L2(0'*"), defined by

Er. max WI` - �Z I (6.2.2)
co Z. P�'

Z
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,*,n)2

L2(17*") V

w'th

8 In+1

a,,, = I 
3 /n

In table 62.1 we represent some results of the computations. As far as the choice
of CFL is concerned, we emphasize that

e in first order computation we have chosen a very little CFL number 0.25) in
order to allow a slow formation of the stationary solution.

9 In higher order computation (SO=TO=2), we have chosen a larger CFL num-
ber (0.5). We recall that, in this case, we have used as initial condition the
solution obtained in the first order computation.

* Actually, a study concerning the maximum CFL we can use to keep the conver-0
gence has not been performed. Here the purpose is ust the study the accuracy
of the higher order reconstruction.

Inputs Convergence Results
Grid SO TO CFL L2 (,*,n) loglo Er,, L2 (7) L. (o-)
S C I 1 0.25 6.50 10-8 -5.65 1.08 10-2 2.98 10-2

S M 1 1 0.25 1.72 10" -6.12 6.33 10-3 2.03 10-2

S F I 1 0.25 1.29 10" -5.23 3.50 10-3 1.27 10-2

S C 2 2 0.5 6.70 10-9 -5-60 1.66 10-3 6.01 10-3

S M 2 2 0.5 9.95 10-9 -5.33 5.30 10-4 2.73 10-3

S F 2 2 0.5 8.13 10-9 -5.00 1.82 10-4 1.50 10-3

U C I 1 0.25 3.57 10" -5.75 6.35 10-3 1.95 10-2

U M I 1 0.25 3.49 10-9 -6.04 3.66 10-3 1.29 10'
10-8 10-3 -. 98 10-3U F I 1 0.25 6.98 -4.37 2.00 1

U, C 2 2 0.5 2.05 10-8 -5.19 4.09 10-4 2.41 10-3

U M 2 2 0.5 1.64 10-'s -5.03 1.32 10-4 1.08 10-3

U F 2 2 0.5 1.37 10" -4.72 F4_39 10--" 5.09 10-4

Table 62. 1: Channel with varying section: results of the simulation; by we
mean unstructured, by structured, by C coarse, by M medium., by F fine;
for example U C is the coarse unstructured grid.

In table 62.2 and in figure 62.5 we represent the order of accuracy in the structured
and nstructured grid; all the results confirm the accuracy of the predictor-corrector
approach on both structured and unstructured grids.
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Grid SO TO L2 order L order
S I 1 0.81 0.62

S 2 2 1.59 1.00
U I 1 0.83 0.64

U 2 2 1.61 1.12

Table 62.2: Channel with varying section: order of accuracy in structured and
unstructured meshes (the notations are the same of table j.2.1).

1.08-01 1.0" I
SO = 0----E SO = 
SO = 2 o----o SO = 2

slope 0.81

1.0e-02 1.0e-02 slope 0.62

M
slope 1.59

1.0e-03 1.0e-03 slope 1.00

1.0e--04 1.0e-04
0.1 1.0 0.1 1.0

h1hC h1hC

1.0e-02 1.0e-01
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o-e SO = 2 slope 0.64
0---e SO = 2

1.0e-03 slope 0.83 1.0e-02

'E slope 1.12

1.0e-04 1.0e43 L

slope = 161

1.0e-05 1.0e-04
0.1 1.0 0.1 1.0

h1hC h1hC

Figure 62.5: Channel with varying section: order of accuracy in structured
(top) and unstructured (bottom) meshes, computed on the variable o-, de-
fined by 62.1). By h we means te medium diameter of the cell in the
considered mesh; hC the medium diameter of the coarser mesh. Thus
h1hC = 10,0.5,0.25.
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The gradients limiters

As mentioned before, the gradients limiters are inactivated, because in this compu-
tation it is not useful. Conversely, if activated, it would have degraded the accuracy
of the solution. In figure 62.6 we represent the Mach solines computed on the
medium unstructured grid for first-order and the higher-order calculation with and
without the limiters action and in table 62.3 we show the error norms for these

Computation L2 (O-) L,, (a)

First Order 3.66 10-3 1.29 10'

Limiters On 5.59 10' 3.78 10-3

Limiters Off 1.32 10-4 1.08 10-3

Table 62.3: Channel with varying section: comparison of the computations
on the medium structured grid.

three computations. Although the computation performed with the limiters is less
accurate than the one performed without, it is sensibly more accurate than the
first-order computation.

6.3 Jet interaction

In this section we present some numerical results concerning the interaction of two
horizontal supersonic jets which are suddenly brought into contact. Two different

'dered. In the first case the jets present dferent pressures while
cases are consi I in
the second case the pressure is te same. In both the cases, we are interested in the
stationary solution.

Different pressures

In this case, proposed in [Pa195], the upper stream state is given by iV1 4.0,
0.25 and the lower stream state is gven by M = 24, p 1.00,

p 1.00. The physical solution is represented in figure 63.1. It consists of

• a shock wave propagating in the low pressure region;

• an expansion fan propagating in the high pressure region;

• a slip/contact dscontinuity.
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4.51601 &07E.01 5,64E.01 620E-01 &77E-01 7.33E-01 7AW-01 SAGE-01

Mach number: min = 04223 max = 08742
VL-FVS, SO = TO = ; Unstructured Medium Grid
I isolines: min = 04505 max = 08456

4.SBE-01 5-OE-01 SAM-01 &43E-01 7.05E-01 7.6M-M a-9E-01 8.90E-01

Mach number: mn= 04274 max= 0921 
VL-FVS, SO = TO = 2 Limiters, Unstructured Medium Grid
I isolines: min = 04582 max = 08902

4.67E-01 SAPE-01 SAI"I 6.44E-01 7.08E-01 7.98E.01 B-ACE-01 L92E-M

Machnumber: mn=0.4262 max=0.9232
VL-FVS, SO=TO=2; NoLimitersUnstructuredMediumGrid
15 isolines: min = 04573 max = 08921

Figure 62.6: Channel with varying section: the effect of the limiters of the
gradients: Mach number isolines.
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M=4.0 Shock wave

--------- slip/contact

M=2.4 Expansion Fan

Figure 63.1: Jet interaction test-case

Moreover, the flow results everywhere supersonic. For that reason it can be shown
that the stationary problem is hyperbolic and in the x-axis plays the same role as
the time in the 1D Euler equations.
In figure 63.2 we represent the internal and ghost domain, with the boundary and

Y

1 0 . . . . . . . . . .

(1)

(2)

0 10 x

Fiyure 63.2: Jet interaction test-case: initial and boundary conditions. The
flow being supersonic. at the ghost cells of the inlet we impose the states )
(upper state) and 2) (lower state) while at the outlet we have to impose four
numerical conditions.

't'als conditions; the upper state as (1) and the lower one as 2 As
far as the boundary conditions are concerned, we impose:

e inlet supersonic conditions on the left border 4 strong conditions);
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• outlet supersonic conditions on the right border 4 weak conditions);

• wall conditions on the top and on the bottom border.

We compute the stationary solution

• on a structured grid of 80 x 80 cells,
'th the predictor-correcto

wi r approach (i.e. TO=SO=2).

Note that the stationary contact discontinuity is not aligned with the -rid; thus we
can test the capability of the different schemes in capturing this stationary contact
discontinuities not aligned with the grid. We consider the schemes of Godunov,
shock-shock, van Leer-Hanel and HUS (van Leer-Hanel FVS shock-shock FDS).
In all the computations, the convergence to the stationary solution is very fast. The
solutions obtained with the various schemes are almost the same: in figure 63.3 we
represent the density and the pressure on section SI (xsl = 10/3) and in figure 63.4
we represent the same variables on section S2 (XS2 = 20/3).

Same pressure

If the pressure is the same in the two we have a stationary slipstream. In
the following test-case, the upper stream state (state (1) in figure 63.2) is given
by M 4.0, p 0.50, p = .00 and the lower stream state (state 2 is given
by M 2.4, p 1.00, p = .00. Let us perform some computations on Cartesian
structured grids and unstructured grids.
On the Cartesian structured grid, the stationary contact discontinuity is aligned

'th the grid- thus we can test the behavior of the schemes in capturing stationary
contact aligned with the grid. In this case, the schemes of Godunov, shock-shock
and HUS exactly capture the stationary contact discontinuity; conversely the van
Leer-Hanel FVS scheme dissipates it, producing sensible oscillations on the pressure
field.
Let us perform some computations with this FVS scheme (with SO=TO=2) At
tfi, = 10, the convergence to the stationary solution is reached. In table 63.1
we represent the error norms on the pressure in the different computations. Note
that the numerical solution does not converge to the exact one in L norm. The
convergence in L norm is very slow. In figure 63.5 we represent the computations
done with the 80 x 80 cells. The maximum of the pressure is in the first cells
along the medium line y = , where the two 'ets start interacting; such maximum
does not decrease by increasing the number of cells. In figures 63.6 and 63.7
we represent the density and the pressure in the section and S2 xsl = 03
and XS = 20/3). When the number of cells increase, the contact discontinuity is
absolutely less diffused (but the number of intermediate zones is almost the same) 
Let us now consider the case of the unstructured grid, represented in figure 63.8.
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Figure 63.3: Jet interaction (different pressures): density and pressure on
section SI.
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Figure 63-4: Jet interaction (different pressures): density and pressure on
section S2.
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Figure 63.5: Jet interactions, case of constant pressure (van Leer-Hinel FVS
scheme).
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Figure 6.3.6: Jet interaction, case of constant pressure: density and pressure on

section SI (VLH-FVS scheme, structured grids, predictor-corrector strategy)-
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Figure 63.7: Jet interaction, case of constant pressure: density and pressure on
section S2 (VLH-FVS scheme, structured grids, predictor-corrector srategy)-
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Grid L,, (p - p,,) L 2 p - p,,)

20 x 20 1.253 10' 3.637 10-2

40 x 40 1.253 10' 2.794 10-2

80 x 80 1.253 10' 2.108 10-2

Table 63.1: Jet interaction, case of constant pressure: the norms of the error
on the pressure in VLE-FVS computation with predictor-corrector strategy.

Figure 63.8: Jet interaction, case of constant pressure: the unstructured grid
(20 x 20 elements), with the ghost cells at the inlet and at the outlet; we have
also represented the sections SI and S2 xSj �� 10/3 andXS2-- 20/3)
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This domain is obtained from a structured one 20 x 20), by perturbing the vertex
itions wth a white noise of amplitude 0.1 (the cell dimension s 0.5). In this case

the slipstream is not aligned with the grid; thus any scheme cannot exactly capture
it. As in the previous case, we take SO=TO=2 and tfi = 10. In figures 63.9
and 63.10 we represent the pressure and density profiles in the sections SI and
S2 (xsi = 10/3 and XS = 20/3); in table 63.2 the L, and L error norms on
the pressure are represented. Although the behavior of the schemes is qualitatively
similar, the pressure oscillations are slightly more pronounced for the computation
performed with the van Leer-Hanel FVS scheme.

Scheme Loo (p - pex) L2(P - Pex)

Godunov 1.367 10' 3.029 10-2

shock-shock FDS 1.367 10' 3.030 10-2

VLH-FVS 1.722 10-1 4.205 10-2

HUS 1.560 10' 3.216 10-2

Table 63.2: Jet interaction, case of constant pressure: the norms of the error
on the pressure in the computations performed with the different schemes (with
predictor-corrector strategy) on the unstructured grid.

General conclusion

These two test-cases confirm the inability of the van Leer-Hanel FVS scheme in
capturing contact discontinuities aligned with the grids (this problem concerns all
FVS-scheme); conversely Godunov, shock-shock and HUS schemes exactly capture
them.
If the discontinuity is not aligned with the grid, the computations performed with
the considered schemes are qualitatively similar, but the FVS scheme is lightly more
diffusive than the others.

6.4 ID travelling shock computations

Let us consider the so called odd-even perturbation test-case. It has been proposed
for the first time by Quirk [Qu194] and it is a classical example of failure of some
"mono-directional" upwind splitting schemes in multidimensional domains. The
test-case consists in computing a ID shock waves propagating in a D domain, by
using a Cartesian structured grid whose medium line is "zig-zag" perturbed.
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Figure 63.9: Jet interaction, case of constant pressure, computation on the
unstructured grid of figure 63.8: density and pressure on section SI (Xs]

10/3).
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Figure 63.10: Jet interaction, case of constant pressure, computation on the
unstructured grid of figure 63.8: density and pressure on section S2 (XS2 'lz:�

20/3).
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Here we have considered a Mach All, = 509 shock wave propagating in tube, whose
dimensions are 400 x 20 space unities (we remind that we are modelling the non-
dimensional Euler equations). The flow ahead the shock is at rest. Its state is
given by pi = 14 p = 0, w,, = w,, = 0; thus, by imposing the Rankine-
Hugonlot conditions for a travelling shock with velocity D = M - c,,, = 5090 we
can easily determine the state behind the shock: P = 7041, P = 30.06, ,,2 = 4078
(Wy,2 = Note that the pressure ratio and the Mach of the shock are typical values
of detonation calculations.
We are interested in computing the solution at tfin = 66.8, i.e. the shock has run
x = D X tfin = 340 space unities. As far as the boundary conditions are concerned,
we have 

wall conditions on the top and on the bottom border;

supersonic inlet condition on the left border.

At the right border we have the fluid at rest during all the computation, because
the shock does not reach the right border; thus on the ghost cells on the right we
can impose the state 1. We emphasize that this way of proceeding is not correct,
the right border being a subsonic outlet (or inlet, depending on the numerical error
on w,). Note that even if the shock does not reach the right border, the numerical
noise does. Actually, this is not a stationary computation, and this incorrect way of
imposing the right boundary condition does not sensibly influence our investigation.
Let us describe the perturbed structured grid. We consider square cells with unitary
length (i.e. we have 400 x 20 cells). The horizontal axis of the grid is perturbed as
follow: supposing that the origin is in the left bottom corner we have

10 0125 i even
Yi 10 - 0125 i odd

where i indicates the number of the point supposing such line oriented, for example,
from the left to the right.
In figure 64.1 we represent the computational grid ( < x < 400 and < y :!� 20)
and a particular of such domain 215 < x < 350; note that x = 340).
We perform all the computations with the predictor-corrector approach
(SO=TO=2), with a CFL = 04 (i.e. a CFL condition which respects the condi-
tion of non interaction of the waves coming from the different interfaces). As usual,
we cons'der the schemes of Godunov, the shock-shock FDS, van Leer-Hanel and
HUS (van Leer-Hanel FVS the shock-shock FDS).
In figure 64.2 we represent the Mach isolines for the computations relative to the
Godunov and van Leer-Hanel schemes. The ones concerning the HUS and the sock-
shock FDS schemes present a region of instability behind the shock wave, in the same
manner as the Godunov computation. In table 64.1 we represent the L2 norm error
for the Mach number, on te domain 2 75, x, - 2 x (0, 20) i.e. in a zone behind the
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Figure 64. 1: Odd-even perturbation: computational domain ((O, 400) x
(0,20)) and particular ((275,350) x 0,20)).

L,,�(M - M,) L2(M Mez)_

Godunov 3.580 10-1 1.040 10-1

shock-shock 3.598 10-1 1.039 10-1
VLH-FVS 1.053 10-2 2.649 10-3

HUS 3.231 10-1 7.266 10-2

Table 64-1: Odd-even perturbation: the L and L2 norms of the error in a
domain behind and close to the shock ((275, (x, - 2 x (0, 20)).

shock, principally interested on the instabilities development: we can say that the
van Leer-H�nel FVS scheme does not present any problem, while the HUS scheme
develo s some instabilities slightly less important than the ones developed by the
Godunov and the shock-shock schemes.
To better understand this phenomenon, let us investigate the behavior of the Go-
dunov scheme in computing this ID travelling shock wave in the same structured
grid, but perturbed in different ways. First of all, let us move the vertex positions
of such grid with a white noise with amplitude 0125, in x and direction (see fig-
ure 64.3).
Let us now perturb the grid in the same way, but with an amplitude of the uniform
distribution equal to 0250. Computing the solution with the Godunov scheme, we
obtain a sensible improvement of the shock capturing, as one can see in table 64.2.
In the same table we also show the results of the following computations:

• perturbation of the vertex positions along the y direction;

• perturbation of the vertex positions along the x direction.



6.4 ID TRAVELLING SHOCK COMPUTATIONS 158
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Figure 64.2: Odd-even perturbations: Mach isolines 275 < x < 350).
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Figure 64-3: Structured grid the whose vertex positions have been perturbed

by an uniform random noise of amplitude 0125 along x and y directions.
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Noise ampl. L,,(M - l,,) L2(M - Mex)

0 125 (x, y) 1.067 10-1 1.130 10-2

0.250 (x, y) 1.587 10-2 3.496 10-3

0.250 (x) 4.409 10' 1.056 10'

0.250 (y) 1.677 10-2 3.088 10-3

Table 64.2: Computation with Godunov method on dfferent perturbed struc-
tured grids: the L and L2 norms of the error in a domain behind the shock
and close to the shock 275 < x < x - 2). By x and y we mean perturbation
of the vertex position along the x or the y direction.

When the grid is perturbed along the y direction we have no development of instabili-
ties; conversely, if the grid is perturbed along the x direction, important instabilities
develop. All these results confirm the Quirk hypothesis: the numerical schemes
which exactly capture stationary contact discontinuities (of course in structured

id) have no enough dissipation to dump the numerical instabilities which can de-
velop behind the shock wave. Conversely, when the structured grid is perturbed
along the y direction, we create numerical dissipation in the direction normal to
the shock direction. If this numerical dffusion is high enough, any scheme exactly
computes the ID shock waves.
Before concluding, we emphasize that a lot of work has been done to understand
this pathological behavior of some upwind splitting schemes. Very recently, Robi-
net, Gressier, Casalls et Moschetta have performed the linear stability analysis of a
shock wave travelling in an unlimited and homogeneous medium and ave exhibited
a mode which was not pointed out in the past. Numerical experiments seems to
show that this mode could be the responsible of the development of these instabili-
ties [JCRMOO]
Concluding, concerning te odd-even perturbation test-case, these results seem to
confirm that FVS methods do ot suffer from these problems, while FDS methods
and Hybrid methods do. Moreover, if we compute a ID propagating shock in a grid
whose vertex positions are perturbed in a direction parallel to the shock front, all
the schemes are equivalent. Note that the effect of perturbing the vertex positions
in the direction parallel to the shock has the same effect of adding viscosity in this
direction.

Conclusion

Summarizing, in this section we have presented some test-cases concerning the multi-
dimensional computations of inviscid high-speed flows, involving strong shock waves
and contact discontinuities. Actually, the test-cases here presented are really sim-
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ple". Anyway, we emphasize that we have also considered other classical pathological
test-cases (as numerical simulation of oblique shock reflections in regular and Mach
regimes, supersonic flow around a cylinder, flows around a backward and forward
facing step). All these test-cases confirm the following conclusions.

* The van Leer-Hinel FVS scheme is the most dfusive one in dealing with con-
tact discontinuities, especially when they are aligned with the mesh; conversely
it is very robust in computing shock waves.

* The shock-shock FDS and HUS schemes behave in the same manner as the
Godunov solver even in multidimensional computations. In particular, these
schemes result less diffusive than the FVS scheme; conversely they can de-
velop numerical oscillations in dealing with strong shocks in multidimensional
domains.

As far as the computation of reactive flows in detonation regime is concerned, in our
opinion the FVS scheme is the most suitable candidates, being the most efficient in
dealing with the unsteady propagation of shock waves. Conversely, in deflagration
regime the best candidates are the shock-shock FDS and HS. As already men-
tioned, the FVS schemes do not capture stationary contact discontinuities, and this
lack make them bad candidates to solve the convective part of the Navier-Stokes
equations.
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corrector approach wthout gradient limitation)

e Computations performed with predictor-corrector ap-
proach

a If the contact discontinuity is not aligned wt te mesh,
Study of the accuracy of te dif- the nmerical results are similar for all the schemes (ac-

Jet interaction fereDt upwind schemes o con- tually, the van Leer-ffinel FVS scheme is slightly more
t1act discontinuities diffusive)

* Conversely, if te contact discontinuity is stationary and
aligned with the mesh, it is exactly captured Jay IIUS,
shock-shock and Codunov schemes

Behavior of e differeDt upwind e Van Leer-Ifinel FVS do ot present any problem
Odd-even schemes for one-diinensional HUS, sbock-shock and Godunov schemes develop sensi-
perturbation shock popagation on structured ble oscillations in te region behind te shock wave

perturbed meshes.

Table 6.3: Comparison of te dfferent methods.
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Chapter 7

Applications to Detonation Flows

Introduction

In this chapter we present a possible application of the developed algorithm to com-
pute fully-developed hydrogen-air detonation flows in "large" geometries, with an
operator splitting strategy.
In section 71 we briefly present the reactive Euler equations, the chemical model

'dered for the hydrogen-air mxture and the complete algorithm mplemented
to compute the reactive flows.
Section 72 deals with the propagation of a ID detonation waves. As already men-
tioned in the introductory chapter, a detonation wave presents a multidimensional
structure even in ID eometries. Anyway, the ID solution of the reactive Euler
equations in detonation regime is very interesting because of its simplicity. As we

'II show, t s very sensitive to the variation of the specific heat capacities values.
For this reason, in modelling detonation flows, it is necessary to take nto account
the specific heat capacities ariation with respect to the temperature.
Finally, in section 73, we compute a hydrogen-air detonation wave diffraction over a
90' corner, and we compare the numerical solution with some experimental results.
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7.1- Preliminaries

7.1.1 The reactive Euler equations

Let us write the 2D reactive Euler equations for a mixture of equilibrium thermally
perfect gases:

au + 0Li + a5 s
at 19X '9Y

with

'0 PW' PWY 0

PW' PW 2 PWXWY 0X

MY PWXWY PW 2 0
Y

U pet 7 Li phtw,, I Li= phtwy I 

py, PY1 WX PYJWY W1

PY.-I PY.-iWX PY.-iWY

T

p Y� T, e Y� (ho + c,,j(a)da 0
Wi i 10

Here c�i represent the production rate of the th species, h,0 is the reference energy
of the Z'-th species at OK, defined in equation 2.1.8).
As in the non-reactive case, we combine the energy conservation equation with the
equations of conservation of the singles species, multiply by W. In that case we can
write the 21) reactive Euler equations 7.1.1), with

P=P(EYR_
.- ) T, e YZ IT CV' (ce) da, W hio

i Wi 0

From now on, we consider this latter formulation. Note that, as in the non-reactive
case, the internal energy is positive as the temperature is.

7.1.2 Hydrogen-air detonation: the chemical model

The hydrogen-air detonation has extensively been studied and the kinetics is well
understood. In the reaction process, triggered by a leading shock wave, we can
distinguish between the induction stage and exothermic recombination stage. Dur-
ing the former we have only the production of free radicals, while the macroscopic
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variables remain almost constant. In the latter stage we have production of water,
increase of the temperature and decrease of the pressure.
In our model, we consider the one-step global reaction mechanism proposed in the
C.E.A. code PLEXUS [SG97]:

2H2 + 02 - oil � 2H20

where the reaction rate is given by a general Arrhenius law of the form

y 2y, Mol M-3 S-1)c = h(T - T)Ap' H, 0,T-b exp(-T,,/T) (in

where y) is the Heavyside function. T, the threshold temperature (T = 1200K),
A 1.1725 X 1014 (in units consistent with International System), T = 8310K and
b 0.91.
Then the reaction rates of each component is given by

C�H = - 2 WH, L�

C�0 = _Wo� L�

Ll.)H,20 = 2 WH,0 L�

Note that our chemical model is a rough simplification of the hydrogen combus-
tion: we consider only one reaction and 4 species. In reality, the chemical reaction
between hydrogen and oxygen involves many reactions and intermediate species
(H, 0 OH, H02, H202) [War84], and nitrogen itself undergoes thermal dissociation
(into NO) at high temperatures. More realistic chemical models for hydrogen com-
bustion and dtonation can be found in [Wes8l, B081, War841-
It could be observed that the chosen chemical model is too rough. If our purpose
had been the detailed study of a reaction wave, this observation would have been
correct. As already observed in the introduction, a detail study of a detonation wave
would require mesh of the order of the reaction length which is about 1/100 1/10
the dimension of a detonation cell (� I - 00 cm). In a D nuclear reactor it is Im-
possible to correctly compute phenomena of similar lengths. Anyway, if we consider
detonation phenomena in which the involved combustion is almost complete, this
model gives a good estimation of the chemical released energy, i.e. a good estimation
of the speed of propagation of the detonation wave.

7.1.3 Modelling of reactive flows: the complete algorithm

As already mentioned in the introductory chapter, the hydrodynamic and chemical
part of equation 71.1) are solved by an operator splitting technique, i.e. at each
time step t' - t+' = t" + At we decouple the problem as follow:
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(I) first we solve the homogeneous Euler Equations

0U + 0Lj + Aj = tn < < tn+1

at ax 19Y

with initial condition U(tn = Un and we denote by U* the solution of this

problem at t+'.

(II) then we solve the ODE problem

dU _ tn < t < tn+1

dt S
'th initial condition U(t' = U* and we denote by U+1 the solution of thi

wi I is

problem at tn+1.

The solution of the h drodynamic part as been the sub'ect of the present work.y i

Summarizing, we can distinguish between the following steps.

• Evaluation of the cell-centered values of the primitive variables, from the cell-
Uncentered values of the conservative variables il

• Evaluation of the limited spatial gradients of the primitive variables.

• Predictor-corrector technique, to compute the interfacial values of the primitive

variables.

• Evaluation of the convective flux by upwinding and drectional splitting ap-

proach, with the van Leer-Hiinel FVS scheme, the most robust in dealing with

multidimensional strong shock waves.

As far as the solution of the chemical part is concerned, the chemical model being a

rough simplification of the hydrogen combustion, a time-accurate integration scheme

for equation 7.1.2) is totally useless. Wat we need is a robust time-integration

scheme. Thus, in the ith cell, for the species in minority between 02 and H2 We

cons]'der the consumption equation

d(pY.)i Wi
K (pY,)i with K

dt (PY-)i

and we integrate it as follows

(PY (Py,.)n
i

- '1C(PY-)27`At
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Then

+1 (py.)n
)n i

(Py", I KnAt

n E ( (Yand K being positive, we have (pY,)'+' 'n)n). Once determined the massi i
of the specie in minority, other species can be easily determined from stoichlometric

considerations. As far as the total energy is concerned,

Pntl ((,Oy,)n+ _ Py,)n)
t' = t'i i i ho

7.2 1D detonation waves

7.2.1 Introduction

As far as the propagation of a detonation in a tube with smooth wall is concerned, we

have to distinguish between overdriven and unsupported detonation. If the velocity

of the extremity of the tube is greater than a certain critical velocity, we have the

former, conversely we have the latter. See [FD79] for details. In the present section

'der a tube wth fixed extremities (.e. the unsupported case).

In figure 72.1 we represent, in the shock frame, the fundamental states of the D

detonation models proposed by Chapman and Jouguet (CJ model, 1899-1917) and

by Zeldovich, von Neumann, and Doring (ZND model, 1940). In figure 72.2 we

represent these states in the (p I p) and (p, T) planes.

The CJ model states that in a stationary unsupported detonation:

• there is a reactive shock wave moving with a constant velocity Dcj in a flow

at rest (state 1);

• in the backward state (Chapman Jouguet state, CJ) the flow is sonic in the

shock frame;

• a rarefaction wave, followed by a constant state, connects the state CJ state

at the fixed extremity of the tube (state 0).

The ZND model is dynamical, i.e. it introduces the role of the chemistry in the

quasi-stationary flow:

• there is a non-reactive shock (1 -� VN, VN being the von Neumann state);

• further we have a reaction zone, which is a CJ-deflagration (VN --+ CJ). the

structure of which, in time-space plane, depends on the chemistry;
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finally a rarefaction wave connects the state CJ with the state CJ - 0.

As already mentioned, these models are not physically correct, because the deto-
nation propagation is always a multidimensional phenomenon. Moreover, from a
mathematical point of view, these solutions are unstable solutions of the multidi-
mensional reactive Euler equations. Anyway, because of its simplicity, they are very
interesting.

• First of all, it is easy to determine the ZND and CJ solutions, even if the gases
specific heat capacities are function of temperature (see appendix D).

• Although unphysical, they give a good estimation of the physical quantities
values of the (multidimensional) real flows (the ZND solution can be seen as
a sort of average of the multidimensional structure [FD79]).

• From a numerical point of view, as usual, the computations of ID flows are
amongst the most interesting test-cases to evaluate the properties of the nu-
merical algorithm.

Before concluding, we emphasize that, under the hypothesis of complete combustion,
the detonation speed does not depend on the way in which the chemical reaction
arrives (see annex D and, in particular, equations D.5.7 and D.5.8).

Reaction Zone

VN

Constant state Constant sat 0

(W--O) ci P (W=O) ci P

N 0 N 0
Rarefaction Wave X Rarefaction Wave

cl ci

Reactive Shock Wave Non-Reactive Shock Wave

VN

D

Induction Region

Figure 72. 1: CJ and ZND solutions (respectively on the left and on the right)
of an unsupported detonation wave for hydrogen-air mixtures.
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P P

VN
VN

- Rayleigh I Ci
- Taylor wave
- Cnissard adiabatic

0 0

T P

Figure 72.2: ZND solution in the (p I p) and (p, T) planes (see appendix D
for the definition of the different curves).

7.2.2 ZND solution for hydrogen-air detonation

By using the algorithm presented in appendix D, let us compute the unsupported
ZND solution of a nearly stoichiornetric mixture of hydrogen-air at environment con-
ditions (see table 72.1). Initial conditions are similar to the ones of an experiment

H2 02 1 H2 0 N2

Xi'l 0.3 0.147 0.0 0.553
Pi (mixture, Pa) 99700

T, (K) 285

4
i i 0.0291 0.2262 0.0 0.7447

Xi,2 0.0070 0.0 0.3447 06483
Yi, 2 0.00058 0.0 0.2547 07447

RI (J/kg/K) 399.8

R2 (J/kg/K) 341.1

Table 72.1: Hydrogen-air detonation: initial conditions and some mixture
properties before and after the complete combustion

(RO594-13) conducted at FZK (Germany) in a 2m tubes and used in [BMR+951
as benchmark exercise for detonation codes. In order to show the large sensitiv-
ity of the ZND solution with respect the specific heat capacities, we consider three
different cases:
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e we suppose that we are dealing with a mixture of polytropic 'deal gases, with
the specific heat capacities of the single species evaluated by using the JANAF
data [SP71] at 300OK;

9 we suppose that we are dealing with a mixture of polytropic ideal gases, with
the specific heat capacities of the single species evaluated by using the JANAF
data at 30OK;

* we suppose that we are dealing with a mixture of non-polytropic ideal gases,
with the specific heat capacities of the single species evaluated as polynomial
regressions of 4-th degree of the JANAF data.

The comparison between these three dferent cases is shown in figure 72.3 in
tables 72.2, 72.3 and 72.4 the significant states of the ZND solution, the AICC
(Adiabatic Isochore Complete Combustion) and AIBC (Adiabatic IsoBare complete
Combustion) are represented.
By observing each table, we can observe that the following properties hold.

• In the shock frame lucil = cci. In fact CJ is both the right extremity of
the so-called Taylor wave (i.e. the rarefaction wave CJ - 0) and belongs to
the stationary reaction region. Then its velocity in the shock frame, given by
ucj + ccj, must be zero.

• The state is the left extremity of the rarefaction wave and travels with a speed
uo + co < with respect to the shock frame. Conversely, in the laboratory
frame, travels in the same direction of the shock, with speed co < Dj (we
recall that wo = 0).

• Tcj, which is slightly lower than T,,, is greater than TAICC. Conversely TO
is lower than the AICC temperature. This is a consequence of the principle
of conservation of the energy in a closed system: in the AICC state the fluid
is at rest while in detonation wave we have not a constant state and part of
energy is in kinetic form.

Note that the shock speed with respect to the laboratory frame is given by the
opposite of ul, the How in I being at rest.
Comparing the results of these three cases, it is evident the sensitivity of the ZIVD
solution wth respect to the values of the ases specific heat capacities. Moreover,
the polytropic deal as model is not a good a-priori' approximation of the eneral
ideal gas one, i.e. we cannot neglect the variation o, the gases specific heat capacities
with respect to the temperature.

Comparison with experimental results

As already mentioned, an experience of ID detonation wave propagating in a closed
shock tube with these initial conditions has been conducted at FZK. The details of
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5.0- 5.0-06
�p w T 3000 K VN VN w . T.3000 K
�p.,T.300K p W T=300 K
W 4-th d.9- Pd. W �Ih d.g,- .I.

4.0-06 A.O..06

VN VN

3.0-06 3.0..06 VN

W

/j Ci
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1.0-06 1.0-06 -
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Figure 7.2.3: Hydrogen-air detonation: ZND solutions in the three different
cases.

7 p (kg/m') p (Pa) T K) c (m / s) u (1) (m / s)

1 1.290 0.8751 99700 285 383.4 -1957.
V N 1.290 5.469 2.914 106 1332. 828.9 -313.1

C J 1.238 1.536 1.542 106 2943. 1115. -1115.

0 1.238 0.6961 0. 5 185 106 2437. 1014. -1957.
AICC 1.238 0.87,51 0.7940 106 2 6 6 1. 1060

AIBC 1.238 0.1321 99700 2213. 996.7
(1) In the shock frame

Table 72.2: Hydrogen-air detonation: case I c,,i at T = 3000K): some phys-
ical values at the different states

,y p (k g/M3) p (Pa) T(K) c (M/S) U(') (M/S)

1 1.404 0.8751 99700. 285. 400.0 -2517.
VN 1.404 4.630 4.597 106 2484. 1180. -476.0
CJ 1.378 1.484 2.374 106 4692. 1485. -1483.

0 1.378 0.7039 0.8502 106 3451. 1290. -2517.
AICC 1.378 0.8751 1.206 106 4051. 1380

AIBC 1.378 0.1168 99700 3032. 1193.

rl) In the shock frame

Table 72.3: Hydrogen-air detonation: case 2 co at T = 300 K): some physical
values at the different states
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1 - p (kg/m') p (Pa) T(K) c (m/s) u(') (m/s)

I 1.406 0.8751 99700 285 400.2 -2090.

VN 1.315 4.890 3.238 106 1651. 933.5 -374.0

CJ 1.232 1.545 1.757 106 3335. 1184.0 -1184.0

0 1.238 0.6935 0.6533 106 2762. 1080. -2090

AICC 1.235 0.8751 0.9012 106 3020. 1128.

AIBC 1.242 0.1168 99700. 2502. 1030.

(1) In the shock frame

Table 72-4: Hydrogen-air detonation: case 3 c,,i are 4-th degree polynomial
regressions of JANAF values): some physical values at the different states

this experiment (RO594-13) can be found in [BMR+95]: a detonation was initiated
next the left extremity of the tube and in the right part a D obstacle was inserted.
Before the reflection on this obstacle, the velocity of the detonation was measured
equal to 1940 m/s, pm,.,x equal to 30 MPa and po equal to 0.5 Mpa. As you can
see in table 72.5, the detonation speed computed with the non-polytropic ideal gas
model is greater than the experimental one. This is in accord to the fact that we
neglect the viscous effects and we consider a complete combustion. In fact, if we

PCJ (MPa) Tj K PVN (MPa) Tvv K po (MPa) D (m/s)

c,,i(3000K) 1.542 2943 2.914 1332 0.5785 1957

c,,i (300K) 2.374 4692 4.597 2484 0.8502 2517

c,,i, JANAF 1.757 3335 3.238 1657 0.6,533 2090

Experimental 3. 0 ;z� 0. 5 1940

Table 72.5: Hydrogen-air detonation: comparison between the results ob-
tained by our gas models and the experimental ones

cons'dered a more sophisticate chemical kinetics model, the detonation speed would
be lower for the following reasons.

• q would be lower than in the complete combustion and the lower q, the lower
the detonation velocity.

• The presence of free radicals usually decreases the total molar mass of the
mixture, i.e. it increases the specific heat capacities of the mixture. This effect
has shown to be important in computing premixed laminar flame with reduced
chemical kinetic models, which do not take into account all the radicals present
in the complete mechanism [Pet9l]. Note that the greater c,,i, the lower
the lower the detonation speed.
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As far as the polytropic ideal gases model computations are concerned, we have
specific heat capacities evaluated at the temperature ahead and behind

the reaction zone, i.e. the minimum and the maximum temperature of the detonation
flow. Note that

c,,,j(300K) c,,i(T) c,,i(3000K)

For this reason, if we consider a polytropic ideal gas model with specific heat capac-
ities evaluated at 300K, we compute temperatures greater than the ones computed

ith the non-polytropic ideal gas model. Thus the speed velocity at the state CJ,
CCj �-- V�IcjR2�TCJ is greater, as well as the detonation velocity DCj. We have
opposite results if we consider the polytropic ideal gas with specific heat capacities
evaluated at 3000K.

7.2.3 Numerical simulations

In this section we perform some numerical simulations of a ID unsupported detona-
tion wave in a closed tube, for the hydrogen-air mixture considered in the previous
sections (see table 72.1).
The computational domain is represented in figure 7.2.4. We considered three dif-

I I I I I I I I I I I I I I I I I I I I I I I . . . . . . .ZP

I 0.4m _'--,,,_!n:tiationregion
20 m

X

Figure 72-4: Hydrogen-air detonation computation: computational domain

ferent meshes: 200 4 (i.e. DX=DY=O.lm), 800 16 (DX=DY=0.025m), 1200 x 32
(DX=DY=0.01667m) . The time-step choice is not a prioritrivial. In fact we have
two characteristic time lengths: the hydrodynamic and the chemical ones. The for-
mer depends on mesh dimensions and it is about DX/(2000 m/s) (for example for
the coarse mesh it is 50 10-' s); the latter, for our chemical odel at VN state, is
about 1.0 10' s. Actually, since we are uslung a rough model with one irreversible
chemical reaction, we are not interested in the accurate computation of the reaction
zone. Then we impose a time step between the hydrodynamic and the chemical one:
5.0 10-6 s for the coarse mesh. 20 10' s for the medium one and 1.0 10' s for the
fine one. The mixture is "numerically" ignited by imposing at one extremity of the
tube a pressure of 3 Mpa and a temperature of 2800K (see figure 72.4).
In figure 72.5 we represent some variables computed in the fine mesh. For the same
mesh, we also display the pressure as function of time in different points of the space
(figure 72.6). In figure 72. 7 we represent the numerical solutions on the (11p, p)
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Figure 72.5: Hydrogen-air detonation computation: numerical solutions on
the fine mesh. Note that Tj = 3335K, pCj = 1757 106Pa, PVN =1.843. pCj.
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Figure 72.6: Hydrogen-air detonation computation: pressure at different

points.

and (Tp) planes. Finally, table 72.6 contains the maximum values of the pressure,

the density and the temperature, -� just behind the reaction zone, the detonation

speed D.

n, 70 pmax (kg/M3) pm.,, (Pa) T .. ax(K D m/s)

200 1.234 1.756 1. 980 106 3308 2100.

800 1.234 2.033 2.235 106 3321 2100

1600 1.234 2.275 2.419 106 3324 2100

Table 72.6: Hydrogen-air detonation computation: some physical values in the
i ity of the shock wave. Compare these values with the ones presente

proxim d

in tables 72.4, relative to the ZND solution for this problem

e As you can see in figure 72.5 and 72.7, the leading shock is reactive, i.e.

the numerical computation does not follow the Hugoniot adiabatic till the VN

state. This is obvious because our simple chemical model does not take into

account the chemical induction time. Anyway, even with a more sophisticate

chemical model, we would have the same problem. We emphasize that the

detonation cell length is, at this conditions, about 1cm and the reaction zone

can be one or two order of magnitude lower (about 0.2mm). In the fine mesh
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Figure 72.7. Hydrogen-air detonation computation: numerical solutions on
(11pp) and (Tp) planes.
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DX = 16 = 80 0.2mm. Then, to correctly model the reaction zone, we would
also need meshes much finer.

• The detonation velocity is well computed in all the computations. This respect
the condition that in a detonation wave the chemical kinetics does not control
the detonation speed (under the hypothesis of complete combustion).

• Finally, we observe that even with a D mesh, the solution is monodimen-
sional. In order to have a multidimensional structure, we should introduce
some numerical noise. Actually, it is well known that the multidimensional
cellular structure is strictly linked to the chemical model (in particular to the
chemical induction length [GKL89]), i.e. to correctly compute the multidimen-
sional flow we still would need a sophisticate chemical model and we should
use finer meshes.

7.3 2D detonation diffraction over a 90" corner

This test-case concerns the modelling of the experiment SMT4, carried out at
the RUT facility [DSDB96] (Kurchatov Institute, Moscow). As represented in fig-
ure 73.1, this facility consists in a long channel, filled with obstacles, followed by a
large canyon and by another channel, the right extremity of which is curved.
Several hydrogen combustion experiments, in different regimes, have been performed
in the RUT facility over the past years. In the SMT4 experiment, the large contain-
ment is filled with a nearly stoichlornetric mixture of hydrogen and air; moreover,
also water vapor is present. Their molar fractions are

- XH, - XH�O = 0248
XH, + Xai, XH, + Xai, + XH,0

The mixture initial temperature and pressure are p = .1MPa and T = 90K. The
in't'at'on of the combustion has been performed with an electric spark, on the left
extremity of the first channel. Experimentally, at the end of the first channel,
a complicate 3D fully developed detonation wave develops and diffracts into the
canyon. We emphasize that in this case the separation of the leading shock and the
reaction region is not observed.
Let us limit our attention to the diffraction of the fully-developed detonation wave
over the corner, by supposing that this is planar. In figure 73.2 we represent the

idered 2D computational domain. We also neglect the 3D effects linked to
the fact that the final part of the right channel is curved and open. Anyway we
emphasize that the detonation propagation phenomenon is hyperbolic, and the final
part of the second channel does not influence the flow until the leading shock reflects
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Front view

Initiation region 70 m

Channel filled with obstacles

34.6 m 10.6 m

Top view

Figure 73.1: The RUT facility (Kurchatov Istitute, Moscow)

Initiation region

2.9 m

P10

0.5m PS 16m

E

3 m 10.6 n 72 m

Figure 73.2: Modelling of the RUT experiment SMT4: computational do-
main. P5 and P10 represent the position of two pressure captors.
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on It. We also replace the left channel by a shorter one, where we create a planar
detonation wave by imposing in its left extremity

p = 2.MPa -_ pvN, T ;�� 1.5 T -_ 3000K

Note that, for the considered mixture at these initial conditions, it 'IS PVN

1.76 MPa, pcj _- 0969 MPa, D �_- 1720m/s, TvN -_ 1260K, Tj -_ 2240K We
consider two different meshes: a fine grid (DX=DY= 0.05 m) and a coarse grid
(DX=DY= 025 m). As far as the time step is concerned, we perform the numerical
computation by considering the hydrodynamic one corresponding to a CFL=0.4.

• The first computations are performed with the chemical model presented in
section 71.2. In that case, we observe a decoupling between the reaction front
and the leading shock, and the detonation ceases to exists. Experimentally this
phenomenon is not observed. Ten what we do is to consider the same chem-
ical model, but we change the value of the threshold temperature form 1200K
to 600K. In this case, the numerical decoupling is not observed. Of course, this
way of proceeding is absolutely artificial, and shows that the chemical model
considered is inadequate for predictive computations.

• In figure 73.3, we represent the pressure field on the canyon at different time
step. At the beginning, the initial condition imposed in the ignition region
creates a ID overdriven detonation wave which tends to the unsupported so-
lution because of the rarefaction wave behind it. Thus the planar detonation
diffracts over the corner, and there is a reflection of the dfracted shock wave
on the bottom wall of the corner. At the beginning this reflection is regular;
then, when the inclination angle between the shock and the wall reaches a cer-
tain critical angle, we have a Mach reflection. Finally, we have te reflection
of this structure on te right wall of the canyon, and a shock-focusing on the
corner.

• As one can see in figure 73.4, the comparison between the numerical results on
the coarse and fine grids shows the same behavior as in the D computations:
the finer the grid, the bigger the maximum of pressure. Anyway the structure
of the solution does not sensibly change.

• Finally, in figure 73.5, we represent the comparison between the experimental
results relative to the SMT4 experiment and the numerical results relative to
the computation performed on the fine grid on the pressure captor P5 and P10
(positioned as shown in figure 73.2). As already explained, the computations
have been performed by using a simple model: we have replaced a complicated
3D fully developed detonation structure at the end of the first channel by a
planar unsupported detonation wave. Anyway, as you can see in figure 73.5,
there is a good agreement between the numerical and the experimental results
(we emphasize that the time scale of the captor has been adequate to the one
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Figure 73.3: Modelling of the RUT experiment SMT4: pressure and velocity
fields in the canyon.
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Figure 73-4: Modelling of the'RUT experiment SMT4: sensitivity with respect
the grid dimension.

of the numerical results i order to have the shock front at the same instant
on the captor P5).
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Figure 73.5: Modelling of the RUT experiment SMT4: comparison with ex-
perimental results.

Conclusion

From the 1D and the 2D test-cases here presented, we can conclude that:
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• Although the considered chemical model is rough and we use meshes with
dimension much larger than the characteristic physical length (i.e. the det-
onation cell length), qualitatively we can perform satisfying computation of
fully-developed detonation flows.

• Of course, we cannot correctly predict complicated phenomena, like the forma-
tion of detonation cellular structures, the separation of the leading shock and
the reaction zone. In order to correctly compute these phenomena, we need
a more sophisticate chemical model and the possibility of using finer grids at
least i region where the gradients are stronger ('-e. adaptive grids).
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Conclusion and perspectives

In this thesis, the development and investigation of some upwind Remann solvers for
ideal gases have been performed, with the purpose of finding a ood candidate (both
robust and precise) to compute high-speed reactive flows in irregular geometries.

e After a brief introduction concerning the Euler equations for ideal gases, in the
preliminary part of the thesis we have investigated the relative ID Rjemann
problem. Particular emphasis has been given to the development of the shock
curve and rarefaction curve parameterizations in te phase space and, after-
wards, to their application to the field-by-field decomposition of the Riemann
problem. Since the shock curve parameterization is computationally simpler
than the rarefaction curve one, the sbock-shock field-by-field decomposition
of the Remann problem results much easier to perform than the rarefaction-
rarefaction one and te entropic one.

e Of course, the computational simplicity of the field-by-field decomposition of
the Remann problem has a great interest in developing of Remann solvers.

- In the case of monocomponent polytropic ideal gas, the simplicity of
the rarefaction-rarefaction field-by-field decomposition has favored a wide
use of the Osher-Solomon FDS scheme, which bases on it. Conversely
the shock-shock FDS scheme, which uses the shock-shock field-by-field
decomposition to determine the numerical flux, has not been widely used.

- When specific heat capacities explicitly depends on te temperature, the
shock-shock field-by-field decomposition is computationally the easiest
to perform. Then the shock-shock FDS scheme becomes one of the best
candidate to compute ideal gases flows.

* Te second part of the thesis concerns the development and the investigation
of some Remann solvers for ideal gases mixtures. First of all, we have briefly
presented some classical schemes designed for polytropic ideal gases:

- the exact Riemann solver;

- some FDS schemes (the classical Roe scheme, the shock-shock scheme,
the Osher-Solomon scheme);

- the van Leer-Hinel FVS scheme;

- some "hybrid" schemes (AUSM+ and HUS).
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Actually, the van Leer-Hanel FVS scheme and AUSM+ can be readily used
to compute ideal gases mixtures in which specific heat capacities depend on
temperature. Moreover, because of the simplicity of the shock-shock field-by-
field decomposition of the Riemann problem, we have developed the exten-
sion of the shock-shock FDS scheme and of the HUS scheme to the ideal gas
model. Since the former is not entropy-respecting and exactly captures ex-
pansion shock waves, an entropy-fix, adapted to the ideal gas model, has been
developed. The latter scheme has been easily obtained by coupling the van
Leer-Hanel FVS scheme with the shock-shock FDS scheme.

9 To understand the properties of these schemes, ID numerical test-cases for
polytropic ideal gases have been considered. The purpose has been to evaluate
whether the schemes we dispose to compute ideal gases flows are enough robust
and precise, or whether we need to perform the extension of other classical
schemes, designed for polytropic ideal gases, to the ideal gases case. The
numerical results can be summarized as follow:

- As well as the exact Remann solver, the shock-shock scheme, is robust
in dealing with strong shock and rarefaction waves (it works even in
the case of vacuum formation); moreover it exactly captures stationary
discontinuities (shock and contact discontinuities).

- The HUS scheme is also robust, but it is less precise than the shock-
shock scheme (stationary shock waves are not exactly captured, while
the stationary contact are).

- The classical Roe scheme (with the Harten entropy-fix) suffer from lack
of robustness in computing strong rarefaction waves.

- The van Leer-Hanel FVS scheme is robust in dealing with strong shock
and rarefaction waves, but it spreads stationary contact discontinuities.

- The AUSM+ is not very efficient in dealing with strong shock waves.

We have also considered some ID numerical test-cases for non-polytropic ideal
gases, in order to compare the CPU-time consumption of the shock-shock and
the HUS scheme with the van Leer-ffanel FVS scheme (which is claimed to
be a low CPU-time consuming scheme). In our opinion, the former can be

'dered a low CPU-time consuming scheme; the latter is more CPU-time
consuming.

o After a brief presentation of te algorithm to compute multidimensional flows
with the predictor-corrector strategy of Hancock-van Leer, 2D numerical test-
cases have been considered both to evaluate the efficiency of this algorithm on
unstructured grids and the behavior of some schemes in dealing with multidi-
mensional flows (we have only compared the exact Riemann solver, the shock-
shock FDS, te van Leer-Hanel FVS and HUS). The results show te efficiency
of the multidimensional algorithm. Concerning the behavior of the schemes,
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the exact Remann solver, the shock-shock FDS scheme and the HUS scheme
suffer from the typical deficiencies which affect many other solvers capable of
exactly capturing the stationary contact discontinuities. For example, they
fail in the Quirk's odd-even perturbation test-case and in computing oblique
shock wave reflections in double Mach regime. Conversely, the van Leer-Hanel
FVS scheme well behaves in computing multidimensional shock waves but it
does not capture stationary contact discontinuities, even if they are aligned
with the mesh. Anyway, the presented high-speed test-cases have shown that
if the stationary contact discontinuities are not aligned with the mesh, all the
schemes behave in the same manner (actually, the van Leer-Hanel FVS scheme
is slightly more diffusive).

e As already mentioned in the introduction, the detonation is a physical phe-
nomenon governed by the interaction of multidimensional shock waves. Then
in our opinion the best candidate to compute detonation flows is the van Leer-
Hanel FVS scheme:

- it does not suffer from instability problems in computing multidimen-
sional shock waves, while solvers which exactly captures stationary con-
tact discontinuities do;

when stationary contact discontinuities are not aligned with the mesh, it
behaves as all the other schemes, although is slightly more diffusive.

Conversely, in the deflagration the flame propagation is linked to the dfusion
of the species and the heat conduction form the burnt to the unburnt region.
Then in deflagration regime, the best candidates are the shock-shock FDS and
HUS schemes. In fact, the FVS schemes do not capture stationary contact
discontinuities, and this lack makes them bad candidates to solve the convec-
tive part of the Navier-Stokes equations (numerical diffusion is too important
with respect to the physical one).

Finally, an application of the developed solver to compute fully-developed hydrogen-
air detonation in "large" geometries is presented. Here we only want to emphasize
that

• the sensitivity of the ZND solution to specific heat capacities values states
that we must take into account the specific heat capacities variation with the
temperature;

• although the geometries are large with respect to the involved characteristic
length, we obtain good results for the propagation speed of the detonation;
conversely the pressure peaks are under-predicted.

1 ISince our "more than ambitious purpose, is the simulation of the air-hydrogen
combustion in all regimes and in large geometries, future work will concern the
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development of more precise physical, mathematical and numerical model of the
investigated phenomenon. In particular, we have to take into account the effect
of viscosity, thermal conductivity and turbulence. Moreover, since the geometry
dimensions are much larger than the physical characteristic ones, it could be in-
teresting to use adaptive grids. This would also Justify the use of a more precise
chemical model.
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Appendix A

Derivatives in the Hugoniot Locus

In the following sections we compute the first derivatives of the pressure, density
and velocity with respect to the temperature on the sock and rarefaction curves. In
particular we show that the do not change sign, i.e. the pressure, density and veloc-
ity are monotone functions of the temperature on the shock and on the rarefaction
curves.

A.1 Temperature-derivatives on the rarefaction
curves

Let us determine the first derivatives of the pressure, density and velocity with
respect to the temperature, for the one-parameter family of states which can be
connected to the right state UR by a A(+)-rarefaction wave. From equation 3.1.4),

(3.1.6) and 3.1.7), we immediately obtain

d -y (T YR) PR fT (a; YR) dce
-p(T; UR) <p
dT -y(TI YR -I T - �]T, -�(a; YR)I

d p(T; UR) I -PR exp T I da)
dT -y(T- YR) I T fT

I ( R Y(a; YR)

d w(T; UR) 1 c, (T; YR)
dT -y(T; YR)I T
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Then, being (1, ], we can deduce that, VT > , it is
3

d p(T; UR) > 
dT

d p(T; UR) > (A. .1)
dT

d w(T; UR) > 
dT

and

lim d p(T; UR) 
T-+O dT

lim d p(T; UR) 
T-+o dT

lim d w(T; UR) +00
T-+o dT

As already observed, a A-rarefaction wave connecting a left state UL t U is a

A(+)-rarefaction wave connecting the right state UL to U, in the coordinate system0
(X 1 t (-xt). Then, from (A.1.1), we obtain

d p(T; UL > 
dT

d p(T; UL > (A. .2)
dT

d w(T; UL < 
dT

A.2 Temperature-derivatives on the shock curves

Let us now compute the first derivatives of the pressure, density and velocity with

respect to the temperature, for the one-parameter family of states which can be

connected to a state UL by a AH-shock wave. We start from the pressure derivative,

which is the easiest to compute. From equation 3.2.16) we have

2p(T; UL = p(T; UL)RLT = PL(Vb I C + b)
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with

(h - RLT - (hL - RLTL)bi 2 2

RLTL

T
C,

TL

Then

d p(T; UL) PL b, +1 dbi + PL dc,
dT dT 2V/�2 C dT

P c, + 'RL PL
2- + -

V/�F_c, RLTL 2�b2+ ci TL

Note that, VT > , it is

d p(T; UL > 
dT

Moreover

lim d p(T; UL) RLTL PL
T-+O+ dT 2h - RLTL TL

As far as the density is concerned, it is

p(T; UL) I p(T; UL)
RLT

and

d p(T; UL) I dp P
dT RLT dT RT 2

+ 1RL P PL
RLT Vib2 RLT + l RL TL T

1 + c RL TL 2V� �j

As you can see, it is not trivial to see from this expression wether te first derivative
of p(T; UL) with respect to T is positive or negative. Then we follow a different way.
Differentiating 3.2.9), defining 7 = 11p, we obtain that on the A-shock curve it
is

-e(-r, P; YL)dT+ C(7, P; YL)dp _(P + PL)d7 + - (7 -,rL)dp
(97 19P 2 2
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i.e

d C(7, P; YL) + (P + PL)
-P(7; UL) a7 2
dr a e(7, P; YL) + (7 - 7L)ap 2

Being

PI
RL

e('r, P; YL) C (a; YL) d a

it is

19 P
_e 7, P; YL =-cV
(97 RL

19 7
e r, p; YL =- C'U

Op RL

and

d P + PL
-P(T; UL = '-'
d7 7 - L

Then this derivative is negative when

> 7L
-Y + 

i.e. in all the non-entropy-respecting region of the shock curve 7 > 7L.' Actually, it

can be shown ([GR96], pag. 122) that for a medium satisfying the properties 2.2.16),

the shock curve p = p7-7 UL) is a convex function, .e

d 2
__2 P(7; UL > 
dr

Then, V < 7L,

d d + d2
_P(7; UL) _P(0- UL) P(�; UL)) dct
dT (dO ))3=7L d02 '6=CY

PL + d2
- 7 TL, YL) _P(�3'UL)) dce

TL 'rL d02 0=a

< 0



A.2 TEMPERATURE-DERIVATIVES ON THE SHOCK CURVES 193

From these results if follows that, on the left shock curve, the first derivative of
P(7; UL) with respect to is negative V > . Finally, we can conclude that for the

temperature-derivative of p(T, UL), VT > , it is

d d p(T; UL) d-p(T; UL)
-p(T; UL) = T __ 0
dT d 2 d

T-P(P; UL) 7 (T; UL)

It is easy to show that

d d p(T; UL)
lim -p(T- UR) liM a-T ki

T-+O+ dT T-+O+ 7 2 dP(7; UL)
d,

w'th k, positive and finite.

Let us now compute the temperature-derivative of te velocity w(T; UL)

d w(T; UL) = I . pT)( - 1) 2 h-hL d -p(T; UL)
dT (WL - W)(� + 1) ( PL(( + 1) dT

with C = PIPL. Then, from relations 32.1 7, we immediately deduce that this

derivative is lower than on the entropy-respecting region of the shock curve (i.e.

VT > T). On the non-entropy-respecting region, we have the opposite of 3.2.17);

this implies that, even in this region, the derivative is lower than .

It is easy to show that

lim d w(T; UR) 2

T-+O dT

w'th k2 negative and finite.

Summarizing we have shown that, VT > , on a A-shock wave it is

d p(T; UL > 
dT

d p(T- UL > (A. 2. 1)
d T

d w(T; UL < 
dT

As already observed, a A(+)-rarefaction wave connecting a right state UR t U is a

AH-rarefaction wave connecting the left state UR t U, in the coordinate system
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(XI, t = -x, ). Then, VT > , it is

d AT; UR) > 
dT

d P(T; UR) > (A. 2.2)
dT

d w(T; UR) > 
dT



Appendix 

The Intersection of the Left and
Right GNL Curves

In this appendix we explain how to compute the intersection of the left and right
GNL waves in the (w, p)-plane, in the entropy-respecting and non-entropy-respecting
cases, i.e. solution of the problems 3.3.6), 33.7), and 3.3.10). In all these cases,
we have to determine (TZ, T� E R x R such that

PL(T�; UL - PR T�_ UR)9(T�, T�; UL, UR = 7 = 0 (B.O.1)
WL(T�; UL - WR(T�; UR)

As already mentioned, the GNL curves pe(T;Uf ad we(T;Ue) ( = Rj), are
at least CR+) (even in the entropy-respecting case). Moreover, from the results
shown in appendix A, it is

Ogj - d PL (T�; UL > 0
nz dT�

19gi - d PR(TL; UR) < 0
OT� dTL

1992 - d WL(T�; UL > 0
nz dT�

,9g2 - d WR(T�; UR) > 0
n� dT�

e., defining J the Jacobian of g with respect (T�J�), det(J < 0. Tus is
never singular. For this reason, we can solve this problem by using the method of
Newton-Raphson, i.e.

g(T�,,' T�,,) g (T�,n I T�,n - I

+ in-1 (�ln - T�Inl T�,n _T�,n-I)T = (B.O.2)
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The continuity of the second derivatives guarantees that they are bounded in a com-
pact region around the solution. The non-singularity of the Jacobian and the limi-
tation of second derivatives guarantee the convergence of Newton-Raphson method,
of course in the case of existence of te solution.
Actually, in the case of strong rarefactions, because of the linearization, it can hap-
pen that one of the temperature computed by using (B.O.2) becomes negative, even
if the solution of the problem exists. To overcome this problem, after computing

*' T with the algorithm (13.0.2), we impose that(T� " R*

T; = max(T,"", T�,o)

min(TL, TR). Experimentally, wth this expedient, we have always
reached the convergence to the solution.



Appendix C

Modelling of the 2D Euler
Equations on Unstructured Grids

In this appendix we present, in detail, the numerical algorithm we implement to
compute the 2D Euler equations on unstructured grids.

C. 1 iemann problem, upwinding and directional
splitting approach

Once divided the total domain V in triangles and quadrangles, we have to solve the
problem 6.1.2), i.e.

d
vi-ui(t) + L,�, d = 

dt la Vi

subjected to some initial and boundary conditions on U(x, y, t). We. emphasize that
this equation is exact; the approximation consists in computing the surface integral
of the interface flux L.
In section 12 we have shown that, in ID scalar inear case,

• the solution of problem 6.1.2) cannot be performed with a two-level explicit
scheme in time and a central scheme in space, the method being uncondition-
ally unstable;

• once the mesh is fixed, under a certain condition on time step (CFL-condition),
upwind scheme can be applied-,

• upwinding is the least diffusive first order strategy which satisfies the LED
condition.
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As far as the 2D problem is concerned, a possible strategy to solve 6.1.2) consists
in evaluating the surface integral by using one Gauss point per face (i.e. the center
of the face). The numerical flux Li ........ at the Gauss point can be computed with
the monodimensional upwinding strategy, i.e. at the face center we consider the
following Riemann problem in the (ii, i)-frame (see figure C. . 1):

R

L -----

Figure C.1.1: Computation of the Remann problem in the center of the face.
We also represent the local frame directions, i.e.

du('hj) OLhjii)
+ �� = 0

(9t 098i

U (h, i), L S < (C. 1. 1)

U (fit (i, = ) U (A, i), R otherwise

where

P PWh

PWi PW3 + 

pwi pwiwi

U (,h i pet Li,(ij) pwiht (C.1.2)

P Y, P WA Y

PY.-I PWhy,-,-l

As in the ID case, as left state L and right state R, we can take the average values of
the conservative variables in the cells (first-order computations) or interfacial states
obtained by performing a MUSCL reconstruction or Hancock-van Leer predictor-
corrector approach (see section C.3).
As in D case, the hyperbolic system of conservation laws (C.1.1), can be written
in quasi-linear form for the primitive variables V = p, wi, wi, Y,..., Y-,). It can
be easily sown that
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• the Jacoblan has three different egenvalues A = w ± c, (relative to the
GNL fields), with multiplicity one, and ) = w (relative to the LD field),

'th multiplicity n + 1;

• as far as p, p, wh are concerned, the solution of the Riemann problem (C. . 1)
does not depend on the left and right values of WI;

• wi can vary only on the LD field, as well as Y.

Then numerical methods for the ID Euler euations may be readily used to solve this
Rlemann problem. Moreover, the numerical estimation of pwAwi can be performed
in the same manner as the numerical evaluation of pwfY.
Once determined the numerical approximation of the flux L',,(,hj), we have to deter-
mine the numerical approximation of the flux Li, of equation 6.1.2); we recall that
the former is expressed in the surface local frame (h, while the latter is expressed
in the global frame (ij), i.e.

PW'h

PW 2+ P(Ljj,(,hj) )2 A

(Lh,(,jt) )3 =PW'hWi

(Ljj,(jji) )4 =pwhht

(Lh,(jt) ) 4i =pwiyi

and

(Lij), = pwjj

(Lij 2 = PWA WI P COS 

(Lf, )3 = pwhw, + p sin 

(Ljj)4 = PWfiht

(Lij)4+i = PWhy�

Then, being

W = WA COS - W Sin 

WY = icos + W'h sino
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it comes

(Lh )2 (Lj'(A'j) 2 COS (Lh,(ht� )3 sin 

(Lj )3 (Lf"(iiJ))3 COS + (Lh,(hj)) sin 

(Lh), (Ljj,(,hj) 4

(L-h)4+i = (Lh, h, 4+i

C.2 CFL-like condition

In 1D problems, the classical CFL condition is ust a necessary condition to ensure
the convergence of the method- as already mentioned, an efficient criterion to de-
termine the time-step is the condition of non-interaction of the waves coming from
the different interfaces.
As far as the multidimensional case is concerned, we consider the following approach
(see figure C.2.1). For each element we define d .. j, as the minimum of the distance

R-

d,�n R

L
+ d

Figure C.2.1: Computation of Ati for the Z'-th face.

between the center and the faces. Then, for the face Z', we define

At = 2 min (dminL dminR) (C.2.1)
max ((I wj I+ C., L, I W I C) R)

and we define

1�t = min Atk
k
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k being a face of the mesh. Then, we define the CFL-like parameter as

At
CFL = __ (C.2.2)

'At

Once the CFL-like parameter is fixed, the time step is evaluated by equations (C. 2 )
and (C.2.2).
Note that in the case of ID problems computed with a D regular Cartesian mesh,
this definition reduces to expression 5.1.3). Then CFL < .5 guarantees the non-
interaction of the waves coming form te dfferent interfaces, CFL < .0 guarantees
that in one time step the waves cannot cross more than one cell.

C.3 Variables reconstruction

In the following section we present the extension of MUSCL approach and the
Hancock-van Leer predictor-corrector approach to 2D unstructured meshes. Con-
ceptually, these strategies do not differ from the ones relative to ID case, presented
in section 5.1: the only difference is the evaluation of limited gradients in multidi-

inensional unstructured grids.

Even in multidimensional case, we prefer performing the reconstruction on primitive

variables p, z�, p and Y and not on conservative ones. The reasons are the same as

in the monodimensional case (see section 5.1).

C.3.1 Space reconstruction: evaluation of the numerical
gradient

The space-reconstruction scheme we develop is based on the kexact reconstruction

method applied to linear polynomial (k = ) [DE95]. The generic flux variable q is

assumed to be pecewise linear, i.e. in the generic Z'-th cell of the grid

q(F = qi + < > i

where qi is the average value of the variable, < Vq >i is the numerical gradient and

cei the limiter of the gradient.

Let us describe the evaluation of the numerical gradient. As represented in fig-

ure C.3.1, for each cell, a control volume (the stencil domain W) is defined, which

joins the centers of every adjacent cell. To compute the numerical gradient of a

generic variable q < "� > we apply Green Theorem to the stencil domain by

considering a trapezoidal rule along each face of the element:

I qi + qi+l
"�q dV qi2 dS ==� < q >= ni+1/2JNi1Vi+1 I

stencil
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Stencil domain W
Cell domain V

N

n

Figur CI: Stencil for the numerical gradient evaluation. The element on
the right is on the border: in this case we suppose qNi+, = q(Q_

where q = q(Ni) and JNj1Vj+jj is the length of the face NiNi+,.
Note that the following gradient reconstruction has the following properties:

• it is linearly exact on both structured and ustructured meshes;

• it respects the tensorial property of the gradient, i.e. if q is a zero-th order
tensor, its numerical gradient is a first order tensor as well as its exact gradient.

Once the numerical gradient for the generic variable q is computed, we have to
evaluate the limiters a. Let us consider figure C.3.2. The evaluation of ce is subjected

i+

q
hgh

q j

Figure C.3.2: Gradient reconstruction

to the condition that the reconstructed variables at the each face, i.e.

qjft = qj + cei FiFk < "�q >j

qright = q + a FFk < ;�q >j

have to satisfy some properties. In the modelling of the ID Euler equations, we

'dered the so-called "minmod" limiter; n this case the following property is
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satisfied:

qj < qj =:� qeft qriglit (C.3.1)

which is a direct consequence of the preservation of monotonicity of the solution of
a convex scalar problem. Actually, in multidimensional domains, we cannot follow
the same approach; the reason is obvious in regions of smooth flow. For example,
let us compute a ID physical problem in a multidimensional domain. In figure C.3.3
the states in the i-th cell and in the J-th cell are physically the same but numerically

direction of propagation

i
---- - -----

---- - -----

Figure C.3.3: Computation of a physical ID phenomenon in 2D mesh.

different because of round-off errors. The projection of the numerical gradient onto
the y direction is different from zero because of round-off errors; thus, even if the
difference between the reconstructed values on the face between i and depends
only on round-off errors, the satisfaction of property (C-3.1)) may create unneces-
sary restrictions on the limited gradient in the 1-th and 3-tb cells.
As already mentioned in section CA, another important property of scalar hyper-
bolic problems is the so-called LED (Local Extremurn Diminishing) property: local
extrema are bounded by their initial values. Thus, the variable reconstruction can-
not create new extrema. A limiter satisfying this property is the Barth-Jespersen
limiter (see [Del96]):

ai min Ceik (C. 3.2)
k faces of i- th cell

where

I J = 

ai min 1, qmax - qj J > 
,k 6q

min 1, qmin - qj Jq < 

6q
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Jq =< "�q >j -iiFk

qmax max jqjj
,tencil + i

qmin min jqjj
�.tencil + i

In this manner, at each interfaces, the reconstructed value respects the condition

qjeft I qright E [qmin, qmax -

Actually, our final target is the computation of flows which involve strong shock
waves; then, in order to enforce the stability, we want at least the satisfaction of
the property (C.3.1) on the faces relative to strong variations of q. Thus, let us
supppose that for the cell i qmaxj = qj and for the cell j qminj = j. In that case, it
can be shown that we have qjft > %ighl if we compute the limiter as

Sq = 

cti, FiFk qma - j Jq > (C.3.3)
k M" i:l,Fk I I Fk I Jq

min I iiFk I q,. i n - qj 6 < 
IiiF0 + i],Fkj S�

Note that in reactive flows spurious oscillations must be absolutely avoid because
they can generate spurious combustion phenomena, changing completely the solution
of the problem.

C.3.2 Predictor-corrector technique

It is the trivial extension of the ID strategy described in section 5.1.

• prediction step, i.e. the evaluation of the cell-centered values of the primitive
variable at t = tn+111 , by using the quasi-linear formulation of the Euler equa-
tions.

correction step, i.e. the projection of the predicted values of the primitive vari-
ables at the center of the interfaces of each cell, by using the limited gradients.

CA Boundary conditions

In this section we describe the technique we implement in order to impose the
boundary conditions. In finite volume cell-centered formulation, the most natural
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technique is the creation of ghost cells. These are virtual cells that we put outside
the physical domain (see figure C.4.1), where we impose a virtual state that depends
on the nature of the boundary.

/7

Figure C.4.1: Boundary conditions: on the bottom we have the internal cells
next to the border, while on the top we have the corresponding ghost cells.

The advantage of the ghost cell technique is that we can treat the boundary faces
as interior faces and use the same flux evaluation methods.
We distinguish between

9 physical (strong) conditions, which correspond to the physical data (signals)
entering the numerical domain;

* numerical (weak) conditions, which correspond to the signals exiting the nu-
merical domain.

The combination of physical and numerical condition completely determine the state
at the boundary.
The number of physical conditions is determine by analyzing the wave propagations
properties of the following system

au - au -
(ht) J A 0,t) 0 (C.4.1)at ___n asi�

where is the normal to the border surface, exiting the internal domain, and A-
is the Jacobian of L,,,(,,j) with respect to U(,j) (both defined in (C.1.2)). Let us
cons'der the case of monocomponent Euler equations (extension to multicomponent
case is trivial). By considering the sign of the eigenvalues A() = h ± c, AM == wh,
we can distinguish between different cases:

the boundary is a wall; in that case we have to impose the slip condition on
the wall (i.e. w = to achieve that, we have to put in the ghost cell the
mirror state of the nterior cell (see figure C.4.2);
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P

Wn n
Wt Wt

P

Figure C4.2: Wall boundary condition; on the right we have the interior cell

and on the left we have its corresponding ghost cell, where we put the "mirror"

state.

• the boundary is a supersonz .c nlet, i.e. we have 3 negative eigenvalues; there are

no signals travelling towards the ghost cell, i.e. we have to impose 4 physical

conditions.

• the boundary is a supersoni .c outlet, i.e. we have 3 positive egenvalues; there

are 4 signals travelling towards the ghost cell, i.e. we have to impose 4 nu-

merical conditions (we impose in the ghost cell the same state of the internal

cell).

• the boundary is a subsonic inlet, i.e. we have one positive egenvalue (AH)

and 2 negative egenvalues; there is one signal travelling from the interior cell

towards the ghost one (i.e. I numerical condition) and 3 signals travelling in
ite drection 3 physical conditions).

opposi I I 1 1 1

• the boundary is a subsonic outlet, i.e. we have 2 positive egenvalues; there

are 3 signals travelling from the interior cell towards the ghost one (i.e 3

numerical condition) and one signal travelling in the opposite direction (I

physical condition).

These different possibilities are summarized in table C.4.1. The wall and the super-

sonic conditions are very easy to treat while in the subsonic case we have to chose

the variables to impose numerically or physically. In [Hir901 this problem is treated

in detailed; let us summarize its results.
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Type of Boundary Number of Physical B C Virtual state

Pghost = Pnum

Solid Wall I Pghost = Pnum

Wfighost = -Wflnum

Wighost = Winum

Pghost = Pphys

Supersonic Inlet 4 Pghost = Pphys

Whghost Whphys

Wighost 'Uiphys

Pghost Pnum

Supersonic Outlet 0 Pghost Pnum
WAghost Mhnum

7-Vighost Winum

Subsonic Inlet 3 ?

Subsonic Outlet I ?

Table C4-1: Boundary conditions. The subscripts: "ghost" refers to the ghost
state, "phys" to the physical state, "num" to the numerical state (i.e. the state
in the corresponding internal cell), means that we have different possible
choices.
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C.4.1 1D Euler equations: compatibility conditions

As shown in the case of a ID stationary shock wave (section 52.5), when we know the
boundary state, we can use the characteristic formulation of the ID Euler equations.
But what happens when we do not completely know the physical state? Which
"thermodynamic" conditions are compatible and which are not? It can be shown
[Hir9O] that:

• at a subsonic outlet (I physical and 2 numerical conditions in ID problems)
any of three primitive variables p, p, w can be chosen as physical boundary
conditions;

• at a subsonic inlet (I numerical and 2 physical conditions in ID problems) any
combination of primitive variables can be selected as physical conditions, with
the exception of (wp) which is not a compatible pair.

C.4.2 2D Euler equations

Of course, a multidimensional problem is more complicated to treat [Hir901. Here
we just want to underline that:

at a subsonic inlet the physical conditions are generally determined by the up-
stream stagnation conditions (i.e. stagnation pressure, temperature and one
velocity component or entropy, stagnation enthalpy and one velocity compo-
nent);

• at a subsonic outlet the physical condition usually chosen is the downstream
static pressure;

• in the case of uniform pressure and velocity distribution along the bound-
ary surface the multidimensional boundary conditions reduce to the one-
dimensional case.

As already mentioned, in the case of stationary problems the choice of physical
conditions, even in the respect of compatibility relations, can prevent the numerical

convergence.



Appendix D

Exact Solution for the
Unsupported/Overdriven ZND
Detonation

DA Introduction

In this appendix we present a simple algorithm to compute the exact solution of
a ZND detonation for equilibrium ideal gases mixtures, the combustion of which is
governed by a one-step irreversible chemical reaction.
In figure D. I we represent, in the (I p, p)-plane, the fundamental states and curves
involved in ZND unsupported detonations . The states AICC (Adiabatic Isochore
Complete Combustion) AIBC (Adiabatic IsoBare complete Combustion) do not
belong to the ZND solution, but they are also considered because they allow some
interesting physical considerations.

D.2 Rankine-Hugoniot curve of burnt products,
states AICC and AIBC

The Rankine-Hugonlot curve of burnt product (Rankine-Hugonlot 2 in fig-
ure D.1.1) represents the set of states which can be connected with the state I
by a reactive shock wave, in the case of complete combustion. Sometimes it is
also called "adiabatic of Crussard". Let us determine it, once the initial state I is

'All the graphics displayed in this appendix are relative to a stoichiometric mixture of hydrogen
and air at atmospheric conditions

209
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3.0e+06
N

Rankine-Hugoniot (1)

Rankine-Hugoniot 2)

o---* Rayleigh line

Isoentropic
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Figure D. 1. 1: ZND detonation: example of diagram (1 1p, p) for a mixture of

ideal gases (see note I at page 209 

completely known in the laboratory frame. As in the non-reactive case, there is a

one-parameter family of states which can be connected to I by a reactive shock. In

the case of ideal gases, internal eergy and enthalpy are functions of temperature

only; so it is practical to choose as parameter the temperature.

The Rankine-Hugonlot conditions state that, in the shock frame, it is

PIU = U

2 2

Pi piul = + U (D.2.1)

1 2 2h, + U, + q = h + -U
2 2

w'th

q Yi'I - i, 2 ho (D. 2.2)

Note that. the combustion being completely is completely determined by Y1 as

well as R2 and q; conversely the speed of the state in the shock frame., i.e. ul is

unknown. Combining the first and the second equations of (D.2.1), we derive

U 2 _ U2 = _ PI) + I (D.2.3)
1

P Pi
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By replacing such equation in the third equation of (D.2.1), we have

I I
h + -(pi - p - - hi q (D.2-4)

2 p Pi

or

e + 2 (p pi) el q (D.2.5)
(P Pi

By inserting the equation of state, we derive

PiR2T pl-p_R2T_
h+ + (hi q) 0

2p 2p, 2

and, after a straightforward calculation,

ap 2+ bp c 0

w'th

a
2p,

1
b = - h - R2 - h - RIT + q)

2

= I I R2T
2p

Note that h = h(T; Y2)- Independently on the sign of b, we have two numerical

solutions of opposite sign, only one of which is physical:

p - b + V TL 4a c (D.2.6)

2a

Equation (D-2-6) gives pressure as a function of temperature of the Rankine-

Hugonlot curve of the burnt gases (see figure D.2.1), i.e.

P ---: PRH2 (T; pi, pi, Yj) (D.2.7)

Note that the Rankine-Hugonlot 2) also contains the AICC (p = p = l+ q) and

AIBC (p = pi, h = hi q) states. The ACC state is also called "constant volume

detonation", because it represents the weak solution of an overdriven detonation

in the limiting case of infinite shock velocity; conversely, the AIBC state is called

"constant pressure deflagration" and represents the weak solution of deflagration

wave at rest [CF48].
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Figure D.2.1: ZND detonation: Rankine-Hugoniot curve of burnt products.

D.3 Rankine-Hugoniot curve for the system be-
fore the combustion

The Rankine-Hugoniot (1) represents the set of states which can be connected
ith the state I by a non-reactive shock wave. It is sometimes called "Hugoniot

adiabatic"'. It can be easily computed as

b + VP_-_4ac (D-3.1)

2a

w'th

a
2p,

I I
b = h - RIT - (hi -RITI)

2

= __pjRjT
2

i.e.

P = PRHI (T; pi, pi, Y 1) (D. 3.2)
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D.4 "Frozen" Rankine-Hugoniot curves

The Rankine-Hugonlot curves of burnt and unburnt gases are just particular cases of
the so-called "frozen" Rankine-Hugoniot curves, where the adjective frozen means
that the mixture composition is fixed alon, the curve.
The principle of conservation of the species states that, during the one-step reaction,
the ratio

dni p dYi

I/il - V,' tl�" - Ll�'

is the same for each component, ni being the molar concentration of the 1-th species,
Wi being its molar weight. Then we can define the pogress variable of the reaction

as

Yi - Yi, 1 (D.4.1)
yi,2 - Y,1

i.e.

i(� = Y,1 + �(Yi,2 - iI)

The equation of state at dferent value of progress variable gives

E R YP := P i V i(�)) T = p1 - )Ri + R2)T = pR(�)T (D.4.2)

As far as the heat production is concerned, we have that

q(�) (Yl - �)) h' q (D.4.3)

Once the progress variable and the state I ahead of the shock are fixed, the
Rankine-Hugonlot conditions express the one-parameter family of states behind the
shock and with the composition Y(&):

PJU = U

2 = + 'OU2
Pi + Piul (D.4.4)

h, + I U2 + q� = h + IU 2
2 2
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As usual, this family of states can be expressed as function of T:

PRH (T, �; pi, pi Yj = b + V6�4a�c (D.4.5)
2a

with

a
2p,

I
b = - h - R(ff - (hi - RiT + �q)

2 2

= IPi R2T
2

Note that h = h(T, Y(�)). Then, for 1, equation (D.4.5) reduces to equa-
tion (D.2.6), while for = it reduces to equation (D.3.2).
If we combine the first and the second equation of (D.4.4), we derive

pi I rn2 = p + ITn 2 (D.4.6)
Pi p

rn being the mass flux through the shock. In the (1/pp)-plane, equation (D-4.6)
represents a group of lines centered in lplpi), the so-called Rayleigh lines. The
flow ahead of the shock being at rest, rn depends only on the velocity of the shock
in the laboratory frame:

Irnl = piluil = pDj (D.4.7)

Obviously, once D is fixed, the state ahead of the shock is determined.
It can be shown [FD79] that, in order to have a stable detonation wave, D must be
greater tan a critical value, Dcj, which is the velocity of an unsupported ZND det-
onation. In the (1/pp)-plane, this critical configuration presents the Rayleigh line
tangent to Rankine-Hugoniot 2). The tangent point, CJ, represents the Chapman
Jouguet state in te (1/pp)-plane.

D.5 CJ state

The CJ state can be easily determined by imposing that the sentropic curve and the
Rankine-Hugonlot curve 2) are tangent in CJ. Let us show this property [CF48].
For the definition given in the previous section, at the CJ state it is

dp p Pi (D.5.1)
d' 1 1P P Pi
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Moreover, differentiating equation (D.2.4), observing that

I
dh = Tds + dp

P

we have

T - +d- (P pi) 0 (D.5.2)ds + 2 dp (P - li P

Combining equations (D.5.1) and (D.5.2) we have that on the Rankine-Hugonlot
(2), at CJ state, it is

Tds = 

i.e. the Rankine-Hugoniot 2) is tangent to the isentropic at CJ state; thus

P Pi 2 2
-P Cs -W (D 5.3)

P P I

The CJ state can be determined by intersecting te Rankine-Hugoniot 2)
with (D.5.3). Let us write the latter equation in the (Tp)-plane: after a straight-
forward calculation we can write

ap2+ bp + c = 

with

PIR2T

b -(- + 1)

C PI

Note that = T; Y2)

This equation admits two dferent positive solutions which correspond to the phys-
ical cases of CJ-detonation (the largest one) and CJ-deflagration (the lowest one),
providing that (b 2 - 4ac > 0. Thus we have

P - - b + V T L 4ac (D.5.4)

2a
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Note that the condition (V - 4ac > is satisfied if and only if

T > 4-�Rj T,
(_/ 2 2 + I)R2

and, since

- 4-� < 
(7 2 + 1)

we have certainly real solutions if

T Ri T,
R2

As equation (D.2.6), equation (D.5.4) gives p as function of T. In the particular
case of -/ constant Oe. independent of T and Y) and R constant
of Y), it has a very interesting physical meaning: it represents the so-called "Tan-
gent Locus" [FD79], i.e. the locus of points where the Rayleigh lines are tangent
to the frozen Rankine-Hugonlot curves, at different levels of combustion. Let us
write (D.5.4 as

P PTL (T; pi, pi, Yj) (D. 5-5)

2.0e+06

1.5e+06

I.Oe+06
Cx

5.0e+05

O.Oe+00
1000.0 2600.0 '9000.0 4000.0
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Figure D. 5. 1: ZND detonation: P PTL (T; pi, pi, Yi).

By numerically solving the nonlinear system given by (D.2.7) and (D.5.5), i.e.

PRH2(T; ppi, Yj) = PTL(T; pi, pi, Yi) (D 5.6)
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we can determine TCj and all the other quantities: pCj from (D-5-5), pci from the
equation of state, uci by imposing that the flow is sonic in the local frame, i.e.

lucil = CC = FcjR2TCJ

The shock speed in the laboratory frame can be determined from equation (D.4.7):

Dc = uil = PCJIUCJI M (D 5.7)
I P I

with

M 2- PCj Pi (D-5-8)
I I - 1Gjj-GJPCj

PCJ Pi

D.6 The reaction zone

As far as the (11p, p)-plane is concerned, each state of the reaction zone lies on the
Rayleigh line:

p - pi = -rn 2 (D-6-1)
(P Pi

In the case of unsupported detonation, m 2is der ned by (D.5.8). Let us determine
its form in the (T, p)-plane. First of all, by substituting the equation of state (D.4.2)
in (D.6.1), we derive

P2+ bp + c = (D. 6.2)

w I'th

b= _ (PI rn')

Pi

= 2R(�)T

Providing that

PI _2)2

T < T = Pi (D. 6.3)
4R( �)M2
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we have two positive solutions which, the (I 1p, p)-plane, represent the ntersect'
of the line (D.6.1) with the hyperbola (D.4.2). Then for each T and �, we have two
possible values:

M 2) M2)2

p (T, �; Pi, Pi Aj) pi - pi - - 4R(�)TM2 (D.6.4)
2 Pi Pi

Now, to determine the state of the reaction zone corresponding to a certain value of
�, we have to intersect the Rayleigh line with the "frozen" Rankine-Hugonlot curve
corresponding to the same value of &. Then we compute T by solving

P+ (T, &; pi, pi, Yj = PRH (T, �; pi, pi, Yi) (D. 6.5)

This problem admits two roots, corresponding to the two intersections of the
Rayleigh line with the frozen Rankine-Hugoniot curves. They are called strong
and weak solutions. The former, which has the greatest value of pressure, is the
only one we consider. Actually, even weak solutions are interesting and they can
be the physical solution of the problem in some particular cases. Von Neumann in
1942, discussed a case in which the system with one forward chemical reaction whose
number of moles decreases during the reaction. In that case the state at the end of
the reaction zone can be a weak point. See [FD79] for details. Other examples of
weak solutions for systems with more tan one chemical reaction are presented in
the same monograph.
In figure D.6. 1, an example of the Rayleigh curve in the (T, p)-plane is plotted. Note
that the temperature has a maximum in proximity of CJ state (but not at CJ).
This is obvious, since in the (I 1p, p) plane it is

ap I op I
(91 (P -/p < -pp p ,T)

P P

D.7 VN state

VN state is determined by the intersection of the Rankine-Hugonlot curve for u-
burnt gases with the Rayleigh line, i.e. it is the solution of problem (D.6.5) with

= 0. In figure D.7.1 we represent an example of p and pRjjj as a function of T
w'th 1. Note that we have two the state VN and .
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Figure D. 6 1: N D detonation: Rayleigh line in the (T, p)-plane.
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Figure D. 7 1: ZND detonation: p (T), p- (T) and PRHI (T).
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D.8 Rarefaction wave and state 

In an unsupported detonation in a tube with closed extremities, the reaction zone is
followed by a rarefaction wave. It connects the CJ state with a state which presents
a velocity w = , the state 0. This wave is also called Taylor wave. Let us consider
the laboratory frame. If we suppose that the leading shock travels towards the
positive x, the Taylor wave is a A(+)-rarefaction wave. In that case, for an ideal gas,
it is

dp 1 dT

p 7-1 T (D. 8. 1)

dw I c, dT -v/7R d T
, - I T 7 - I VT

In order to determine the state 0, we have to integrate these equations starting from
the CJ state, and by imposing that the velocity at the state in the laboratory
frame is .

being a function of T, we can integrate equations (D.S.1) from Tc,7 to T:

T da

p(T) pc.j eXp JTCJ Ma) ')a (D. 8.2)

w(T) wcj + T /7(0,)R2 dc, (D.8.3)

JTCJ "(a) 70

We determine To by imposing the boundary condition on the velocity i.e.

To V/�(ce)R2 dc,

== WC + , -/(a) I C1 (D.8.4)

w being the velocity in the laboratory frame. Once To is known, we can represent
the different variables as parametric functions of T, T E (To, Tcj). Note that

lim T da +00 P + 
T-+O+ JTC, Ma) C =

lim jT VF(O,)R2 d, = k < oc p(T)w(T) -+ 0
T-+O+ Tcj Ya) VCZ

In figure D.S.1 we represent an example of a Taylor wave in both (Tp) and (11pP)
planes, together with the complete ZND solution of an unsupported detonation
wave.
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Figure D.8.1: ZND unsupported detonation (in both (Tp) and (11pp)
planes).

D.9 Overdriven ID detonation

If the extremity of the tube behind the detonation wave moves, we can have two
different cases. If its velocity, usually called "piston velocity" (Wp), is lower than
the CJ velocity in the laboratory frame (ucj), we have an unsupported detonation.
The state behind the Taylor wave can be easily determined by replacing the LHS
of equation (D.8.4) by w, Conversely, we have a so-called overdriven detonation,
which travels at a speed D > Dcj. It consists of a non-reactive shock wave, followed
by the reaction zone and a constant state. The Rayleigh line presents a slope

M = -PI DI

absolutely greater than the one of an unsupported detonation. Thus there are two
intersections with the Rankine-Hugonlot curve 2), the so-called strong and weak
solutions. As already mentioned, we consider only the former.
Let us determine strong solutions for different values of the progress variable
(defined by (D.4.1)), i.e. the reaction zone of an overdriven detonation. From the
equation of conservation of the mass we have

pi w - D = p(w - D)

and, by imposing w = 0, = WPI

D WPP
pi P

Thus

U 2 U 2 (UI - u)(ul + u = -w,(w, - 2D) = W2PI + P
P P P1
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By replacing this equation in (D.2.3), we derive

I I = W 2 (D. 9. 1)
(p Pi p P

Equation (D. 9. 1) represents a hyperbola in the (I p, p)-plane, centered in (1 lpi, pi) 
As in the unsupported case, we need its expression in the (T, p)-plane, at fixed values
of �. Inserting in it the state equation,

I RT

p p

we derive

I
-P - w + R, T + RT)p pi RT = 
pi P

Note that R = R). Providing that its dscriminant is greater than 0, such equation
admits two positive solutions:

= RLoi (T, �; pi, pi, Y1, wp) (D.9.2)

By intersecting (D.9.2) with the frozen Rankine-Hugoniot curves (D.4.5), we obtain
two solutions, the weak and the strong ones, for each value of .
It can be useful to determine the overdriven detonation by imposing the shock
velocity D instead of wp (D > Dcj). In that case the different solutions in the
reaction zone are given by the intersection of the frozen Rankine-Hugoniot curves
with the curves obtained by imposing in equation (D.6.1) n = pD:

P' - (pi pi D')p + pD 2RT = 1

i.e.

= RL,,2(T, �; pi, pi, YI, D) (D 9-3)
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