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Le present guide s’applique a l’estimation de l’incertitude dont les quantites sont calculees par 
des programmes informatiques d’analyse et de conception scientifiques qui entrent dans le cadre 
du guide d’assurance qualid du logiciel (AQL) d’EACL. 11 &unit les methodes rationnelles du 
guide AQL et trois autres sources differentes : a) la mtthodologie d’evaluation CSAU @de 
&aling, &plicability, and Qncertainty); b) le Guide pour 1 ‘expression de I ‘incertitude de 
mesure de 1’ISO et c) la methode d’analyse du risque SVA @sterns _Yariability &alysis). 

Ce rapport d&it la meilleure facon d’estimer et d’exprimer les incertitudes aleatoires et 
systematiques en quantites calculees. L’incertitude aleatoire dans la sortie du modele provient 
d’incertitudes d’entree. On peut rep&enter de diverses facons la propagation de cette incertitude 
au moyen d’un modele informatique, comprenant les calculs exacts, les approximations de series 
et les mtthodes de Monte Carlo. Les incertitudes systematiques proviennent de l’elaboration du 
modble informatique lui-meme, par le biais de simplifications et de mesures de prudence, par 
exemple. On doit estimer et combiner ces dernieres avec les incertitudes aleatoires pour 
determiner l’incertitude combinee dans une sortie du modele. 

Ce rapport porte egalement sur la facon dont on doit employer les incertitudes dans la validation 
du code, pour determiner si les experiences et les simulations concordent et si le code satisfait ou 
non a la tolerance prescrite pour cette application. 
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ABSTRACT 

This guide applies to the estimation of uncertainty in quantities calculated by scientific, 
analysis and design computer programs that fall within the scope of AECL’s software 
quality assurance (SQA) manual. The guide weaves together rational approaches from 
the SQA manual and three other diverse sources: (a) the CSAU (Code Scaling, 
bplicability, and IJncertainty) evaluation methodology; (b) the IS0 Guide for the 
Expression of Uncertainty in Measurement; and (c) the SVA (Systems variability 
Analysis) method of risk analysis. 

This report describes the manner by which random and systematic uncertainties in 
calculated quantities can be estimated and expressed. Random uncertainty in model 
output can be attributed to uncertainties of inputs. The propagation of these uncertainties 
through a computer model can be represented in a variety of ways, including exact 
calculations, series approximations and Monte Carlo methods. Systematic uncertainties 
emerge from the development of the computer model itself, through simplifications and 
conservatisms, for example. These must be estimated and combined with random 
uncertainties to determine the combined uncertainty in a model output. 

This report also addresses the method by which uncertainties should be employed in code 
validation, in order to determine whether experiments and simulations agree, and whether 
or not a code satisfies the required tolerance for its application. 
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EXECUTIVE SUMMARY 

This guide applies to the estimation of uncertainty in quantities calculated by scientific, analysis 
and design computer programs that fall within the scope of AECL’s software quality assurance 
(SQA) manual. The guide weaves together rational approaches from four diverse sources: 

a. the CSAU (Code zcaling, &plicability, and uncertainty) evaluation methodology 
developed by the United States Nuclear Regulatory Commission, as adapted for computer 
program validation in the Canadian nuclear industry; 

b. Guide for the Expression of Uncertainty in Measurement (GUM95), jointly issued by 
seven international standards organizations; 

c. the SVA &stems yariability Analysis) method used to estimate risk from the disposal of 
nuclear fuel waste in Canada; and 

d. AECL’s software Quality Assurance manual and associated procedures, developed to 
ensure that software development and use in AECL conforms to CSA standard N286.7- 
99. 

The expression of uncertainty in this guide comes from GUM95. Each uncertain quantity X 
represents a true value X that can be defined, but whose value is unknown. X can have several 
attributes, including a best estimate 2, a random uncertainty Ul , and a systematic uncertainty 
US, . Random uncertainty represents the possible variation of observed values if the observations 
were repeated a large number of times. Systematic uncertainty represents the set of possible 
differences between the average of a very large number of repeated observations and a true value. 
These two quantities can be combined to give a combined uncertainty Vi . In this guide, each 
uncertainty is a standard deviation of the corresponding possible variation of X. 

In some cases, an actual probability distribution for X is provided as the expression of 
uncertainty. Where the actual distribution is not available, it is common to assume a normal 
distribution, or a Student’s t-distribution, which is a broadened version of the normal distribution 
based on a limited number of observations. Tables are provided for both normal and t- 
distributions, so that an analyst can determine an interval that has a high probability of containing 
the true value of an uncertain quantity. The guide also shows a method to tit an empirical 
distribution when many data points are available. The number of observations required to avoid 
extrapolation in fitting an empirical distribution depends on the confidence level desired. 

Some uncertain quantities are “measurands.” That is, they are measured values, as in an 
experiment, and the uncertainty stems from the processes and tools of measurement. Other 
uncertain quantities are “simulands.” That is, they are simulated values obtained by applying a 
computer model (or some other calculation method) to mimic processes and events in a real or 
postulated situation. In validation, simulands are compared to measurands to determine whether 
a computer model is performing as it should. Uncertainties affect the usefulness of such 
comparisons, as both the measurands and simulands should have relatively small uncertainties, if 
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they are to achieve a desired tolerance for the validation. On the other hand, the smaller the 
estimated uncertainty, the closer together the two numbers must be to avoid disagreeing. In 
licensing studies, simulands are used to estimate consequences of reactor accidents. 
Uncertainties help determine the margin of safety in the results. 

There are three sources of uncertainty in simulation results: 

a. Stochastic behaviour in the real world svstem. Typically, a computer program will 
produce the same results repeatedly when a simulation is rerun with identical inputs. In 
contrast, a real world system may not always produce the same results under apparently 
identical conditions. This difference creates uncertainty when using a simuland to predict 
real world behaviour. Even if a computer program is induced to vary stochastically with 
a pseudorandom number generator, the variations it produces will not be identical to 
those observed in the real world. 

b. Uncertaintv about innut narameter values. Inputs to a computer model may be measured 
or estimated values with an inherent uncertainty. An output of the computer model will 
have an uncertain value to the extent that the input uncertainties are propagated through 
the computer model. 

c. Model error. A computer model never replicates, in its entirety, every factor and every 
interaction that affects a real world system. Models are simplified representations. 
Consequently, their outputs will differ somewhat from values observed in the real system. 
When such errors can be predicted, corrections can be made. Uncorrectable errors create 
uncertainty in the simulation outputs. 

Uncertainties in simulation inputs and results can be represented with a mean value plus 
uncertainties, or by a probability distribution, just as measurement uncertainties are represented. 
There are three common ways of determining random uncertainties resulting from uncertain 
inputs: 

a. Monte Carlo analvsis. This approach randomly samples values for input variables 
(including uncertain coefficients of the model) and performs multiple simulations with 
the sets of sampled values. This approach was used extensively with SVA, and the 
SYVAC3 code was developed to support the process. 

b. Theoretical analvsis. Transformations on uncertain quantities can be solved 
mathematically to determine the distributions of other quantities that depend on them. 
The math is often diffkult, or even intractable. Sometimes it can be performed using 
Mathematics or some other symbolic algebra software program. 

c. Perturbation analvsis. In this method, small uncertainties are propagated through series 
approximations of the functions involved, assuming normal distributions. 

Random uncertainties estimated using these techniques must be combined with systematic 
uncertainties to determine combined uncertainties in simulands. 



X 

A comprehensive strategy is required to carry out an uncertainty analysis of simulated values. 
The strategy recommended by this guide depends on Monte Carlo analysis, for which a number 
of experimental designs have been listed in Appendix A. The strategy has four components: 

1. Generate a satisfactorv deterministic case. This case might be a simulation where each 
input parameter takes its average value. Before attempting uncertainty analysis, make 
sure that this deterministic case works properly and satisfies acceptance criteria. 

2. Analyze random uncertaintv stemming from PKPIRT narameters. The AECL SQA 
manual requires a Phenomena Key Parameter Importance Ranking Table (PKPIRT) to 
identify in advance those parameters that are expected to dominate the uncertainty in the 
simulation results. The analyst can conduct Monte Carlo simulations, in which these 
parameters are varied in accordance with their probability distributions. By keeping this 
group small, the analyst can perform both uncertainty analysis and sensitivity analysis 
related to possible variations in these parameters. If the original assessment was correct, 
then these parameters should account for most of the random uncertainty in the simuland. 
While performing this analysis, other parameters should remain fixed, for example, at 
their average values. 

3. Analvze residual random uncertaintv caused by variation of other narameters. The 
analyst should repeat the same simulations carried out in step 2, this time allowing the 
other parameters, which were originally fixed, to vary. By comparing each original 
simulation to the corresponding new simulation, the analyst can estimate the additional 
uncertainty caused by the parameters that were originally thought to be unimportant. If 
the original assessment was correct, then this analysis will provide another contribution to 
the random uncertainty, without changing the results of step 2 in any substantial way. If 
the PKPIRT ranking was incorrect, then the additional uncertainty may dominate the 
step 2 uncertainty, in which case the analysis should be repeated. It is recommended that, 
in step 3, all the original simulations be repeated; however, when faced with resource 
constraints, an analyst may first repeat a fraction of the original simulations. If the 
additional uncertainty calculated this way is very small, then it may be justifiable to waive 
the rest of the repeated simulations. 

4. Combine the random uncertaintv with svstematic uncertainty. Systematic uncertainty by 
definition cannot be determined by performing simulations, but must be estimated by 
other means. This estimated uncertainty should be combined with the random uncertainty 
identified in steps 2 and 3 to evaluate the overall uncertainty affecting simulation results. 
Intervals of high confidence can then be estimated. 

When this strategy is applied in a code validation context, there are three possible outcomes. The 
desired result is usually that simulation results agree with experimental results (allowing for 
uncertainty in both), and that the overall uncertainty in the comparison is small enough to meet 
the tolerance required for the code to be applied. This result can only occur if the experimental 
conditions and results were known accurately, and if the code being validated was an accurate 
code, with little systematic uncertainty. 
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It is also possible that the simulation results could agree with the experimental results, but that 
the overall uncertainty in the comparison is excessively large. In this case, the validation does 
not provide sufficient confidence for the code to be used, even though no specific problem has 
been found with its output. This result could occur if the experimental inputs and results were 
not sufficiently accurate for the tolerance required of the code, or if the model was crude, and had 
a large systematic uncertainty. 

The third possibility is that the simulation results and the experimental results do not agree, even 
when uncertainties are taken into account. This result should only occur if a mistake has been 
made in the validation process. The following types of mistake could cause this result: 
(a) incorrect choice of code for the application; (b) incorrect experimental analysis (e.g., a units 
error); (c) incorrect simulation analysis (e.g., a code defect); or (6) incorrect uncertainty analysis 
(e.g., neglecting to include systematic uncertainty). In any of these cases, the specific defect 
should be identified and corrected, and defects of a similar type should be rooted out. 

When a code has been validated, its accuracy is the average systematic uncertainty to be expected 
in typical applications. Each output of a code has its own distinct accuracy. A model that is 
quite accurate in estimating one quantity (e.g., temperature) may be quite inaccurate in estimating 
another (e.g., pressure). Care must be taken in specifying the conditions under which an 
accuracy estimate applies. For instance, concentration estimates may be quite accurate in one 
location, but considerably less accurate in a different location. 
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. . Coefficients in a linear expression 
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Atomic Energy of Canada Limited 
American National Standards Institute 
Average 
True value and estimate of bias in a simuland 
Binomial distribution with N Bernoulli trials, each one having a 
probabilityp of success 
Bureau International des Poids et Mesures 
Coverage probability or confidence level, sometimes used as an arbitrary 
constant 
Degrees Celsius 
CANada Deuterium Uranium, a registered trademark of AECL 
Canadian Algorithm for THErmalhydraulic Network Analysis 
Cumulative distribution function 
Canadian Standards Association 
Code Scaling, Applicability and Uncertainty evaluation methodology 
Committee on the Safety of Nuclear Installations (under the OECD/NEA) 
Temperature calibration function 
Symbols for deuterium element and molecule (i.e., hydrogen nuclide H-2) 
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coverage probability C 
Expected value of the quantity inside the braces 
Expected value of the quantity inside the braces, conditional on the logical 
expression after the vertical bar 
Expected value of the quantity inside the braces, allowing for variation of 
only the variables in the subscript 
Unknown random error in calculating W with an ideal approximation 
functionA) based on true values of the independent variables 
= X, - x- : unknown random error in observation Xi of a random variable 
X that was evaluated using a method m 
= xW - X: unknown systematic error in a random variable X that was 
evaluated using a method m 
Unknown systematic error in a model estimate ofX at the ith point, after 
the common bias of all points under consideration has been removed 
Complementary error function 
Fractional Factorial (experimental design) 
Combined Fractional-Factorial Latin-Hypercube (experimental design) 
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IUPAP 
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kc 

kg 
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I 
L 
NF 
NL 

Ideal model equation used to evaluate a simuland at parameter values x, y, 
z, . . . 
Best estimate of the ideal model equation used to evaluate a simuland at 
parameter values x, y, z, . . . based on theoretical considerations 
Cdf of a random variable Xat a value x 
Best estimate of the cdf of a random variable X at a value x 

Geometric mean of random variable X 

Geometric standard deviation of random variable X 
Cdf of a simuland W at a value w 
Pdf of a random variable X at a value x 
Response surface approximation to the ideal model equation used to 
evaluate a simuland at parameter values x, y, z, . . . based on analysis of 
simulation results produced with 3 
(or just GUM) IS0 Guide to the Expression of Uncertainty in 
Measurement [BIPM et al. 19951 
Geometric variance of random variable X 
Symbols for hydrogen element and molecule 
High level for a factor 
Null hypothesis, alternate hypothesis 
Symbol for element helium 
Leverage of tbejth point in a linear regression analysis 
Heaviside step function, taking the value 0 for negative x and 1 for 
positive x 
Symbol for nuclide iodine 127 
International Electrotechnical Commission 
International Federation of Clinical Chemistry 
International Standard Book Number 
International Organization for Standardization 
Industry Standard Toolset 
International Union of Pure and Applied Chemistry 
International Union of Pure and Applied Physics 
Joules 
Degrees Kelvin 
Logarithm base 2 of number of experiments in a design 
Upper quantile of a two-sided interval of high confidence with coverage 
probability C for the standard normal distribution (i.e., N(O,l)) 
Kilogram 
Kilopascals 
A constant used to determine a minimal sample size 
Low level for a factor 
Number of factors in a design 
Number of levels for factors in a design 
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LH Latin Hypercube (experimental design) 
In Natural logarithm 
LN(GAif,,G$Dx) Lognormal distribution with geometric mean Gk, and geometric 
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standard deviation G,?Dx 
Loss-of-cooling accident 
Large scale gas mixing facility 
Metres 
Method for measuring or simulating a random variable X 
Number of simulations in a sample, where each simulation uses slightly 
different parameter values representative of distributions of input 
parameters 
Modular Accident Analysis Program 
Main effect of the variable or the expression in the braces 
Millimetres 
Moles 
Mean squared residual in a fit to simulated values W 
Number of coefficients in a regression fit 
Newtons 
Number of observations in a sample 
Normal distribution with mean 2 and standard deviation Uf( 
National Conference of Standards Libraries 
Nuclear Energy Agency 
Nuclear Fuel Waste Management Program 
(Canadian) National Research Council or (USA) Nuclear Regulatory 
Commission 
Organisation for Economic Co-operation and Development 
International Organization of Legal Metrology 
Ontario Power Generation 
ORNL Isotope GENeration and depletion code 
Oak Ridge National Laboratories 
A probability between 0 and 1, or a prime number 
Pressure [kPa] 
Points in the LSGMF where helium concentrations are detected 
Probability density function 
Public Exposure from Atmospheric Releases code 
Process Identification and Ranking Table 
Phenomena Key Parameter Importance Ranking Table 
Probabilistic risk assessment, probabilistic safety analysis 
PRediction Error Sum of Squares 
Dimensionless scaled versions of X, Y, 2, . . . 
Gas constant 8.3 1451 J/(mol.K) 
1 - ratio of residual variation in a regression fit to the total variation 
Regression coefficient between X and Y 
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SVA 
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Seconds 
Sample standard deviation for sample of size N 
Software Quality Assurance 
Simple Random (experimental design) 
Systems Variability Analysis 
Systems Variability Analysis Code (SYVAC3=Version 3) 
Upper quantile of a two-sided interval of high confidence with coverage 
probability C for the standard t distribution (i.e., t{O,l,v,} ) 

Ti, CO Temperature estimate from experiments; initial temperature estimate [K] 

tif -t t-statistic for the difference between wo and i$, 

t{k,U;,vX} Student’s t distribution with mean X , sigma of Uf;l and v, degrees of 
freedom (note that sigma is not the standard deviation unless the degrees 
of freedom are large) 

u Uniformly distributed random variable between limits 0 and 1 

u; = &;)‘+(u;y : standard combined uncertainty in random variable X 

u;,uy 

U;; 

UFDP 
US, USA 
v, vx 
Vltlj...) 

var(...l...} 
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W 
n 

tt: 

wo 

wi 
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-0 
34 

WIMS 
X 

X 

X 
2 

= U; /X : Coefficient of variation of a random variable X 
Variance of the quantity inside the braces 
Variance of the quantity inside the braces, conditional on the logical 
expression after the vertical bar 
Scaled variables between -1 and 1 for variables X, Y, 2, . . . 
Value for a random variable W representing a simuland 
Best estimate of a simuland W 
Random variable representing a simuland 
Point estimate of random variable W 
jth estimate of W while varying only PKPIRT parameters 
jth estimate of W while varying all parameters 
Average value of a simuland, based on M (or an infinite number of) 
independent simulations 
Average value of a simuland, based on M independent simulations in 
which only PKPIRT parameters vary 
Winfrith Improved Multigroup Scheme code 
Possible value for a random variable X 
True value of a random variable X, supposed to be definite, but unknown 
and unknowable, and hence a random variable 
Random variable representing a measurand or a simuland 
Best available estimate of X, typically a sample mean 

= (T’ x : standard uncertainty of random error in observation Xi of a random 
variable X, assumed to be the same for all i 
=a;: standard uncertainty of systematic error in observation Xi of a 
random variable X, assumed to be the same for all i 
Used Fuel Disposal Program 
United States of America 
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xbl 
q,x,m 

zw,x: 

x:,x: 

Xmin, Xmax 

z, zp 

The ith measurement or simulation of X, found using method m 
The ith order statistic; i.e., the ith largest measurement or simulation of X 

The average of N measurements or simulations of X, found using method 
m 
xW = !M TN, the limiting average of a very large number of 

measurements or simulations, found using method m 
Lower (L) and higher (w) bounds of an interval of high confidence with 
coverage probability C 
Minimum and maximum bounds on the domain of X 
Quantile of a standard normal distribution, associated with cumulative 
probabilityp 

Greek alvhabet 

s 

@Jk) Radical inverse of integer k in base p, where p is a prime 

@(z) Cumulative distribution function of a standard normal variate 

Acceptable tolerance in a comparison between simulated and measured 
values 
= w2j- wj; difference inj’th simulated value when non-PKPIRT 
parameters are varied 
Degrees of freedom in the combined, random or systematic uncertainty for X 
Gas density [mol/m3] 
Standard deviation of eki, el! , assumed to be the same for all i 

Standard deviation of eS, ,er , assumed to be the same for all observations 
made with the same method m 



1. SCOPE OF THIS GUIDE 

This guide applies to the estimation of uncertainty in quantities calculated by scientific, analysis 
and design computer programs that fall within the scope of AECL’s software quality assurance 
(SQA) manual [AECL 19991. The scope covers the activities undertaken to determine the 
uncertainties in computer program inputs and outputs, where the latter depend in part on the 
former. The scope includes statistical analysis conducted after a group of simulations have been 
carried out, in order to determine uncertainty from a population of estimates. Experimental 
designs used to select simulations for analysis also fall within the scope. 

The techniques described in this guide are primarily aimed at the validation of a scientific, 
analysis or design computer program, but may also be used in the application of such a program, 
as in reactor licensing activities. In validation, uncertainties in computer program outputs are 
needed to make appropriate comparisons with experimental outputs that have experimental 
uncertainties associated with them. In applications, the uncertainties in computer program 
outputs are typically used to establish intervals of high confidence for comparison with 
regulatory or other criteria. 

Uncertainties in computer program outputs depend in part on uncertainties in computer program 
inputs. The scope of this guide does not include the detailed derivation of input uncertainties, 
although general approaches will be pointed out. The guide does cover the sources of input 
uncertainties, and the form of their expression. 
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2. DEFINITIONS 

Some of the definitions in this section were taken from the SQA manual [AECL 19991. Other 
terms are defined for this manual only, although some of these latter definitions were taken from 
the IS0 Guide to the Expression of Uncertainty in Measurement (GUM95) [BIPM et al. 19951, 
and are marked as such. 

accuracy of 
measurement 
accuracy of 
simulation 
bootstrapping 

Closeness of the agreement between the result of a measurement and a true value 
of the measurand (GUh495). 
Closeness of the agreement between the result of a simulation and a true value of 
the simuland, expressed as an average uncertainty. 
The analysis of data in a random sample as if that sample were the entire 
population; derived from the phrase to pull oneself up by one ‘s bootstraps. 

discrepancy A mathematical measure of how evenly a set of points is spread in N-dimensional 

estimate I= estimation 

I measurement 

Monte Carlo Performing multiple evaluations with randomly selected model input, and then 
analysis using the results of these evaluations as a random population from which to I 

determine attributes of the output variable. 
A real number in the scale 0 to 1 attached to a random event (GUM95). 
Attribute of a phenomenon, body or substance that may be distinguished 
qualitatively and determined quantitatively (GUM95). 
Result of a measurement minus the mean that would result from an infinite 
number of measurements of the same measurand carried out under repeatability 
conditions (GUM95). 

quantity 
random error (of 
measurement) 

random error (of 
simulation) 

random sampling 

space. 
The value of an estimator obtained as a result of an estimation (GUM95). 
The operation of assigning, from the observations in a sample, numerical values 
to the parameters of a distribution chosen as the statistical model of the 
population from which this sample is taken (GUM95). 
A statistic used to estimate a population parameter (GUM95). 
Experimental design containing a fraction of the experiments of a full factorial 
design; the designer chooses a fraction to achieve specific objectives. 
Experimental design where every possible treatment combination occurs; that is, 
every level of every factor is combined with every combination of levels for other 
factors in at least one experiment. 
Particular quantity subject to measurement; typically, a well-defined physical 
quantity that can be characterized by an essentially unique value (GUM95). 
Set of operations having the objective of determining a value of a quantity 
(GUM95). 

Result of a simulation minus the mean that would result from an infinite number 
of independent random simulations of the same simuland carried out under 
otherwise identical conditions (GUM95). 
Generation of simulations to be carried out by a model by randomly selecting 
values for the input parameters. The selection may be done independently for 
each parameter or collectively for a group of parameters, and independently for 
each simulation or collectively for a group of simulations. 
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random variable; 
variate 
response surface 

sensitivity analysis 

simuland 

simulation 

true value (of a 
quantity) 
uncertainty (of 
measurement) 

uncertainty (in a 

A variable that may take any of the values of a specified set of values; a 
probability distribution is associated with this value set. 
An empirical model of a physical system based on fitting a multivariate function 
of simple form to sample data from the physical system. 
Study of how the variation in the output of a model (numerical or otherwise) can 
be apportioned, qualitatively or quantitatively, to different sources of variation, 
and of how the given model depends upon the information fed into it [Saltelli et 
al. 20001 
Particular quantity subject to determination by simulation; typically, a well- 
defined quantity in a model that can be characterized by an essentially unique 
value. 
The imitative representation of the functioning of one system or process by 
means of the functioning of another, having the object of determining the values 
of one or more quantities [cf. Merriam-Webster 20001. 
Value consistent with the definition of a given particular quantity (GUM95); 
hypothesized to exist, but never known exactly. 
Parameter, associated with the result of a measurement, that characterizes the 
dispersion of the values that could reasonably be attributed to the measurand 
(GUM95). 
Parameter, associated with the result of a calculation, that characterizes the 

simulated value) dispersion of the values that could reasonably be attributed to the simuland 
value (of a quantity) Magnitude of a particular quantity generally expressed as a unit of measurement 

multiplied by a number (GUM95). 
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3. BACKGROUND 

This guide weaves together rational approaches from four diverse sources: 

1. CSAU: The United States Nuclear Regulatory Commission developed the Code Scaling, 
bplicability, and I&certainty evaluation methodology to mod@ acceptance criteria for 
emergency core cooling systems in the 1980s. The methodology is a practical 
engineering approach to estimating uncertainties in computer results derived from a best- 
estimate analysis [Boyack et al. 19901. Duffey et al. [ 19981 described a modified form of 
the CSAU procedure that was suitable for computer program validation in the Canadian 
nuclear industry. This approach was used in assessing the uncertainty in safety margins 
for AECL’s MAPLE research reactor [Sills et al. 19991. 

2. GUM95: The approach to uncertainty in this guide is based on GUM95, Guide for the 
Expression of Uncertainty in Measurement, jointly issued by seven international 
standards organizations [BIPM et al. 19951. Since its original release in 1993, GUM95 
has been adopted by other reputable organizations, such as the National Institute of 
Standards and Technology in the USA [Taylor and Kuyatt 19941 and the National 
Research Council in Canada [NRC 19991. GUM95 has also been adopted as ANSI 
standard ANWNCSL Z540-2- 1997 [ 19971. 

3. m: AECL developed the Systems yariability _Anysis method to estimate risk from 
the disposal of nuclear fuel waste deep underground in bodies of igneous rock in the 
Canadian Shield [AECL 19941. In particular, the assessment of environmental impacts in 
the post-closure phase required a method of dealing with uncertainties concerning the 
evolution of the disposal site environment extending thousands of years into the future. 
An approach was developed for the nuclear fuel waste management program (NFWMP) 
based on Monte Carlo sampling using the simulation engine SYVAC3 [Goodwin et al. 
19941. This activity was initially an AECL initiative, but in its later stages, as the used 
me1 disposal program (UFDP), it was 100% funded by Ontario Hydro (now Ontario 
Power Generation), which is still pursuing this approach in waste management research. 

4. m: AECL’s Software Quality Assurance manual [AECL 19991 and associated AECL 
procedures were developed to ensure that software development and use within AECL 
conformed to CSA standard N286.7-99 [CSA 19991. These documents require specific 
documentation of software to be used in safety studies, including validation of the 
software for the intended application, and uncertainty analysis of the results. 

While these four sources do not always agree in full, they do paint an overall picture of a rational 
method to establish uncertainties in the outputs of computer programs for reactor safety analysis. 
By considering them one-by-one in a joint context, one can see how they dovetail, both in the 
validation context, and in code application. 
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3.1 CSAU-Code Scaling, Applicability and Uncertainty 

CSAU is not the only method available for uncertainty analysis of best-estimate safety studies. 
Eight methods were presented at a 1994 CSNI workshop on uncertainty analysis methods [CSNI 
19941. The advantage of CSAU is that it provides a good fit with work already done and being 
done at AECL. CSAU has three elements: (1) requirements and code capabilities, (2) assessment 
and ranging of parameters, and (3) sensitivity and uncertainty analysis. Each element meshes 
with other aspects of the overall approach. Duffey et al. [ 19981 have described in detail the way 
in which the elements of CSAU fit with the challenges of computer program validation in the 
Canadian nuclear industry. 

In the “requirements and code capabilities” element, it is necessary to identify a scenario to be 
analyzed and software capable of performing the analysis for the scenario. In the Canadian 
nuclear industry, safety concerns and reactor accident scenarios are documented in a Technical 
Basis Document [Kingdon and Ramachandran 20001. The CSAU approach focuses on 
phenomena and processes that are important to a particular scenario, and ranks them in a process 
identification and ranking table (PIRT). A computer model must be able to simulate high- 
ranking phenomena/processes in this table. (At this stage, the procedure is quite similar to the 
scenario analysis carried out in the NFWMP [Goodwin et al. 19941 using features, events and 
processes rather than phenomena/processes.) In the Canadian nuclear industry, a significant 
number of software packages have been identified as Industry Standard Toolset (IST) codes, on 
the basis of their fits with highly-ranked phenomena/processes of accident scenarios [Luxat et al. 
20003; at the time of this report, these codes are being validated as an industry-wide effort 
[Pascoe et al. 20001. 

The “assessment and ranging of parameters” element requires detailed consideration of the 
parameters of the chosen codes. AECL Procedure 00-565.1 [Verma 19993 requires the use of a 
PKPIRT (phenomena key parameter importance ranking table) for each scenario. A PKPlRT is 
an extension of the PIRT that ranks key parameters directly. The original CSAU analysis used 
detailed hand calculations to winnow down a list of candidate parameters to a smaller number of 
“relevant” parameters. CSAU then set up assessment matrices to pair test facilities with relevant 
parameters. Similarly, validation matrices have been created in the Canadian nuclear industry for 
groups of related codes (e.g., Robson et al. [in preparation]). Validation for these codes is being 
carried out according to these matrices, in accordance with an overall validation plan for each 
program. Tests in the validation matrices include both separate-effects and integral tests, in order 
to confirm that individual phenomena are appropriately represented, and that they are linked 
together in a fitting manner. Two issues that were raised in this element of the CSAU approach 
remain significant issues today: nodalization of codes that partition volumes, and scaling of 
results when models are validated at different scales from the final application. 

Finally, “sensitivity and uncertainty analysis” is based on the simulation of the scenario of 
interest using the chosen and validated codes. The CSAU approach was flexible in this element, 
although specific examples involved the variation of selected parameters for sensitivity analysis, 
the generation of a response surface, and analyses of the response surface characteristics to derive 
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uncertainties in the final outputs. A further combination of these uncertainties with additional 
biases and variances estimated in other ways produced the final total uncertainties. Since the 
CSAU method was first proposed, this element has seen the greatest development over the 
intervening years, including: 

a. GUM95 established a standardized approach to expression of uncertainty; 
b. there have been significant improvements in sampling methods for sensitivity analysis 

[Andres 19971 and methods of performing sensitivity analysis [Saltelli et al. 20001; 
c. response surface analysis is just one method of bootstrapping, which has been developed 

extensively in the 1990’s [Efron and Tibshirani 19931; 
d. Moore’s Law (that integrated-circuit chip density-and typically computer speeddoubles 

every 18 to 24 months) continues to hold, expanding the number of simulation sets that 
are feasible and economical. 

3.2 GUM95-Guide to the Expression of Uncertainty in Measurement 

GUM95 established a detailed protocol for dealing with uncertainties in measured quantities. It 
established rules for combining uncertainties from diverse sources, for deriving uncertainties in 
quantities computed by formula, and for defining intervals of high confidence. As the influence 
of this guide spreads, analysts are more likely to express experimental data used to validate 
computer programs in a standard form. Outputs of computer programs will need to be expressed 
in the same standard form for comparison with experimental results, or to act as inputs to other 
computer programs. 

One advantage of using a standardized approach is that there are available reference materials 
(e.g., Coleman and Steele [ 1999]), courses (e.g., a four-day course offered by Quametec) and 
software (e.g., Uncertainty Analyzer from Integrated Sciences or Metrodata GmbH’s GUM 
Workbench). However, the GUM95 guide is aimed at experimental measurements, and some 
adaptation is needed to apply the same principles to computer simulations, as this guide will 
show. 

3.3 SVA4ystems Variability Analysis 

In the stage of the NFWMP akin to “assessment and ranging of parameters,” every effort was 
made to quantify the contributions of uncertainties in all parameters. Waste management models 
grew to have large numbers of parameters (eventually of the order of 10 000), each with a 
designated probability distribution individually estimated and justified by experts and stored in a 
database [Szekely et al. 19941. To transform these inputs to outputs (estimated radiological 
doses to people living near a waste disposal site over time in the future), analysts developed 
system-wide models with simplified submodels for individual phenomena [Goodwin et al. 19941. 
Then, a software simulation engine (SYVAC3) was applied to drive the system model and 
perform large numbers of Monte Carlo simulations. In one study, 100 000 simulations were 
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carried out’ using many networked computers operating continuously for several months. This 
extensive effort produced a probabilistic estimate of risk from nuclear fuel waste disposal in 
plutonic rock of the Canadian Shield. 

The nature of the SVA approach lent itself to studies that would improve the efficiency and 
effectiveness of the simulations. Such studies ranged from initial scenario analysis [Andres and 
Goodwin 19981 and selection of probability distributions for parameters [Stephens et al. 19931 
through the evolution of innovative mass transport solutions (e.g., LeNeveu and Kolar [ 1996]), to 
the creation of a general-purpose simulation engine SYVAC3 [Andres 20001, to the development 
of sophisticated experimental designs that could perform sensitivity analysis on models with 
large numbers of parameters [Andres 19971. 

Although simplified system models such as MAAP-CANDU are becoming available for 
probabilistic safety analyses (PSAs), reactor safety studies more typically employ a network of 
discrete models. For example, Sills et al. [ 19991 linked a suite of seven codes, including a 
system thermalhydraulics code CATHENA, a lattice physics code WIMS-AECL, a 
burnup/depletion code ORIGEN-S, and a dose/atmospheric dispersion code PEAR. Linked cases 
like this require experts to mediate interactions among the discrete networked models. As a 
result, there is an incentive to keep the list of parameters in a PKPIRT short. Additionally, some 
of the computer programs are long running, leading to an economic incentive to reduce the 
required number of runs. 

In summary, experience with SVA in the NFWMP has demonstrated the feasibility of conducting 
uncertainty analysis by performing large numbers of simulations with system models having 
large numbers of parameters. The technology for every stage of this process (apart from the 
details of the models) has been demonstrated and documented. The exponential growth in 
computer processing speed makes this option ever more viable. 

3.4 SQA-AECL’s Software Quality Assurance Manual 

Software quality assurance procedures impose some formal constraints on validation and 
uncertainty analysis in AECL. The SQA manual [AECL 19991 states the requirements quite 
succinctly, “The Validation Report provides a measure of the accuracy of the computer program 
and appropriate uncertainty analysis for the application.” The requirements for validation are 
further elaborated in AECL Procedures 00-565.1, “Computer Program Validation” [Verma 19991 
and 00-461.3, “Documentation of Computer Programs” [McArthur and Ghai 19991. 

Procedure 00-565.1 formalizes some of the steps mentioned above, and requires access to a 
Technical Basis Document [Kingdon and Ramachandran 20003 that is to contain a PKPIRT for 

’ Many applications would not require so many simulations; however, in waste management, the distributions of 
significant consequences were highly skewed. That is, there was a very low probability of high environmental 
consequence, and a large number of simulations were required to identify the small number of cases in which these 
consequences could arise. 
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each scenario. Given this input, the procedure prescribes five steps, shown in Table 3.4/l 
organized by CSAU element. 

Procedure 00-565.1 imposes no constraints on accuracy and uncertainty analysis, apart from the 
requirement that they be in the validation plan(s). Procedure 00-461.3 requires that the 
validation manual (a compendium of validation reports) have a section regarding “sensitivities 
and uncertainties.” The procedure requires that the following be in the Validation Report(s): 

a assessment of validation results with respect to computer program accuracy and 
uncertainty allowances, and 

l a statement regarding the acceptability of the model based on acceptance criteria 
appropriate to the application. 

Table 3.4/l. Steps of Formal Validation 

Requirements and code capabilities 

1. Review of postulated scenarios in the design basis and associated physical phenomena. 

Assessment and ranging ofparameters 

2. Preparation of validation matrices that relate postulated scenarios to physical phenomena 
and datasets. 

3, Preparation of validation plan(s), which shall contain quantification of computer program 
accuracy and uncertainty. 

4. Validation exercises. 

Sensitivity and uncertainty analysis (carried out partially during validation and partially during 
the safety studies for licensing) 

5. Preparation of validation report(s) and validation manual that document the results of 
validation exercises. 

These requirements need to be clarified. As mentioned in Section 1, there are two types of 
uncertainty analysis associated with a computer program, namely, uncertainty analysis used in 
analyzing the validation of experimental results, and uncertainty analysis used in safety studies in 
licensing activities. When validation is carried out to qualify a computer program for use in a 
specific safety study in the way suggested by the original CSAU project [Boyack et al. 19901, the 
two types of uncertainty analysis may tend to merge. When validation is carried out in a generic 
way on an IST code, however, it is important to distinguish between the two types of uncertainty 
analysis, because the requirements for a validation report depend on the difference. 
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In validation, a computer program is used to simulate a validation experiment. A validation 
experiment is typically a physical experiment, in which all the quantities recorded are subject to 
experimental uncertainty. Even when a specific condition is imposed on the experiment, such as 
using a solution with a particular concentration or a particular temperature as an initial condition, 
there is an uncertainty associated with the actual conditions used. When measured on a 
continuous scale (e.g., temperatures, times, pressures, concentrations), the actual conditions do 
not correspond exactly with the nominal conditions in the experimental plan. Consequently, 
experimental measurements are subject to an uncertainty that stems from these deviations in 
initial and boundary conditions. In validation, these uncertainties should not be represented in 
the simulation process; that would double-count the effects of these deviations. However, the 
analyst should allow for uncertainties in setting up the model to represent the experimental set- 
up. The simulation results should correspond directly to the nominal experimental values, but 
with some uncertainty due to uncertain model coefficients and to set-up uncertainties. 

A proper comparison of simulation outputs with experimental results should account for these 
uncertainties (uncertain conditions on the experimental side, uncertain set-up on the simulation 
side). If simulation outputs do not agree with experimental results, then the disagreement should 
be stated in terms of the differences outside a specified interval of high confidence, considering 
uncertainties in both experiments and simulations. A statement of the accuracy of a computer 
program should be based on the uncertainties in simulations used in determining the accuracy, 
after successful validation. In this sense, uncertainty analysis should be a part of a validation 
report. 

Sometimes, this type of uncertainty analysis is called an analysis of experimental error (e.g., 
Pascoe et al. [2000]). In recent years, GUM95 has corrected this usage; it states: 

-The experimental standard deviation of the arithmetic mean or average of a 
series of observations . . . is not the random error of the mean, although it is so 
designated in some publications. It is instead a measure of the uncertainty of the 
mean due to random effects. The exact value of the error in the mean arising from 
these effects cannot be known [emphasis in the original]. 

Validation experiments should be chosen so that all the relevant measurements have been made 
with an uncertainty that is within the tolerance required for the computer program. A validation 
analyst would use validation cases with larger uncertainties only in cases where he or she has to, 
because there is a paucity of data already available, and because new experiments are expensive 
to perform. 

In contrast, the uncertainty analysis in a safety study for licensing purposes cannot rely on access 
to such well-defined uncertainties. The uncertainties associated with a hypothetical accident 
scenario may be substantially larger than those arising in well-controlled experiments and 
simulations. To the degree possible, validations should provide information needed to undertake 
uncertainty analysis in safety studies. This information could be a statement of the accuracy of 
the computer program (i.e., systematic uncertainty and possibly bias to be expected in outputs 
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from the program). The information could also be an examination of sensitivities of the 
computer program to uncertainties in particular inputs. However, a validation report cannot 
estimate the combined uncertainty in computer program outputs in a safety study, as these will 
depend on input uncertainties characteristic of the scenario to be analyzed. 
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4. UNCERTAINTY ANALYSIS OF MEASURED VALUES (MEASURANDS) 

4.1 Attributes of Measurands 

A value of a continuous physical quantity, no matter how determined, is always subject to 
uncertainty. A true value of the quantity can never be known exactly, although intervals within 
which a true value of the quantity might lie can be assigned greater or lesser probabilities through 
quantitative analysis of the method and the outputs of a measurement. 

The phrase “a true value” is used here instead of “the true value” because the description of a 
physical situation is often inadequate to designate a unique true value; rather, many true values 
are possible. Using an example from GUM95, “thickness of a sheet of a material measured with 
a micrometer” could have several values, depending on temperature, humidity, pressure from the 
micrometer, and location in the sheet where the measurement is made. If an accurate 
measurement is required, this description of the measurand is inadequate to define a unique true 
value. If a crude (i.e., imprecise) measurement is acceptable, then this description may be good 
enough, because all true values may have the same magnitude when it is expressed with low 
precision. In general, the degree of clarity required in a description increases with the desired 
accuracy (and hence required precision) of the measurement. 

“Description” and “desired accuracy” are but two of the characteristics of a measurand. A longer 
list of characteristics for measurands is shown in Table 4.1/l. 

Table 4.1/l. Characteristics of Measurands 

Sl unit 
Desired accuracy 
Required precision 
Method of evaluation 
Best estimate 
Random uncertainty 
Systematic uncertainty 

1 Combined uncertainty 

Definition 
Particular set-up, including date, time, location, experimental configuration, 
etc. 
A unique, descriptive designator. 
A unique mathematical symbol for use in equations. 
Specification of the quantity being measured, sufficiently detailed for the 
accuracy required. 
Unit of measure on standard scale. 
An upper limit on acceptable combined uncertainty in value. 
Number of significant figures to be used in expressing result. 
Method to be used in determining value. 
Mean value corrected for known biases. 
Measure of dispersion of random error that could affect estimate. 
Measures of dispersion of systematic error that could affect method of 
evaluation. 
Measure of disnersion of total error in an estimate. 
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The attributes of most interest in this context are best estimate, random uncertainty, systematic 
uncertainty and combined uncertainty. To understand these terms fully, it is useful to consider 
the errors that can affect a measurement. 

4.2 Random and Systematic Errors of Measurands 

In this report, true values are represented by very bold upper-case letters, e.g., “X”. Measured 
quantities (and simple statistics based on them) appear as italic upper-case letters, e.g., “X”. In 
later sections, sampled and simulated values are shown as italic lower-case letters, e.g., “CC”. 
(Other variables that do not directly represent true values are also shown as Greek characters, or 
appear in lower case, such as the error e’j and the standard deviation a; .) All the quantities X, 
Xand x are random variables. They can take on a variety of values, according to a probability 
distribution. Normally, true values are treated as unknown constants, although they too can have 
any of a range of values if the description specifying them is not sufficiently precise. 

Suppose { xl”]i=,,, represents a sequence of N measurements of a quantity X, all taken with the 

same experimental method m. Assume that Xis fixed. If the measurements are expressed with 
sufficient precision, then the measured values will differ, both from one another, and from the 
value of X. Let 2: represent the average of the first N measurements: 

Assume that the value of xi converges to a fixed value as N becomes very large: 

Tp~liZ; . . 

.4.2/l 

.4.2/2 

For a given method 1y1, the random error in measuring a fixed quantity Xis a random variable ey 
with mean 0 and standard deviation &” that represents the difference between a measurement 
and the hypothetical value xc . That is, 

. . .4.2/3 

where each attempt to replicate the measurement of Xgenerates a new instance of the random 
error, and the total of all such instances for i=l to N follows a random error distribution. In 
general, it is not possible to know the exact value of a random error, although one can make 
better and better estimates as the sample size N becomes large. 

A systematic error ey is the difference between the hypothetical value xz and X 

e? =x:-x . . .4.2/4 
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Making more measurements helps to estimate y: more accurately, but it does not help in 
estimating the systematic error, because the true value Xis not known. 

The systematic error does not have a subscript i, because it is not a characteristic of a particular 
measurement, but rather of a method of measurement. It is assumed that each measurement 
made according to a particular method m is affected by the same systematic error. Sometimes, 
additional activities such as the calibration of instruments can identify some components of 
systematic error. These components become known biases. In this report it is assumed that each 
X,!” has been corrected for all known biases. Thereafter, systematic error is the remaining 
unknown bias affecting a method of measurement. Consequently, the expected value of the 
systematic error is zero2. 

That is, the systematic error in measuring a quantity Xusing experimental method m is a random 
variable eSym from a distribution, with a mean assumed to be 0 and a standard deviation aS; . 
Each method of measuring Xwill be characterized by a different instance of er , and each 
measurement or simulation that uses this method will have the same value for ey . 

Combining Equations (4.2/3) and (4.2/4), one obtains 

Xz? = X+ey +er . . .4.2/5 

Taking the conditional mean of this equation assuming a particular method m gives 

E( Xy Im} = E{ Am} + E{eTlm} + E( e?irn} 

= X+O+e,” 
. . .4.2/6 

where the expectation of the random error e,, rm is 0 by definition. Equation (4.2/6) establishes 
that each measurement of Xby a particular method m is a biased estimate of the true value, with 
a constant bias ey . If one takes the unconditional mean of Equation (4.2/5), thereby averaging 
over different methods of measurement, one obtains a simpler result: 

’ The expected value of the systematic error is taken to be zero, because we have no reason to say that it is either 
positive or negative. This assumption is an application of the Principle of Insu$kient Reason, which states that we 
should assign the same subjective probability to each of several alternatives (i.e., to the average net error being 
positive or negative), if we do not have any information to distinguish the probabilities. This principle can be traced 
back to Aristotle’s time, although probabilities per se had not been invented yet, and to Laplace in probabilistic form. 
Some philosophers adhere to a contrary principle, the Principle of Cogent Reason, which states that different events 
should not be considered equally probable without a careful analysis to substantiate this conclusion, perhaps on 
grounds of physical symmetry. The former principle is expedient in eliminating unknown biases, while still allowing 
us to include systematic uncertainty in the analysis. 
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E{X,!“} = Em{ E{X,“(m}} 
= Em {X+ e? } 
= X 

. . .4.2/7 

where, as above, the systematic error is assumed to average to 0 over all methods m. Therefore, 
Xi is an unbiased estimate of the true value X, in the sense that its unconditional mean is X, even 
though the average of many Xi values does not converge to X when the same method m is used 
each time. 

Taking the conditional variance of Equation (4.2/5) for a specific method m and using the mean 
value from Equation (4.2/6) gives 

var{Xl)‘Im} = E{ (X,? - E{XT lm})2Im } 

= E{ k~)Zlm > 

= (op) 

. . -4.218 

where the random-error standard deviation a’J’ for a specific method m is assumed to be the 
same for all observations i. Taking the unconditional variance of Equation (4.2/5) (i.e., 
averaging over different methods) and using a standard formula gives 

var{X,?} = E (Xy -E{X,?}y }= E{ (Xy - Xy} 
= i E (ey+ey)2} 

= E{ (e:)’ +(ey)*} 

= (CT;)2 +(o;)* 

. . .4.2/9 

where the random-error variance B’ ( x)2 is the average over all experimental methods, and (0; y 
is the variance of systematic error variances over different experimental methods. The cross- 
product of errors disappears, since the errors are assumed to be statistically independent. Since 
we are normally only dealing with one particular method at a time, the notation a: will 
represent Up. 

The uncertainty of the sample mean x; can be analyzed in a similar fashion; this mean is 

x; z 2-2 ,m 
IV i=l x. 
1 N 

= 3 ,=* U X+eT +ey 1 

= X+es;l +‘Aea 
N i=l I 

. . .4.2/l 0 
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where, as usual, it is assumed that the systematic error is the same for all N measurements. The 
expected value of xc conditioned on m is 

.4.2/l 1 

= X+er 

Hence, the average of N values of X,“’ for a given experimental method m is also a biased 
estimator of X , with the same bias e; as each individual observation, However, as with the 
individual observations, the unconditional mean of pd reduces to X : 

E{F[}‘ = Em {E{~~Im]) 
= Em (X+ e? } 
= x 

since the average bias for a randomly selected method is assumed to be zero. 

The conditional variance of the sample mean xy is 

. ..4.2/12 

.4.2/13 

where it is assumed that each random error eg has the same standard deviation a; that is 
independent of method, and that the random errors of independent observations are all 
statistically independent, so that covariances of the errors can be neglected. This expression 
shows that the conditional variance of the sample mean for a given experimental method m 
diminishes in inverse proportion to the number of experiments N. 

The unconditional variance of the sample mean xz is 
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var{FN”} = E{(~;-E{~;})2}=E((~;-X)2} 

= E ey+-l-$ez 
i 1 

= E{ (err +(iteT):} 
I-I 

. ..4.2/14 

where the expectations of all cross-products vanish, due to the assumption of independent errors. 
The final expression contains two terms: the first term is the systematic error variance, and the 
second term is the random error variance, as in Equation (4.2/13). The value of the systematic 
error variance does not depend on N, showing that the systematic error variance is not affected by 
the amount of experimentation. In general, one must try experimentation with different methods, 
or else analyze possible sources of uncertainty in one’s main method, in order to estimate the 
standard deviation of a systematic error. 

In some cases, the random errors in different measurements may be correlated. For instance, 
multiple replications of an experiment carried out on the same day may be affected by slowly 
changing weather conditions (air pressure, temperature, relative humidity). The variance under 
such conditions will tend to be underestimated. More sophisticated techniques may be necessary 
to deal with such a dataset. 

4.3 Random and Systematic Uncertainties of Measurands 

Both random and systematic errors in a measurement are impossible to evaluate accurately (if an 
error could be accurately estimated, the measurement would be corrected for the known error, 
and the discussion would centre on the remaining unknown error). However, it is possible to 
estimate characteristics of the probability distributions from which they are sampled. GUM95 
developed a unified approach to the expression of uncertainty in measurement based on the 
principle that the analysis should focus on these probability distributions, rather than on the 
errors that are sampled from them. It defines uncertainty to be a parameter that characterizes the 
dispersion of the values that could reasonably be attributed to the measurand. GUM95 further 
defines standard uncertainty to be uncertainty of the result of a measurement expressed as a 
standard deviation. 

For example, each Xi in a set of measurements of X is an unbiased estimator of X (according to 
Equation (4.2/7)) with a standard uncertainty defined by the square root of the variance in 
Equation (4.2/9)3. There are actually three uncertainties associated with Xt: 

’ Explicit reference to the experimental method m is omitted in this section to simplify the notation. 
4 The labeling of uncertainties is not yet standardized. GUM95 uses the nomenclature “Type A” uncertainty to mean 
uncertainty obtained from a sequence of observations, and “Type B” uncertainty to mean uncertainty obtained by 
nonstatistical means, which have here been labelled “random uncertainty” and “systematic uncertainty”, respectively. 
Coleman and Steele [ 19991 follow the ANWASME standard [ 19981 in using “random uncertainty” and “systematic 
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1. Random (standard) uncertainty UY, = a>, defined to be the standard deviation of the random 
error ek. 

2. Svstematic (standard) uncertainty US, = a$, defined to be the standard deviation of the 
systematic error eS, . 

3. Combined (standard) uncertaintv Ui , defined to be the standard deviation of Xi obtained by 
combining random and systematic uncertainties. 

By Equation (4.2/g), the combined uncertainty for xi is given by the expression 

u; = J+(q . . .4.3/l 

Similarly, by comparing Equation (4.2/9) with Equation (4.2/14), one can see that the uncertainty 
of the sample mean xN is 

UiN = J@-jqq . . .4.3/2 

where 

. .4.3/3 

This equation shows that averaging several independent measurements can have a significant 
effect in reducing the random uncertainty in the quantity being estimated, but has no effect on the 
systematic uncertainty. 

Random standard uncertainties can be estimated from repeated measurements in a 
straightforward way. The usual estimate of Ul; is the experimental standard deviation, SN, which 
is defined as 

SN = . ..4.3/4 

and which has N-l degrees of freedom. (The degrees of freedom are used below in estimating an 
interval within which Xis likely to lie.) 

uncertainty” to mean not standard uncertainties, but expanded uncertainties that define intervals with a particular 
level of confidence. In many cases, their uncertainties are twice the standard deviations. 
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Systematic standard uncertainties cannot be estimated statistically, but must be estimated in some 
other way. For example, the manufacturer of an instrument could specify a limit on the error in 
that instrument. In such cases, GUM95 recommends that the uncertainty be expressed as an 
equivalent standard deviation. The value of that standard deviation is chosen to match the 
specified error characterization as closely as possible. See GUM95 for several examples. For 
instance, a 95% confidence interval may be specified as f2 units. By assuming the 
corresponding error is normally distributed, one can conclude that the standard uncertainty is 
1 unit, because that value gives the desired 95% confidence interva?. 

It is sometimes useful not to assume a normal distribution for the systematic error, but instead to 
assume a Student’s t-distribution, and to determine an effective number of degrees of freedom. 
GUM95 recommends using the following formula to estimate an effective number of degrees of 
freedom: 

-* 
. . .4.3/5 

where AU: is a subjective estimate of the reliability of the uncertainty estimate. If, knowing 
how the systematic uncertainty was derived, one judges it to be reliable to about 30%, then the 
expression in brackets in Equation (4.3/5) can be taken to be 0.3, resulting in vi = 5.6 . Non- 
integer values of the result like this one should be rounded down to the nearest integer, 5 in this 
case. 

When random and systematic standard uncertainties are combined using Equations (4.3/l) or 
(4.3/2), the degrees of freedom must be combined as well. GUM95 recommends the Welch- 
Satterthwaite formula, that is 

( > 6 = @.):$;) . . 
-- 
v’x 4 

.4.3/6 

for determining the effective number of degrees of freedom in the combined uncertainty. 

4.4 Establishing Intervals with a Given Coverage Probability 

Given a combined standard uncertainty in the measured value of a quantity X , one can define an 
interval within which the mean of the measurand X (i.e., X ) is most likely to be found. 
Traditionally, such an interval is called a confidence inter& and the level of confidence 
associated with it is called a confidence level. GUM95 avoids this terminology, because these 

’ Technically, a normal distribution with a standard deviation of 1 unit will have a 95% confidence interval of 
z&g5 units = f1.96 units, according to Appendix G of GUM95 However, the expression 312 units is expressed using 
only one significant figure, so an approximation ko.g5e2 was used. 
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terms are well entrenched in the literature of statistics to mean certain specific quantities that 
arise in the analysis of random uncertainties, as opposed to combined uncertainties. 

The objective is to define an interval with a certain coverage probability C, such that the 
probability of X lying within the interval is C, given the available information. The coverage 
probability is usually near 1: e.g., C=O.99 or C=95%. Furthermore, if the interval is two-sided, 
then the probabilities of X lying outside the interval at either end are equal. If the interval is 
one-sided, then the probability of X lying outside the interval in one direction is I-C. 
Table 4.40 shows the formulas for such intervals for three types of distributions: (1) normal, 
(2) Student’s t, and (3) a general distribution specified as a cumulative distribution function (cdf). 

The entries in Table 4.4/l for a normal distribution refer to a factor kc. This factor is obtained by 
inverting a,(z) = 1 - 3 erfc(z/&) , h t e c df f o a random variable z having a normal distribution 

with mean 0 and standard deviation 1, as follows: 

kc = ,-‘(l+c‘l = JZerfc?(l-C) 

Table 4.4/l. Intervals of High Confidence 

.*.4.4/l 

Distribution Two-Sided Intervals IX:, X,” ] 

Type Xi x,” 

Nerd (2, u;) st -k&J; Y? + k,U; 

qx u;, vx) ~-t&P; ~+tt,kx)U; 

One-Sided Intervals [Xi, -1 or I- 00, X,” ] 

xb x,” 
. 

X - k-,&G i + k,-,(,-c)U; 

R - L(,-c,(vx )v: i + 4-,(,-&x Pi 

&If: 
F(xJ&CJ;,...) 

’ F-‘(+JJ; ,...) F”(!+JJ; ,..,) ‘+CIkUfu ,...) F-l(CI i,U;,...) 

Table 4.4/2 gives kc for typical values of C. Similarly, the entries in Table 4.4/l for a t- 
distribution refer to a factor tc(~, ) . This factor is determined by inverting the cdf of a random 
variable t having a Student’s t distribution with v, degrees of freedom. Table 4.4/3 gives 
tc(vx ) for typical values of C and v, . 

Table 4.4/2. KC for Typical Values of C 

C 0.68 0.90 0.95 0.99 0.999 
kc 0.99 1.64 1.96 2.58 3.29 
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The inverse cdf F-’ in the last line of Table 4.40 can be evaluated using a code like SYVAC3 
[Andres 20001 for a variety of known distributions. Sometimes, an analyst needs confidence 
limits for an empirical distribution, obtained from a random sample. How can those limits be 
estimated? The maximum likelihood estimator for an empirical distribution FX given a sample 
{Xi} ,=I fl is the following step function: 

Fx(x)=-@(x-X,) 
i-l 

. . .4.4/2 

where His the Heaviside step function, which takes the value 1 for positive arguments and 0 for 
negative arguments. The summation simply counts the number of sample points to the left of x. 
Figure 4.4/l shows an empirical cdf formed this way from a sample of 32 points. (This sample 
will be discussed in Section 7.7.) The empirical cdf consists of 32 jumps, each one at a location 
where a sample point occurred. 

Table 4.4/3. Tc( w) for Typical Values of C and vx 

Degrees of GO.68 c--o.90 GO.95 GO.99 cx.999 1 
Freedom v 

1 1.82 6.31 12.7 63.7 637. 
2 1.31 2.92 4.30 9.92 31.6 
3 1.19 2.35 3.18 5.84 12.9 
4 1.13 2.13 2.78 4.60 8.61 
5 1.10 2.02 2.57 4.03 6.87 
6 1.08 I .94 2.45 3.71 5.96 
7 1.07 1.89 2.36 3.50 5.41 
8 1.06 1.86 2.31 3.36 5.04 
9 1.05 1.83 2.26 3.25 4.78 
10 1.05 1.81 2.23 3.17 4.59 
11 1.04 1.80 2.20 3.11 4.44 
12 1.04 1.78 2.18 3.05 4.32 
13 1.03 1.77 2.16 3.01 4.22 
14 1.03 1.76 2.14 2.98 4.14 
15 1.03 1.75 2.13 2.95 4.07 
16 1.03 1.75 2.12 2.92 4.02 
17 1.02 1.74 2.11 2.90 3.97 
18 1.02 1.73 2.10 2.88 3.92 
19 1.02 1.73 2.09 2.86 3.88 
20 I .02 1.72 2.09 2.85 3.85 
25 1.01 1.71 2.06 2.79 3.73 
30 1.01 1.70 2.04 2.75 3.65 
35 1.01 1.69 2.03 2.72 3.59 
40 1.01 1.68 2.02 2.70 3.55 
45 1.01 1.68 2.01 2.69 3.52 
50 1 .oo 1.68 2.01 2.68 3.50 
100 1 .oo 1.66 1.98 2.63 3.39 
OQ 0.99 1.64 1.96 2.58 3.29 



Xrjl isF&J&) at 
i/(N+l). Consequently, an unbiased estimate of the cdfX[il is Xc 

Then,  since Xis equally likely to be in any position in the extended
sample, the probability that 

J&J}.  .. . &I, {Xtl], 
ith largest value in the original sample). That is, the original sample in sorted

order is 

ith order
statistic (i.e., the 

XtJj to represent the 
l/(N+l)

that X is the largest value in the extended sample. Use the notation 
. and a probability of . . l/(N+l) that Xis the second smallest, 

l/(N+l) that Xis the
smallest, a probability of 

, which includes the
(unknown) true value X. All values in the sample are independently and identically distributed
according to the same distribution. Consequently, there is a probability of 

x) XN, . . . X2, {Xl, IV+ 1 points 

19991
described this test and gave examples.

A slightly different form for an empirical cdf can be constructed using the following reasoning.
Form an extended sample consisting of 

19991.  For instance, an analyst may have some reason to
expect that the true distribution is a uniform distribution from 0 to 1; this possibility can be
checked quantitatively before assuming that this distribution holds. The most common
distribution against which to compare is the normal distribution. The Lillefor normality test is a
specialized application of the Kolmogorov-Smimov test of the sample data against a normal
distribution, with the same mean and variance as the sample. Hollander and Wolfe [ 

Kolmogorov-
Smirnov test [Hollander and Wolfe 

4.4/l. Empirical CDF from 32 sample points (left); detail from curve showing
locations of lower two-sided bounds (right).

This empirical cdf can be compared to a distribution of known type using the 
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(4.4/2), one has

. . 

1-2x0.03),  but not 95%. Based on
Equation 

. This value could be used to
estimate a bound with coverage probability C = 94% (i.e., 

l/33 = 0.03 (Xi,]) = fi’ X[ll has an unbiased cdf estimate of 
there is insufficient data in this example to estimate these bounds. With 32 points, the extreme
value 

4.4/2. That is, in the detailed view of the left end of the empirical cdf, one can
see that the cumulative probabilities corresponding to 95% and 99% two-sided intervals (0.025
and 0.005, respectively) map onto the same location in the curve. This situation arises because

4.4/l and 

4.4/l, then one can state that
the bound for 95% confidence is the same as the bound for 99% confidence, as shown in
Figures 

4.4/2.  Empirical CDF from 32 sample points with interpolating curve (left); detail
from curve showing locations of lower bounds (right).

If an empirical cdf is used in the formulas of the last line of Table 
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X[w, as shown in Figure X[l] and 

.4.4/2

These points can be joined by straight line segments to form a continuous approximation to the
cdf between the extremes 
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Table 4.414 shows the minimum sample sizes that could be used to estimate different one- and 
two-sided confidence bounds, based on the formulas in Table 4.4/l. In each case, a larger sample 
would give a better (i.e., more reliable) estimate of the confidence bounds. Various criteria have 
been proposed to determine the sample size that is needed to give a good estimate of the 
confidence bounds on the true value X. Basically, they are different ways of ensuring that the 
ends of the true interval of high confidence lie inside the sample (e.g., for confidence level 95%, 
to ensure that F;'(O.O25) and F;‘(O.975) lie within the interval [Xt&&~l], where they can be 
estimated). 

Table 4.4/4. Minimum Sample Sizes to Estimate Confidence Bounds 

Coverage Probability 
90% 

95% 
98% 
99% 

One-Sided Two-Sided 
To Estimate Min Sample Size To Estimate h4in Sample Size 
ly(o.10) 9 I’;’ (0.05) 19 

& (0.05) 19 &‘(0.025) 39 

&‘(0.02) 49 zy(o.01) 99 

&‘(O.Ol) 99 ?;-’ (0.005) 199 

Table 4.4/5 gives several ways of choosing a sample size, including the one used in Table 4.414 
(method l), and alternatives that give larger sample sizes. Method 3 is based on the same 
reasoning as above, except that the second smallest and second largest values in a sample are 
used to define an interval of high confidence. Obviously, the sample size must be larger than 
with method 1 if this smaller interval is to have the same confidence level. Methods 2, 5 and 6 
are based on the probability distributions of the order statistics Xii] and Xtw. In each case the 
goal is to ensure a 95% probability of including some combination of the true confidence bounds 
in the interval [Xt 1 l,Xt~] . Method 4 is based on a coverage probability proposed by Wilks 
[ 19411. It ensures a 95% probability that the sample interval [Xtll,.Xl~] covers at least C of the 
total probability space, where C is the coverage probability (confidence level). 

Note that all of the sample size formulas in Table 4.4/5 can be approximated by 

NEL 
P 

where I is a constant ranging from 1 for method 1 to 3.7 for method 6, andp is a small 
probability, such that C = 1-2~. For example, if C = 95%, thenp = 0.025. 

. . .4.4/4 

This text does not attempt to derive each of the methods in Table 4.4/5, but the following 
paragraphs give some indication of the type of reasoning involved. 
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Some methods of Table 4.4/5 depend on the probability distributions of +I and XLN. The 
distribution of X, can be determined by the following argument. If X[w < x, then all the N 
sampled values must be less than x, since Xlq is the largest of them. By definition, the 
probability that a single random observation is less than x is the cdf ofXat x, denoted by F’x). 
The probability that N independently and identically distributed observations are all less than x is 
then (F, (x))” . Consequently, the cdf of X, is 

FXIN, (x 1 N) = Pr[Xl,I I x 1 sample size N}= (F,(x)) . . .4.4/5 

for any distribution F. The distribution of &I can be obtained by similar reasoning, yielding 

FxL,, (x 1 N) P Pr{Xrll I x 1 sample size N} = 1 - (1 - F’(x))” . . .4.4/6 

for any distribution F. 

Table 4.4/5. Methods of choosing a sample size for two-sided intervals, given a confidence 
level of C =l-2p*. 

Method Calculation 
1. [XLI1,XiW] defines the interval for confidence 1 

level C @i’(P) > X[l] 3 P > - ~N>.L-lel 
N+l P P 

2. Ensure 95% probability that at least one true < 1 - 0.95 
bound for confidence level C lies in [X&&] 

l(p)< XI,, and &‘(I - p) > XrN, 

a N > ln(0.05) 
/ 

2 In(1 - p) E y 

3. [XLZl,X~,,-ll] defines the interval for confidence 2 
level C e(P)>+*] - P>- =3N> L-1=2 

N+l P P 
4. Wilks: Ensure 95% probability that interval 

[XrllJrV] covers fraction C of sample space 
[,lPr@x(XI,l)= p’and Fx(X,,,)> p’+ Cbp’ > 0.95 

j N > y [empirical formula] 

5. Ensure 95% probability that & true bound 
for confidence level C lies in [X[#[w] 

‘(l-p)>x,Nl <l-O.95 

(approximately the same as [X~&&f-~j]) 3 N > ln(O.O5)/ln(l- p) E y 

6. Ensure 95% coverage probability that both true > 0.95 
bounds for confidence level C lie in [X~~&~~] 

Pr i;‘(p) > Xrll and I$‘(1 - p) c XrN1 

= N > ln(0.0253) 
I 

In(1 - p) G y 

l For example, if confidence level is C = 0.95, thenp = 0.025. 



For a two-sided interval with C = 0.95, p = 0.025 and the upper bound is defined by 
F-’ (1 - 0.025). At this point, the cdf for X[M is 

fl& (F-‘(1 - 0.025) ) N) = 0.975N . . .4.4/7 

For example, if N=20, then the cdf for XIq at the upper bound is 0.97520 = 0.60. That means that 
there is a 60% chance that the largest value in the sample is less than the true upper bound of the 
confidence interval, and only a 40% chance that the true upper bound lies within a sample of size 
20. Since the bound is more likely to lie outside the sample than within it, the bound could only 
be estimated by extrapolating from the observed data, which is inherently unreliable. Table 4.4/4 
recommends setting N to at least 39 to estimate a two-sided 95% confidence interval. For N=39, 
the cdf for X[w at the upper bound is 0.97539 = 0.37, indicating there is a 63% (i.e., l-0.37) 
chance of including the true bound in the sample interval. 

Three of the methods in Table 4.4/5 generate larger sample sizes than the minimum values in 
Table 4.4/4, by trying to ensure that some combination of true upper and lower bounds lie within 
the sample interval. For instance, method 5 in the table applies the reasoning above, but seeks a 
sample size where the chance of including the upper bound in the sample interval [XII), XIN] is 
not just 63%, but rather 95%. (The same coverage probability applies to the lower bound, by 
symmetry.) Method 6 is even more restrictive; it requires a 95% probability of containing both 
bounds simultaneously. Method 3 is less restrictive-it requires a 95% coverage probability that 
at least one bound lie within the sample. 

To determine which method is appropriate, consider how an interval of high confidence is to be 
used. One application, to be explored in Section 8, is to test a variable X to determine if its true 
value Xcould be zero. (In validation, Xrepresents the difference between a simuland and a 
measurand, and a value of zero shows that the simulation model is working correctly.) An 
analyst carries out the test by checking an interval of high confidence for X. If it contains zero, 
then the analyst tentatively assumes that X= 0. If it does not, then the analyst concludes that X 
is significantly different from zero. 

A “false alarm” or Type I error occurs when the analyst concludes that X is different from zero, 
when in fact it equals zero. For the design of an interval of high confidence with confidence 
level C, the probability of a false alarm is always 1-C. For instance, if the confidence level is 
95%, then the probability of a false alarm is 5%. When comparing two intervals with confidence 
level C, defined for different sample sizes, the probability of a false alarm is not useful, since 
these probabilities are the same for the two intervals. 

The power of a comparison (otherwise known as the probability of a failed alarm, or of a Type II 
error), is the probability that one erroneously accepts that X= 0 when, in fact, it is significantly 
different from zero. In validation, an analyst could conclude that a simulation output matches an 
experimental result, when in fact it does not. The definition of power depends on what one 
means by “significantly different.” For this discussion, define power to be PC = Pr{O lies in 
interval of confidence C given that IX 2 s) , where Sis a tolerance level. It is assumed that 
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nonzero values of X smaller than Gare inconsequential. Even so defined, power varies with the 
distribution of X, and with the comparative sizes of the random and systematic uncertainties, U; 
and U; , respectively. 

To obtain some definite numbers, assume Ul = Ui = Ui/&, Further assume that the bias b is 
sampled from a normal distribution N(0, Ui ), and that the Xi values in the sample are chosen 
from the normal distribution N(X+b, UJ;), where X= 6 = 2 Ui . That is, we assume that the 
smallest significant value for Xis twice the uncertainty in X. In the case of method 1 of 
Table 4.4/5, the power is then the probability that the smallest sampled value, XI,], is less than 
zero, and that the largest sampled value, +I, is greater than zero. In that case, zero lies inside 
the interval of confidence level 95%, and so an analyst would erroneously conclude that X= 0. 

Table 4.4/6 gives estimated sample sizes for the different methods for two-sided intervals of high 
confidence. Behind each sample size there is a number in brackets-this is the power of the test 
for that sample size, under the conditions stated above, estimated using 250 Monte Carlo 
simulations. Based on this table, one can make the following observations: 

1. Confidence level and power are negatively correlated. If an analyst wants high 
confidence when rejecting the hypothesis that X= 0, then he or she must use a wide 
interval, and must therefore put up with a high probability of accepting that X= 0 when 
that conclusion is untrue. 

2. Large sample sizes do not help much. Based on the values in the table, one might just as 
well use method 1. Even with an infinite sample size, one would not get much better 
results. The problem is that under the stated conditions, the unknown bias b can make the 
results look as if X= 0 (i.e., if b z - X). As the bias is a systematic error, making more 
runs does not change the probability of drawing the wrong conclusion from the data. 

Table 4.4/6. Minimum sample sizes to estimate two-sided confidence bounds using methods 
from Table 4.4/5, with empirical probability of missing nonzero true value (see explanation 
and assumptions in text). 

Method 90% 
1 19 (0.18) 
2 30 (0.16) 
3 39 (0.14) 
4 46 (0.14) 
5 59 (0.12) 
6 72 (0.12) 

Confidence Level 
95% 98% 

39 (0.23) 99 (0.37) 
60 (0.22) 149 (0.38) 
79 (0.21) 199 (0.32) 
94 (0.20) 236 (0.33) 
119 (0.18) 299 (0.3 1) 
146 (0.19) 366 (0.3 1) 

99% 
199 (0.46) 
299 (0.44) 
399 (0.41) 
473 (0.42) 
598 (0.42) 
734 (0.42) 
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The specific probabilities of Type Il error shown in Table 4.4/6 apply only to the assumptions 
stated above. The general observations apply more widely. To achieve both a high confidence 
level and a high power simultaneously, one needs an uncertainty in X that is small compared to 
the tolerance S. If an analyst does not care about the value of Xunless X> S>> Vi , then he or 
she can achieve good discrimination in both directions between zero and significantly nonzero 
values of X In realistic validation situations, these conditions would not likely be satisfied for 
economic reasons. Otherwise, it is recommended that an analyst use method 1 and a confidence 
level of 90% or 95%, and accept the fact that errors of both types are likely to occur. 
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5. THEORY OF UNCERTAINTY ANALYSIS OF SIMULATED VALUES 
(SIMULANDS) 

5.1 Objective of Uncertainty Analysis of Simulands 

The word simulation is taken here to mean the imitative representation of the functioning of one 
system or process by means of the functioning of another having the object of determining the 
values of one or more quantities. In the simplest case, a simulation may be a transformation of a 
single measured quantity. For example, suppose T~;:o is a measurement of temperature made in an 
experiment with a data acquisition system connected to a thermocouple. Suppose further that the 
thermocouple system has a calibration curve based on several observations of standard 
temperatures. From this curve a temperature correction is made according to correction function 
c,(T) : 

..5.1/1 

The final temperature estimate q is usually thought of as a measurement, albeit a corrected one, 
but it can equally well be thought of as a simple simulation of the temperature measurement 
system. The question of interest for all such simulations is, “What is the uncertainty in the final 
output, called a simuland?” 

In more complex cases, a simulation may involve a lengthy run of a computer model having 
thousands of input variables. If these variables represent an experimental set-up, and the 
simuland output from the simulation represents some property of an experiment, then the 
situation is not qualitatively different from the simple correction shown in Equation (5.1/l). In 
both cases, the simuland value may be used to compare with a measured value for validation 
purposes. In validation, it is the entire quantitative analysis used to produce the simuland 
(including the set-up) that is being validated, and not just the computer program. 

In non-validation applications of a computer program, a simulation may be based on 
hypothesized variable values chosen to represent an accident scenario, instead of measured 
values. Values of the simuland in such cases are to be used in decision-making (e.g., in 
determining if a reactor is safe to operate). 

In the general case, a simulation is based on a simple equation: 

W=f(X, Y,Z,...)+ek . ..5.1/2 

where X, V, Z, . . . are true values of quantities used to set up the analysis,fis the best possible 
model of the relationship given these parameters (i.e., a model with the least possible average 
squared error over the domain of the arguments), Wis a true value of the simuland of interest, 
and e> is a random error needed to balance the equation. The random error is needed, even 
when using true values, because the model may be underdetermined. The value Wmay depend 
on other variables besides the ones listed. For example, consider the description “thickness of a 
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sheet of a material measured with a micrometer” discussed in Section 4.1. If the only variables 
are rectangular coordinates on the sheet, Xand V, and the functionfprovides an accurate 
thickness at the designated point under one set of conditions, then the random error is needed to 
allow for variations in temperature, humidity, pressure, etc., from the conditions for whichfgives 
accurate results. These variables do not appear in the model, but do affect the true value W. 
There is no need for a systematic error in Equation (5.1/2), because this discussion involves a 
hypothetical best possible model and it combines true values, so the systematic error is zero. 

More realistically in simulating an experiment, one might encounter a model equation similar to 
Equation (5.112) of the form: 

w = E(mz...) . ..5.1/3 

where the variables X, Y, Z, . . . are all measured quantities, and w is a derived quantity that is 
calculated from the measured quantities. (A measured quantity Wmay or may not be available, 
as well, for comparison with w.) In this equation, the function 1(X, Y, Z, . . .) approximates the 
idealized functionfin Equation (5.1/2). 

In applying a simulation model where probability distributions of the parameters are available, 
but measured values are not, Equation (5,1/3) becomes further perturbed. One typically employs 
the model equation 

w = ~(X,Y&.) . ..5.1/4 

where the only difference from Equation (5.1/3) is that the input variables x, y, z, . . . are no longer 
consistent measurements from one experimental set-up, but are values drawn randomly from the 
independent parameter distributions. 

Given that a variable w is derived according to a function 1 from several input variables, as 
represented by Equations (5.1/3) or (5.1/4), an uncertainty analysis of w should produce the 
following properties of the distribution of w, a random variable that represents our knowledge 
about W: 

1. Best estimate value %. The best estimate is the single value that best represents what is 
known about w. In this report, the best estimate is always an estimate of the mean value 
of the distribution of w. 

2. Standard combined uncertaintv U: . This value is an estimate of the standard deviation of 
w, allowing for systematic uncertainty in its value as well as random uncertainty. 

3. Probabilitv Distribution. The cdf G,(w) represents the cumulative probability that Wis 
actually less than or equal to a specified value w. It (or rather its inverse, G;‘(p)) is 
needed to construct intervals of high confidence, as described in Table 4.40. The 
probability distribution is often assumed to have a particular form, and the specific 
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distribution is derived from this form by using 6 and Ui for the mean and standard 
deviation. 

5.2 Sources of Uncertainty in Simulation 

Equation (5.1/2) identifies one error term, e& , that is a source of uncertainty even when dealing 
with true values of model parameters instead of approximations. In addition, major sources of 
uncertainty in a simulation include (1) an error due to inaccurate inputs, and (2) a model error6. 
These three sources are considered separately here, for their properties are quite different. 

5.2.1 Stochastic Uncertainty 

Stochastic uncertainty arises when the system being simulated displays random behaviour that is 
not captured in a model. ‘That is, repetitions of an experiment display results that differ by more 
than can be accounted for by the measurement uncertainty. As a simple example, consider the 
convective circulation of water in a piping system as illustrated in Figure 5.2/l. 

Figure 5.20. Convection Loop 

The water can flow in the indicated direction, but it can equally well flow in the opposite 
direction. Suppose the water is initially still, and then allowed to flow. This experiment is 

6 This partitioning of sources of uncertainty differs from that of Sills et al. [ 19991 for applications of a 
computer program in licensing a nuclear reactor, where code, representation, and plant uncertainties are 
identified as components instead. 
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replicated several times. Sometimes the flow might go one way, and sometimes another. There 
is a large stochastic uncertainty in the rate of flow past the heater. The velocity can be either 
positive or negative. In fact, any time a system behaves in a chaotic or unstable fashion, there 
will be a stochastic uncertainty regarding measurable characteristics of the system. It is 
unrealistic to hope that a model that produces stable repeatable behaviour can adequately 
represent a phenomenon that varies significantly from one repetition to another in the real world. 

Even where the real world system is stable and predictable, a true value can exhibit stochastic 
uncertainty if the modelfdoes not take into account all the important parameters that can affect 
the output. For instance, the time it takes a kettle to boil given apparently identical starting 
conditions can vary tremendously if one does not control initial water temperature or the ambient 
air pressure. A model that left out these input parameters would not be able to replicate the 
variability of the real world. 

Stochastic uncertainty can also arise where a model simplifies spatial or temporal variation. A 
common practice in modelling is to assume that some attribute of a physical system is constant, 
when, in fact, it varies with time or location. Even if one allows an “effective” value for the 
single constant value, no single value of the effective constant will likely be able to replicate the 
full range of behaviour possible with temporal or spatial variation. 

Stochastic uncertainty differs conceptually from uncertainty regarding the values of fixed but 
unknown quantities. The two kinds of uncertainty are sometimes termed “aleatory” for 
stochastic variation, and “epistemic” for lack of knowledge of fixed quantities. For instance, in 
application to probabilistic risk assessment (PRA), the US Nuclear Regulatory Commission 
distinguishes the two in the following way [US NRC 19981: 

-There are two facets to uncertainty that, because of their natures, must be 
treated differently when creating models of complex systems. They have recently 
been termed aleatory and epistemic uncertainty. The aleatory uncertainty is that 
addressed when the events or phenomena being modeled are characterized as 
occurring in a “random” or “stochastic” manner, and probabilistic models are 
adopted to describe their occurrences. It is this aspect of uncertainty that gives 
PRA the probabilistic part of its name. The epistemic uncertainty is that 
associated with the analyst’s confidence in the predictions of the PRA model 
itself, and it reflects the analyst’s assessment of how well the PRA model 
represents the actual system being modeled. This has been referred to as state-of- 
knowledge uncertainty. In this section [2.2.5.1 Types of Uncertainty and Methods 
of Analysis], it is the epistemic uncertainty that is discussed; the aleatory 
uncertainty is built into the structure of the PRA model itself. 
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5.2.2 Uncertainty in Inputs 

Uncertainty in inputs, or epistemic uncertainty, comes from a lack of knowledge about the 
appropriate value to give each input. Input values to an uncertainty analysis come from standard 
references, experimental results, expert judgment and other simulations. Each input should have 
a combined uncertainty composed of a random uncertainty and a systematic uncertainty. 

For instance, a model parameter x that is input to an uncertainty analysis may be described as a 
normal variate with a best estimate 2 and an uncertainty U> . Both of these distribution 
attributes could have somewhat different values if provided at a different time, by a different 
expert, or from a different set of experiments. The best estimate and the uncertainty are therefore 
themselves subject to uncertainties, both random and systematic. However, once they have been 
fixed for an analysis, any uncertainty in these distribution attributes should be considered 
systematic. To see why this is so, consider this excerpt from page 97 of Coleman and Steele 
[1999]: 

-How should the random uncertainty and systematic uncertainty be estimated for 
a property value obtained from a table or curve-fit equation? Consider that once 
we choose a table or curve-tit to use, we will always obtain exactly the same 
property value for a given temperature. If we entered the air specific heat table at 
400 K 100 times over the period of a month, each of the 100 specific heat values 
would be the same-there would be a zero random uncertainty associated with the 
value that we read from the table. This is the case regardless of the amount of 
scatter in the experimental data on which the table is based. 

This reasoning is directly applicable to the best estimate 2 and uncertainty Ui (and any other 
distribution attributes) for a variable x that is input to an uncertainty analysis. 

In contrast, the choice of the value of x to be used in the analysis is subject to random 
uncertainty. Any value in the distribution of x could potentially be chosen. Typically, x comes 
from a smooth distribution covering an infinite number of possible values, with some intervals 
having higher probabilities than others. 

For example, one input might represent a length of a feature in an experimental facility. The 
combined uncertainty would likely be quite small, because length measurement is 
straightforward, and good reference standards (e.g., tape measures) are readily available. The 
random uncertainty might stem from error in reading a tape measure. Systematic uncertainty 
would come from possible inaccuracy of the tape measure, caused, perhaps, by stretching of the 
tape, or by improper use or excessive wear of the sliding tab at the end. The distribution of 
length, allowing for the combined uncertainty, might be expressed as a normal distribution with a 
mean of 2 11 mm and a standard deviation of 1 mm. The values 2 11 mm and 1 mm are fixed 
constants for the subsequent analysis. Any uncertainty about those values would be considered 
systematic, for it would affect the choice of length values to be considered in the analysis. Any 
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specific length used in the analysis (e.g., 2 10.73 mm) would exhibit random uncertainty because 
different possible lengths could be used in replications of the analysis. 

It is customary to treat 2 and Vi as fixed constants without trying to model their variability, 
because uncertainty about their values is already built into the combined uncertainty. 

This discussion has focused on individual model inputs, but groups of inputs together may share 
an uncertainty structure. For instance, if an initial atmosphere in a compartment of the model is 
set to have a relative humidity of 63% at 22” C, and a dry composition of 79% nitrogen, 20% 
oxygen and 1% argon, then the specified concentrations are mutually dependent. If the nitrogen 
concentration in the experiment was actually 80% instead of 79%, then the oxygen and/or argon 
concentrations must have a corresponding error. Any uncertainty in the temperature or relative 
humidity will also cause a corresponding uncertainty in the absolute concentrations of nitrogen, 
oxygen and argon. This correlation of values affects both the systematic uncertainties (e.g., 
where the nitrogen concentration is specified as coming from a normal distribution with a mean 
of 78% and a standard deviation of 2%) and the random uncertainties (e.g., where the specific 
value of 79% is selected for the nitrogen concentration from its distribution.) 

5.2.3 Model Uncertainty 

Model uncertainty is primarily systematic in nature. A model is a representation of a system, and 
its outputs can differ from the outputs of the real system under analogous conditions, due to 
limitations of the implementation or flaws of the representation. These differences are not 
random, because a replication of a simulation with the same inputs yields the same results, 
including the same errors. Model uncertainty is a facet of epistemic uncertainty, where the issue 
is not the particular value of an input parameter, but rather the proper relationships between 
model inputs and outputs. 

Models can be parameterized by using numerical parameters to represent physical properties or 
correlations in the model. Then, the uncertainties in the values of these parameters can be treated 
as input uncertainties. This means that the division between input uncertainty and model 
uncertainty is not fixed, but can be tinkered with. Nevertheless, there is always a residual 
uncertainty because of the form of the model and the values of any fixed parameters-residual 
uncertainty is what is meant here by model uncertainty. 

A model may represent some aspects of a system accurately, and diverge from the real system in 
other aspects. For instance, any model that partitions a 3-dimensional volume into subvolumes 
has a lower limit on the resolution of spatial phenomena that it can represent. Any process 
occurring at a spatial resolution below the lower limit is likely to be represented poorly by a 
mechanistic model, if at all. (A model may approximate macroscopic effects of those processes, 
however.) 
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Complicated models can be analyzed equation-by-equation to determine their systematic 
uncertainty. It is possible to associate a systematic uncertainty with the result of each equation, 
and by analysis of the propagated uncertainties, to estimate the overall systematic uncertainty in 
the model. However, such a scheme is likely to overestimate significantly the total systematic 
uncertainty in the model output. For example, a model may distribute fission products among 
many compartments, each representing a region within a nuclear reactor containment structure 
during an accident. The estimated amounts of radionuclide I-127 deposited in each compartment 
may have substantial uncertainty. Consequently, a naive analysis would suggest that the total 
amount of I-127 in the system would have a large uncertainty as well, since it is the sum of the 
amounts in each compartment. If the model conserves mass, however, it could be that the total 
mass of the nuclide in all compartments is quite accurate (has a low uncertainty). That situation 
would mean that the errors in different compartments are negatively correlated, so that if one 
compartment has a large positive error, other compartments would have negative errors to 
compensate. 

The systematic uncertainty in a model is best determined by a global analysis, reinforced by 
validation against suitable experimental evidence. This process will be discussed further below. 

5.3 Representation of Input Uncertainties 

Much of the uncertainty in a simuland originates in uncertainty concerning inputs to model f . 
When uncertainties come from experimental conditions, expressed in the manner advocated by 
GUM95, they tend to be of the form 

x-N{i,U;} . . . 5.311 

That is, the random variable x (not a specific measurement, but any value from the distribution 
that represents x) is distributed according to a normal distribution, having a mean of ,? and a 
standard deviation UC,. The choice of a normal distribution is often a good representation for 
measured quantities. 

In practical situations, however, other representations are sometimes more appropriate. For 
instance, if x represents an inherently positive quantity, such as the initial pressure in one part of 
the experimental apparatus, it is clear that there is at least a theoretical problem with 
Equation (5.3/l), since it allows x to take on any value, including negative values, with some 
nonzero probability. This situation is commonly dealt with in a practical way by augmenting 
Equation (5.3/l) to read 

5.312 

where xmi, and xmax are minimum and maximum bounds, respectively, on the domain of possible 
values allowed for x. The resulting truncated distribution is the one one would obtain by 
generating values of x from the original normal distribution and rejecting any values that are less 
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than x,,,i, or greater than xmax . The probability density function (pdf) of this truncated 
distribution is discussed by Andres and Skeet [ 19951. It should be noted that it no longer has a 
mean value 2 and uncertainty Vi in general, because the truncation affects both these 
properties. If the truncation is far out in the tails of the distribution, then the effects are small. 

Another way of dealing with inherently positive quantities is to represent log x by a normal 
distribution. This approach has a more solid theoretical backing than truncating a normal 
distribution. Any real value of log x will correspond to a non-negative value of x, and so the 
possibility of negative values for x does not arise. If log x is normally distributed, then x is 
lognormally distributed. That is, 

x - LN(Giix,G$Dx) . ..5.3/3 

where G&, and G$Dx are estimates of the geometric mean and the geometric standard 
deviation of the representation of x, respectively. The following expressions give a lognormal 
distribution for x that has mean R and standard deviation Ui , just like the normal distribution in 
Equation (5.30): 

where 

A 

Gtix= x -and GiDx = exp,/G 
J-- gvX 

. . . 

UC 2 gv,=l+ 4- t I . . . 
X 

,5.3/4 

,5.3/5 

is known as the geometric variance. Note that gvx and G,!?Dx are unitless, whereas Gkx has 
the same units as x. 

Figure 5.3/l shows the probability density functions for a normal and a lognormal distribution 
with the same mean and standard deviation, where the coeflcient of variation V = U;/k takes 
the value 0.1. Clearly, the two distributions are quite similar, and so, in most applications, it 
does not much matter which one is used. The lognormal distribution is skewed slightly left, 
rather than being symmetrical like the normal distribution, and it has a more prominent tail on 
the right. The smaller the coefficient of variation, the more the two distributions resemble one 
another. 

In contrast, Figure 5.3/2 shows the same comparison for a coefficient of variation of 0.5. In this 
case, the normal distribution must be significantly truncated on the left because there is a 2% 
probability of generating a negative value. The remaining distribution is resealed to integrate to 
one. The sudden discontinuity at the origin is rather unrealistic, and it still permits values of x 
that are extremely close to zero. Furthermore, the truncation will change the mean and standard 
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deviation appreciably. The lognormal distribution, in contrast, goes smoothly to zero at the 
origin, in such a way that values very close to zero are highly improbable. 

Figure 5.3/l. Comparison of normal (solid) and lognormal (dashed) distributions with 
identical mean and standard deviation (coefficient of variation = 0.1). 

Figure 5.3/2. Comparison of truncated normal (solid) and lognormal (dashed) 
distributions with identical mean and standard deviation (coefficient of variation = 0.5). 
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Once the option is provided of using a distribution that is not normal, other possibilities arise.
Figure 
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1. Monte Carlo analvsis. A distribution for w can be derived empirically by randomly 
sampling input values for all the variables x, y, z, etc., as with the SYVAC3 code [Andres 
20001. This type of analysis is described in detail in this section. 

2. Theoretical analvsis. It is theoretically possible to derive the desired properties of w 
according to deterministic formulas. In many practical cases, explicit formulas can be 
stated, but often they cannot be solved analytically. In a few cases of great importance, 
simple rules can be derived for special types of expressions. Section 5.5 shows some of 
the choices that are available to someone performing this type of analysis. 

3. Perturbation analvsis. GUM95 described how the absolute and relative uncertainties 
could be propagated using Taylor’s series analysis, when the uncertainties in the inputs 
are small, or sensitivities are small. The series approach leads to a simplified form of 
theoretical analysis, as discussed in Section 5.6. 

The goal of a Monte Carlo uncertainty analysis of a simuland is to derive empirical estimates for 
the mean value and the random uncertainty.of a derived quantity. Sometimes, it is also desired to 
determine the effects of some parameters on selected outputs using sensitivity analysis. 

Monte Carlo analysis can be used for any kind of model with any number of model parameters. 
It is applicable where the model must be treated as a “black box” either because the internal 
operations are unknown, or because they are too complex to analyze theoretically. Monte Carlo 
analysis is more general in its applicability than both theoretical analysis and perturbation 
analysis. However, Monte Carlo analysis alone cannot be used to identify the systematic 
uncertainty, nor the combined uncertainty of a simuland. It must be combined with a theoretical 
analysis of systematic uncertainty to complete the uncertainty analysis. 

The cost of Monte Carlo analysis is the requirement to set up, perform and analyze many 
computer simulations. If sensitivity analysis is not required, then the number of simulations is 
independent of the number of parameters, but depends instead on the nature of the output 
variable’s distribution. For instance, a highly skewed distribution will require more simulations 
for good characterization than a symmetric one. 

While Monte Carlo analysis is technically feasible, and is even backed up by considerable 
experience [Goodwin et al. 19941, it is not necessarily practical for all applications. For instance, 
instead of a single computer model, one may apply a web of interconnected models, as described 
by Sills et al. [ 19991. The interactions between the models may require substantial human input, 
making the process of repetitive simulation labour intensive. Furthermore, the execution of each 
model may takes days or even weeks, whenever complex three-dimensional interactions are 
simulated. Exponentially increasing computer speed helps with the second source of delay, but 
not the first. 

Section 6 of this report describes a general procedure for uncertainty analysis that uses Monte 
Carlo sampling in a selective way, so that the number of simulations can be kept to a minimum 
in applications that require that restriction. This section addresses the general approach of Monte 
Carlo sampling. 
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This approach begins with a modified form of Equation (5.1/4): 

wj =f(Xj,yi,Zj~ess), j= l,M 

where the subscriptj represents one simulation out of a set of M different simulations. That is, Wj 
is the estimated value for the output quantity f( X, Y, Z,. . .) in thejth simulation, where wj is the 
value produced by a computer model. The estimated value approximates the true value of the 
output, W, without adjustment for the random error el; shown in Equation (5.1/2). 

The input parameter values to the computer model are xi, yi, zj, . . . which should lie within the 
distributions of x, y, z, . . . as established by the methods of Section 5.3. Each input parameter 
value xj is a plausible candidate for the corresponding true value X. Consequently, each wj 
defined in Equation (5.411) is a plausible candidate for f( X, Y, Z,. . .) . 

Simple random sampling is the most straightforward way of generating values xj, yi, zj, . . . . In 
this approach, each parameter value is randomly sampled from its distribution using a 
pseudorandom generator. Typically, a pseudorandom generator produces one or more sequences 
of numbers that appear to be independently and identically distributed according to a uniform 
distribution between 0 and 1. For an arbitrary distribution with cdf Gdx), the value for xj can be 
generated from a uniform variate u by the transformation 

xj = G;‘(u) . ..5.4/2 

As mentioned in Section 5.3, the computer program SYVAC3 [Andres and Skeet 19951 samples 
values from a number of different probability distributions, and it uses this technique to do so. 
Since that publication, SYVAC3 has improved its pseudorandom generator from a 32-bit 
generator to a 128-bit generator with much better properties (i.e., it generates longer streams of 
numbers, and they behave more like true random sequences according to statistical tests). 

There are other methods of Monte Carlo sampling that use statistical experimental designs to 
achieve desirable properties; they are discussed further, below. For the moment, assume that a 
value has been selected by simple random sampling for each argument of 1(x,, y, ,z, , . . .) forj 
from 1 to A4 in Equation (5.4/l). How can the desired properties of w be estimated? 

If the wj values were generated by simple random sampling of the arguments, then they could be 
considered as random observations of f( X, Y, Z,. . .) , and they could be analyzed, as the 
experimental results were in Section 4.2. In analogy with Equation (4.2/5), 

wj = 4 xjYYj9zj,... ) 
= f(X, Y,Z ,... )+ek, +ei 

. . .5.4/3 
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This equation states that the value for wj obtained from a randomly selected simulation differs 
from the ideal functional Iit j( X, Y, Z,. . .) by a random error e;l that varies with the simulation, 

and a systematic error eS, that is the same for all simulations. (The simulation random error e;, 

should not be confused with e& , the difference between Wand the ideal functional fit 

f( X, Y, Z,. . .) , which will be discussed in the next section.) 

In parallel with Section 4.2, one can make the following definitions: 

1 M 
EM=- wj c A4 j=l 

. ..5.4/4 

ZW = lim FM . ..5.4/5 M+- 

4, =wj-iTm . ..5.4/6 

eS;, =W, -f(X, Y,Z,...) . ..5.4/7 

Given a single simulation wj, the random uncertainty of this value is the standard deviation of the 
corresponding error: 

. ..5.4/8 

It is assumed that this uncertainty is the same for allj. Given A4 simulations, an analyst can 
estimate U; as the sample standard deviation: 

. ..5.4/9 

with M-l degrees of freedom, since one degree of freedom was used to estimate the mean. 

Similarly, one can define a standard uncertainty for the mean wM itself: 

. ..5.4/10 

This quantity describes the degree of variation expected in the mean FM if it were to be 
calculated repeatedly with different sets of A4 simulations. 
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Sometimes extensive efforts are made to generate and analyze many simulations (A4 large) so that 
good estimates can be made of 2” by reducing the uncertainty U& [Goodwin et al. 19941. It is 
fallacious, however, to think that analyzing large numbers of simulations can reduce the 
combined uncertainty. When the irreducible systematic uncertainty is combined with the random 
uncertainty, the marginal benefits of performing many simulations may be quite small. 

Example (1 a) in Table 5.4/l illustrates some of the considerations involved in a Monte Carlo 
analysis of uncertainty. It is based on an example from Coleman and Steele [ 19991. The 
example will also be used in later sections, so that the different approaches in the different 
sections can be compared. The example uses the well-known ideal gas law. If the pressure P 
and temperature T of a gas in an enclosure are measured, then the density p of the gas present can 
be determined approximately from the ideal gas law P = pRT, where R is the gas constant 
8.3 145 1 J/(mol+K) [Lide 19991, T is in degrees Kelvin, p is in mol/m3, and P is in Pascals. 

Table 5.4/l. Example of Monte Carlo Analysis 

Example (la) [Coleman and Steele 19991 

“A pressurized air tank is nominally at ambient temperature (25 “C). How accurately can the density be determined 
if the temperature is measured with an uncertainty of 2 ‘C and the tank pressure is measured with a relative 
uncertainty of 1 %?” 

Solution 

Rewrite the ideal gas law as p = P/RT where the pressure P is assumed to be normally distributed with unknown 

mean $ and uncertainty u; = O.Olp , and the temperature T is assumed to be normally distributed with mean 

?=25+273=298 K and uncertainty of U; = 2 K . The gas constant R is known much more accurately, and it will be 
assumed to be a known constant. 

Randomly sample 10 values of p/k, which should have mean 1 and standard deviation 0.01, and 10 values of T, 

and compute p/ $ = (P/ fi)/RT fi om each one, as shown in Table 5.4/2. Calculate the mean and standard deviation 

of the result p/i to be 4.03 1 x 1 o-4 mol/Nmil.6% (extra digits shown for comparison purposes). Table 5.4/3 
shows that, with 30 simulations, the mean is about the same to three significant figures (4.029~10~ molNm), and 
the uncertainty is 1.4%. With 1000 simulations, the mean increases slightly to 4.036~10~ molNm, and the 
uncertainty decreases to 1.3%. In the next section, it is shown that the random uncertainty should actually converge 
to 1.2%. Given the original sample of size 10, one could assume a normal distribution for the density, and use a t- 
distribution with 9 degrees of freedom to estimate the distribution. 

It should be noted that only the random uncertainty has been taken into account in this example so far, since Monte 
Carlo simulation does not tell an analyst anything about the systematic uncertainty in a result. 
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Table 5.4/2. Calculations in Individual Simulations for Example (la) 

Run Number 

1 

Pressure P/F 

L-1 
0.998 

Temperature 
Fl 

296.6 
[Ji(mL)] 

8.31451 

Density 
[ 10” mol/(N-m)] 

4.048 
1.009 297.2 8.31451 4.082 
1.004 300.0 8.31451 4.023 
1.008 299.1 8.31451 4.055 
0.995 296.8 8.31451 4.032 
1.009 291.8 8.31451 4.157 
0.982 301.4 8.31451 3.920 
0.993 294.9 8.31451 4.049 
0.992 300.7 8.31451 3.966 

10 0.980 296.6 8.31451 3.973 
Avg 0.997 297.5 8.31451 4.031 

Std Dev 0.011 2.9 0 0.066 

Table 5.4/3. Results of Simulations of Example (la) 

Number of Pressure P/i, Temperature R Density 
runs 1-l WI [J/(mol-K)] [mol/(N.m)] 

Avg Std Dev Aw Std Dev A% Std Dev Aw Std Dev 
10 0.997 0.011 297.5 2.9 8.315 0 4.031x10A 1.6% 
30 0.998 0.010 298.1 2.5 8.315 0 4.029x104 1.4% 

1000 1 .ooo 0.010 298.0 2.1 8.315 0 4.036~10~ 1.3% 
Exact 1 .ooo 0.010 298.0 2.0 8.315 0 

5.5 Theoretical Uncertainty Analysis of a Simuland 

The goal of theoretical uncertainty analysis is derive the mean value, uncertainty and cdf of a 
variable defined in terms of other variables, for which the probability distributions are known. 
This goal is only attainable for explicit model formulations and a small number of variables. 
This method is most appropriate for simple derivations of quantities from experimental results, 
of the level of complexity shown in Example (la). 

As in the last section, begin with a restatement of Equation (5.1/4), but this time in general form: 

w = f(x,y,z,...) . ..5.5/1 

Assume that an analyst has developed or obtained a probability density function (pdf) for the 
random variables representing each input (i.e., gx (x), gr 0, . ..). The mean values of these 
distributions are 2, f,j ,... , respectively. The standard deviations of these distributions are 
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u;,u;,u; ,..., respectively. In this context, a typical procedure without an uncertainty analysis 
would be to evaluate a point estimate, 

ii?= $t,ly,...) . ..5.5/2 

where best estimates are used for the parameters, and the result is considered to be a point 
estimate of a true value VI/: 

In Section 5.4, the average of M evaluations of output w under repeated sampling was FM . The 
limiting value of this average as A4 becomes very large was referred to as FW . The theoretical 
derivation of this quantity is 

Fa = Ex,y,...bd 
= j-I... jj(x,y,z ,... )g,(x)g,(y)...~dydz... . ..5.5/3 

That is, the ideal value to which the simulation mean converges in Equation (5.4/5) can be 
obtained directly if the integral in Equation (5.5/3) can be evaluated. In order for this approach to 
be useful, the model $ must be known as a mathematical expression, and the number of 
parameters must be relatively small. Computer models rarely satisfy these constraints. 
Table 5.5/l identifies some cases where the integral in Equation (5.5/3) can be either solved, or at 
least simplified. Combining the first and third of these rules, one can see that the limiting 
average in Equation (5.5/3) is the same as the point estimate from Equation (5.5/2), if the 
tinction is a linear combination of the original parameters. This property will be used in the next 
section. 

Table 5.5/l. Simplifying Rules for Expected Values 

Case 

j(x,y, z,. . .) = x where n is statistically 
independent of other variables 
~(xJ, Z, . . .) = x2 where x is statistically 
independent of other variables 
&,y,z ,...) = aUi(x,y,z ,... )+a,l(x,y,z,...) 
where a, and a, are constants 
j(x,y,z ,... )=x(x,z,r ,... )i(y,s,t ,... ),where L ,... (A}%, )... (i; > 

Once the expected value of w is known through evaluating Equation (5.5/3), the random 
uncertainty of w can be obtained from 
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U; = lim U;,M M-a- 
= var,, I ,. (?CX,Y,Z,...)} . ..5.5’4 

= E X.Y.... Bf( A ~,~,z,...)--E,,~,...{w}l~) 

This equation is another multi-dimensional integral of an even more diffkult function. If it can 
be evaluated, it gives the equivalent information to taking the standard deviation of a random 
sample as in Equation (5.4/8), but of unlimited size. 

As with the expected value, there are a few simplifications possible in the theoretical analysis of 
the random uncertainty of w, and these are shown in Table 5.5’2. Unfortunately, there are fewer 
easy simplifications than for the expected value, and the conditions on them are more stringent. 

Table 5.5/2. Simplifying Rules for Uncertainties 

I Case u.:. I 
j(x, y,z,. . .) = x where x is statistically independent of other variables u; 
j(x,y,z ,...) = a&(x,y,z ,... )+a,j”(x,y,z ,...) where a, and a, are constants 
and z, and fW are statistically independent approximate functions 

da; var(~~)+a~ var{jV} 

Theoretically, one can go fkther in the analysis of systematic errors than is possible with the 
empirical Monte Carlo approach. Equation (5.5’5) below shows one way of analyzing the 
systematic error in Equation (5.5/l), as defined by Equation (5.4/7): 

ei 
= E (j(~,jv,-..)} - f(x, v9.m .) 
= [il;:;..{f(x,, ,... ))-f(*, Y ,... )]+[i(x, Y ,... )-f(X, Y >... )] .-*5-5’5 

where the two error terms are 

l Systematic location error, [Ex,y,.,.{f(x,y,...)} - j( X, Y,. . .)], which is a deviation of j 

from the value it would have if evaluated at the fixed but unknown point X, Y,. . . ; and 
l Systematic model error, I( X, Y,. . .) - j’( X, Y,. . .) , which is the error in the model f 

when compared against the ideal functionJ; evaluated at the point X, Y,. . . . . 

Both types of systematic error depend on the location X, Y,. . . , which is fixed, but unknown. 
The average systematic error, considering different possible locations for X, Y,. . . in accordance 
with the probability distributions gx (x), gy (y), . . . . is 
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J&Y )... k) = [kY ,... {~(x,YJ}-%,Y )... {my YJ]] 
+E x, Y,... {P(x y ,... )-j-(x, y I... ,} . ..5.5’6 

= 0 

where both terms disappear. The expected value of the systematic location error vanishes 
because the unknown point X, Y,. . . has the same distribution as a randomly sampled point 
X,Y ,***, and hence, the same expected value. (The distributions of x,y,... were chosen 
particularly so that they would represent where X, Y ,. . . is believed to be.) The expected value 
of the systematic model error vanishes based on the assumption that j is a best-estimate model, 
from which all known biases have been removed. Remaining biases may be positive or negative, 
and are assumed to have an expected value of zero7. 

The systematic uncertainty of w is the standard deviation of ei : 

u: = \ Ex, Y,... {([& )... {&Y ,... ))-m, y ,... ,]+[i(x y ,... )-f(X Y ,... I])‘} 

= $(U:YtiUI)’ . . . 
= J’o, 

5.5’7 

where Uk is the random uncertainty of w as evaluated in Equation (5.514). No covariance term 
is shown because there is no known connection between the location of the point X, Y,. . . in its 
distribution and the error of the function The systematic uncertainty Uj represents the 

average squared error of the function approximation over the domain of interest: 

u; = dE.,,...{(~(x,~,...)-r(x,y,...))l) 

= J[J...J(Z(X,Y ,... )-f(&Y ,... ))zg,og,(Y)gz~z)...~~Yd~... 
. . .5.5’8 

The term ai in the last line is the accuracy of the model, defined to be the root-mean-squared 

error of the approximation, with a generalized domain and generalized weighting of 

a- = 
f ,/II... j(j(x,y ,... )-j&y ,... ))2h,(x)h,(y)hz(z)...u!.xdydz... . . .5.5’9 

’ If, instead, j is a conservative model, as has traditionally been used in safety studies, then it is inappropriate to set 
the mean model error to zero, since there is clearly a bias in one direction, although its magnitude may not be known. 
Nevertheless, a conservative model may sometimes be treated this way, where there is no need to credit the 
conservatism for a particular application. 
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where the weighting functions /Q(X), etc., have the properties of a probability distribution’. The 
differences between Equations (5.5/8) and (5.519) are the domains of integration (not shown) and 
the weighting functions. It seems plausible that one could be substituted for the other for 
particular applications. This substitution is particularly useful where the integrals in these 
equations cannot be carried out. That is, one could estimate the accuracy, as an average 
svstematic uncertainty, by nonstatistical means, based on an analysis of the validity and 
simplifications of the model. Then, this accuracy estimate could be used as the systematic 
uncertainty in determining the combined uncertainty for a particular application. 

Combining Equations (5.5/3) to (5.5/9), one assembles the following picture of the simulated 
value W: 

l The expected value of w over possible variations in the input parameters x,y,... is a 

quantity i?- that differs from the idealized function value f( X, Y, Z,. . .) by a systematic 
error that varies with the location of the true point X, Y, Z,. . . , and that averages to zero. 

l The random uncertainty in w, visible in Monte Carlo simulations, is a quantity LJL 
defined by Equation (5.5/4), that is possibly subject to simplifications from Table 5.5/2. 

l The systematic uncertainty in w is given by Equation (5.5/7). It contains a contribution 
from the term U; , because the location ( X, Y, Z,. . .) is unknown, in addition to a 
contribution from the model accuracy ai . 

l Consequently, the combined uncertainty in a single random observation w is 

= J2(U:)’ + (“J 
. . .5.5/10 

l The combined uncertainty in WM, the average of A4 randomly-sampled w values 

1 I W. J ~=I,M’ as an estimator of f( X, Y, Z,. . .) is found by reducing the random uncertainty 

by a factor of 1/M, as in Equation (5.4/9), yielding 

u;, z /(l+&)(U$ +(a$ . . .5.5/l 1 

’ The accuracy of the model involves a root-mean-squared error of the model over the domain of applicability of the 
model, weighted by functions like h,&) that emphasize regions of the domain where correct answers are of most 
importance. In general, these weighting functions will not be the same as the pdfs g,&), etc., that apply to a 
particular case. 
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The final property of w to be determined is its distribution. The distribution considered here 
represents only the random variation of w corresponding to the probability distributions of 
x,y,z,... * It is the distribution one would expect to find in a very large sample of w values 
formed from random simulations. 

If one wanted instead to determine the distribution of possible values of f( X, Y, Z,. . .) , based on 

information about 1 and the distributions of its arguments, one would need to determine a 
probabilistic model of the systematic error (and not just its uncertainty), which, in general, would 
be very difficult. To develop intervals of high confidence for simulated values, there seems to be 
no better alternative than to determine the expected value and combined uncertainty, and to 
assume a type of distribution. Knowledge of the random distribution of simulation outputs can 
be useful in this process to identify characteristics of the distribution (e.g., large skewness 
coefficient) that would affect the appropriate distribution type. 

The direct approach to determining the cdf of w for random uncertainty, G,( w’) I Pr{ w 5 w’} , is 
to evaluate the following general formula: 

G,(w) = E,,~...{H[w-f(x,~,z,...)]} 
. ..5.5/12 

= jj.. * p+v - f(X,YJ ,... )I& (&y(Y)&). . .WYdZ.. . 

where H, the Heaviside step function, yields the value 1 if its argument is positive, and 0 
otherwise. If it is necessary to evaluate the probability density function g,( w’) as well, then this 
function can be obtained by differentiating G,(w) : 

g,(w) = d:;' . . . 

presuming this function exists. 

There are very few simplifications for the cdf. Even in the trivial case where 
f(X,Y,Z,...) = x + Y , the cdf for w is a convolution that can be quite complex to solve: 

G,(w) = ~JrrIw - x - Yl&+)&(Y)WY 

= ~-b+)~:gr(Y)dy~ 

= j- g,(dGyb-x)~ x=-o 

5.503 

. ..5.5/14 

where Gy( w - X) is the cdf of the parameter y. 
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One general simplification commonly used is the fact that a linear combination of normally 
distributed variates is also normally distributed, a fact that gives the cdf without computation. 
That is, if 

f(x,y,z ,... )=a,x+a,y+a,z+... . ..5.5/15 

where ax, etc., are constants, and if the variables X, y, z, . . . have normal distributions with 
respective means j, f, 2, . . . and standard deviations Ufy , UF, Ui , . . . , then w is also normally 
distributed with mean iG and standard deviation U;, defined by 

iG=axi+a,F+a,.2+... . ..5.5/16 

and 

u; = Jai(q)2 +a~(U~)‘+a~(U~~ +... . ..5.5/17 

assuming that the variables are all statistically independent. 

The central limit theorem says that wherever Equation (5.5115) applies, under a wide variety of 
conditions the distribution of values of w will approach a normal distribution, with mean and 
standard uncertainty values given by Equations (5.5/16) and (5.5/l 7), respectively, even if the 
distributions of the individual variables are not normally distributed. For identical symmetric 
input distributions, a distribution much like a normal distribution is obtained after summing only 
a few terms. For example, Knuth [1969] recommended using the sum of 12 uniformly- 
distributed variates on the interval (-0.5,0.5] as a good approximation to a normal variate with 
mean 0 and standard deviation 1. For skewed distributions like lognormals, or for coefficients of 
greatly varying magnitudes, convergence to normal behaviour may take more terms. Where this 
approximation is used, some justification should be provided for the assumption of normality in 
the sum. (For comparison, see the example in Section 7.7.) 

Example (1 b) in Table 5.513 illustrates some of the considerations involved in a theoretical 
analysis of uncertainty. It is the same example used in Section 5.4, but it is solved this time with 
a theoretical approach. 

5.6 Perturbation Uncertainty Analysis of a Simuland 

The goal of a perturbation uncertainty analysis of a simuland is the same as for a theoretical 
uncertainty analysis. One wishes to derive expressions for the mean value, the uncertainty, and 
the cdf of a variable defined in terms of other variables for which the probability distributions are 
known. Perturbation analysis is appropriate where the number of input variables is small and the 
uncertainties associated with the input variables are small in magnitude, so that a series 
approximation to the model is possible. This method is most applicable for simple derivations of 
quantities from experimental results. 
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Table 5.5/3. Example of Theoretical Analysis 

Example (lb) [Coleman and Steele 19991 
“A pressurized air tank is nominally at ambient temperature (25 “C). How accurately can the density be determined 
if the temperature is measured with an uncertainty of 2 “C and the tank pressure is measured with a relative 
uncertainty of 1 %?” 

Solution 
Rewrite the ideal gas law as p = P/RT where the pressure P is assumed to be normally distributed with mean P and 

uncertainty U; = O.OlP , and the temperature T is assumed to be normally distributed with mean ?=25+273=298 K 
and uncertainty of ug = 2 K . The gas constant R is known accurately, and it is assumed a known constant. 

The distributions of P and T were taken to be normal as the usual initial assumption when the distribution is not 
specified. However, in this case, the normal distribution is not suitable for two reasons: (1) it allows a finite (albeit 
extremely small) probability of dividing by 0, and (2) the ratio of two normal distributions has a mathematically 
complicated distribution. The coefficients of variation for P and Tare only 0.01 and 0.0067, respectively, and so the 
lognormal distributions with the same means and standard deviations will be quite similar, as discussed in 
Section 5.3. For P and T, the geometric variance, geometric mean and geometric standard deviations are (using 
excess significant digits for the intermediate calculations) 

1 A 

= 1.0001, = 0.999951; and G.?O, = expJ= = 1.0103 . ..5.5/18 

,. 
= 1.000045, GI$ = - = 298 and G.$‘Dr = exp,/G = 1.0067 , ..5.5/19 

The ideal gas law can be rewritten again as 

lnp=lnP-InR-1nT . . .5.5/20 

which is linear in In P and In 7’. Since the log of a lognormal variate is normally distributed, the terms on the right 
hand side of Equation (5.5/20) are each normal, and so is lnp , with mean and standard deviation given by 
Therefore, p must be lognormal, with geometric mean and geometric standard deviation given by Equations (5.5115) 
and (5.5117). 

lnGA?, =lnGh?,-LnR-lnG&, =-7.815+InP or G&, =4.036~lO~P . ..5.5/21 

lnG$,=,/~=O.O12 or G$Dp=l.012 . . .5.5/22 

This result can be interpreted directly as a relative uncertainty (coefficient of variation) of 1.2%. This is the solution 
given by Coleman and Steele [ 19991 using the method of the next section. This quantity is just the random 
uncertainty, however. It is the standard deviation of possible p values, but does not take into account the systematic 
uncertainty of Equation (5.5/7), which involves the accuracy of the model, Suppose one had only this assertion to 
work with: “[The gas law] is in error by less than 1 percent for air at room temperature for pressures as high as 30 
atm.” [Fox and McDonald 19921. Assume fl% gives a 95% confidence interval for a normal distribution, so that 
the accuracy of the ideal gas law can be stated as a standard uncertainty of f0.5%, or as a G,$Dti of 1.005. The 

w 
resulting types of uncertainties are shown in Table 5.5/4. The smallest uncertainty (1.2%), which is the one derived 
above, represents only the variation of possible p values due to uncertainty regarding the temperature and pressure. 
The largest uncertainty (1.8%) represents uncertainty about the true density based on one temperature and pressure 
pair randomly chosen from the distributions for these parameters. 
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Tabie 5.5/4. Possible Uncertainties in the Example 

Type of Uncertainly 
the standard deviation of Random: 

density values expected for randomly 

Formula 

(In G,$D,, )* + (In G,!?Dr) 

Value 
0.012 or 

1.2% 

(In Gf?DP)’ + (ln G$D*)’ + (In G$D&)’ 
0.013 or 

1.3% 

I GfiP = 4.036 x 1 O-4 b, compared to the I 
true density 

the uncertainty of a Combined: 
calculated density in estimating the true 
density based on one randomly chosen 
temperature and pressure 
Combined: based on 10 randomly 
chosen temperatures and pressure 

Combined: based on 30 randomly 
chosen temperatures and pressure 

0.018 or 
1.8% 

0.014 or 
,(l+$[(lnGiDP)r +(lnG~D,.)2]+(lnG,.?D~)2 1,.4% 

0.013 or 
/(l+$)[(lnG~Dp~ +(lnGiDT)2]+(lnG$DeL)2 1.3% 

0.013 or 
,/(l+&)[(lnGo,) +(InG$Dr)1]+(lnGiDe:)2 1.3% 

Combined: based on 1000 randomly 
chosen temperatures and pressure 

GUM95 proposes computing the uncertainty in the result, given a differentiable formula and 
uncertainties in the inputs, by applying a Taylor’s series expansion in multiple variables. If p 

has continuous partial derivatives of order 2 around the point ( 2, f,&. . .) consisting of mean 
values for all the parameters, then 

w = f(X,Y,Z,...) 

= $?,E,i ,... )+g(x-q+$(y-f)+...+& 
. ..5.6/1 

where the partial derivatives are to be evaluated at (2, f,2,. . .) . 

The remainder term R2 involves second-order terms in the errors e, = (X - k), er = ( y - f), . . . 
and second-order partial derivatives. It is common to ignore the remainder R2 in circumstances 
where the errors are small and independent. If this simplification can be made, then the expected 
value of w is 

E ..,,,....b4 = f(i,f,i,...) t5.612 ..I 
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since expectations of the deviations ( -i),(y-f),... x all vanish. (This simplification was not 
made in Equation (5.5/4); it is not always appropriate.) The corresponding uncertainty is 

u; = EXJ,... jJj(x,y,z ,... )--j(i,iQ ,... )I’} 
= )gqq@z ** 

.5.6/3 

An influential parameter x is one where the product I( J~lax)v:l is a significant fraction of U; . 

This influence can arise because p is very sensitive to x (i.e., the partial derivative &‘f/& is 
large in magnitude), or because the value of x is quite uncertain (i.e., the uncertainty U,’ is large 

in magnitude), or because 1 is moderately sensitive to x and x is moderately uncertain, so that 

the product I(af/S’ ) ‘1 x U, is quite large. Consequently, when choosing key parameters for a 

PKPRT, an analyst should consider both sensitivities and uncertainties of parameters. 

Once the random uncertainty has been found using Equation (5.6/3), the systematic uncertainty 
U;C can be determined using Equation (5.5/7) if the model accuracy is known, and the combined 
uncertainty Ui comes from Equation (5.5/10) as before. That is, the combined uncertainty in 

using a single observation of w as a predictor of the idealized function value I( X, Y, Z,. . .) is 

. ..5.6/4 

However, since we are already assuming that the mean value of w is s( i, f, 2,. . .) , it makes 
more sense to determine the combined uncertainty in this quantity (rather than in a single random 
w) as a predictor of f( X, Y, Z,. . ,) . The assumed mean value of w is not subject to random 

uncertainty, since the mean values i, ?,i,. . . are assumed to be fixed for the analysis. 
Consequently, the combined uncertainty from Equation (5.5/7) is 

UT /(i.f,...) = &J:)‘+(ai) 

. ..5.6/5 
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Equation (5.6/5), expressed in terms of absolute uncertainties, can be converted to an equivalent 
expression using relative uncertainties, if w, x, y, . . . are all different from 0, by dividing through 
by w, thus giving [Coleman and Steele 19991 

. . .5.6/6 

A specific instance of Equation (5.6/6) of wide applicability occurs if 7 has the mnctional form 

w = F(x,y,z ,...) = CxUybzC... . ..5.6/7 

where C, a, b, c, . . . are constants, and the exponents are known positive or negative numbers with 
negligible uncertainty. Then, Equation (5.6/6) simplifies to 

. ..5.6/8 

For example, the ideal gas law gives the following expression for the density determination 
mentioned in the examples of the last two sections: 

_ P = P’R-‘T-l 
‘-RT 

The corresponding uncertainties are 

. ..5.6/10 

and 

ggqiq-. . ..5.6/11 

Example (lc) in Table 5.6/l shows how these formulas can be applied. This whole approach 
commonly makes use of several assumptions, although there are ways of relaxing them in 
specific instances. The assumptions include 

1. Small errors, where only first order terms are needed in Equation (5.6/l); 
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2. Distributions of variable errors ex, er, ez, . . . with 0 means, to justify using Equation 
(5.6/2); 

3. Statistical independence of variable values for Equation (5.6/3); 
4. Partial derivatives can be computed or estimated for Equation (5.6/3); 

5. The systematic error in F does not greatly affect partial derivatives in Equation (5.6/3) 
(no abrupt changes in the model error); 

6. Input and output variables are nonzero for relative error estimation (Equation (5.6/4)); 
and 

7. Few variables are involved to make working with Equation (5.6/5) feasible. 

Table 5.6/l. Example of Perturbation Analysis 

Example (lc) [Coleman and Steele 19991 

“A pressurized air tank is nominally at ambient temperature (25 “C). How accurately can the density be determined 
if the temperature is measured with an uncertainty of 2 “C and the tank pressure is measured with a relative 
uncertainty of I %?” 

Solution 

Apply Equation (5.6/l 1) to determine u;/p expressed as a percentage. Assume R has a much smaller combined 

uncertainty than the other inputs, so that its uncertainty can be ignored. The relative uncertainty in pressure is 

+%=o.ol 

The relative uncertainty in temperature is 

u: 2K 
7 = (25+ 273) K = o-oo67 

As discussed in Example (1 a), the relative uncertainty due to inaccuracy of the perfect gas law is assumed to be 

% = 0.005 

Hence, the relative uncertainty in density, assuming we use the measured values, is the same as in the last example: 

UC PC 40.005' + 0.01’ + 0.00672 = 0.013 = 1.3% 
D 
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6. RECOMMENDED APPROACH FOR UNCERTAINTY ANALYSIS OF 
SIMULANDS 

6.1 Summary 

Assume that a simuland w is evaluated using a model f(x, y,z,. . .), as in Equation (5.114). 
Assume further that the input parameters X, y, z, . . . come from probability distributions 
representing their respective uncertainties, with expected values 2, f, 2,. . . and standard 
combined uncertainties Uf( ,Ui, UG,. . . . In some cases, further information about the 
distributions is required (e.g., degrees of freedom or skewness); assume that these details are 
known (or estimated). 

An uncertainty analysis of w should determine an appropriate value for w that represents this 
“chance set-up.” In particular, an uncertainty analysis should estimate an appropriate probability 
distribution for w, in which 6 represents the mean, and the standard combined uncertainty Vi is 
the standard deviation. Usually, a normal distribution is assumed, but if some other distribution 
is more appropriate, then the uncertainty analysis should estimate all the other attributes needed 
to determine that distribution. Finally, it may be required to produce intervals of high confidence 
for w, and these should be consistent with the aforementioned probability distribution for w. 

This section describes one rational approach to this type of uncertainty analysis in circumstances 
where it is not possible to apply a theoretical analysis to the function f. This section states the 
steps that should be taken, and their order. Here is the recommended 3-step approach: 

1. Evaluate w, = j( i, f,i,. . ,) , a point estimate of the value of w. Use this value to assess the 
initial acceptability of the model and the results (see Section 6.2). 

2. Perform a small set of randomized runs, w, = f(xi,yj ,zi,. . .) , for i from 1 to M, in which only 
parameters that appear in the PKPIRT are varied. Mean values should be used for other 
parameters. From these runs, determine an initial sample mean $, a sample standard 
deviation UiyM, and a standard error ULi , as well as other distribution attributes if 

warranted. Compare i$‘, to wO from step 1, using the random uncertainty of the former 
(Ubt ), in order to determine if the model is significantly nonlinear. Estimate parameter 
sensitivities. Possibly construct a response surface to refine uncertainty estimates (see 
Section 6.3). 

3. Perform another set of Mrandomized runs, in which the PKPIRT parameters reprise their 
values from step 2, except that the other parameters now take randomly selected values. 
Determine the completely randomized sample mean WM, the uncertainty U;,, , the 

uncertainty of the mean U& , and other distribution attributes of interest (see Section 6.4). 
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The rest of this section elaborates on these steps, describing how and why they should be taken. 

6.2 Evaluate a Point Estimate f( 2, f, 2,. . .) 

It is customary when not conducting an uncertainty analysis to perform a single simulation to be 
used as a reference case. What is less obvious is that in performing an uncertainty analysis, it is 
also natural to expend significant effort on a single reference simulation. Even in the 
probabilistic analysis of nuclear fuel waste management, where 100,000 simulations were made 
with a system model, much of the development work, analysis and documentation was carried 
out on one simulation [Goodwin et al. 19941. The simulation was called “the median value 
case”, because each parameter took a value that was the median of its distribution. Detailed 
analysis of this one simulation received about as much coverage in the final report as the 
statistical analysis of the ensemble of simulations. 

A single simulation or point estimate is worthwhile for several reasons: 

1. Mechanistic understanding of a “tvnical” case. A single simulation with reasonable 
values can be analyzed in detail to understand the relationships among objects and 
processes in the model. This understanding is essential to identify the origins of any 
unexpected characteristics of the results (e.g., unusually large values, oscillating values). 
It is also required to confirm the mapping between simulation outputs and the quantities 
to be compared (in validation) or reported (in applications). 

2. Model testing on a workable scale. One goal of the investigation of detailed simulation 
results is always to test the model to ensure that it is operating correctly. There are two 
aspects of this testing: (a) does the operation of a specific model correctly represent the 
system being studied, or are changes required to the way the model is set up; and (b) does 
the underlying computer program correctly evaluate model components, and the 
relationships among them. It is not uncommon for an analyst to try out several variations 
of a model configuration before determining which one best represents the system under 
study. 

3. Comnarison of versions. To determine the effect of a specific change to a model or a 
change in inputs, one can compare a variety of intermediate and output variables 
produced by a computer program, when run before and after the change. It is easiest to 
compare results when a single simulation is involved, To make such a before-and-after 
comparison with groups of simulations requires considerably more data processing, and 
yields less precise results, because of the statistical analysis involved. 

4. Accentance checking. A particular simulation may be rejected as unusable for its 
intended purpose for two reasons: (1) the results are wrong, as determined in model 
testing as described above, or (2) the results, while apparently correct, are unacceptable. 
For example, in a licensing study, a model may be required to demonstrate a particular 
margin of safety. An initial attempt at modelling may invoke simplifications based on 
conservative assumptions. If the simulation results indicate achievement of the required 
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margin, then this approach can be used as is. But if the required margin cannot be 
demonstrated with the simplified approach, it may be necessary to create a more detailed 
and realistic model. While a single simulation using a best-estimate code may not by 
itself demonstrate acceptable safety, it may indicate the opposite. That is, by indicating 
an insufficient margin, it may flag the need for more in-depth modelling. 

5. Resource consumntion. All of the objectives above could be achieved in principle by 
applying the suggested operations to a suite of simulations, instead of just a single 
simulation. The key advantage of maintaining a single reference simulation is the 
economical use of resources, including computer time, computer storage and analysis 
time. The same level of resources can be used (1) to cycle several times through the 
process of devising a model, trying the model with a single simulation, noting the 
deficiencies, and modifying the model; or (2) to perform just one complete analysis of a 
set of simulations. To achieve the best final product, it is worthwhile to perform the early 
part of an analysis with a single representative simulation. 

Given that a single simulation is to be analyzed intensively, the simulation where each parameter 
takes its mean value is preferred to any others, because the output value wo is a good estimate of 
the mean of the entire w distribution, under reasonable conditions (see Section 5.6, especially 
Equation (5.612)). This value also plays an important role in the second step of this procedure. 
Table 6.211 gives an example of the usefulness of a single simulation. 

Table 6.2/l. Example of a Single Simulation 

Example (Id) [Coleman and Steele 1999) 

“A pressurized air tank is nominally at ambient temperature (25 “C). How accurately can the density be determined 
if the temperature is measured with an uncertainty of 2 ‘C and the tank pressure is measured with a relative 
uncertainty of I%?” 

Solution 

As in Section 5.5, rewrite the ideal gas law as p = P/RT where the pressure P is assumed to be normally distributed 

with mean p and uncertainty (I: = O.Olp , and the temperature T is assumed to be normally distributed with mean 

?=25+273=298 K and uncertainty of r/G = 2 K . The gas constant R is known much more accurately, and it will be 
assumed to be a known constant. 

A single calculation gives p = b/(8.3 145 1 J/(mol.K) - 298K) = 4.035962 x 1 o-4 &no1 / Nm) , where extra digits are 

retained for later comparisons. If the pressure in the tank were a nominal 10 atm, then p = 10 atm = 1013 kPa , and 

p=4.036~10~ ~1013 (mol.kPa/Nm)= 408.8mol/m3 . This figure can be checked for plausibility and for unit 
correctness in preparation for an uncertainty calculation. For instance, it could be used in setting up and verifying a 
spreadsheet calculation. It could become part of the audit trail, to give reviewers a specific example of how the 
calculations should be done. 
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6.3 Perform a Small Set of Randomized Runs 

There is a temptation, given constraints on resources, to use o& the single representative 
simulation in an uncertainty analysis, by estimating uncertainties without actually conducting 
other runs. This approach is not recommended, even in simple cases where the function is 
known, and a theoretical analysis is possible. In those cases, conducting other simulations is 
usually not difficult or time-consuming, and provides a good check against errors in procedure. 

In general, running multiple simulations for uncertainty analysis is recommended for the 
following reasons: 

1. To exercise options in the computer nropram. Typically, a model will have certain discrete 
mutually exclusive options. For example, a physical component or group of components may 
operate in any of several degraded modes, only one of which can be used in a simulation. Or, 
a particular valve may be open or closed when an event occurs, or different numbers of 
igniters (for hydrogen) may be available in the facility. The effects of discrete, mutually 
exclusive alternatives can only be analyzed by comparing different simulations in which the 
different alternatives are chosen. 

2. To nerform sensitivitv analvsis. By changing a parameter’s value across the possible range, 
one can determine the influence of the parameter for a particular application. As pointed out 
in Section 5.6, uncertainty in a parameter x may give rise to substantial output uncertainty, 
either because the magnitude of the partial derivative of the output with respect to that 
parameter (i.e., Ii/ I) C? & is large, or because the uncertainty in the parameter’s value is large. 
In either case, the magnitude of the effect can be determined. 

3. To detect nonlinear, discontinuous or extreme behaviour. A single simulation with every 
input parameter taking an average value tends to be rather bland in its behaviour. In contrast, 
simulations where parameters can take unusually high or low values will tend to deviate more 
from expected behaviour. As a result, the analyst may discover information about model 
behaviour that is not available in any other way. As an extreme example, the computer 
program may crash, because it is not robust enough to handle a specific combination of input 
parameters. Such a failure may point out a weakness that has an effect at all values, but is not 
easy to detect in a mean-value simulation. Other possibilities are (1) that the model may 
exhibit unexpected sensitivity to a single parameter or a group of parameters operating 
together, (2) that the output is discontinuous, jumping from one level to another when 
parameter values change by a small amount, or (3) that the model is continuous, but 
nonlinear, suggesting the possibility that extreme values for one or more parameters could 
lead to unacceptable consequences. 

4. To generate good statistics. Expressions for random uncertainty, as in Equation (5.4/9), and 
expressions for systematic uncertainty, as in Equation (5.5/7), both depend on the variation of 
w values produced by the simulation model. To get a good estimate of the combined 
uncertainty, it is important to perform enough simulations so that the uncertainties can be 
estimated reliably. Tables 5.4/3 and 5.5/4 give examples of the effect of using different 
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numbers of runs. In the latter table, changing the number of runs from 1 to 30 can produce 
significant reductions in combined uncertainty, but performing more than 30 runs does not 
give much improvement. While the specific number of runs needed is context-dependent, as 
a general rule of thumb, one can plan on using of the order of 30 simulations to get a good 
estimate of output uncertainty. 

Ideally, when multiple simulations are carried out, enough runs are done so that sensitivity 
analysis can identify every influential parameter, and can investigate the nature of the influence. 
Andres and Hajas [ 19931 showed that such an analysis was feasible even for thousands of 
parameters, in situations where the behaviour of a model is dominated by the influences of a 
small number of parameters (see also Saltelli et al. [ 1993, 19951). These conditions are 
frequently met, as an example of the Pareto principle (i.e., that 80% of an output is explained by 
20% of the inputs). Where the behaviour of a model is not dominated by the influences of a few 
parameters, sensitivity analysis is not very useful, in any case. The behaviour of a model that is 
affected only by many weak influences is difficult to simplify. 

The number of runs needed for good uncertainty estimates (about 30) is not enough for a good 
sensitivity analysis on more than about a dozen parameters. Consequently, when the resources 
for performing uncertainty analysis are constrained, the analyst must perforce choose a select 
group of parameters to analyze-hence, the PKPIRT approach. The analyst identifies a group of 
parameters that are expected to have a significant influence based on their sensitivity coefficients, 
their uncertainties, or both. These parameters can then be varied from one simulation to the next, 
and the results analyzed for both uncertainty and sensitivity. 

The analyst performs a small set of randomized runs, wj = /(x,, y,,z,, . . . , i, L?, f,. . .) , forj from 
1 to M, in which only parameters x,, y, ,zj,. . . that appear in the PKPIRT are varied. Mean values 

B,S, f,... are used for other parameters. From these runs, the analyst can determine the 
following: 

1. Initial samnle mean. Use Equation (5.4/4) to compute i7: . This mean is called an 
“initial” sample mean, because it will be recalculated in the 3rd step, using simulations 
where all parameters vary. 

2. Samule standard deviation and standard error. Use Equation (5.4/9) to compute U$., , 
and Equation (5.4/10) to find the corresponding standard error that estimates the random 
uncertainty of the initial mean. Calculate other distribution attributes also, if appropriate. 

3. Nonlinearitv of j. The original point estimate wa is a good estimate of the mean of j 
for the given parameter distributions, provided that the function is not significantly 
affected by nonlinear terms or interactions among the PKPIRT parameters (i.e., by the 
terms in the remainder term of the series expansion in Equation (5.6/l)). The initial 
sample mean i7: should also be good estimate of the mean of 1 that is both independent 
of WO, and is unaffected by nonlinearities. If the two estimates are significantly different, 
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then nonlinear behaviour is likely the cause. The two can be compared using only the 
random uncertainty Uii , with the specific objective of looking at linearity (inclusion of 
systematic uncertainties would not be needed for that purpose). More specifically, one 
can examine the statistic 

-0 

t;-, = 
WY -W0 

u;; 
..* .6.3/l 

(a t-statistic with mean 0, standard deviation 1 and M-l degrees of freedom) under the 
following hypothesis 

HO: wo is an accurate estimate of the mean off for the given input parameter 
distributions. 

The alternative hypothesis is 

HI : wo z mean of p for the given inputparameter distributions. 

If t;-* lies outside the 95% confidence interval for such a statistic (as per Table 4.4/3), 

then one can reject HO, and conclude that f is not a linear function of the PKPlRT 
parameters. Sensitivity analysis of the results should be planned accordingly. 

4. Parameter sensitivities. If no nonlinearities have been detected, then the analyst can 
proceed under the assumption of a model that is linear in the input parameters. A fit of 
the form of Equation (5.6/l) can be estimated with linear regression. The random 
uncertainty explained by the fit can then be calculated using Equation (5.6/3). The 
coefficient of determination of the fit (i.e., r*, which is 1 - the ratio of residual variation 
to total variation) should be close to 1. If it is not, then the assumption of linearity may 
not be valid, in spite of passing the test above. For instance, 3r‘r order or 5’h order terms in 
the remainder, or interaction terms that cancel will not be detected by that test. 
Sensitivity is easiest to estimate and to explain if the function is linear in its parameter 
effects. Sometimes, linearity can be achieved by applying transformations to the output 
variable. For example, one could analyze w’ = log w as in the example of Table 5.513 or 

w” = A, and perhaps find that these transformed output variables are linear in their 
input parameters. Tukey [ 19771 showed how a family of transformations could be used 
to linearize different functional forms. If the function cannot be linearized, then nonlinear 
fits can be examined. For example, the functional form could be a polynomial in the 
input parameters, which allows for quadratic terms and interactions among the 
parameters. Myers and Montgomery [ 19951, among others, have described how such 
response surfaces can be derived. In general, the goal of sensitivity analysis is to derive a 
response surface, which is an approximate function i(x, y,z,. . .) in the PKPIRT 
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parameters that is both simple in mathematical form, and that reproduces most of the 
functional behaviour of f (n, y,z,. . . , k,i, ?,. . .) . 

5. Refined Uncertaintv Estimate. Given simulations using M sets of values 

wj =..F ( xj9Yj~zj,m~‘, it,,?,?,...) h c osen randomly for n PKPIRT parameters from their 

uncertainty distributions, the combined uncertainty in using the mean FM to estimate the 

ideal functional value f ( X, Y, Z,. . .) is determined to be Uk: , as calculated by 
Equation (5.5/l 1). In principle, without more information (e.g., a refined distribution for 
one or more of the parameters, or additional simulations), it would seem that there is no 
way to refine this uncertainty estimate, which takes into account all the analyst’s current 
knowledge. If, however, the response surface i(x, y,z,. . .) is a very good fit to the output 
w, reasonable assumptions can be used to improve the accuracy of the uncertainty 
estimate, if not to reduce the uncertainty. 

To see how a response surface can lead to a refined uncertainty estimate, suppose the response 
surface is linear in the parameters, as in 

x-2 y-2 Z-2 
g(x,y,z ,...) = a0 +a,~+a,~+a,~+ . . . 

X Y Z 
. . .6.3/3 

where 

a, = g(it,f,i,...) . ..6.3/4 

is the estimated response at the mean values of all parameters. 

The individual parameters are converted to a dimensionless form for this response surface by 
subtracting away the mean value, and by dividing by the standard uncertainty, as in 

x-8 y-f z-2 
qx=7, qy=7> 4z=u'p *-- 

X Y Z 

..a -6.315 

This is done for two reasons: (a) to establish the equality in Equation (6.3/4), and (b) so that the 
regression coefficients a, ,aY ,a,, , . . can be compared directly to determine which parameters 
have greater influence. It is recommended that this transformation always be done. 

The uncertainty of estimates of w based on the response surface, that is, of 

w= 2 ( x,y,z,... f?,S,i+,...)+e v.6.316 
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where e is the residual from the regression fit, can be determined with an unconditional variance 
of the expression. The unconditional variance is 

vd 4 = vq,y&.. (E{wlx,y,z,...}}+E,,, ,... (var{w~~,z,...}} t.6.317 .a 

In the first term, E{dx, y,z,. . .} is just the regression fit of Equation (6.3/3). The variance of this 

fit with the PISPIRT parameters is given by Equation (5.6/3) as 

va~,,~;,...(E{W(~,y,z,...}} =(a,)' +(a,)' +(a,)Z + . . . ..6.3/8 es 

since the individual parameters in a dimensionless form each have an uncertainty of 1. This 
expression represents the variation of possible values that could be generated by the regression 
fit, depending on the independent variable values that are fed into it. It is this variance that is 
typically used to estimate the uncertainty of a response surface. For example, an analyst might 
perform a response surface Monte Carlo analysis with a large number of simulations to determine 
uncertainties and confidence bounds [e.g., Sills et al. 19991. 

However, such an analysis is incomplete by itself. In the second term of Equation (6.3/6), 
VLU- b4 X9Y9-G..- 1 represents the variation of possible w values at a specific location, taking into 
account the fact that the regression fit g is not a perfect representation of the underlying function 

f? . One representation of this variance is the mean squared residual from the regression fit, 

MS, = M_ln _ 1 t(wj -3(xj~Yj,zj~‘e’)) 

J-1 

. ..6.3/9 

where the divisor is M-n-l to give an unbiased estimate, because n+l degrees of freedom were 
used to estimate the constant and n parameter coefficients in Equation (6.313) [Sokal and Rohlf 
1995 1. This expression gives a good representation of the variance of w at the centre point 
(k,f$,...) h w ere the response is best known; however, further away from the centre, the 
variance is larger. In fact, the usually quoted variance for the possible value of w at a new point 

( x,y,z,. . . > is 

var{wlx,y,z,...}= MS, 

L 

l+$+ 
(x-x)2 

M 
C(Xj -x)z 

+ M(Y-7)’ 

j=l 
c(y, - y)z +--’ 
j=l 

. ..6.3/10 

To evaluate an average variance over the set of possible points (x, y,z,. . .) , as required for the 
second term of Equation (6.3/7), Allen [ 1971, 19741 proposed a prediction error sum of squares 
technique called PRESS. In this approach, the analyst makes Mregression fits, each one using 
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only M-l of the original A4 points. For instance, in thejth regression, the point ( x, , y, ,z, , . . . 1 is 

omitted. As a result, each regression will yield a slightly different response surface gj. From 

thejth regression, the residual wj - gj xj , yj ,zj,. . . ( 1 for the point not included is computed, and a 

modified mean square is calculated using these squared residuals. One would expect that the 
mean square computed this way would be more representative, because the point being predicted 
is, in each case, not involved in the regression used to predict it [Myers and Montgomery 19951. 

Numerically, implementing PRESS does not actually require A4 regression analyses. Instead, the 
modified mean square can be computed by a weighted sum: 

2 

. ..6.3/11 

where hi, termed a “leverage”, can be computed from a matrix calculation. Unfortunately, 
leverage calculations depend on the data points, and are not readily available to most analysts. In 
their absence, Davison and Hinkley [ 19971 propose an approximation, in which one uses the 
mean leverage K = (12 + l)/ M instead, yielding a less reliable, but more readily computable mean 
square: 

( ( 1) 2 

MS," 

1 M wj+ xj,y,,zj ,... 

=- 

MZ (lqn+l)/M)2 = MZ-lMSW 
. ..6.3/12 

(Because this is an approximation, this form will not properly account for data points that are 
outliers nor for data that are not normally distributed.) Combining all these equations back into 
Equation (6.3/6) finally yields an estimate of the unconditional variance of w: 

v~bd = vq,yJ...{ E( w(x,w,. . .}} + E,,,...{ var{$9y,z,. . .}} 
= ai +a:+al+...+ 

M . ..6.3/13 

M-n-l MS, 

The random uncertainty in w predicted by the response surface is 

M = ai +a: +a: +...+ 
M-n-l MS, 

..6.3/14 

The degrees of freedom associated with this uncertainty depend on the relative sizes of the 
components under the square root sign. If the input parameters are all normally distributed and 
the sum ai +a: +a: +... dominates the expression, then the number of degrees of freedom is 
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very large, and the uncertainty distribution of w can be considered normal. This result occurs 
because the uncertainty is dominated by the linear combination of normal input parameters. On 
the other hand, if the final term dominates, indicating that the response surface does not explain 
much of the variation in the data, then the number of degrees of freedom is M-n-l. In situations 
where the two contributors are of comparable size, use Equation (4.3/6) to determine the 
effective number of degrees of freedom. 

Table 6.3/l shows an analysis of the 30-simulation case listed in Table 5.4/3, where the only two 
parameters are temperature T and relative pressure P/p . The table describes how least-squares 
regression can refine the uncertainty estimates, but shows that even with significant refinement, 
the results may not change significantly. 

Table 6.3/l. Example of Uncertainty Analysis of PKPIRT Parameters 

. Example (le) [Coleman and Steele 19991 

“A pressurized air tank is nominally at ambient temperature (25 “C). How accurately can the density be determined 
if the temperature is measured with an uncertainty of 2 “C and the tank pressure is measured with a relative 
uncertainty of 1 %?” 

Statistical Analysis of the Sample 

As in Section 5.5, rewrite the idea1 gas law as p = P/RT where the pressure P is assumed to be normally distributed 

with unknown mean 1; and uncertainty uc p = O.Ol@ , and the temperature T is assumed to be normally distributed 
with mean f=25+273=298 K and uncertainty of Ug = 2 K . The gas constant R is known much more accurately, 
and it will be assumed to be a known constant. 

Randomly sample 30 values of p/F, which should have mean 1 and standard deviation 0.01, and 30 values of T, 

and compute p/P = ( P/~)/RT fi om each pair of values, as summarized in Table 5.413. Calculate the mean 

(Equation (5.4/4)) and standard random uncertainty (Equation (5.419)) of the density p/k to be 4.029~10~ 
f 5.7~10” mol/Nm with 29 degrees of freedom (an extra digit is shown in the mean for comparison purposes). A 

95% confidence interval for p/p based on this information is (3.91x10a4, 4.15~10~) moVNm. 

From Equation (5.4/10), the standard random uncertainty of the mean density estimate is 5.7x lo-“/,&j = 1.0~ 10-6 
mol/Nm. Using Equation (6.3/2), the t-statistic for comparing this mean with the point estimate in Section 6.2 is 

[O = 
29 

4.029x lo4 -4.036x lo4 = -07 
1.0x 10” 

which falls well within the interval of 95% confidence of (-2.04,2.04) for a t0.&29) variable, based on interpolating 
in Table 4.4/3. Thus, even though we know the function p/F = (PI@)/ R T to b e nonlinear in form, there is no 
evidence that the expression for density behaves in a nonlinear way for the small uncertainties of these input 
uncertainty distributions. In fact, the linear fit is easily seen in a plot of the function, as in Figure 6.30, which covers 
about 90% of the data. Consequently, there is no need to analyze further; the following steps are included to 
illustrate the techniques that would be used if there were evidence of nonlinearity at this stage. 
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Linear Regression 

A least-squares linear regression fit can be made to the 30 densities based on the sampled parameter values. As in 
Equations (6.3/3) and (6.3/5) above, dimensionless parameters qP = (p/p- l)/O.Ol and qr = (T- 298)/2 were 
used. These are normal variates with mean 0 and standard deviation 1. The details of the regression, as produced by 
Microsoft Excel, are shown in Table 6.3/2. The tit has the following form: 

p= 1O-4 [4.0363 + 0.0404. qp - 0.0272. qT] . ..6.3/16 
P 

where extra digits are shown to avoid rounding error in calculations made with these expressions. For this fit, 
?=0.9999, showing that the fit explains the vast majority of the variation in the data. 

Note that the constant a0 =4.0363~10~ moVNm seems to agree well with the point estimate of 4.0360x10A mol/Nm 
in Table 6.2/l; at least it is much closer to the point estimate than the average sample value of 4.029x10d mol/Nm 
cited above. Table 6.3/2 provides an interval of 95% confidence of (4.0361x10a, 4.0365~10~) mol/Nm for this 
constant, based on a standard uncertainty (otherwise known as a standard error) of 1 .O lx 1 o-8 mol/Nm and 27 degrees 
of freedom. The point estimate lies just outside this interval. Here, therefore, is evidence of nonlinearity in the 
function. The fact that the point estimate lies below the confidence interval indicates that the function in Figure 6.30 
is slightly concave upward. 

Based on Equation (6.3/14), estimate the random uncertainty in values for w produced with this response surface to 
be 

u;; = d (4.0379x10W6)2 +(-2.7234xlO”)z +$.2.97x10-” mol/Nm 

= 4.87~10~~ mol/Nm . ..6.3/17 

= 1.2%of 4.036~10~~ mol/Nm 

The uncertainty distribution can be considered to be normal, because the residual uncertainty in the last term under 
the root sign in Equation (6.3/17) is much smaller than the earlier terms. The combined uncertainty in estimating w 
is given by Equation (5.511 l), except that the uncertainty for the location of the mean value has been reduced from 
U,‘$/J;i? = 0.89x10” mol/Nm, or 0.2%, to the standard error shown in Table 6.3/2 of 1.01~10~~ mol/Nm, or 

0.003%. Assuming that the accuracy (average uncertainty) of the idea1 gas law is ai = 0.5% , as in Table 5.5/3, the 

combined relative uncertainty here is 

s= 
PI@ 

J(1.2%)2 + (0.003%)2 + (0.5%)2 . ..6.3/18 

= 1.3% 

In creating a 95% confidence interval for w using this uncertainty, a normal distribution can be used, since the 1.2% 
contribution dominates Equation (6.3/18), and it is associated with a large number of degrees of freedom. Based on 
this response surface, the 95% confidence interval is therefore (3.93x10m4, 4.14~10~) mol/Nm, which is slightly 
smaller than the confidence interval above, based just on sample statistics. For most applications, the improvement 
would not be important, and so there would not be a benefit in undertaking the more complicated response surface 
analysis. An exception might be a circumstance where the analyst has very little margin to work with to demonstrate 
safety. 
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It was stated above that the failure of the point estimate of w to lie in the 95% confidence interval for the expected 
value of w indicated nonlinearity of the function being fit. Is it possible that a polynomial regression would produce 
better results? Table 6.3/3 shows the results of a least-squares regression that included the dimensionless linear 
terms qp =(F’/+-l)/O.Ol and qr =(T-298)/2, and also the 2nd order terms qg, qpqT and & . The adjusted R 

square is larger than in Table 6.3/2, indicating that including the additional terms gives a better fit that is worth the 
extra degrees of freedom used. However, an examination of the P-value for the individual terms shows that only four 
out of the five coefficients are needed. The term in q: can be dropped, since the coefftcient is not significantly 

~ different from 0. 

The modified polynomial regression with an intercept and four terms is shown in Table 6.3/4. The response surface 1 

$ = 1O-4 [4.03596 + 0.04036. qp - 0.02709. qr - 0.00027. qpqr + 0.00018.4: 1 . ..6.3/19 

where the constant term agrees with the value calculated in Table 6.2/l to five decimal places. While this expression 
is linear in form, it involves a quadratic term in qn which means that estimation of mean and variance can be 
nontrivial. It is not necessary to use large Monte Carlo samples in this case, however, for if the sampled values of 
the two variables are assumed to be independent, then the mean can be calculated directly: 

E$ 
iI 

= 10-4[4.03596 +0.04036-E{q,}-0.02709. E{q,}-0.00027. E{q,q,}+O.O0018~E{q;}] 

= 10-4[4.03596 +0-O-O+ 0.00018x1] . ..6.3/2C 

= 4.03614 x 10m4 mol/Nm 

with a random uncertainty in this estimate (based on the standard errors of the contributing terms) of only 
d-x IO-” = 0.000001 x IO4 mol/Nm, which is less than I in the last digit shown in Equation (6.3/20). 

Calculating the uncertainty of w estimates made using Equation (6.3/l 9) requites the variance of the response surface 
expression; it can be calculated using Equation (5.5/4). One simple way to compute the variance is to execute the 
following Muthematicu [Wolfram 19961 expression, which is a direct translation of the expression under the root 
sign of Equation (5.514): 

var = NIntegrate[(rho[qp,qt]-0.000403614)"2* 
PDF[NormalDistribution[O,l],qpl*PDF[Normaltion[O,l],qt], 
IqP, -Infinity, Infinity},{qt, -Infinity, Infinity}] 

where the function rho [ qp , qt I evaluates the response surface: 

rho[qp_,qt~l:=(l0A-4)*(4.O3596+O.O4O36qp-O.O27O9qt- 
0.00027qp*qt+0.00018qtA2) 

and PDFandNormalDistributioncomefromastandard Mathematics add-inpackage 
Statistics'ContinuousDistributions‘. The uncertainty estimate for w, given this regression fit, is 

iJ$ = &Gmol/Nm 
= 4.861 x 10e6 mol/Nm . ..6.3/21 

= 1.2%of 4.036x10m4 mol/Nm 

which is essentially the same result as that obtained with the linear regression. As in Equation (6.3/18), the 
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6.3/2. Linear Regression Fit to 30 Data Points (Microsoft Excel Output)

SUMMARY OUTPUT
Regression Statistics

Multiple R 0.9999574
R Square 0.9999149
Adjusted R Square 0.9999086
Standard Error

moliNm, just as with
the linear regression. There is therefore no advantage in using the more accurate fit. The intervals of high
confidence found using different approaches are compared in Table 6.315.

Table 

4.14~10~) (3.93x10+, 
ts_ possible with this second-order response surface has negligible impact on the combined uncertainty in w.

The interval with 95% coverage probability for this response surface is 

(o.5%)2 . ..6.3/22

= 1.3%

which again is associated with a large number of degrees of freedom. Clearly, the very accurate estimate of the mean
value 

(0.00004%)2  + (1.2%)2 + 
JF=d
u$
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combined relative uncertainty in w, based on this polynomial response surface, is
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6.3/4. Partial Second-Order Polynomial Regression Fit to 30 Data Points (Microsoft
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6.3/3. Second-Order Polynomial Regression Fit to 30 Data Points (Microsoft Excel
Output)

SUMMARY OUTPUT
Regression Statistics
Multiple R
R Square
Adjusted R Square
Standard Error
Observations
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Table 6.3/5. Comparison of Intervals of 95% Confidence 

Method Lower ids Bound Upper Em Bound Lower w Bound Upper w Bound 
[moI/Nm] [mol/Nm] [moVNm] [mol/Nm] 

Sample statistics 4.01x10A 4.05x10+ 3.91x10+ 4.15x10-l 
Linear regression 4.0361~10~ 4.0365~10~ 3.93x10d 4.14x10A 
Polynomial regression 4.036143~10~ 4.036147~10~ 3.93x10A 4.14x10d 

6.4 Replicate Randomized Runs with All Parameters Varying 

The analysis in the previous section dealt only with variations of PKPIRT parameters, because 
those are assumed to be the most influential. However, other parameters can make a significant 
contribution to the uncertainty of an output variable W, especially if there are a lot of them, each 
making a small contribution. The cumulative effects of these contributions should be assessed. 
Fortunately, this assessment can be carried out simply by redoing the M simulations of the 
previous section, this time varying each of the parameters that were previously kept constant at a 
mean value. Then, simulations can be compared, pair by pair, to determine the effect of varying 
these parameters. 

The analyst performs A4 randomized runs, IV*, = 1(x2,, y,, , z2 j,. . . , rzj, s2, ,t,, , . . .) , forj from 1 to 
M, in which the PKPIRT parameters remain unchanged x2j = xi, y2j = yj, z2j = zj, . . . , and the other 
parameters Qj, S2j, t2j, . . . take independent randomized values that are consistent with tbe 
uncertainty distributions for these parameters. 

Results can be compared in pairs. The deviations 8, = w, j - wj forj from 1 to A4 will have a 

sample mean sM and a sample random uncertainty Ui,, found using Equations (5.4/4) and 
(5.4/9), respectively. The sample mean is the best estimate of the bias associated with the 
uncertainty of the non-PKPIRT parameters. The sample random uncertainty is the best estimate 
of tbe additional uncertainty in w associated with the uncertainty of the non-PKPIRT parameters. 

Define the new sample mean for w to be 

1 M EM = -cwlj = 
M j=l 

= iT;+8M 

. ..6.4/1 

The second line of Equation (6.4/l) is useful, because it can be applied even if the initial mean 
estimate comes from analysis of a response surface (e.g., a0 in Equation (6.3/3)). 

Similarly, define the new sample random uncertainty for w to be 
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. ..6.4/2 

The expression in the last line can be applied to augment the random uncertainty from the 
previous section, even if it initially came from some other source, such as a response function 
analysis. 

If the PKPIRT parameters were appropriately chosen to represent the bulk of the uncertainty in 
the calculation of w, then one would tend to expect that, in the limit as Mgets large, the original 
uncertainty would dominate; i.e., that 

lim 
U’ “‘M<l 

M -300 qoM . ..6.4/3 

More formally, we could test the null hypothesis of equal variances in the limit, 

against the alternative hypothesis, 

Under the null hypothesis, the ratio U,,, ( r mJ~:M)2 should follow an F-distribution with (M-l, 
M-l) degrees of freedom (the latter would change if a response surface were used to estimate the 
uncertainty). If this value is large enough, then we can reject the null hypothesis in favour of the 
alternative hypothesis using a one-sided test. Table 6.4/l shows the one-sided 95% confidence 
limit for an F-distribution, given different numbers of degrees of freedom. The degrees of 
freedom for the numerator vary from one column to another; the degrees of freedom for the 
denominator vary from one row to another. 

Table 6.4/2 gives an example of how these analyses are performed when varying other 
parameters. 
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Table 6.4/l. 95% One-Sided Confidence Limits of the F-Distribution 

I 

II2 3 4 5 
1 1181.45 199.50 215.71 224.58 230.U 
2 I 16.51 19.00 19.18 29.25 19.30 
3 10.13 9.55 9.28 9.12 9.01 
4 7.71 8.94 8.59 8.39 8.28 
5 1 8.81 5.79 5.41 5.19 5.05 
8 1 5.99 5.14 4.78 4.53 4.39 
7 I 5.59 4.74 4.35 4.12 3.97 
8 5.32 4.48 4.07 3.84 3.89 
9 5.12 4.28 3.88 3.83 3.48 
10 1 4.98 4.10 3.71 3.48 3.33 
12 I 4.75 3.99 3.49 3.28 3.11 
15 4.54 3.88 3.29 3.08 2.90 
20 4.35 3.49 3.10 2.87 2.71 
24 4.28 3.40 3.01 2.70 2.82 
30 1 4.17 3.32 2.92 2.89 2.53 
40 1 4.08 3.23 2.84 2.81 2.45 

Numerator Degree of Freedom 
8 7 8 9 10 

133.99 238.77 238.88 240.54 241.81 
19.33 19.35 19.37 19.39 19.40 
8.94 8.89 8.85 8.81 8.79 
8.18 8.09 8.04 8.00 5.98 
4.95 4.88 4.82 4.77 4.74 
4.28 4.21 4.15 4.10 4.06 
3.87 3.79 3.73 3.88 3.84 
3.58 3.50 3.44 3.39 3.35 
3.37 3.29 3.23 3.18 3.14 
3.22 3.14 3.07 3.02 2.98 
3.00 2.91 2.85 2.80 2.75 
2.79 2.71 2.84 2.59 2.54 
2.80 2.51 2.45 2.39 2.35 
2.51 2.42 2.38 2.30 2.25 
2.42 2.33 2.27 2.21 2.18 
2.34 2.25 2.18 2.12 2.09 

. 2.25 2.17 2.10 2.04 1.99 
2.18 2.09 2.02 1.98 1.91 
2.10 2.01 1.94 1.88 1.83 

12 15 20 24 30 1 40 80 120 00 
!43.91 245.95 248.01 249.05 250.101251.14 252.20 253.25 254.3' 
lg.41 19.43 19.45 19.45 19.48 I 19.47 19.49 19.49 19.50 
8.74 8.70 8.88 8.84 8.82 8.59 8.57 8.55 8.53 
5.91 5.88 5.80 5.77 5.75 5.72 5.89 5.66 5.83 
4.88 4.82 4.58 4.53 4.50 1 4.48 4.43 4.40 4.38 
4.00 3.94 3.87 3.94 3.81 1 3.77 3.74 3.70 3.87 
3,;i iit ii4 3.41 ii8 3.34 3.30 3.27 3.23 
3.28 3.22 3.15 3.12 3.08 3.04 3.01 2.97 2.93 
3.07 3.01 2.94 2.90 2.88 2.83 2.79 2.75 2.71 
ii1 2.85 2.77 2.74 2.70 1 2.88 2.82 2.58 2.54 
2.89 2.82 2.54 2.51 2.47 i 2.43 2.38 2.34 2.30 
2.48 2.40 2.33 2.29 2.25 2.20 2.18 2.11 2.07 
2.28 2.20 2.12 2.08 2.04 1.99 1.95 1.90 1.84 
2.18 2.11 2.03 1.98 1.94 1.89 1.84 1.79 1.73 
2.09 2.01 1.93 1.89 1.84 1 1.79 1.74 1.89 1.82 
2.00 1.92 1.84 1.79 1.74 I 1.89 1.84 1.58 1.51 
1.92 1.84 1.75 1.70 1.85 1.59 1.53 1.47 1.39 
1.83 1.75 1.88 1.81 1.55 1.50 1.43 1.35 1.25 
1.75 1.87 1.57 1.52 1.48 1.39 1.32 1.22 1.00 

Table 6.4/2. Example of Uncertainty Analysis of All Parameters 

Example (If) [Coleman and Steele 19991 

“A pressurized air tank is nominally at ambient temperature (25 “C). How accurately can the density be determined 
if the temperature is measured with an uncertainty of 2 “C and the tank pressure is measured with a relative 
uncertainty of 1 %?” 

Solution 

As in Section 5.5, rewrite the ideal gas law as p = P/RT where the pressure P is assumed to be normally distributed 

with unknown mean P and uncertainty U; = O.Ol@ , and the temperature T is assumed to be normally distributed 

with mean f=25+273=298 K and uncertainty of U; = 2 K . The gas constant R is known much more accurately, 
and it will be assumed to be a known constant, 

As in Table 6.2/l, randomly sample 30 values of P/b, which should have mean 1 and standard deviation 0.01, and 

30 values of T, and compute p/a = (P/j)/RT fr om each pair of values, as summarized in Table 5.4/3. Calculate 

the mean (Equation (5.4/4)) and standard random uncertainty (Equation (5.4/8)) of the density p/p to be 
4.029x1 Od f 5.7~10” mol/Nm with 29 degrees of fi-eedom (an extra digit is shown in the mean for comparison 
purposes), A 95% confidence interval for p/F based on this information is (3.9 IX 1 O”‘, 4.15x1 Oa) mol/Nm. 

1 

On reconsidering this approach, an analyst notes that the temperature conversion from Celsius to Kelvin uses the 
constant 273 K, which is nominally the temperature on the Kelvin scale of 0 “C. The actual conversion is well 
known to be 273.15 K in the SI definition of the Celsius scale [ISO 19821, but for the sake of the example, suppose 
the analyst determines that this constant should be represented by a normal uncertainty distribution with a mean of 
273.2 K and a standard deviation of 0.1 K. Note that the value used in previous calculations was not at the mean of 
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this distribution, and so some bias in the results will likely need to be corrected. 

The original 30 random simulations were repeated, but this time, the conversion constant was also sampled from its 
distribution, and so the results were slightly different. Table 6.4/3 shows the differences in the first 10 simulations 
that were originally listed in Table 5.4/2. The mean difference is -0.0023~10~ mol/Nm. The standard uncertainty 
of the differences is O.OOl1xlO~ mol/Nm. As a result, allowing for random uncertainty only, the mean density 
p/a changes from (4.O29&O.O57)xlO-4 mol/Nm to (4.026&0.057)~10~ mol/Nm. That is, the bias in the mean 
value affects the quoted result, but the extra random uncertainty makes no difference in the random uncertainty 
expressed at this precision, because 0.057* + 0.001 l* 9 0.057 . 

The same adaptations can be made to uncertainties, whether they are based on sample statistics or on response 
surfaces. For example, the mean density found using a linear response surface in Table 6.413 was 
(4.0363f0.0001)xl0~ mol/Nm (random uncertainty only). Adjusting for the bias and uncertainty in the temperature 
conversion, the mean density becomes (4.034OiO.001 l)xlOA mol/Nm. Whereas the random uncertainty of 
0.00 11 x 1 O+ mol/Nm was too small to make a difference in the sample statistics, here, it dominates the tiny random 
uncertainty associated with the mean estimate, since J0.000101* +O.OOl l2 G 0.0011. 

The initial random uncertainty in w based on Equation (6.3114) was determined in Equation (6.3/17) to be 
U’$ = 4.87 x 1 Oe6 mol/Nm . The adjusted random uncertainty is 

U& = J(U$,’ +(O.OOllxIO-4 mol/Nm)Z 
= 4.87 x 10m6 mol/Nm . ..6.4/4 

= 1.2% of 4.036x 10m4 mol/Nm 

which is the same as the original estimate, when expressed to three significant figures. Consequently, the combined 
uncertainty based on the linear response surface remains at 1.3%, as it was before. 

The 95% confidence intervals of Table 6.315 have been recomputed and are shown in Table 6.414. Digits that have 
changed with these adjustments have been underlined in the table. The confidence intervals for w are almost 
unchanged. 

Finally, to test the hypothesis of unequal variances, consider the ratio (u;,,, Y/(u$,, r = 0.0004 . Comparing to 
values in Table 6.4/l, this value would have to be around 1.8 (i.e., four orders of magnitude larger) before one could 
consider rejecting hypothesis Ho in favour of the hypothesis that uncertainty in the additional term dominates the 
original uncertainty. Clearly, that is not the case here. In fact, in this case a reviewer would not question a simple 
statement that the additional uncertainty from non-PKPIRT parameters was negligible, even without an F-test. If the 
F-statistic were significant, however, then the entire analysis should be reconsidered in view of the possibility that 
some influential parameters had been missed for the PKPIRT. 

The best approach is to redo all the simulations as shown here, allowing the non-PKPIRT 
parameters to vary randomly. If resource constraints make this step very difficult, then at least 
part of the benefit can be achieved by repeating a fraction (e.g., one-half) of the simulations. 
Even with this reduced data set size, it should be possible to estimate the bias and the standard 
uncertainty that can be attributed to uncertainties in these parameters. If these turn out to make a 
significant contribution to the total uncertainty, then the analyst should go on and complete 
repeating all the simulations. If an experimental design was used in selecting the original runs, 
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then the fraction of runs to be repeated should be selected carefully. Even so, an additional bias 
can appear in the results if only a fraction of the runs are repeated with randomly varying non- 
PKPIRT parameters. 

Table 6.4/3. Calculations in Individual Simulations for Example If 

Run Pressure Original R Original Temperature Revised Density 
Number PI? Temperature [J/(mol.K)] Density Conversion Density D@erence 

r-1 WI [ 1OA mol/Nm] WI [lOA mol/Nm] [lo+ mol/Nm] 

1 0.998 296.6 8.31451 4.0480 273.100 4.0466 -0.0014 
2 1.009 297.2 8.31451 4.0820 273.234 4.0788 -0.0032 
3 1.004 300.0 8.31451 4.023 1 273.093 4.0219 -0.0012 
4 1.008 299.1 8.31451 4.0552 273.083 4.0541 -0.0011 
5 0.995 296.8 8.31451 4.0322 273.186 4.0297 -0.0025 
6 1.009 291.8 8.31451 4.1574 273.138 4.1554 -0.0020 
7 0.982 301.4 8.31451 3.9198 273.154 3.9178 -0.0020 
8 0.993 294.9 8.31451 4.0486 273.257 4.045 1 -020035 
9 0.992 300.7 8.31451 3.9660 273.27 1 3.9624 -0.0036 
10 0.980 296.6 8.31451 3.9732 273.220 3.9703 -0.0029 

11-30 . . . . . . . . . . . . . . . . . . . . . 
Avg 0.998 298.1 8.31451 4.0287 273.173 4.0263 -0.0023 

Std Dev 0.010 2.5 0 0.0570 0.085 0.0571 0.0011 

Table 6.414. Comparison of intervals of 95% confidence (underlined digits have changed 
from Table 6.3/5). 

Method 

Sample statistics 
Linear regression 
Polynomial 
regression 

Lower F- Bound Upper F- Bound 
[mol/Nm] [mol/Nm] 

4.0Qxlo-4 4.05x10A 
4.0317x10d 4.0363~10~ 
4.0315x10A 4.0360~10~ 

Lower w Bound 
[moliNm] 

3.91xlo-4 
3.93x10d 
3.93x10+ 

Upper w Bound 
[moWNm] 

4.14x10A 
4.14x10A 
4.14x10A 

Similarly, an analyst may be tempted to sample only some of the non-PKPIRT parameters. In 
contrast to reducing the sample size, reducing the number of parameters sampled provides little 
benefit in simulation time. It is strongly recommended that all non-PKPIRT parameters be 
assigned a distribution from which parameter values are randomly sampled. If variation of a 
parameter is suspected of having little impact on the variation of the outputs of interest, then the 
distribution of that parameter can be estimated crudely. A crude estimate does not mean a single 
point estimate of such a parameter; on the contrary, a single point estimate is a very refined 
estimate of the distribution, since it has zero variance. Point estimates should be avoided unless 
they are known reliably (e.g., accurately known physical constants such as the gas constant R). 
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7. CONSIDERATIONS FOR RANDOMIZED SAMPLING 

7.1 Summary 

The analysis above invokes A4 randomized simulations to examine the PKPIRT parameters, 
where A4 is of the order of 30. The analyst could use simple random sampling to produce the 
parameter values for these simulations. That is, the analyst could sample every parameter value 
from its uncertainty distribution in every simulation independently of the values of other 
parameters. A number of other types of sampling have also been proposed and used. Compared 
to the reference method of simple random sampling, each method has advantages and 
disadvantages. This section recommends which sampling methods to use and why. 

There is an understandable tendency on the part of uncertainty analysts to look up experimental 
designs in a book on response surfaces and to use the designs proposed for the purpose. For 
instance, Myers and Montgomery [ 19951 discuss response surface methodology, the method of 
approximating a function by a response surface determined using experiments, and provide many 
types of experimental designs. 

However, the purpose of using response surface methodology in their book is primarily to find an 
optimal point; i.e., a point on the response surface where the response is an extreme value. A 
typical application that would use response surfaces in this way is the chemical process industry, 
where the variables are rates, concentrations, temperatures, etc., and the outcome to be optimized 
could be the yield of a particular chemical product. Though this is a relatively recent book, there 
is no mention of the use of response surfaces to estimate probability distributions of outputs. For 
these reasons, the types of samples recommended for the optimization purpose may not be ideal 
for uncertainty analysis applications. 

The procedure described by Myers and Montgomery has three phases, each with its own types of 
experimental designs: 

1. Screening. Vary all the parameters in a systematic way and identify the influential ones. 
2. Steepest descent. Estimate the response surface and search for a near-optimal point. 
3. Second-order mapninq. Produce an accurate map of the response surface near the 

optimum. Second-order mapping is required, because the surface is typically flat like a 
hilltop (as opposed to a mountain peak) near the optimum. 

None of these phases is directly analogous to the requirements identified in this manual. 
Screening is typically not necessary, because the PKPIRT process has identified the most 
influential parameters. In fact, the recommended procedure goes from a small number of factors 
to a large number, which is the opposite of screening. Furthermore, the methods of screening are 
rather crude for our purposes, producing only a rough estimate of the response surface. The 
steepest-descent phase is not appropriate, because we are not looking for an optimum value. The 
last phase, second-order mapping, may be appropriate, because it fits an accurate response 
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surface, but in uncertainty analysis applications, one is not typically looking at the vicinity of an 
extreme value. 

Consequently, the experimental designs discussed in this section will be examined critically to 
assess whether available experimental designs address the requirements of the uncertainty 
analyst. These requirements are elaborated in Section 7.2. Subsequent subsections address 
several types of experimental designs. 

In the design of experiments, input variables to an experiment are termedfactors. A treatment 
combination is the set of values assigned to factors in an experiment. The set of values allowed 
for one factor may be limited to specific levels. Without loss of generality, all factor levels will 
be considered from the interval [O,l], since these values can be converted to any other 
distribution using the transformation of Equation (5.4/2). 

The following types of experimental designs will be discussed in this section, and examples are 
provided in Appendix A: 

1. Simple random (SR) samnling. This type of design was discussed in previous sections. 
Each value chosen for a factor is independently and identically distributed as a uniform 
variate from the interval [O,l). One benefit of using this design is that classical statistical 
techniques can be used to analyze the results and to estimate uncertainties. One 
disadvantage is the occurrence of accidental correlations of factors, which can cause 
misleading effects, especially in regression analysis. A simple random sample should be 
checked before use. 

2. 2-level fractional factorial designs. This type of design allows the analyst to estimate the 
linear effects of each parameter, and interaction effects of 2-factor interactions. Often the 
chosen levels for each factor are extreme values (e.g., 0 and l), and only these extreme 
values are used. The addition of a centre point allows the estimation of the sum of 
quadratic effects, as well. Random sampling of each point from an interval instead of 
using extreme values permits the estimation of quadratic and higher-order effects. 

3. Latin hvnercube designs. A latin hypercube design stratifies the sampling for each 
parameter independently, in order to ensure that there is at least one observed value from 
each of a large number of levels. This type of sampling reduces uncertainty in the 
estimate of the mean value of a linear or other monotonic function. However, accidental 
correlations of factors can reduce this benefit and skew the results. 

4. Combined 2-level fractional factoriaVlatin hvnercube (FF/LH) designs. These designs 
have all the characteristics of the previous two types. Accidental correlations have less 
impact because of the orthogonality of the basic fractional factorial design. 

5. Ouasi-random (low discrepancy-LD) seauences. A sequence of points with a low 
discrepancy (i.e., points that are evenly spread in N-dimensional space) can be used to 
approximate multi-dimensional integrals with a number of points of minimum order. 
These sequences are approximately like latin hypercube sequences, and are approximately 
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like 24evel fractional factorial designs, but have better properties than either for large 
samples. 

Table 7.10. Ratings of Small Experimental Designs 

Separate factor eflects Fair 

Unbiased estimators Yes 

Good 

Yes 

Good 

Yes 

Asymptotically 
excellent 

Yes 

Of these different designs, simple random sampling is recommended for simplicity and good 
uncertainty estimates, and combined 2-level FF/LH samples are recommended for usually 
providing better means and uncertainties with the same number of runs. LD sequences have the 
potential for even better performance, but the samples recommended here are too small for the 
advantage to appear. Examples of simple random and FF/LH samples are given in Appendix A. 

Section 7.7 gives a very difficult example where most approaches do not work well, and shows 
how these samples can be used. 

7.2 Sampling Requirements 

Previous sections of this guide have shown how randomized sampling is used to generate Monte 
Carlo experiments to be run as computer simulations. From the results of those simulations, the 
analyst estimates the mean value and standard deviation of an output. Consequently, 
experimental designs used to generate the treatment combinations in the simulations should be 
chosen to minimize the uncertainties in estimated mean values and standard deviations. Since 
the standard deviation is the square root of the variance, which is itself a mean value, the 
requirement can be simplified to the following: 

Minimize the uncertainty in estimating the mean value of simulated values. 

In addition, it is necessary to be able to estimate the uncertainty in a mean estimator. 
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I Choose a design with an estimatorfor the random uncertainty of the mean estimator. I 

As discussed earlier, each simulation may require substantial expenditure of resources in code 
set-up and running, especially when multiple codes must be linked together by transforming the 
output from one model and feeding it to another. A method that uses fewer simulations is to be 
preferred to another method that uses more simulations to produce the same results. 

L Minimize the number of simulations requiredfor uncertainty analysis. 

Experiments carried out with a computer model typically have different properties from 
experiments with physical apparatus: 

1. One can repeat simulations and obtain exactly the same results. 
2. Results can be expressed with a large number of significant figures. 
3. It is often equally easy to use any of a large number of input values, rather than having a 

few that are easy to generate. 
4. Inputs can be specified with a large number of significant figures. 
5. A computer model can exhibit discontinuities, where two inputs arbitrarily close together 

produce distinctly different results. 
6. Given valid inputs, a flawed computer model can reliably and repeatably produce results 

that are patently incorrect. 

While there may be physical experiments that demonstrate one or two of these properties, the 
pattern of behaviour of computer models is different from what one would expect in physical 
experiments. Whereas in physical experimentation one can often assume that, between two 
measured experiments, the system varies smoothly and continuously, in simulation such 
assumptions are applicable only to well-known and well-tested computer models. It is therefore 
important to vary simulations throughout the sample space, to check for unusual behaviour. 

Explore us much us possible of the sample space, including the entire domain of each factor. 

When one wishes to create a response surface, it is important to be able to distinguish the 
influences of different factors. Otherwise, it is easy with a small set of simulations to create an 
invalid response surface that does not correspond to the actual output of a model. In a number of 
design types, correlations between factors can occur accidentally. Some designs identify effects 
that can be attributed equally well to different combinations of parameters, leaving the analyst to 
guess which combination is causing the observed results. 

In response surface analysis, use designs that clearly separate influences of d@erentfuctors. 

The average of outputs from a number of Monte Carlo simulations based on simple random 
sampling gives an unbiased estimator of the mean of the function output. However, some types 
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of designs give biased means; that is, the mean estimate will tend to differ significantly from the 
true mean model output. As a simple example, all two-level fractional factorial designs based on 
using extreme factor values of 0 and 1 provide biased means for most functions, Since only two 
values are used for each factor, the mean estimator cannot possibly represent all possible 
variations of the function between the extremes, no matter how many simulations are run. 

There is one necessary and sufftcient condition that guarantees that the average output from a set 
of simulations is an unbiased estimator of the mean output. That condition is that every possible 
treatment combination be equally likely to occur in each simulation. This condition is trivially 
satisfied for simple random sampling, but can also be established for a variety of other sampling 
methods, if appropriate randomization techniques are used. 

I Randomize designs so that mean estimators are unbiased. 

7.3 Simple Random Sampling 

Tables A. 1 to A.6 in Appendix A show simple random samples, each with 10 factors and 1’6 
runs, displayed to 10 decimal places. These specific samples were chosen from a selection of 
200 samples generated with SAMPLE2 [Andres 1998, Chan et al. 2OOOJ. These samples were 
chosen to have minimal accidental correlations among the columns. The maximum correlation 
between any two factors in these samples is 0.45. When two sampled parameters Xand Y have 
an empirical correlation of Rm, that correlation explains a fraction Rh of the variation in the 
data in Xor Y, leaving 1 - RL of the variation that is independent of the correlation. In Tables 
A. 1 to A.6, accidental correlations between two columns of the sample can explain no more than 
0.45*=0.20 of the variation in the data, so that the independent effects of each column can still be 
determined. It was not possible to choose samples with smaller accidental correlations. In each 
of the 200 samples examined, the maximum correlation was at least 0.42, showing that 
accidental correlations have not been controlled, only minimized. Simple random samples with 
lower correlations could be obtained by searching a larger starting set, but at some point, the 
process of selection results in samples that can no longer be considered simple random samples. 

No attempt was made to control the number of points above and below 0.5 in the values for each 
factor. In 16 experiments, on average there will be 8 high values and 8 low values. The number 
of high values is a binomial variate with a population of 16 and a probability of being high of 0.5 
(see Appendix B for properties of binomial variates). The standard deviation of the number of 
high values is 16x 0.5 x (1 - 0.5) = 2 . There is a probability of more than 0.2 that the sample 
contains as few as 5 low values and as many as 11 high values, or vice versa, for a particular 
factor. This imbalance, when it occurs for an influential parameter, can have a significant effect 
on the estimated mean. 

The ratings of simple random samples on the six criteria from Section 7.2 are given in 
Table 7.3/l. Simple random sampling has all the capabilities required for uncertainty analysis. It 
(potentially) explores the entire sample space, and the effects of different factors can be 
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separated, given enough simulations. Traditional and well-known unbiased estimators are 
available and easily computable, as shown in earlier sections. 

Simple random sampling is usable, but not ideal. Although it is robust, and behaves in a similar 
way for diverse functions, it is not very efftcient in estimating means, compared to other 
sampling methods. Any examination of the data reveals patterns in the form of clusters and gaps. 
For example, if a scatter plot is made of the 32 points in columns 1 and 2 in Tables A. 1 and A.2, 
then Figure 7.30 is the result. There are both tight clusters and large gaps. To show the 
clustering, a fine grid is shown with 400 small squares. The odds are more than 2 to 1 that at 
least one of the small squares created by the gridlines in this figure will contain two or more 
points’. 

Table 7.3/l. Ratings of Simple Random Sampling 

Criterion Ru ting 
Minimize uncertainty in mean estimate Fair 
Estimator available for mean uncertainty Yes 
Minimize number of simulations Fair 
Explore the sample space Fair 
Separate factor eflects Fair 
Unbiased estimators Yes 

Figure 7.3/l. Scatter Plot of Columns 1 and 2 of Simple Random Samples A.1 and A.2 
Combined 

’ The probability that each of the 32 points lies in a different cell is 400.399.398.397-. . ..369140032 = 0.28. 
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7.4 2-Level Fractional Factorial Designs 

A fulZ factorial design includes experiments where every possible treatment combination occurs; 
that is, every level of every factor is combined with every combination of levels for other factors 
in at least one experiment. If the number of levels for each factor is NL and the number of factors 
is N,v, then the number of experiments for a full factorial design is at least ( N,)N, . For instance, 
if NL=2 (2 levels, high and low) and Np20, then the number of experiments is at least 
2*‘=1048576. This number gets large very quickly with increasing Np, and so there is an 
economic incentive to reduce the number of experiments required for a particular analysis, A 
design with selected experiments from a fi.tll factorial design is called a fractional factorial (FF) 
design. 

The field of fractional factorial designs is a large one. The reader can consult books by McLean 
and Anderson [ 19841, Raktoe et al. [ 198 11, Raghavarao [ 197 11, Myers and Montgomery [ 19951, 
and Dey and Mukerjee [ 19991 for more information. However, this guide is designed to be self- 
sufficient, and for practical purposes, the designs in Appendix A should satisfy most users. 

Fractional designs are usually chosen to have some specific property that is useful in the analysis 
to be carried out on the experimental results (e.g., the ability to estimate certain effects 
independently of other effects). In particular, 2-level designs are typically chosen to estimate 
main effects and 2-way interactions in screening analysis. The main effect of a factor is half the 
difference in average value for different levels of the factor. In a linear ftmction, the main effect 
will be a good estimate of the linear coefficient of that factor. Interactions are estimates of 
coefficients of terms in cross-products like Xl’. In a Resolution III 2-level FF design, main 
effects can be estimated independently of the main effects of all the other parameters, but they 
are confounded with (i.e., not separable from) a-way interactions. Resolution III designs are 
suited for estimating coefficients of a response surface that is linear in all the factors. A 
Resolution III design can be constructed with 2K experiments, where 2K>N& the number of 
factors. 

For example, the following design is of Resolution III in three factors, and it uses four 
experiments. The design uses one low value L and one high value H for every factor. For every 
pair of factors, all possible combinations (LL, LH, HL, HH) appear exactly once. 

Factors 
x Y 2 
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When analyzing a-level designs, it is convenient to transform the variable so that low values are 
labelled “-1” and high values are shown as “1”. The literature on 2-level designs is based on 
such (-1,l) pairs. If the actual variable X is uniformly distributed between 0 and 1, as mentioned 
above, then the linear transformations to and from a variable vx between -1 and 1 are 

VX = 2X-l 
x = +<vx +l) 

. ..7.4/1 

One can transform a function in the original factors into one in VX, etc.,. by substitution; e.g., 

f;(X,Y,Z) = 3+2X-5Y 
= 3+2+(vx +I)-5+(v, +I) . ..7.4/2 

= ;+vx -;vy 

where vx and vr each take the values -1 and 1, to indicate low and high respectively. Evaluating 
the four experiments above withfi, as defined in Equation (7.4/2), one obtains values of 3, -2,5 
and 0, respectively. The overall average and the main effects are the coefficients in the last row 
of Equation (7.412): 

avg = $o-2+5+0) = 3 

ME{v,} = +[;(5+0)-+(3-2)] = i 

h4-E{v,r} = ;[j(-2+0)+3+5)] = -; 
. ..7.4/3 

- 

ME{v,} = +[+(-2+5)+3+0) 1 = 0 

If one changes the previous example so that there is an interaction term, then the results of the 
analysis can be misleading. That is, given 

f,(X,Y,Z) = 3+2X-5Y+XZ 
= 3+2+(v, +l)-5+(vy +l)++(v, +I)& +l) 

I+?, -zv +!+ +Av v = 4 4x 2Y 4z 4xz 

. ..7.4/4 

the function values are 3, -2,6 and 0, yielding 
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avg = +(3-2+6+0) = ; 

ME{+} = ~[~(6+0)+3-2)] = ; 

ME{v, } = +[;(-2+0)-$3+6)] = -;-; 

ME(v,} = ; $(-2+6)-;(3+0) 1 = + 

. ..7.4/5 

where the extra term causes an error of -l/4 in the estimated main effect of vr. The presence of 
the Xz term changes the result for Y, because vr and vxvz have the same pattern of l’s and -1 ‘s in 
this design (except that the signs are interchanged). As stated above, the main effect and the 
interaction effect are confounded, or are said to be aliases of one another. 

A Resolution IV 2-level design can be constructed by doubling the number of experiments 
required compared to the Resolution III design, thereby enabling the analyst to estimate all factor 
main effects independently of all 2-factor interactions [Raghavarao 197 11. In general, a 
Resolution IV design will have 2K+* experiments, where 2K > NF. Once again, the design uses 
one low value L and one high value H for every factor. For instance, for N,Q = 3 factors, the 
following design has 8 experiments: 

Factors 
1 2 3 

This design was obtained by fording the earlier Resolution III design; i.e., by adding to the design 
a repetition of the earlier runs, in which L and H change places. That is, experiment 5 is the 
same as experiment 1 with the L’s and H’s interchanged. In a Resolution IV design that is 
formed this way, all the treatment combinations for any three factors (i.e., LLL, LLH, LHL, LHH, 
HLL, HLH, HHL and HHH appear the same number of times. In this case, each such 3-factor 
combination appears once, since the folded design is a complete 2-level factorial design. In a 
larger Resolution IV design, they would each appear n times, for some integer n. 

This design is ideally suited for estimating a response surface that is linear in all the factors, 
except for the presence of a small number of 2-way interactions, as in Equation (7.4/4). The 
values obtained by applying this design to that function are 3, -2,6,0, 1, 5, -2 and 3. Every 
coefficient of the equation is estimated correctly, as shown by the following effects (main effects 
and interactions): 
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ME(v,) = $(6+0+1+5)-+(3-2-2+3)] = 3 
ME{v,) = +[$(-2+0+1-2)-+(3+6+5+3)] = -3 
ME{v,} = +[+(-2+6+1+3)-$(3+0+5-2)] = $ 

avg = +(3-2+6+0+1+5-2+3) = + 
IE{v,v,} = $(3+0+1+3)-$(-2+6+5-2)] = 0 
IE{vxv,) = +[+(3+6+1-2)-a(-2+0+5+3)] = $ 
IE{v,v, } = +[$(3-2+1+5)-+(6+0-2+3)] = 0 

. ..7.4/5 

While it is possible with a Resolution IV design to estimate each main effect separately, it is not 
always possible to estimate every 2-way interaction independently. For example, if the number 
of factors is NF = 6, then the number of experiments in a Resolution IV design is at least 2K+1=16. 
With 16 experimental values, it is possible to estimate up to 16 effects independently. For 6 
factors, the effects include one mean, 6 main effects and (i ) = 15 2-way interactions, for a total of 
22 effects. As a result, some of the interactions must be aliases of one another. If there are 
higher-order interactions, then these will be also aliased with the lower-order effects. 

The 2-level designs considered so far cannot identify a quadratic function in one of the factors. 
For example, the following function produces exactly the same results as functionfi in 
Equation (7.4/2), as long as the variables X, Y and 2 are constrained to take only the values 0 and 
1: 

f,(x,y,z) = f,(X,Y,Z)+l-4(2-t) 

= 2+vx -5v, +1-4[+(v, +1)-31 

: 2 = 2+vx -yvy -(vz) 

. ..7.4/6 

To identify the presence of quadratic functions, it is common to add a centre point to the design. 
A centre point is an additional experiment, in which every factor takes a central value (i.e., 
X=Y=Z=. . .=0.5, or vx= v~ vz= . . .=O). One centre point serves to identify the presence of 
nonlinearities, although it cannot determine which factor appears in the quadratic term. 
Increasing the number of levels in the design can deal with this problem. 

Whatever the number of levels in the design, if the levels are all discrete constants, then the 
properties of the sampling method can be as is listed in Table 7.4/l. 
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Table 7.40. Ratings of Fractional Factorial Designs with Discrete Levels 

Criterion Rating 
Minimize uncertainty in mean estimate Good 

Estimator available for mean uncertainty Yes, either with response surface analysis, or with 
replication 

Minimize number of simulations Good 
Explore the sample space Poor, because of only a limited number of values 

Separate factor effects Good for independent effects I Poor for aliases 
Unbiased estimators No. because of discrete levels 

In most cases, fractional factorial designs are at least as good as simple random samples, and 
often they are better on some of the criteria. They provide consistent results that clearly identify 
some factor effects, with a relatively small number of experiments. Such designs are suitable for 
the screening of parameters, because they efficiently separate factors that have significant . 
influences of the type that are distinguishable by the design from those with no such influence. 
However, such designs cannot be trusted to find all effects, nor do they give an unbiased mean 
estimate. These deficiencies limit their usefulness in uncertainty analysis. 

A different type of sample can be constructed by using the structure of a 2-level FF design to 
guide random sampling. For instance, consider the following experimental design matrix: 

Factors 

This design has the same structure as the earlier Resolution III design shown, if one interprets 
“L” to mean a number randomly chosen between 0 and 0.5, and “I?’ to be a number randomly 
chosen between 0.5 and 1. If applied to the timctionfi (X,Y,z), this design yields the results 
3.6859, -0.8903,2.9861 and 1.4285. In this case, the main effects are estimated to be 

avg = $(3.6859-0.8093+2.9861+1.4285) = 1.8026 instead of 1.5 

ME{v,} = +(2.9861+1.4285)-;(3.6859-0.8093)] = 0.8095 instead of 1 

;(-0.8903+1.4285)-+(3.6859+2.9861)] = 
. ..7.4/7 

ME{v,} = - 3.0669 instead of - 2.5 

ME{v,} = +(-0.8903+2.9861)-;(3.6859+1.4285)] = - 1.5093 instead of 0 
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where the leading factor of ‘/z has been dropped from each main effect calculation, because the 
values average to 0.25 and 0.75 for lows and highs, respectively, rather than to 0 and 1. There 
has clearly been an increase in uncertainty in estimating coeffkients of the original equation from 
the data using the main effect formula. However, linear regression applied to this data estimates 
the coefficient values accurately. At the same time, there has been an improvement in the ability 
to detect and estimate interactions and polynomials. For example, if the function were actually a 
cubic polynomial in 2 only, then it would still be possible to estimate its coefficients 
(recognizing that a limit of four coefficients can be estimated with only four data points), which 
is not true of the original FF design with only extreme values, even if a centre point is added. 

Table 7.4/2 shows how the ratings change if one samples randomly from continuous levels, 
instead of using discrete values for each level. This type of sampling is very similar to simple 
random sampling, except that (a) the uncertainty in the mean estimate is often a little smaller; 
(b) the estimator for uncertainty in the mean is not as easy to use, requiring an analysis of 
variance, and some assumptions; and (c) it is somewhat easier to detect the influence of each 
parameter independently, because of the underlying orthogonal design. No samples are provided 
for FF designs, because the combined FF/LH designs of Section 7.5 are even better. 

Table 7.4/2. Ratings of Fractional Factorial / Simple Random Designs 

Criterion Rating 
Minimize uncertainty in mean estimate Fair to Good 

Estimator available for mean uncertainty Yes, with response surface analysis, or replication 
Minimize number of simulations Good; typically fewer than with SR samples 

Explore the sample space Good; inherently balanced for each factor and for 
2 or 3 factors together 

Separate factor eflects Good; some by orthogonal structure, others by 
separation of randomly sampled points 

Unbiased estimators Yes 

7.5 Latin Hypercube and Fractional Factorial / Latin Hypercube Designs 

Whereas 2-level fractional factorial designs minimize the number of levels, in order to deal with 
a maximum number of interactions among factors, latin hypercube designs are fractional factorial 
designs that maximize the number of levels to ensure that the sample is stratified in each factor. 

For example, the following design has 10 experiments in four factors, and it uses 10 levels for 
each factor, denoted 1 to 10. 
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Factors 
X Y Z A 

I 
2 
3 
4 
5 
6 
7 
8 
9 
10 

For a factor ranging from 0 to 1, these levels might be designated as 0.05,O. 15,0.25, . . . 0.95. 
By ensuring stratification for each factor independently, one normally achieves a smaller variance 
in the estimate of a mean value than with simple random sampling. If the function is monotonic 
in every parameter, then one can guarantee that the variance in the estimate of a mean value for 
that function is smaller than with simple random sampling &Iman and Conover 19801. 
Asymptotically, one can guarantee this result for nonmonotonic functions, although the required 
sample sizes might be very large. 

Latin hypercube samples can be used to estimate a wide variety of effects. For example, since 
there are 10 distinct levels in the sample design above, a polynomial in one of the factors of up to 
degree 9 can be estimated. Alternatively, one can still estimate functions with a limited number 
of linear and interaction effects. 

The main concern about using latin hypercube samples is the possibility of accidental 
correlations among the columns. For example, in the sample design above, the correlation 
between factors X and A is over 40%. High accidental correlations could lead to confounding 
among effects, and misleading results in regression analysis. Iman and Conover [ 19821 
described a technique that can be used to control accidental correlations in latin hypercube and 
simple random samples. It is possible to combine latin hypercube designs with 2-level fractional 
factorial designs for the same purpose, as shown below. 

The following design is both a latin hypercube design with two values at each of four levels, and 
a Resolution IV fractional factorial design. To achieve this combination, this design splits the 
low values into two sublevels labelled L-l and L-2, and splits the high values into two sublevels 
labelled H-3 and H-4, for a total of four latin hypercube levels. The overall structure of the 
design is controlled by the fractional factorial design, but the detailed structure is randomly 
selected like a latin hypercube design. 
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Factors 
1 2 3 

I 
2 
3 
4 
5 
6 
7 
8 

Combining the designs reduces (but does not eliminate) the incidence of accidental correlations 
among the factors, because the columns of the fractional factorial design alone are orthogonal. 

Tables A.7 to A. 14 in Appendix A are Resolution IV FF/LH samples, selected from sets of these 
samples generated by SAMPLE2 to ensure that there were no significant accidental correlations 
among the factors. Tables A.7 to A.12 have 16 experiments each, and can handle up to 7 factors. 
Tables A. 13 and A. 14 have 32 experiments each, and can handle up to 10 factors (they could 
theoretically handle up to 15 factors, but 10 was chosen so that the samples would fit on a page). 
Because these samples are Resolution IV, the last half of each sample is simply the complement 
of the first half (i.e., the sum of the values for factor m in experiments n and n+16 is 1, for n from 
1 to 16 and m from 1 to 10). An analyst could use either the first or the last half of each such 
sample as a Resolution III design. 

The maximum correlations between factors in Tables A.7-A. 12 range between 0.35 and 0.40. 
These are not much lower than the maximum correlations for simple random samples in Tables 
A.l-A.6, which support 10 factors rather than just 7. The reason for this behaviour is that the 
Resolution III designs in rows 1 to 8 of these tables determine the correlations. A design with 
more rows could be selected to have a smaller maximum correlation. For example, the 
maximum correlations between factors in Tables A. 13 and A. 14, which have 10 factors and 16 
runs in the base Resolution III design (32 runs overall), are both 0.30. 

Figure 7.5/l shows scatter plots of the first two columns of Tables A.7 and A.8 combined, and 
the first two columns of Table A.13, both of which have 32 runs. In each case, one can see that 
points are evenly distributed between the horizontal grid lines and between the vertical grid lines. 
That is, in the figure on the left, one can see that there are precisely four points between each pair 
of horizontal grid lines, and four points between each pair of vertical grid lines. On the right, the 
grid lines are more closely spaced, and there are exactly two points between each pair of grid 
lines. That grouping is a result of using latin hypercube samples. In addition, there are precisely 
8 points in each quadrant of each figure, because of the 2-level fractional factorial structure. 
Finally, the placing of points is symmetric about the midpoint of each figure, because the designs 
are folded. 
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Figure 7.91. Scatter plots of columns 1 and 2 of FF/LH samples. Left: samples A.7 and 
A.8 combined. Right: sample A.13. 

Table 7.5/l rates FF/LH designs. These designs have advantages both from the 24evel fractional 
factorial structure, and from the Latin hypercube structure. In addition, they provide unbiased 
means, due to the use of randomly sampled values from each sublevel. To determine the 
uncertainty in the mean estimate, one could either fit a response surface using linear regression 
(using the standard error for the intercept), or use replicate designs. For example, one could use 
both Table A.7 and Table A.8 to obtain 32 experiments, comparing the means from the two 
designs to estimate the mean uncertainty. 

7.6 Low Discrepancy (Quasi-Random) Sequences” 

Discrepancy is a mathematical measure of how evenly a set of points is spread in N-dimensional 
space. Low discrepancy sequences are sequences of N-dimensional points that, in the limit, have 
low discrepancy because they fill space evenly (the mathematical definition is quite technical). 
Woiniakowski [ 199 l] showed that low discrepancy sequences could be used to attain the 
minimum average case complexity for multivariate integration. That is, if Monte Carlo 
multivariate integration is carried out with low discrepancy (also called quasi-random) sequences 
of points, then the order of the error is minimized, when averaged over different types of 
functions. Since the mean value and uncertainty to be estimated in uncertainty analysis can be 
expressed as multivariate integrals (see Equations (5.513) and (5.5/8)), the use of low discrepancy 
sequences should give optimal results, on average. 

lo This section is included to record that this approach was investigated and shows some promise. However, the use 
of low discrepancy sequences is not recommended at this time. Most readers should skip this section. 
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Table 7.91. Ratings of Fractional Factorial / Latin Hypercube Designs 

Criterion Rating 
Minimize uncertainty in mean estimate Very Good 

Estimator available for mean uncertainty Yes, either with response surface analysis, or 
replication 

Minimize number of simulations Very Good 
Explore the sample space Very Good 

Separate fat tor effects Good; same as 2-level fractional factorial 
Unbiased es tima tors Yes 

There are at least four well-known types of low discrepancy sequences: Hammersley and Halton 
points (which are very similar, e.g., Wong et al. [ 1997]), Sobol’ sequences [Bratley 19881 and 
Niederreiter sequences [Bratley et al. 19921. This last reference compares different types of 
sequences, and recommends base-2 Niederreiter sequences, but points out that, in some 
circumstances, simple random sampling is to be preferred because of the quantitative bounds that 
can be established. Bratley et al. [ 19941 provided Fortran programs for generating Niederreiter 
sequences, which can be downloaded from http://www.acm.org/cal~o/contents/738.~~. 
However, the sample programs make it clear that the user is intended to use thousands of points 
from a Niederreiter sequence when performing Monte Carlo integration. 

The mathematical properties of low discrepancy sequences are most evident as the number of 
points becomes very large, because quadrature errors in multivariate integrals can be shown to 
diminish at an optimal rate. However, this guide deals with practical properties of small designs. 
Asymptotic properties are interesting, but are not directly applicable. Halton points [Halton 
19601 were examined for possible use, because they can be easily explained, and because it is 
easy to generate sub-sequences to examine for small designs with good properties. 

The generation of Halton points requires a transformation called the radical inverse, which 
creates a fractional number between 0 and 1 by reversing the digits of an integer. For instance, 
Table 7.6/l shows how a sequence that starts at 0 can generate three sequences of decimal 
numbers. In the first column a sequence of integers is expressed in the usual way, in base 10. In 
the second column, the digits of the integers are reversed and are put after a decimal point, to 
yield a decimal fraction. The symbol “+” is used to represent the radical inverse transform. In 
the third and fourth columns, the same integers are expressed as a sequence of base 2 and base 3 
digits, respectively. These integers are then transformed by reversing the digits in these bases, 
and the resulting fractions are then converted back to base 10. It is clear when the final numbers 
in the columns are compared that the same sequence of integers can generate quite different 
decimal fractions when the radical inverse transform is applied in different bases. 



89 

Table 7.6/l. Generation of Halton Points Using the Radical Inverse Transform 

Base 10 Base 2 Base 3 
010 = 010 + 0.010 
1 10 = 1,0-+0.1,0 
210 = 210 -+ 0.210 
310 = 310 + 0.310 
410 = 410 + 0.410 
510 = 510 + 0.510 
610 = 610 + 0.610 
710 = 710 + 0.710 
8 IO = 8,0 + O.glo 
910 = 910 + 0.910 

1010 = 10,0+0.01*0 

= o* -3 0.02 = 0.010 
= 12 + 0.12 = OS,0 

= lo2 + O.Ol* = 0.25,0 
= 112 + 0.112 = 0.7510 

= 1002 + 0.0012 = 0.125,0 
= 10lz + 0.1012 = 0.62510 
= 110~+0.011*=0.375,0 
= 1112-+0.1112=0.87510 

= 1000z -+ 0.00012 = O.O625,o 
= 10012 + 0.10012 = 0.5625,0 
= lOlO + 0.01012 = 0.3125,0 

= 02 + 0.02 = 0.010 
= 1, + 0.13 = 0.33333310 
= 23 + 0.23 = 0.666667,0 

=103+0.013=0.111111,0 
= 113 + 0. I 13 = o.444444,rJ 
= 123 + 0.213 = 0.77777gIo 
= 203 + 0.023 = 0.2222221~ 
= 213 + 0.123 = 0.5555~56,~ 
= 223 + 0.223 = 0.888889,0 

= 1003 + 0.0013 = 0.037037,o 
= 1013 + 0.1013 = 0.370370,o 

,.. . . . . . . . I 

Halton points are simply a sequence of points in N-dimensional space, in which the N 
components of each point are decimal fractions formed by applying the radical inverse transform 
to the positive integers in different bases that are mutually prime. Mathematically, if a positive 
integer k is expressed in base p, where p is prime, that is, 

k=ao+a,p+a,p2+a,p3+a,p4+...+a,p” . ..7.6/1 

where each coefficient ai is an integer between 0 andp-1 inclusive, then the radical inverse of k 
base p is 

and Halton points are a sequence of points, each having N components: 

..7.6/2 

. ..7.6/3 

wherepi,pZ, . . . pN are distinct primes. 

It can be shown that, when enough points are considered, Halton points are scattered evenly in N- 
space (i.e., have low discrepancy). For instance, when you consider one dimension alone, the 
sequence { eP ( k) }k=o,W has an interesting property-any contiguous subsequence of length p is 

stratified into p equal-width levels, as in a latin hypercube sample. Furthermore, for any positive 
integer r, any contiguous sub-sequence of length p’ is stratified into pr equal-width levels, as in a 
latin hypercube sample. The Halton points as a whole are therefore similar to a latin hypercube 
sample that subdivides each dimension in a progressively finer way, as the number of points is 
increased. 
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It has already been mentioned that latin hypercube samples can have problems with accidental 
correlations among the factors. In Halton points, accidental correlations are avoided by using 
distinct primes for every dimension. For example, with the fustplxpz points, one can guarantee 
that, if you divide the unit square into pi levels one way, and intop levels the other way, then 
every rectangle so formed has exactly one point, as shown in Figure 7.64 using points 1 to 6 
from Table 7.6/l. This patterning controls accidental correlations for large numbers of points. 

0 0.5 1 

Figure 7.6/l. Six Consecutive Halton Points for Primes 2 and 3 Occupying All Six Regions 

To ensure that a good layout in N-dimensional space is observed when dealing with a small 
number of points, it is best to use small primes. This guide uses the N smallest primes: 

p1=2 
P2 = 3 
P3 = 5 
P4 = 7 

ps= 11 
p6= 13 
p7= 17 

Even so, in 7-dimensional space, one would need 2x3x5x7~11x13x17=510510 points to 
guarantee good spacing. At a simpler level, the first 10 points of Table 7.6/l would all be very 
similar when expressed with primes 11, 13 and 17. So how does one get good behaviour with 
around 30 points, as required here? Important properties of the Halton points (i.e., Latin 
hypercube-like stratification and control of accidental correlations) are preserved if one takes a 
j?actionaZ H&ton sequence, in which one uses only every qth point, where q is mutually prime to 
PbP2, a*-, andpN. Hundreds of fractional Halton sequences were searched, in order to find those 
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with two characteristics: (a) low maximum correlation between factors, and (b) a scatter plot 
matrix that was relatively free of noticeable patterns. 
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Figure 7.6/2. Scatter Plot Matrix for a Fractional Halton Sequence 

Figure 7.6/2 shows a scatter plot matrix for a fractional Halton sequence with relatively good 
properties. The matrix starts with the integer 1 and takes every 647’h point of the original 
sequence. This sequence is not ideal, in that there are a few pairs of factors with banding 
patterns (e.g., 5 and 6, and 5 and 7). These would disappear if a longer sequence were used. 
Overall, however, each scatter plot has relatively good coverage across the unit square. The 
maximum correlation between factors is less than 0.15 in magnitude, which is much smaller than 
that achieved with other sampling methods considered so far. 
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Practical trials with these samples showed no advantage over simple random sampling. Since the 
properties of Halton sequences apply only in the limit, some additional work will be required to 
generate small samples that have optimal properties. Accordingly, no Halton sequences have 
been included in this report. 

7.7 Statistics with Non-Random Samples 

How can one estimate means, uncertainties and intervals of high confidence when the sample 
used to generate the simulation results was not a simple random sample? This section answers 
this question by demonstrating the application of the samples from Appendix A to a difficult 
artificial uncertainty analysis problem. The problem is described and solved analytically in 
Table 7.74. Wherever possible, one should apply analytical solutions like this, although 
normally, the simulation models of interest are too complicated. 

Table 7.7/l. Artificial Example with Analytical Solution 

Example (2) 

What is the random uncertainty in w, the output of the following function, given that each parameter Xi is uniformly 
and independently distributed between 0 and I? 

X +x, x, x, x, x, x, I -+3+-+5+-+- 2 4 6 7 I) 
Solution 

Unlike the functions in earlier examples, this one is highly variable, and not easy to represent. It takes a maximum 
value of 1 and a minimum value of -1. It has a peak shaped like a ridge in 7 dimensions. The reader can get an idea 
of the shape of this ridge by looking at the expected value of this function averaged over parameters X, through X, 
(see Figure 7.7/l). The average value of w can be determined with Muthematicu, simply by executing the following 
commands, yielding the value 0.40285. 

wf[xl~,x2~,x3~,x4~,xS~,x6~,x7] := Sin[ 2*(x1 + x2/2 + x3/3 + x4/4 + x5/5 + x6/6 + xl/l) ] 

Integrate[wf[xl,x2,x3,x4.x5,x6,xll, (x1,0,1), (x2,0,1), (x3,0,1), (x4,0,1), Ix5,0,1), (x6,0,1), 
(x7,0,1) 1 

Similarly, the average of the function squared can be evaluated, yielding 0.42689. Hence, the variance of w is 

var{w}= E{w’}- E(w)2 = 0.42689 - 0.40285’ = 0.26461 . ..7.1/2 

and the standard random uncertainty is 

(I; = &ii&q = 0.5 1440 . ..7.1/3 

In estimating a two-sided 95% confidence interval using a normality assumption, one finds that the upper bound on 
the interval is 
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w& =0.40285+1.96x0.51440 = 1.41107 . ..7.1/5 

which is much higher than the maximum value of 1. This bound is not informative. One alternative would be to 
specify 100°/o confidence bounds of [-I, 11. If narrower bounds are required, then a more detailed analysis of the 
distribution of w is required. 

Let F, represent the cdf of w, and let FY represent the cdf ofy, the argument of the sin0 function used to evaluate w. 
According to the Central Limit Theorem (see Section 5.5), as a sum of independent random variables, the argument y 
is approximately normal. Using uniform distribution properties (see Appendix B), its mean value is 
I+ 2-l + 3~’ + . . . + 7-l = 2.5929, and its standard random uncertainty is 2 +2-2+...+7-2 /I2 =0.70988. A 

dashed line in Figure 7.7/2 represents the pdf of this normal distribution. The other distribution shown in the figure 
is a much better approximation to the true pdf ofy. SYVAC3 Time Series operations [Andres 20001 were used to 
convolute the pdfs of the seven contributing variates to generate this pdf. Note that the normal approximation has 
both a loftier peak and weightier tails than the true pdf. 

The distribution of w for y between 0 and 2n can be obtained from the distribution ofy by applying the following 
equation (obtained by considering how various values could arise): 

Fw(w)= 
F,(2n-y’)-F,(n+y’) if WC0 
1 -(F,(z - y’)- F,,(y’)) if w 2 0 

where y’ = arcsin( The cdf and pdf of w formed this way are quite unusual, as shown in Figure 7.7/3. In 

particular, the distribution is skewed, and the pdf has two singularities, at -1 and 1. 

Normally, one can apply a response surface to assist with such an analysis. However, w cannot readily be 
represented by a response surface defined as a polynomial. Figure 7.714 shows a series of approximations to the 
function 

sin(y)=y-$+$-$+O(y9) . . 
. . I 

obtained by using successive terms from the series. To follow the curve to the first minimum, one must use the term 
iny’. Therefore, a suitable series expansion of w must be 

sin X, + 
x, X6 x7 
-3-+6+7 I 

+%+x3+x4+5L+x,+x7 3 
2 3 4 5 6 7 I . ..7.1/7 

3! 

Clearly, when this series is expanded, there are an enormous number of terms to estimate for a response surface 
polynomial. If a response surface is fit to a function like this, one will find a few significant terms, a number of 
almost significant terms, and a relatively large residual error. Results from one sample (i.e., the terms that are 
significant) will differ from those of another sample. The results of averaging and setting bounds can be misleading. 



7.7/2 shows a second, smaller 95% confidence
interval for Tables Al-A6 combined. This interval was determined by treating the means
from the six sets of 16 observations as six random observations. Each mean has a

w is 1. It is not so easy to detect that the 95% confidence bounds on the
mean are similarly distorted, but they must be (though perhaps not to the same degree),
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w values, because the upper bound was over 1.4, whereas the
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FF/LH samples.

l SR confidence intervals for the mean estimator relv on assumed normality. 95% confidence
intervals for the mean in each simple random sample are shown in the table. However, these
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7.7/2 shows what happens when a number of different sampling methods are applied to
this example. The sampling methods are mostly based on samples in Appendix A, combined to
ensure that there are 32 simulations in each case. In addition, results 
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Table 7.7/2. Numerical Solution of Example 

Sample Mean Random Standard Random Lower Upper 
[95% Confidence] Error in Deviation Error in 94% 94% 

Mean Std. Dev. Bound” Bound” 
Theoretical analysis 0.403 0.514 - -0.679 0.9972 
SR: Tables Al, A2 0.458 E0.28, 0.631b 0.055 0.484 -0.030 -0.59 0.9984 
SR: Tables A3, A4 0.465 [0.27, 0.661b 0.062 0.530 0.016 -0.39 0.9999 
Sk Tables A5, A6 0.392 [0.22, 0.561b -0.011 0.467 -0.047 -0.57 0.9986 
SR: Tables AI to A6 0.438 [0.34,0.541b 0.035 0.490 -0.024 -0.51 0.9982 

[0.388.0.488]’ 
SR: 1000 runs 0.405 [0.373, 0.4371b 0.002 0.512 -0.002 -0.633 0.998 1 
SR: 10000 runs 0.402 [0.392, 0.4121b -0.001 0.512 -0.002 -0.676 0.9978 
FF/LH: Tables A7, A8 0.408 0.005 0.508 -0.006 -0.86 0.9666 
FF/LH: Tables A9, A10 0.399 -0.004 0.543 0.029 -0.55 0.9956 
FF/LH: Tables Al 1, Al 2 0.423 0.020 0.485 -0.029 -0.67 0.9997 
FF/LH: Tables A7 to 0.410 [0.389,0.430]” 0.007 0.507 -0.007 -0.62 0.9971 
AI2 
FFILH: Table Al 3 0.400 -0.003 0.528 0.014 -0.84 0.9925 
FF/LH: Table Al4 0.408 0.005 0.510 -0.004 -0.82 0.9916 
’ Bounds are the extreme values Xrll and Xrszl for samples with 32 points, as per Section 4.4; interpolated otherwise. 
b Confidence interval based on assumption of normal distribution. 
’ Confidence interval based on analysis of six mean values, assuming normal distribution for each. 

l FF/LH confidence intervals reauire repetitions of designs. An analyst can apply the same 
method used with samples Al to A6, in order to estimate 95% confidence bounds for the 
mean from FF/LH samples A7 to Al2 (i.e., treat the six means as independent random 
observations). The resulting interval is shown in Table 7.712. Notice that the interval 
[0.388,0.488) for SR sampling is more than twice as long as the interval [0.389,0.430] for 
FF/LH sampling. This is an empirical verification that FF/LH sampling is more efficient at 
estimating mean values. In fact, the confidence interval that is based on analyzing the six 
FF/LH means is smaller than the SR confidence interval based on 1,000 simulations. 
Unfortunately, substantial replication of designs is required to generate the confidence 
intervals that demonstrate this superiority. In most cases, there would not be enough 
replications to determine a reliable confidence interval. For instance, there is reason to 
suspect that a single 32-run design like Table A. 13 or A. 14 is even more efficient than a 
combined design like Tables A7 and A8 together. However, there is insufficient data to 
reject or confirm this conjecture. 

Table 7.712 raises an issue regarding the accuracy of confidence bounds. As discussed in 
Section 4.4,94% bounds are used because the interval (Xtr I,+]) between the extreme values in 
a 32-run sample constitutes an unbiased interval of high confidence with a coverage probability 
of 94%. The upper 94% bound in almost every case has an error in the third decimal place (when 
compared to the theoretical value), whereas the lower 94% bound typically has an error in the 
first or second decimal place. How important is it that the confidence bounds be estimated 
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accurately? Is this sample size too small? Should an analyst increase the sample size, and if so, 
by how much? 

Table 7.7/3 shows the results of an empirical study of the suitability of 94% and 90% intervals of 
high confidence derived from 32 runs either by taking the interval (X[1]&2]) or by using the 
technique shown in Figure 4.412 to interpolate for the 90% bound. Three different functions 
were used. The first test function simply took the value of the first parameter, X, which was 
normally distributed. The second function took the product of five uniform variates. The third 
function was the sin function of Equation (7.111). Three hundred and three repetitions were 
carried out (i.e., 10,000 simulations), and in each repetition, 32 Monte Carlo runs were used to 
construct an interval of high confidence. Then, “true” values of each variable, X, Y, Z,... , were 

randomly selected, and the function value j( X, Y, Z, . . .) was evaluated and determined to be 
within the interval, below it, or above it. Statistics were compiled on the results. 

Table 7.7/3 ,shows that the interval with nominally 90% confidence empirically captures about 
91% of the simulated true values. On the other hand, defining an interval by the extreme values 
of the sample covers the “true” value in about 94% of cases, as expected. In both cases, the 
number of outliers at the two ends is about the same, on average, indicating a symmetrical state. 
Both methods seem to work well for these three examples. 

Table 7.7/3. Empirical Frequency of Random Values Lying Within or Outside Intervals of 
High Confidence 

Function I Below Interval I In interval I Above interval 
90% INTERVAL USING INTERPOLATION METHOD OF FIGURE 4.412 

Single normal variate 15 5.0% 273 90.1% 15 5.0% 
Product of 5 uniforms I4 4.6% 276 91.1% I3 4.3% 
Sin of linear combination I2 4.0% 276 91.1% 15 5.0% 
of uniforms 
Average 13.7 4.5% 275.0 90.8% 14.3 4.7 

94% INTERVAL DEFINED BY (X,,,,X,& 
Single normal variate 9 3.0% 288 95.0% 6 2.0 
Product of 5 uniforms 9 3.0% 283 93.3% I1 3.6 
Sin of linear combination 7 2.3% 284 93.7% I2 4.0 
of uniforms 
Average 8.3 2.8% _ 285.0 94.0!% , 9.7 3.2 

Two intervals of high confidence determined from two different samples would not, in general, 
be the same. The values of the upper and lower bounds can vary considerably, if they are 
estimated as the extreme values of a sample. On average, such an interval will have the intended 
probability of containing a true bound, although for a particular instance, the upper and lower 
bounds may not be very close to the theoretical bounds. The primary reason to use a large 
sample when estimating an interval of high confidence is to obtain an accurate estimate of each 
confidence bound, particularly when an analyst has little margin for safety (see Table 4.4/5 for a 
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list of methods for choosing a sample size.) However, the discussion of Table 4.4/6 showed that 
the improvement obtained by increasing the sample size is possibly quite small. Even if a small 
sample is used, one can still rely on the interval of high confidence, as shown by Table 7.7/3. 

It should be noted that the 94% interval of high confidence given by (X&&I) was derived for 
simple random samples. The interval also works for FF/LH and other more specialized sampling 
methods, provided they are suitably randomized. The key requirement is that any combination of 
parameter values that could appear in a simple random sample must have the same probability of 
appearing in any single simulation of a FFLH (or other) sample. This condition is satisfied for 
all samples in Appendix A. 
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VALIDATION USING UNCERTAINTY ANALYSIS 

What is Validation? 

As described in Section 3, validation is usually a process in which experimental data are 
compared to simulation results to determine the accuracy of a computer model. Both of the 
quantities being compared are uncertain. The measurands are uncertain because of the random 
uncertainty involved in making each observation with a particular apparatus and procedure, and 
because of the systematic uncertainty involved with making a series of measurements using that 
apparatus and procedure. The simulands are uncertain because of the random uncertainty created 
by sampling input values from uncertainty distributions for variables in the model, and because 
of the systematic uncertainty that is associated with a particular computer model and scenario 
description. The accuracy to be estimated is the average systematic uncertainty in computer 
outputs over a representative range of selected independent variables, such as time or space 
variables. 

Section 8.2 shows how to compare two uncertain quantities that should be the same. It is 
important to know both the random and the systematic uncertainties in both quantities. The 
result of the comparison is not as simple as “equal” or “unequal”, since independently derived 
uncertain quantities will rarely be the same. Instead, based on the uncertainties involved, one can 
determine if the quantities are significantly different with respect to a particular confidence level. 
If two quantities are not significantly different, then one can tentatively assume that they are 
equal to within a certain tolerance. Specification of a required tolerance in advance can help in 
selecting a suitable dataset for validation, and in specifying how many simulations to perform. 

Section 8.3 applies the theory of Section 8.2 to the case of validating a simulation-based estimate 
of a single value against experimental data. Using a gas mixing example, Section 8.3 shows the 
variety of possible set-ups and outcomes from the comparison. In the set-up, the analyst should 
assign each uncertainty from the experiment either to the measurement results or to the 
simulation inputs. Examples show difficulties that can arise, and how to resolve them. The ideal 
outcome from the point of view of further using the computer model is to find that the simulation 
and experiment agree to within the specified tolerance. However, one could find that they agree, 
but that the uncertainties are too large to achieve the desired tolerance. The evidence could also 
show significant disagreement. This result typically means that a mistake has been made 
somewhere. The mistake could have happened in the selection of a computer model or in the 
selection of a validation dataset. There could have been a procedural error in running the 
experiment or conducting the simulation. Or, the uncertainties could have been estimated 
incorrectly. It is important to track down the source of the mistake to determine what it implies 
about the suitability of the computer model for the intended purpose. 

Section 8.4 extends the comparison method from a single observation to a group of independent 
observations. A difference that would have led to the conclusion that the experiment and 
simulation significantly disagree may not have such a dramatic effect, if considered as part of a 
group of differences, most of which lie within the acceptance interval. By chance alone, some 
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unusually large differences are to be expected in a group, even if the underlying true values are 
equal. To reject the hypothesis that simulation and experiment agree, one must observe (1) an 
unacceptably large percentage of differences lying outside the acceptance region, or (2) a single 
difference that lies too far outside the acceptance region to be explained by chance. 

Finally, Section 8.5 deals with estimation of code accuracy, based on validation results. 

8.2 Comparing Two Uncertain Quantities 

Let Xand Y be two random variables representing two true values, Xand I’, respectively. The 
question arises, “Do Xand Yhave the same value ?” Both random variables have an uncertainty 
structure consisting of an estimated mean value, as well as two estimated uncertainties--U; and 
US, for X, and Ul; and Ut for Y. More explicitly, 

X = X+ei+eS, 

Y = Y+e;+ei 
. ..8.2/1 

where e;I, eS,, ei and eS, are all unknown errors with mean 0 and uncertainties U; , US, , Ui 
and Us., respectively. 

If Xand Ydo have the same value, then the difference between the two observed values, X and Y, 
would have the following properties: 

X-Y = (e> +ei)-(ei +eG) 
E{X-Y} = 0 
var{X-Y} = (U~)z+(U;p+(U;Y+(U;Y 

. ..8.2/2 

where the errors are all assumed to be statistically independent. If Xand Yare equal, then the 
sign of the observed difference could be either positive or negative. One would expect the 
magnitude of the difference to be small compared to the combined uncertainty: 

-8.213 

Using the methods of Section 4.4, the analyst can establish an acceptance interval [-ZC, zc] with a 
specified coverage probability C. This interval is centred on 0, because the expected value of the 
difference is 0. IfX-Y does not lie in this interval, then the analyst can reject the hypothesis that 
X= Ywith confidence C. If X-Y does lie in the interval, then the implication is that Xand Ycan 
be assumed to be equal. (Checking to see if the observed value of X-Y lies in an acceptance 
interval centred on 0 is mathematically equivalent to checking to see if 0 lies within an interval of 
confidence C centred on the observed value.) 
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IfX-Y lies in the acceptance interval, then it is quite possible that Xand Yare unequal, with a 
difference that is too small to detect given the uncertainties in the observations X and Y. 
Typically, there is a tolerance Sinvolved in the comparison. If the magnitude of the true 
difference between Xand Yis no bigger than S, then the analyst is quite happy to consider the 
two quantities to be equal. However, if the true difference were bigger than 6, then the analyst 
would like to reject the hypothesis of equality with confidence level C, and conclude that the two 
quantities are different. To achieve this result, it is necessary that the size of the acceptance 
interval be constrained; i.e., that z~S. 

In a typical application, C=O.95 and z,,~~ = 2Ui-, . Consequently, to achieve the required 
tolerance in this case, 

. ...8.2/4 

That is, there is little point in trying to determine if Xand Yagree to within tolerance S, if there is 
excessive uncertainty in the initial observations X and Y. In such a case, one might demonstrate a 
negative result, where one rejects the hypothesis that the two quantities agree, based on a 
significant difference in X and Y. However, one cannot reach the alternate conclusion, namely 
that the two quantities agree within tolerance 6, based on this comparison. 

So far, this analysis has used one observation each for X and Y and the combined uncertainties, 
Uf; and Ui . What happens if there are IV observations ofX, namely {X;.}P~,J for N2 1, and A4 
observations of Y, namely { I;}iEru for A4 2 1 ? That is, how does the replication of observations 
for this one particular comparison affect the uncertainty in the difference? If X and Y are equal, 
then the difference of means has the following properties, analogous to Equation (8.2/2): 

. ..8.2/5 

In principle, this situation is the same as before, in that the combined uncertainty can be used to 
define an acceptance interval [-zc, ZC] associated with confidence level C. If the observed 
difference of means lies outside this interval, then one can reject the hypothesis that X and Y are 
equal, with confidence level C. If the difference lies inside the interval, then one can assume that 
the two quantities are equal, or they at least have a comparatively small true difference. 
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As above, attempting to achieve a tolerance Sin the comparison of means can put constraints on 

the allowable uncertainties in 8 and F, Ux = J(m and UF = J/-. 
In particular, for 95% confidence, 

.8.2/6 

The derived conditions here are necessary, but not sufficient. That is, if Ui is close to S/2, 

then U> /fi must be significantly smaller than S/2 , and vice versa. The random uncertainties 
appearing in Equation 8.2/6 can be controlled by increasing Nor A4, i.e., by using larger samples. 
The systematic uncertainties cannot be so easily changed. An analyst should be aware of the 
acceptable tolerance from the beginning of an analysis, so that he or she can choose acceptable 
methods of generating Xand Y, methods that will satisfy the constraints on systematic 
uncertainty in Equation 8.2/6. 

8.3 Comparing Simulations to Experimental Data for a Single Value 

The last section discussed the comparison of two uncertain quantities in general. When 
validating a computer model, one uncertain quantity is the output of the computer program that 
implements the model. The other quantity is typically either an experimental observation, or a 
quantity derived from experimental observations. One purpose of the comparison is to determine 
whether the computer model agrees or disagrees with the experimental result. Another purpose 
is to determine the accuracy of the computer model. In the case of a single value, the accuracy is 
simply the systematic uncertainty of the single specific result being compared. 

As an example, consider a gas mixing experiment. Figure 8.3/l shows a side view of the 
Whiteshell Laboratories large-scale gas mixing facility, which consists of a large, near-cubical 
room. In this experiment, helium is released through a nozzle at the bottom centre. The gas rises 
in a plume to the ceiling. The pressure in the room does not rise because of a vent to the 
atmosphere. The objective of the experiment is to determine the distribution of helium gas in the 
facility. 

The reason for the experiment is to validate a thermalhydraulics code to be used in analyzing the 
distribution of hydrogen in reactor containment during a loss-of-cooling accident (LOCA). The 
hydrogen could be produced by the oxidation of components in the reactor core by steam during 
the accident. Hydrogen distribution is of concern, due to the potential for damage to the 
containment should hydrogen burn, or possibly detonate, in the containment building. 
Table 8.3/l shows the analogues between this facility and a reactor accident scenario. 



View of the LSQYF from north wall 

Figure 8.3/l. Helium Plume in Large Scale Gas Mixing Facility 

Table 8.3/l. Aualogues in Gas Mixing Facility 

Aspect of Experiment Corresponding Aspect of Reactor Accident 
gas mixing facility reactor containment, or part thereof 

nozzle pipe break 
helium gas Hydrogen gas [Dz has same molecular weight as He] 

measured He concentration HZ or Dz concentration 

In this example, the value to be validated is the estimated helium concentration at various points, 
of which we focus on a single point 1 m above the centre of the nozzle opening. At this point, 
the concentration should still be relatively high, assuming 100% He concentration in the gas 
emerging from the nozzle. Assume that a probe at this location sucks gas through a small orifice 
into a long plastic tube that eventually leads to an analyzer capable of determining the helium 
concentration. Uncertainties arise due to nozzle flow rate, the location of the probe, the time 
required to convey the gas to the instrument, the limited accuracy of the instrument, analog to 
digital conversion, etc. Jn addition, the plume is unstable and varies in an erratic manner. 
Consequently, there is random variation from one experiment to another, and from moment to 
moment. 
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The simulation uses a finite difference solver to solve a set of equations for conservation of mass, 
momentum and energy, as well as state equations to govern state changes (e.g., condensation), 
the Navier-Stokes equation for fluid dynamics, etc. The volume of the chamber is subdivided 
into about 1,000 cells, each having a volume of 1 m3. The concentration at the specified point is 
taken to be the average concentration in the cell containing that point. Random uncertainties 
arise from values assigned to a large number of constants in the model used to solve the 
equations (e.g., assumed turbulence levels). Different values assigned to these constants would 
give rise to different solutions. Systematic uncertainties stem from the choice of mesh, inability 
to represent the exact shape of the nozzle, numerical limitations of the solution, and a variety of 
other model assumptions and limitations. 

The tolerance for uncertainty in measuring concentration is perhaps 1%. That is, if the 
concentration is found to be 14%, a 95% confidence limit should be about 14fl%. The concern 
here is that a 13% mixture can burn, but not detonate, whereas a 15% mixture can detonate under 
some circumstances. Furthermore, the volume of detonable mixture is important, as a certain 
minimal volume is required for the detonation to occur. Because of the coarse resolution of the 
mesh, small changes in the estimated concentration in some of the cells can give rise to large 
changes in the estimated volume of the detonable mixture. 

Following Equation 8.2/4, if the combined uncertainty in the measurements or in the simulations 
is found to be greater than 1%/2=0.5%, it will not be possible to establish the required accuracy 
of the model. That is, it may be possible to demonstrate that the computer model is inadequate, 
if the measured and simulated values are significantly different, but it will not be possible to 
demonstrate that the computer model is good enough, since the difference between measured and 
simulated values will have an uncertainty that is too large for the tolerance. 

In this way, a specified tolerance in the ability to estimate hydrogen concentrations in licensing 
studies can lead directly to a qualification requirement for a dataset in validation. Similarly, the 
tolerance provides a requirement for the accuracy of the computer model. 

In comparing simulations to experimental observations, it is important to categorize a source of 
uncertainty correctly. Does an input uncertainty affect the experimental result, or the simulation 
output? 

Consider two different inputs in the gas-mixing experiment: the nozzle flow rate in kg/s, and the 
initial relative humidity of the room at the start of the experiment in percent. The nozzle flow 
rate is a design parameter for the experiment. It appears as a factor in the design matrix for a 
series of experiments. If an experiment is replicated, then the experimenter will try to duplicate 
the original flow rate. The achievement of a specific flow rate may be hampered by the 
combined uncertainty in the measured flow rate, which could be 2%. In contrast, the relative 
humidity is simply measured when the experiment is performed. The experimenter does not 
attempt to control this variable. Observed values range from 10% to 90%, depending on the 
season and the weather, and previous injection of steam into the facility. 
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If gas concentration is measured with a random uncertainty of 1 %, should an additional 
uncertainty be added to the combined uncertainty in the experimental gas concentration to allow 
for each of these parameters. 3 Or should that uncertainty be represented in the computer model 
input and used to derive a corresponding uncertainty in the estimated gas density derived from 
simulations? Or both? 

The key information that is required to answer these questions is the detailed definition of the 
quantity being estimated by experiment and by simulation. For example, if the quantity of 
interest is the concentration at a specifiedpoint and time due to a constant inflow of 0.010 kg/s, 
then an uncertainty allowance in the measured value should be made for any possible deviation 
from 0.010 kg/s in the experimental flow. In replicating the experiment, the experimenter should 
attempt each time to achieve exactly 0.010 kg/s. In simulations, the inflow should be set to 
exactly 0.0 10 kg/s, with no uncertainty. 

On the other hand, if the quantity of interest is the concentration at a speczjiedpoint and time in 
the experiment of2000-Ott-23, then the only uncertainty in the experimental concentration is that 
due to measurement error. Inputs to a simulation of that experiment should be considered to be 
uncertain, because of inexact measurement. For instance, if the inflow was measured to be 
0.010 kg/s, then the inflow in simulations should be varied over possible true values that could 
have given this reading. 

The other aspects of the definitions above play a similar role. Both definitions mention a 
speczj?edpoint. The experiment, with a small probe, does a much better job of matching this 
definition than the simulations, in which concentration is averaged over a I-metre cube. 
Additional uncertainty should be applied to the simulation results, because what is simulated is 
not what is being studied. In contrast, the reverse is true with respect to a speczfzed time. The 
simulation has no difficulty providing a concentration for a particular time accurate to the 
millisecond. In the experiment, gas takes about 50 s to travel from the probe tip to the 
instrument, such that time measurements are uncertain by several seconds. Extra uncertainty in 
the experimental results should be assigned take this cause into account. 

A factor like relative humidity, which is not mentioned at all in the description, should be treated 
as if the description was written the concentration at a specifiedpoint and time . . . given a 
relative humidity with the following probability distribution . . . . In the case of a single 
experiment, the probability distribution would describe possible values of relative humidity given 
the measured value in the experiment. If multiple experiments were carried out, the distribution 
would be a broader distribution of which the actual values would form a representative sample. 

In the situation where several replicated experiments have been conducted, use the first phrasing 
(the concentration at a speciJedpoint and time due to a constant inflow of 0.010 kg/s) and 
estimate the uncertainty in the output concentration by statistical analysis of the experimental 
results. If only one experiment has been carried out, then use the second phrasing (the 
concentration at a specijedpoint and time in the experiment of 2000-Ott-23). Then, all the 
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uncertainty is in the simulation input, and this uncertainty can be estimated by statistical analysis 
of simulation results. 

If, for some reason it is necessary to associate the uncertainty with the single measured result, 
then it may be difficult to determine that uncertainty. One way of doing so is to carry out 
simulations of the experimental set-up, in which only the experimental inputs vary randomly. 
The corresponding random variation of the output of interest can be used to estimate the 
uncertainty in the experimental output that is due to uncertain inputs. For example, one could, in 
principle, use the computer model being validated to estimate the uncertainty in helium 
concentration resulting from an uncertainty in flow rate. To perform the estimation, one would 
vary just the flow rate inputs and determine the corresponding variation in the helium 
concentration. This uncertainty estimation should not be considered part of the validation. In the 
validation runs, one would still keep the flow rate fixed. This approach is feasible, but not 
recommended if it can be avoided, as it places numbers derived from simulations into the 
experimental side of the comparison. 

The following three cases represent different possible outcomes from a validation exercise: Only 
one outcome leads to a conclusion that the computer model deems to be acceptable for its 
planned usage. However, all of these cases should be carefully documented as part of the 
pedigree of a computer model. Failures should be reported along with successes, so that 
potential users have a reasonable basis on which to judge the appropriateness of the computer 
model to their applications. 

Case I: Reasonable Aareement with Adeauate Tolerance 

Suppose that Table 8.3/2 represents the data in a comparison of helium concentrations. Taking 
the difference of the two mean estimates gives 0.6f0.5% He, where the uncertainty is given by 
Equation (8.2/3): 0.5 = Jm. Assuming a normal uncertainty distribution, the 95% 
acceptance interval for the actual difference between the two true values being compared is about 
E-0.4%, 1.6%], which satisfies the required tolerance for the uncertainty in terms of the width of 
the confidence interval. Since 0% lies within this interval, there is no reason to reject the 
hypothesis that the measured and simulated values agree. Alternatively, one could define an 
acceptance interval with the same length: [-1 .O%, 1 .O%], and note that the observed value 0.6% 
lies inside this interval, yielding the same conclusion. For this one point, one could conclude that 
the computer model has been successfully validated. 

Table 8.3/2. Example of Agreement in a Validation Exercise 

Source 

Measured 
Simulated 
Difference 

Mean Estimate 
% He 
14.7 
14.1 
0.6 

Random Uncertain@ Systematic Uncertainty 
[Oh He] [“A He] 

0.2 0.2 
0.3 0.3 

Combined Uncertainty 
[O/O He] 

0.3 
0.4 
0.5 
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However, the difference is not 0%, indicating a possible bias in the simulated value. Should the 
analyst use the estimated bias of -0.6% in the simulation result as a correction term to adjust 
other estimates made with the computer model under comparable circumstances? 

Consider the general case first. Suppose that X estimated with a computer model has a 
systematic error eS, = b, where b is an unknown bias. Assume that X = Y so that X and Y are 
supposed to estimate the same quantity. Let b represent the difference between the observed 
values Xand Y, so that b is an estimate of b, the actual bias. That is, 

b = X-Y 

= (e> + b)-(es +e;) 

E(b) = b 

u,c = l/m 

. ..8.3/1 

making b an unbiased estimator of the true X-bias, b. 

One can consider -b to be a correction term that can be added to the observation X to yield an 
unbiased estimate of X For instance, Xcould be the true temperature of a particular mixture 
after a chemical reaction has gone to completion. Y could be a measured temperature taken from 
a thermometer applied to the mixture. X could be a computed temperature from a chemistry 
model. The correction -b=Y-Xcan then be applied to other temperatures computed by the same 
model for similar mixtures. 

Consider a new value X’ that is generated in the same way as the original X, to estimate a new 
true quantity X’(i.e., in a new experiment or application). For instance, using the example of the 
last paragraph, X’ could be the computed temperature of a different mixture from the one used to 
derive b. Let X”=X’-b be the bias-corrected value. What is the uncertainty in x”? The 
following analysis answers this question: 

whereas 

X” = X’-b 

= (X’+b+e>)-((ek + b)-(et +e;)) 

= x’+(e> -e>)+(ei +e;) 

E{X”} = x’ 

u;. = l/m 

. ..8.3/2 

If one compares the last two equations, one can see that the correction of bias gives a reduction in 
uncertainty in the estimate if and only if 
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. ..8.3/3 

Or, in other words, the uncertainty in the estimate is reduced if the systematic uncertainty is 
greater than the combination of all the other contributions to uncertainty in the difference 
between X and Y. From this inequality, it is clear that there is no point in correcting a bias b 
unless it is greater than both the random uncertainty in X (i.e., Ul; ) and the combined uncertainty 
in Y (Ui ). If you try, you will actually increase the combined uncertainty in your result. 

Returning to the case of Table 8.3/2, consider Table 8.3/3, which shows another validation 
exercise carried out by correcting for the bias of 0.6%. The bias itself has a combined 
uncertainty estimated by Equation (8.3/l) to be 0.4 = Jm in units of percent, although 
the systematic uncertainty in the corrected quantity is assumed to drop to negligible levels (the 
best possible case). The combined uncertainty in the corrected value is given by 
Equation (8.3/2), and is about 0.5%, compared to the combined uncertainty in the simulated 
value alone of 0.4%. The 95% interval of high confidence for the simulated value with the bias 
correction has been shifted from (12.2, 13.8) to (12.6, 14.6). This interval has been both shifted 
and expanded. The expansion occurs because the bias correction is not known very accurately, 
so that correcting for the bias actually makes the uncertainty larger. 

Table 8.313. Another Validation Exercise Using Values Corrected for Bias in Table 8.3/2 

Source Mean Random Systematic Combined IntervaI of 95% 
Estimate Uncertainty Uncertainty Uncertainty Confidence 

[O/O He] [O/O He] % He [O/O He] [% He] 
Measured 13.3 0.2 0.2 0.3 (12.7, 13.9) 
Simulated 13.0 0.3 0.3 0.4 (12.2, 13.8) 
Simulated - Measured -0.3 lki5Gixo.s (-1.3,0.7) 
Corrected = Simulated 13.6 
- Bias Jycqzi7 = 0.5 (12.6, 14.6) 

Corrected - Measured 0.3 - = 0.6 (-0.9, 1.5) 

Notice that the correction has not made much difference to the agreement of the data. In both the 
uncorrected and the corrected comparisons, 0 is within the 95% acceptance interval for the 
difference between the simulated and measured values. Therefore, there is no evidence to reject 
agreement between the two values. However, the increased uncertainty of the corrected values 
results in a confidence interval that is too broad for the specified tolerance. The 95% confidence 
interval for “Corrected-Measured” is 1.5-(-0.9)=2.4% in length, whereas an interval length 2% 
(twice the tolerance of 1%) is required. Whereas the uncorrected value demonstrates agreement 
within the required tolerance, the corrected value yields an indeterminate result. 
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Case 2: Adeauate Aareement, Excessive Uncertaintv 

Consider the same situation as in Table 8.312, but with slightly different values, as shown in 
Table 8.3/4. In this case, the difference between the measured and simulated estimates is 
2.6+2.1%. The 95% interval of high confidence for the true difference is [-1.5%, 6.7%], based 
on 1.96 standard uncertainties. The measured and simulated values agree, as 0% lies inside the 
interval for the difference. However, the width of this interval is 8.2%, which is far greater than 
twice the allowed tolerance of 1%. In fact, the best estimate of the difference is more than 2%, 
indicating a possible disagreement between the experimental and simulated values at a level that 
is not acceptable. 

Table 8.3/4. Example of Agreement with Excessive Uncertainty 

Source 1 Mean Estimate 1 Random Uncertainty 1 Systematic Uncertainty Combined Vncertainry 
[O/O He] [Oh He] - % He 

I 0.2 I n2 I n3 -.- V._ 
Simulated 1 12.1 1.3 1.6 2.1 
Difference 1 2.6 2.1 

I 
Measured 1 

[Oh He] 
14.7 

The best that can be concluded from this data is that the validation test was inconclusive. There 
was not enough evidence to reject the proposed fit of the computer model to the data, but the 
uncertainty in the simulated values is clearly excessive. If the same uncertainty were observed in 
applications of this computer model, it would be difficult to determine how large the potentially 
detonable hydrogen cloud might be. An analyst faced with this kind of result should be 
recommending changes in procedure to reduce the uncertainty in the result. 

In the table, the uncertainty in the simulated value dominates the uncertainty in the difference. If 
the situation were reversed, so that the measured values had a high uncertainty but the simulated 
values had a low uncertainty, the conclusions would be different. There would still be no 
evidence to reject the computer model, and the acceptance interval would still be too large to 
declare the validation trial a success. In this case, as opposed to the previous one, the uncertainty 
in the outputs of the model is quite acceptable. It is quite possible that the computer model is 
acceptable in its current state, and does not need further work. However, the computer model 
might also prove to be unacceptable when properly tested. The analyst should conclude that a 
different experimental dataset should be used to test the code, as this dataset is clearly inadequate 
to distinguish good agreement from disagreement. 

Case 3: Clear Disaareement 

Consider the same situation as in Table 8.312, but with slightly different values, as shown in 
Table 8.315. In this case, the difference between the measured and simulated estimates is 
6.6+0.5%. The 95% acceptance interval for the true difference is [5.6%, 7.6%]. The width of 
the confidence interval meets the required tolerance. However, meeting the required tolerance is 
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immaterial if the two observations do not agree, and in this case, the hypothesis that the two 
values are estimates of the same quantity can be rejected with high confidence (the larger 99.9% 
acceptance interval is not even close to containing 0). If 0 was just outside the 95% acceptance 
interval, one might attribute the result to a rare event, but in this case, only an extremely rare 
event could explain this result by chance. 

Table 8.3/5. Example of Disagreement in a Validation Exercise 

Source Source 

8.1 8.1 0.3 0.3 0.3 0.3 
6.6 6.6 

Combined 
I 

Conjidence 
Uncertainty interval I 

0.4 1 95%: (7.3,8.9) 
0.5 1 95%: (5.6,7.6) 

99%: (5.3,7.9) 99%: (5.3,7.9) 
99.9%: (5.0, 8.2) 99.9%: (5.0, 8.2) 

What does this failure to validate actually mean? It does not just mean that the computer 
program is inadequate for the current task. For an inaccurate computer program, one would 
expect to see that the combined uncertainty in the code output would be large, but that agreement 
could still be achieved. Rather, it means that a mistake was made somewhere in the validation 
process, and that this mistake should be identified and corrected. There are several possible 
explanations for this result, including the following: 

l Different underlving true values. For instance, in the gas mixing example, the simulation 
estimates the average helium concentration over a relatively large volume with high 
internal gradients. In contrast, the experiment measures the average concentration at the 
surface of the probe end, an area of a few square millimetres. Even if all error is removed 
from the measurement and simulation processes, the true values that are left could be 
quite different. Inadequate planning of the validation exercise could lead to this kind of 
result, in which the wrong simulated value is being tested, or an inappropriate dataset is 
chosen to validate a computer program. Different underlying true values could also arise 
in other contexts, including a model being applied to a problem that is outside its scope 
(e.g., the computer mode1 might not be designed to work for gases with different 
densities, like helium in air). In that case, the true value estimated by the computer model 
might be non-physical, and thus, different from the true value in the experiment. 

l Unusual error in the measurement nrocess. The experiment could have been affected by 
instrument failure, or by a procedural error on the part of an experimenter (e.g., setting a 
valve to sample from the wrong probe location). Or, there could have been liquid water 
in the line, etc. These effects are all beyond the types of random and systematic error that 
are considered when estimating the measurement uncertainty. They represent a failure of 
quality control over the experimentation and data qualification process. 
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l Error in the simulation nrocess. The simulation could have been affected by computer 
software defects, by the use of an incorrect input or command file, or by a mistake in 
extracting the correct output value. These effects are all beyond the types of random and 
systematic errors that are considered when estimating the simulation uncertainty. They 
represent a failure of quality control over the model development and application process. 

l Error in the uncertaintv estimation. An unusually large discrepancy between 
experimental and simulated results could arise, because the uncertainties estimated for the 
measured and simulated values are unrealistically low. If more appropriate uncertainty 
estimates are used, then it is possible to have the original disagreement become an 
agreement, albeit one that exceeds the required tolerance. This mistake could arise due to 
an incomplete or optimistic uncertainty analysis. 

In other words, to get a clear disagreement between experiment and simulation, something must 
have gone wrong in the validation process, whether in planning, implementation, or analysis. 
The disagreement is justification for invalidating the computer model, at least until the 
discrepancy is explained. Until then, the computer model should be treated with suspicion. 

An analyst could use one or more of the following remedies: 

l Ensure direct corresnondence between the exuerimental and simulated values. If the 
excessive size of a cell in the simulation is a problem, then one could either alter the 
partitioning to use a smaller cell, or move the probe around in the experiment to measure 
the average concentration within the given cell size. 

l Find and correct uroblems in the imnlementation of the exneriment or the simulation. For 
instance, if the computer model is affected by a software defect, then that specific defect 
should be traced down and fixed. However, that step alone is not enough. The 
occurrence of this defect shows that the original quality control was not adequate, and 
that other unidentified problems could exist. The quality control program that permitted 
this failure should be reviewed and corrected. If it is not, the systematic uncertainty of 
the experimental or simulated value should be adjusted upward to allow for other 
undetected defects. 

l Find and correct problems in the uncertaintv estimation. It may happen that the 
difference between experimental and simulation results only looks excessively large 
because one or both of the uncertainty estimates is unrealistically low. Systematic 
uncertainties in particular could be too low, because they must be estimated without the 
benefit of statistical analysis of results. Of course, increasing the uncertainty estimate 
enough to make these values agree might easily result in excessive uncertainty for the 
tolerance required, as in Case 2 above. In any case, the uncertainty estimation process 
should be reviewed thoroughly and redone, since the presence of one defect could easily 
signal the presence of others. 
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8.4 Comparing a Set of Observations 

It is uncommon to run a simulation to produce only a single output. More typically, an analyst is 
looking at a number of different values, or a single type of value that varies with space or time. 
For example, in simulating a helium plume, an analyst might try to validate a model at several 
different locations in space, corresponding to the locations of probes in the experimental 
apparatus, or at several different times, representing different stages in the outcome of the 
experiment. Such situations are different conceptually from instances in the previous section, 
where replications of the same observation are made, as in repeating an observation in multiple 
replications of an experiment. 

In multiple comparisons, the experimental results and simulation results would ideally agree to 
within the specified uncertainty for each variable, at each location and at each time. 
Realistically, one would expect some discrepancies to occur, if for no other reason than chance, 
since uncertainty is a probabilistic phenomenon. 

When several observations are involved, each pair of values (one experimental value, one 
simulated value) can be compared as in the last section. Each comparison has the properties 
shown in Table 8.4/l. 

Table 8.4/l. Possible Results of Each Comparison 

Comparison Property Possible Values 
Distribution for experimental value Distribution type and attributes, usually including estimated 

mean, random uncertainty, systematic uncertainty ,______________-___----------------------~--------------- -- _------------ --------- 
Distribution for simulated value Distribution type and attributes, usually including estimated 

mean, random uncertain~, systematic uncertainty ‘------------------T-T-----------------------------~--.--~---- -- -----_---____ --------- 
Dlstnbutron for difference Derived dtstrtbutton ,___________________--------------------~--------------------------------~---------- 

Indicator - Is width of 95% confidence interval Yes or no 
within reguired tolerance for difference? .------------- __________________-_-----------~---------------------------- --------- 

Indicator - Does the difference suggest agreement Agreement or disagreement 
or disagreement? 

Given enough observations, some differences are expected to lie outside the 95% confidence 
interval. A pattern of points outside the confidence interval can be unacceptable in two ways: 
(a) if too many points lie outside the confidence interval, or (b) if any results lie too far outside 
the confidence interval. Suppose N independent observation pairs are involved. When applying 
95% confidence intervals, one would expect (1 - 0.95)N = 0.05N observations to fall outside the 
bounds, even if the true value of each difference is 0. In that case, the actual number of 
disagreements, do.95, follows a binomial distribution (see Appendix B). This distribution is 
characterized by N trials, each with a probability of failure of 0.05. That is, 
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d 0.95 - B(N,0.05) 
E{do,,} = 0.05N 
u;o,,, = JO.05 x 0.95 xiv = 0.22&V 

. ..8.4/1 

For instance, if N=20, then one would expect 0.05x20=1 difference to lie outside the 95% 
confidence interval by chance. The standard uncertainty in this number is 0.22x20°.‘=0.98. 
Hence, one would not be too surprised if 0 or 2 differences fell outside the 95% confidence 
interval, and even 3 differences might be acceptable. By calculating binomial distribution 
probabilities, one can determine that the chance of getting from 0 to 3 differences outside the 
95% confidence interval by chance is 98.4%. If, however, 4 or more differences take values 
outside the confidence interval, then one can conclude that the simulation results overall show 
significant disagreement with the experimental results, even though the majority of individual 
points agree. This conclusion is significant at the 2% level. 

The other evidence of significant disagreement arises when a few differences are too large. This 
situation can be addressed by considering confidence intervals that are associated with higher 
levels of confidence. For instance, suppose one were to deal with a 99.9% confidence interval. 
In this case, the actual number of disagreements, do.999, is expected to be very small. It follows a 
binomial distribution having N trials, each with a probability of failure of 0.001. That is, 

d 0.999 - B(N,O.OOl) 
E{do,,,} = 0.001N 
U;,, = JO.001 x 0.999 x N = 0.032fi 

. ..8.4/2 

For N=20, the expected number of differences lying outside the 99.9% confidence interval is 
0.02. The uncertainty in this number is only 0.032x200.‘- -0.14. Using the binomial distribution, 
one can calculate that there is only a 2% chance that any of the 20 differences would fall outside 
this confidence interval, if the underlying true values were the same. A single observation falling 
outside the 99.9% confidence interval would therefore be adequate evidence to conclude that the 
underlying true values are not the same, i.e., that the computer model sometimes produces 
different results from experiments. This evidence would be significant at the 2% level, because 
the probability of observing such an outlier by chance is 2%. 

The calculations above were based on an assumption that observations were statistically 
independent. This condition is not always satisfied. For example, helium concentrations at 
different locations could be positively correlated if the locations are close together, or negatively 
correlated if they are far apart. Correlations among the observations could either mask 
differences between experimental and simulated values, or exacerbate them. Without knowing 
the degree of correlation, it is difficult to evaluate comparison data. For this reason, it is a good 
idea to use results that are as independent as possible in the comparisons. Analysis of results that 
are known to be highly correlated is possible, but beyond the scope of this guide. 
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The results of a number of observation comparisons can lead to one overall conclusion, as in the 
previous section. There are three possible categories of outcome: 

1. Reasonable agreement with adeauate tolerance. The number of points outside the 95% 
confidence interval is not excessive. None of the points fall too far outside the 95% 
confidence interval. The demonstrated accuracy (i.e., average uncertainty) satisfies 
Equation 8.2/4. This is the ideal result. 

2. Adeauate agreement, excessive uncertainty. The number of points outside the 95% 
confidence interval is not excessive. None of the points fall too far outside the 95% 
confidence interval. However, the demonstrated accuracy does not satisfy Equation 8.2/4. 
This result calls for more testing. 

3. Clear disagreement. Either too many points lie outside the 95% confidence interval, or 
there is at least one point that is too far outside the 95% confidence interval. Something 
is wrong in the preparation, execution or analysis of the comparisons. The problem 
should be identified and fixed, and the circumstances that led to the problem should be 
taken into consideration in estimating the systematic uncertainty. 

Possible remedies in the case of clear disagreement have already been discussed in Section 8.3. 
When many different values are being compared, and the cause is suspected to be an 
underestimate of the systematic uncertainty in the simulated result, another option arises. A 
requirement to increase the systematic uncertainty might flag a situation that is appropriate for 
calibration of the simulation model using methods similar to Equations (8.3/1)-(8.3/3). 

That is, one may have the following situation. Suppose that Xestimated with a computer model 
has a systematic error eS,, - - b+ Zi, , where b is an unknown bias common to all estimates, and 

Z”, is a systematic error specific to the point i. The systematic error Z”, is constant, but 

unknown, Its distribution has mean 0 and uncertainty flS,. Although both ek, and Zi, affect only 
the ith point, they are fundamentally different quantities. The former is a random error stemming 
from the analyst’s uncertainty about the values of the parameters that determine Xi; it can change 
from one application to another. The latter is a systematic error that is characteristic of the 
manner in which Xi is computed; i.e., it is due to the inaccuracy of the computer model that is 
always the same for this combination of parameter values. 

As an example of Zi, , consider the plume experiment of Section 8.3. A model of the plume 
concentration based on large cells with uniform concentrations would tend to have a negative 
systematic error near the release point, since a large cell there would extend outside the plume, 
and would have a lower average concentration than a small cell in the centre of the plume. The 
model would tend to have a positive systematic error outside the plume, since a large cell there 
would likely intercept part of the plume. The cell would therefore have a positive concentration 
where there should be none. The systematic error, Z”, , would therefore vary in sign from one set 
of co-ordinates to another. In contrast, the overall bias LJ of the model might be positive or 
negative, but it would be common for all locations. 
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Assume that Xi = V, for i= 1 ,N, where N distinct comparisons of experimental and simulation 
results are carried out, each one at a different point (i.e., at a different set of parameter values). 
Assume the points are randomly or systematically scattered throughout the region of interest. Let 
b represent the average difference between the observed values Xi and fi, i=l ,N, so that b is an 
estimate of b, the common bias. That is, 

b 

= fl[(Xj+e>, +b+FJ,)-(Y,+ei +e;)] 
r-l 

= 6-e; +f$(e>, +i$, -e;l) 
i-l 

E(b) = b 

Js.413 

u, = $u:p +$(u;,‘+(f7;)2 +(u$] 

This makes b an unbiased estimator of the true X-bias, b. 

Once again, one can consider-b to be a correction term that can be added to each observationX 
to yield an unbiased estimate of X. Consider a new value X’ that is generated (in the same way 
as the original set of Xi’s) to estimate a new true quantity X’(i.e., in a new experiment or 
application). Let X”=X’-b be the bias-corrected value. The uncertainty in X” is 

X” = X’--b 

= (X’+ b+e$ +Zi*)- b-e”, +-!-$(e>, +Z’, 
( 

-e;> 
i I 

= X+e$ +Z$ +ei -$$(e>, +Zi, -ei) 
r-l 

E{X”} = X’ 

U;. 

. ..8.4/4 

whereas 

If one compares the last two equations, assuming that N is sufficiently large that (N+l)/N is 
approximately 1, one can see that the correction of bias gives a reduction in uncertainty in the 
estimate if and only if 
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That is, correcting for the bias given several pairs of estimates and experimental results reduces 
the uncertainty in an estimate only if the estimated bias is larger than the combined uncertainty in 
the average measurement (l/N)zy Y; . Th e correction would be able to convert a clear 

disagreement into an agreement if the bias-corrected values (xi’ = Xi -b},=,,, agreed with the 

experimental values {q}i=,,N according to the criteria given above, and if the modified 
uncertainties from Equation (8.4/4) satisfied the required tolerance. 

An indication that the computer results should be calibrated is that the differences between 
estimates and observations all seem to have a common direction and magnitude. The differences 
would seem to indicate an unexpected systematic error, although this could be attributed to bias 
in either the experimental results or the computer model. Some explanation for the bias would 
be needed, along with some evidence that it affected the model, rather than the experimental 
results, before bias correction would be acceptable. Ideally, this calibration would be carried out 
as a pre-validation exercise. Realistically, a validation analyst may discover that the systematic 
uncertainty in a computer model is too large only when an attempt to validate the model fails. 

If calibration is used to make estimates and observations agree, then it is highly desirable that an 
independent dataset be used to confirm the validation. If no independent dataset is available, the 
analyst should use only half the dataset to estimate the bias, and should then apply the bias to all 
the points. 

8.5 Assessment of Code Accuracy 

The accuracy of a computer program implementing a physical model is the average systematic 
uncertainty of estimates made with the computer program. A single program can have a different 
accuracy for each kind of output. For instance, temperature might be estimated with an accuracy 
of 1 “C, whereas the concentration of hydrogen estimated by the same computer program could 
have an accuracy of 2%. 

Accuracy is based on systematic uncertainty, rather than on combined uncertainty, because the 
systematic uncertainty is more likely to be the same from one application to another. The 
combined uncertainty includes allowance for random uncertainty, and in the case of a simulation, 
random uncertainty depends on the uncertainty in the inputs to the simulation model. In common 
use, accuracy of a computer model is taken to be a property of the model alone. It is the least 
uncertainty achievable under conditions where all the inputs are known exactly. That quantity is 
the systematic uncertainty. 
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Accuracy is intended to help in estimating systematic uncertainty when applying the computer 
program to a particular licensing or design situation. For example, if a particular application has 
a tolerance for 1% uncertainty in one output quantity, then there is no sense applying a computer 
program with an accuracy of 3%. It is clear from the outset that this computer program is not 
adequate for the task. However, if the accuracy of the computer program were 0.3%, then it 
could possibly be used, and the accuracy estimate should be used when estimating the overall 
uncertainty in making estimates of outputs for that application. 

As accuracy estimates are intended to be used in assessing the appropriateness of a model to an 
application, accuracy estimates should be relevant to the conditions of application. If, for 
instance, accuracy is estimated at one scale, but applications use a much larger scale, then the 
accuracy should be adjusted for scale effects. 

Similarly, the averaging of uncertainty should be over relevant values. For example, a 
thermalhydraulics code could be used to estimate helium concentrations in a large vented 
chamber into which helium is pumped. If helium mass fractions in the plume near the release 
point are relatively high (e.g., 0.25), but mass fractions everywhere else are low (<0.02), then it 
will be easier to achieve good accuracy outside the plume than in it. Is it then appropriate to 
average uncertainties at 50 points outside the plume with uncertainties at 2 points inside the 
plume to determine the accuracy of the thermalhydraulics code? The overall average uncertainty 
might be 0.006, whereas uncertainties inside the plume might average 0.05 (both expressed as 
mass fractions). If the validation analyst reports only the first number (0.006), then a safety 
analyst might use this value when estimating concentrations near a release point in a LOCA 
study. As a result, the uncertainty in the application could be significantly underestimated. As a 
rule, if there are substantially different uncertainties in different locations or at different times, 
the corresponding accuracies should be quoted separately. Alternatively, one might find a way of 
expressing the accuracy that does not show so much divergence (e.g., as a relative uncertainty 
instead of an absolute one). 

If validation comparisons have shown adequate agreement between experiment and simulation in 
estimating quantity X, then the assessment of accuracy should follow the steps below. Table 
8.5/l gives a simple example of the estimation of accuracy of a model. 

Table W/l. Estimation of Accuracy of a Gas Mixing Model 

Example 
In the gas mixing experiments described in Section 8.3, observations of helium concentration at 90 s into the 
experiment were made at 5 points shown in Figure 8.5/l : P2, P4, PS, P7 and P9. A thermalhydraulics computer model 
was used to simulate the experiment and derive estimated concentrations at these same points at 90 s. What was the 
accuracy of the model, given that the following results were obtained”? For simulated concentrations, random 
uncertainties only are shown, based on uncertainties of model coefftcients. 

” In fact, these numbers were fabricated for the example, and should not be considered to be representative of any 
particular computer model. 
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Probe Location 

Measured 
Concentration [% He] 
Simulated 
Concentration [Oh He] 

P2 P4 

55+3 5.8f0.3 

27f5 7.2f0.4 

P5 

0.9f0.2 

1.9f0.3 

P7 P9 

0.3f0.2 0.8f0.2 

l.lf0.2 1.5f0.3 

Solution 
First, systematic uncertainties were needed for the simulated concentrations. The main source of systematic 
uncertainty was the effect of averaging concentrations over cells that were large compared to the gradients involved. 
In particular, points P2 and P4 were located at the centre of the plume, but in cells that reached partially or entirely to 
the edge of the plume. Using the expected gradient across the plume from Blevins [ 19921, it was estimated that the 
averaging effect would both bias the results (by reducing the estimated centre concentration) and increase uncertainty. 
The following corrections and uncertainty estimates were made (unit in all rows after the first is helium fraction by 
volume [me3]): 

Probe Location 

Measured Cont. 

P2 

55f-3 

P4 

6.3f0.3 
Simulated Cont. 
Estimated Bias 

Corrected Cont. 
Svstematic UncertainOt 

27*5 7.2f0.4 
-0.60xConc. = -16 -O.lOxC = -0.7 

43 7.9 
O.SOxConc. = 14 O.lOxC = 0.7 , 

‘Ombined vncertainv ~142t((1+0.60)~5)2 =16 ~0.72+((1t0.10).0.4)2 =0.8 

The steps are 

0.8f0.4 0.8~tO.4 
I I 

0.7f0.4 Dlflerence in Cont. 
[Corrected-Measured) 

-12f16 1.6+0.9 

None of the differences between corrected and measured concentrations are significantly different from 0, although 
some are just at the edge of an interval for 95% confidence. The systematic uncertainties in corrected concentrations 
range from a low of 0.2% He to a high of 14% He, a span of two orders of magnitude. However, as a fraction of the 
corrected concentration, the uncertainties range from a low of 0.7%/7.9%=0.1 to a high of 140/a/43%=0.33, a much 
narrower span. The average ratio is Ji(Q + +$ + f(+$ + + t ++)) = 0.18 . In this average, the last three points were 
grouped together and averaged as one point, because they all have helium concentrations that are too low to be of 
concern. Hydrogen concentrations this low would not even bum. This weighting process focuses on the results of 
interest. The result indicates that an estimate of 15% hydrogen in a facility like this would have an accuracv (average 
systematic uncertainty) of about 0.18~ 15Oh=2.7%, in addition to whatever random uncertainty it would have for a 
particular case. This accuracy is not nearly good enough to distinguish detonable from non-detonable mixtures. 

The systematic uncertainty here was based on the spread of values to be observed in a single cell of the partitioned 
volumes, and it led to marginal agreement, with excessive uncertainty. The same approach could be used in a 
different application, where cell sizes are smaller, yielding smaller systematic uncertainties. Such an approach would 
not be acceptable unless it had first been used in a validation case that demonstrated both agreement with experiment 
and acceptable uncertainty. The concern here is that other sources of systematic uncertainty could become dominant 
with smaller cells. The accuracy estimated above is only relevant to applications that are similar to this one in scale, 
concentration, cell size, etc. 

1. Select a representative sample of points in the sample space of the computer program, and 
estimate Xvalues {X,}k=,,N . Some of them, at least, should be values that have been 
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ux by taking a weighted average of the squared uncertainties:

a, =

where the weights are positive numbers that sum to 1:
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&,. The method used to estimate these uncertainties should be the same as that
used to estimate uncertainties for comparison with experimental values.

Us(, , the systematic uncertainty in the computer-generated

estimate 
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checked against experiments, but it is also valid to include other values for a more
complete representation.

2. At each point, estimate 
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A simple choice for the weights is wk = l/N, but other choices might be used to 
emphasize points that are most comparable to the conditions where the code wilt be 
applied. 

4. Use reasoned arguments to adjust the estimated accuracy for scaling or other conditions 
that might differentiate the application of the computer program from its validation. 
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9. CONCLUSIONS 

This guide has shown how simulated results generated with a computer model each have two 
types of uncertainty: random uncertainty that comes from uncertainty about model input values, 
and systematic uncertainty that is a measure of the fitness of the model for the application. These 
two uncertainties can be merged and expressed as a combined uncertainty. 

The average systematic uncertainty in results produced by a computer model is called the 
accuracy of the model for a particular application. Since the random uncertainty of the model 
outputs depends on the uncertainties of the model inputs, the combined uncertainty of the model 
also depends on the uncertainties of the model inputs (i.e., garbage in, garbage out). 

Uncertainties of computer model outputs are needed for comparison with experimental results in 
model validation, and to determine intervals of high confidence in model applications. 
Consequently, uncertainty analysis should be a significant part of both validation and model 
application. 

The techniques described in this guide can, for the most part, be used in both validation and 
application. These techniques are primarily statistical in nature, since uncertainty analysis is 
most readily carried out using Monte Carlo sampling and simulation. Theoretical methods to 
achieve the same results have also been described. Both these approaches deal only with the 
random uncertainty of the simulation outputs (i.e., the uncertainty propagated through the model 
from uncertain inputs). Systematic uncertainty must be estimated by other means, and should 
never be ignored. 

Techniques for uncertainty analysis are still being developed. The suggestions in this guide are 
not all encompassing, and readers would do well to watch for improved or simplified methods to 
achieve the same results. 
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APPENDIX A 
SAMPLE DESIGNS 

Table A.l. Simple random sample (10 factors, 16 experiments, max. correlation=0.42). 

Sample 16,SR100x16x10.smp 

1 2 3 4 5 

1 0.4652647674 0.5362595540 0.0060249432 0.0969297952 0.6055005171 

2 0.7217979111 0.0011876653 0.5901020364 0.6179121909 0.6938766672 

3 0.2460605053 0.2062976413 0.5455761431 0.2790348543 0.4362354066 

4 0.7023640372 0.2368877071 0.9318427376 0.6237897264 0.5162647111 

5 0.8222326560 0.9757252173 0.5540043701 0.6990166136 0.1622454666 

6 0.4706163146 0.9556242530 0.6709109040 0.069002OtU4 0.1869054736 

7 0.9046379269 0.7792016222 0.9659283724 0.4022467929 0.0067593265 

8 0.9132248006 0.1507131613 0.1388047633 0.3625477211 0.3626376561 

9 0.2367015669 0.6535674458 0.4501318514 0.7144660446 0.4234174439 

10 0.7626746742 0.2916217431 0.6952569625 0.4887273506 0.7926753730 

11 0.5484762776 0.3446423652 0.0910816951 0.6935445673 0.3737205992 

12 0.5184914981 0.4526317127 0.9044332234 0.2795506877 0.5971273376 

13 0.6307675642 0.0944060869 0.9546229295 0.6796278695 0.1069939671 
14 0.1659330086 0.5121357576 0.4705073593 0.5606674797 0.3199056570 

15 0.9213919573 0.0482657141 0.2956213360 0.1147679943 0.0270671642 

16 0.0366294531 0.6309253062 0.2091655625 0.6999527697 0.8558957296 

6 

0.2710948973 

,0.1070762517 

0.0193215476 

0.5826408964 

,0.2802928282 

0.2627738072 

0.6094328990 

0.0336795770 

0.0688259779 

'0.7025752132 

0.6704563642 
0.1213075504 

0.4980376624 

0.8666291886 

7 6 9 IO 

0.5163121017 0.1084807218 0.4326415174 0.9727967846 

0.2564700696 0.7211179596 0.2075572709 0.4743590815 

0.9710651456 0.3315505969 0.6043767664 0.4293873068 

0.0925949825 0.7286318385 0.2421109971 0.9441573066 

0.9195643261 0.5109930331 0.0347769935 0.8769351439 

0.1829568117 0.5247396165 0.6689303399 0.5863179453 

0.3426203296 0.3406624143 0.6583954765 0.9909761398 

0.8614816411 0.8786405516 0.6680364552 0.6166540175 

0.4752816649 0.8278246380 0.1649141069 0.4740551179 

0.2860570523 0.2540619302 0.1066105237 0.0814825239 

0.2966331596 0.2584510409 0.6492067620 0.3346054130 

0.4096735642 0.1982920349 0.4060638961 0.1412575478 

0.3663172427 0.1299663232 0.3553101372 0.3932223502 

0.6332369241 0.4288469116 0.7469060964 0.5756154167 

0.4274650029 0.1009961507 0.7003369129 0.9110909676 

0.1242501034 0.9017651334 0.9727133004 0.4513554160 

Table A.2. Simple random sample (10 factors, 16 experiments, max. correlation=0.45). 

Sample45,SRl00xl6xl0a.smp 

1 2 3 4 5 6 7 8 9 10 

1 0.4094234451 0.6405063729 0.3162136423 0.4816703304 0.6087173256 0.1916416053 0.0623962534 0.7222546375 0.5653936322 0.0139730484 

2 0.5336804652 0.4949177523 0.6615919152 0.7190637988 0.2683299409 0.5703016739 0.1205980971 0.5166807001 0.3304925694 0.2759290973 

3 0.1943796489 0.1686378185 0.2729940606 0.1064851027 0.7357857454 0.2790204285 0.3512901086 0.0529932138 0.2715573702 0.5237349127 

4 0.0434203284 0.2087783565 0.6268034189 0.0223866890 0.2946079063 0.6139591462 0.8941825955 0.7145540933 0.5577212156 0.7376619216 

5 0.2562795860 0.6276631039 0.2562714251 0.6230923962 0.6389479280 0.6428707279 0.5617379540 0.0765383178 0.4741312873 0.2530600254 

6 0.9114757108 0.2857279595 0.2645994687 0.8863632463 0.1567317559 0.6769439439 0.2543406542 0.4303174531 0.8163462729 0.5460275493 

7 0.8178077592 0.7466700392 0.5201101654 0.1613360454 0.4227505365 0.9544244003 0.5617638900 0.0733822123 0.6970863652 0.2709139026 

8 0.5467221093 0.7004986660 0.2202458063 0.0438597792 0.9935540684 0.8266656887 0.6633996275 0.7979757698 0.3342266269 0.0134010526 

9 0.1925971166 0.5505222761 0.1933584472 0.0294158008 0.0473571110 0.7812805021 0.9403210081 0.2787686422 0.5732687706 0.1216042140 

10 0.5640311104 0.3118120054 0.9578752187 0.4948693139 0.9787763513 0.5445265791 0.7107513809 0.9180002699 0.6994046989 0.2878453666 

11 0.2295534070 0.9742729712 0.5369748847 0.9094483007 0.2845656167 0.6145674051 0.6923986924 0.1812596026 0.0608569229 0.8846722325 

12 0.1340935884 0.1996672176 0.7333373485 0.2592755401 0.7574963407 0.1582760869 0.1194524470 0.1767879366 0.6171108064 0.3670818070 

13 0.9537657667 0.4252261584 0.5666432315 0.4343266338 0.8056052410 0.5535741076 0.9654458047 0.0621712323 0.4186710959 0.7933349876 

14 0.5261863676 0.4973051824 0.3255709010 0.5558111392 0.8191940511 0.0126863477 0.3072428680 0.9302325468 0.7204380885 0.6965323321 
15 0.2011522881 0.4005778227 0.1654505403 0.1106756176 0.5649182635 0.4188344690 0.6020999291 0.1867406175 0.0302356418 0.9036676782 
16 0.2091943611 0.5956362017 0.9159517522 0.3253104367 0.3232494956 0.2841917925 0.6988544495 0.0367673746 0.7462585060 0.7351926703 
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Table A.3. Simple random sample (10 factors, 16 experiments, max. correlation=0.45). 

Sample46,SRl00xl6xl0a.smp 

1 2 3 4 5 8 7 8 9 10 

10.0325692568 0.6210275800 0.2351916153 0.3601584077 0.0192997526 0.4375550136 0.3366356851 0.7411152594 0.4505383235 0.1707165113 

20.6322786457 0.8539398375 0.5720663613 0.6403193340 0.6336978400 0.7489605804 0.2656332220 0.6005696141 0.6830454494 0.2103452864 

30.1742537950 0.4493110207 0.0854577567 0.0642417695 0.2399810289 0.9737840161 0.5979414070 0.5128325470 0.0611391455 0.4343631631 

4 0.7170944230 0.0946187405 0.1835613600 0.7922026194 0.1504977668 0.0399196403 0.2407265611 0.4908360958 0.3942126777 0.0653326018 

50.3326103115 0.8525602602 0.0648860268 0.7170076783 0.0399196286 0.6393004624 0.5317579689 0.2619257499 0.8074473896 0.4512650051 

60.1156296647 0.2914211166 0.9304695653 0.1456327148 0.4453347154 0.4074545609 0.4681003891 0.3694309511 0.1059015662 0.7030958560 

70.1147399363 0.7080120864 0.6348265739 0.1413445671 0.3279062420 0.4702136711 0.1063956532 0.9045057227 0.4599741396 0.7933573148 

8 0.1602265798 0.5130092037 0.9702926008 0.5507289532 0.1905674759 0.0425067607 0.4013398827 0.9802198865 0.4045638869 0.1223426191 

9 0.6010942549 0.5362595276 0.5991996346 0.0595085610 0.9470730696 0.7416925397 0.5042867900 0.3937844177 0.9409981067 0.2199813526 

100.4505193862 0.7453385367 0.7528605326 0.6498035700 0.6945761021 0.6755552660 0.8077933331 0.5792352484 0.2217456980 0.7179850050 

110.9815211025 0.1216Wl989 0.3877280646 0.9765767095 0.7693429485 0.3341729454 0.5360655762 0.6092810944 0.4836961402 0.0354422215 

120.9463902264 0.8393339730 0.1877518162 0.1125833467 0.84~6091910 0.0384179923 0.3720163551 0.4809367582 0.6365151478 0.9079081760 

13 0.0147906199 0.2192485805 0.8256895675 0.3561724359 0.6429073206 0.1206637110 0.7984924059 0.8415719801 0.5345894540 0.4754615412 

14 0.0804712038 0.2156606276 0.6364847020 0.2710703650 0.6957321697 0.209OWO429 0.0590927185 0.4941739065 O.62659l6867 0.1148908195 

150.9688937722 0.0059596785 0.2481177918 0.8851573007 0.1007451805 0.3661872437 0.3960569303 0.6173172378 0.5854760146 0.5501408668 

160.9372672311 0.5518256370 0.3756326652 0.8063248171 0.1709028651 0.8361319652 0.7651830044 0.9538719217 0.20997049!Xl O.663O8688l2 

Table A.4. Simple random sample (10 factors, 16 experiments, max. correlation=0.44). 

Sample49,SRlWxl6xl0a.smp 

1 2 3 4 5 6 7 8 9 10 

10.1985502883 0.3184428815 0.4467819077 0.2539621768 0.6818239038 0.5774783452 0.3916862239 0.0794442052 0.9916577025 0.1907416771 

2 0.6172836122 0.9594901997 0.8324833417 0.2560358874 0.8350680200 0.2413306146 0.7816660315 0.3649823059 0.4891666702 0.9869322555 

30.1657213176 0.7679127763 0.5766675717 0.2552067620 0.8025600775 0.8823387162 0.3933661606 0.6722299565 0.9915595297 0.3565458377 

4 0.2552076529 0.1598261526 0.6158271355 0.0620701888 0.7357502917 O.ZW7579969 0.9311354862 0.0380120094 0.1885488263 0.6043609202 

50.2575977499 0.8396757701 0.5611191077 0.9559922809 0.7724319376 0.2136606133 0.691W70941 0.6012304679 0.7977946635 0.0613694423 

8 0.7594739033 0.1267766872 0.6333802540 0.0686151080 0.1083772047 0.9156211275 0.7350635461 0.7345116470 0.7826256329 0.7225488033 

70.3499625339 O.5l66695785 0.9569020362 0.5747245147 0.7342815322 0.1301578860 0.0078333055 0.5032735523 0.5441826274 0.8322513794 

8 0.6857796072 0.4663365037 0.7164028245 0.7016741496 0.7477148686 0.5488029492 0.1239501336 0.4382504387 0.1756822094 0.1505106215 

90.4467558225 0.0568988993 0.6346597185 0.2503594824 0.0782761524 0.2684016671 0.1709504522 0.6109960496 0.9265813826 0.6529355513 

10 0.2104466068 0.1625244198 0.01084I46346 0.9493260708 0.4990243387 0.9603622059 0.3281440692 0.8526294702 0.6766095638 0.4209286282 

11 0.4212289299 0.9399607245 0.9739550053 0.4079829520 0.5198799641 0.8292189795 0.8290491317 0.7047126672 0.1901815257 0.4668709245 

120.2383W8429 0.6830670501 0.6820439742 0.0612743676 0.4318728559 0.7357738514 0.8503640112 0.1534017045 O.6623O69478 0.0530195648 

130.9264768258 0.9112896318 0.2037434729 0.0380217582 0.4934673849 0.0129256309 0.8058649133 0.4788766951 0.1284136314 0.8409239069 

140.3013587313 0.2685690787 0.0271922847 0.6934942422 0.4331264819 0.9071430632 0.1376966735 0.4379712227 0.9017500346 0.8376961967 

150.3463345930 0.6509862255 0.1989484645 0.2384829405 0.5503085283 0.9238307647 0.9737458983 0.6377536036 0.3732807223 0.7946537976 

180.9504503935 0.1114632172 0.6724364722 0.8234093856 0.3616651866 0.1964079752 0.9324386704 0.0636270602 0.5217371738 0.3416320415 
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Table A.5. Simple random sample (10 factors, 16 experiments, max. correlation=0.42). 

Sample 9l,SRlOOxl6xl0a.smp 

1 2 3 4 5 6 7 8 9 IO 

10.6389814159 0.2230656442 0.9366605106 0.8195869835 0.4515338343 0.6354696639 0.7184134735 0.2703650481 0.6792090641 0.5766541664 

20.5207561730 0.2349557356 0.4915510159 0.7582540245 0.3323600173 0.0873028992 0.1886312303 0.4807475263 0.4400871083 0.6036597067 

30.6684210765 0.3382908796 0.5679443130 0.3740766226 0.9206004288 0.5242267457 0.0150311416 0.9575967518 0.3169193363 0.2764021681 

40.9607753339 0.3625062501 0.6038447254 0.0780695252 0.2702756584 0.3111510723 0.3774521581 0.3360527066 0.0614244426 0.5108124104 

50.5116614546 0.7891562423 0.6266217629 0.4195250629 0.7574368893 0.7120781791 0.9341467724 0.5720461756 0.8903649476 0.9811567937 

6 0.5530198935 0.7312927574 0.0105612624 0.5726184799 0.9791262336 0.6600466294 0.2674134655 0.0969116900 0.7608960558 0.0670015173 

70.2621085101 0.7603694860 0.9463625657 0.2498003510 0.1551108005 0.7394825199 0.6330766312 0.5926657453 0.8830026179 0.4547427616 

80.2662269856 0.8579562602 0.1166986367 0.5710106562 0.6321614063 0.9643009566 0.5417032607 0.8639727316 0.7171193024 0.0601003170 

90.4915861516 0.5160613756 0.6656424398 0.6906771277 0.3557476392 0.6265979464 0.7282971380 0.3847401827 0.8433647833 0.8964498289 

10 0.1900293596 0.4666227983 0.4147871699 0.3628807183 0.0131638771 0.9248096016 0.9770803756 0.9373544596 0.6964564180 0.3980864798 

110.0719743580 0.3349915534 0.1892730488 0.0863277818 0.0078440910 0.1255974411 0.8837613394 0.2897616430 0.7601888102 0.2644154078 

120.6053548293 0.0552072093 0.0301421395 0.4591637964 0.8227239765 0.6688825357 0.8119072390 0.9753798113 0.8572951634 0.8540725116 

13 0.4183659033 0.0002919614 0.0528702977 0.6627893207 0.8414242904 0.5636620668 0.9217109339 0.6918343048 0.2100546770 0.9792657814 

140.6180279109 0.6700908256 0.1900817709 0.4900111114 0.8878317226 0.3862049223 0.7806940819 0.070988685 

150.4580323287 0.7297199523 0.3348353533 0.1065453853 0.1013610855 0.4206684215 0.9345040418 

160.6868709029 0.9566905112 0.1299179518 0.1668031433 0.6554044050 0.2800847214 0.7073318310 

Table A.6. Simple random sample (10 factors, 16 experiments, max. correlation=0.45). 

Sample97,SRlOOxl6xl0a.smp 

1 2 3 4 5 6 7 8 9 10 

10.2248388030 0.4178363241 0.7524484468 0.1510904740 0.9902722042 0.4311890885 0.5904303477 0.4949808851 0.9284839729 0.1147722152 

20.7170092304 0.0486228000 0.4550536069 0.1152228861 0.2705561804 0.5642445180 0.7111591513 0.4198378399 0.5801978964 0.6194970638 

30.8200457066 0.9412420630 0.107231l515 0.7015987755 0.5437409469 0.7283199048 0.2997228717 0.7062507494 0.1942690037 0.6437473911 

4 0.0615954361 0.8187281272 0.8537587186 0.9791970334 0.1458950155 0.0663386573 0.4654228275 0.6424824667 0.2560771332 0.3967578719 

50.2546910135 0.6638300408 0.0124811325 0.5970915004 0.6855028698 0.5660452646 0.1663467262 0.0617528061 0.0499257284 0.0251331481 

6 0.5754299470 0.5660669870 0.0248621410 0.9048367969 0.7402148743 0.0808363329 0.8322066727 0.3863874348 0.6025481883 0.6961248517 

7 0.2700059584 0.7732343606 0.3087745297 0.0298317085 0.7476960000 0.5826588377 0.1273639147 0.0037455796 0.7954834204 0.6228594538 

6 0.6219269496 0.4330722500 0.6610249506 0.3004420014 0.9394146470 0.1144771038 0.2996596598 0.1514473103 0.9941228031 0.5973544673 

90.7232170748 0.0666164756 0.7761585350 0.2397993183 0.7965702582 0.0196240377 0.1196122119 0.5242592106 0.2815821786 0.5118833049 

100.9708625648 0.0454457433 0.4355070032 0.9878734081 0.9015532265 0.2714668763 0.1323535123 0.8680431809 0.0518693652 0.6042007820 

11 0.0757936965 0.0825697191 0.5939140443 0.7264526638 0.4804964379 0.0042605815 0.6699850078 0.8435969579 0.9604659857 0.6891677349 

12 0.6854195279 0.6657173165 0.3787628389 0.4891198186 0.2955279200 0.5757276367 0.6745206819 0.8191959833 0.3715526499 0.3472625290 

130.7804755722 0.8304425722 0.6704201489 0.5492562054 0.6649866018 0.8868309060 0.9287968002 0.9941353296 0.1741306297 0.8145242741 

140.6015423224 0.8515628739 0.3108256903 0.9134220350 0.9979028179 0.2907082056 0.2609792999 0.6567462330 0.0366651773 0.4764094841 

150.9630111500 0.8363955146 0.1218364545 0.8293403882 0.1151396841 0.2684253495 0.6045197145 0.5505974756 0.6790562880 0.2677073347 

16 0.2322359844 0.3533028653 0.0664743091 0.6627478094 0.3240951857 0.1350381312 0.5260116991 0.0519723713 0.7758545358 0.9210025548 
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Table A.7. Fractional factorial / latin hypercube sample (resolution IV, 7 factors, 16 
experiments, max. correlation=0.38). 

Samole 3.FF/LHI00xl6x7A.s~n~ 

1 2 Y 4 3 0 

1 0.7002778022 0.1877785157 0.6840813097 0.3279544297 0.7932816546 0.143720674e 

2 0.5726064601 0.5168380595 0.2512925778 0.1548770086 0.3822005824 0.8218870167 

3 0.9700652577 0.4741581554 0.4288098331 0.7495375444 0.0279952588 0.081585517? 

4 0.6827242645 0.635891074C 0.7691247248 0.618738344? 0.5901315788 0.9704792207 

5 0.1603248006 0.0708275187 0.9096949805 0.9030780154 0.2781758001 0.7000925687 

6 0.4927296865 0.6285381511 0.2260025947 0.8133572865 0.9675153135 0.2785440171 

7 0.3672263394 0.3385288921 0.0686409312 0.4329053894 0.7121565235 0.585287m 

8 0.0897982860 0.9503258833 0.5618294135 0.0186827965 0.1910179800 0.3930761181 

9 0.2997223978 0.812223484: 0.3159186903 0.6720455702 0.2667183454 0.8562793252 

10 0.4273995399 0.48116394OE 0.7487074224 0.8453229934 0.6177994378 0.1783129833 

11 0.0299147423 0.5258438446 0.5713901689 0.2504824558 0.9720047414 0.9184344827 

12 0.1372757355 0.184308928C 0.2308752754 0.3832636557 0.4098664232 0.0295207793 

13 0.8396753992 0.9291724812 0.0903050395 0.0969219848 0.7238241999 0.2999074313 

14 0.5072701135 0.371481848E 0.7739974053 0.1886427135 0.0324846865 0.7214559829 

15 0.6327736606 0.881471107E 0.9313590688 0.587094810~ 0.2878434765 0.4147120091 

16 0.9102037140 0.0498741187 0.4381705885 0.9813372032 0.8089820400 0.8089238839 

t 
0.1499940857 

0.0243811335 

0.5259917321 

0.8486833237 

0.4835187586 

0.3579380899 

0.9234772228 

0.8717047828 

0.8509959143 

0.9758388655 

0.4740082879 

0.1513386783 

0.5364812414 

0.6420619101 

0.0765227772 

0.3282952172 

Table A.8. Fractional factorial / latin hypercube sample (resolution IV, 7 factors, 16 
experiments, max. correlation=0.35). 

Sample26,FF/LHlOOxl6x7 rsmp 

1 2 

1 0.10223293% 0.9302952309 

2 0.453024107: 0.19788784OC 

3 0.33334205OC 0.5411819939 

4 0.1869430976 0.3337870832 

5 0.50274172lE 0.7105878763 

6 0.9554940251 0.4514713534 

7 0.8874708744 0.6593571737 

8 0.659207546f 0.0148236473 

9 0.8977670604 0.0697047891 

10 0.6469758927 0.8021321800 

11 0X86657950(3 0.4588380081 

12 0.8136569024 0.6682129168 

13 0.4972582784 0.2894123237 

14 0.0445059749 0.5485286486 
15 0.3125291256 0.1408428263 
16 0.1407924536 0.9851783527 

3 

0.1025054482 

0.48127885OG 

0.7377064346 

0.8221348092 

0.9963433591 

0.7664843733 

0.3038696538 

0.1730521297 

0.8974945518 

0.5187213491 

0.2822915854 

0.37786539Oe 

0.0036568409 

0.2335158267 

0.8961303482 

0.8289478703 

4 I 5 

0.0962011545 0.6564177634 

0.8372444376 0.2498519207 

0.3399083362 0.4805228937 

0.8298831012 0.7508429826 

0.5121899149 0.073247438t 

0.3988164214 0.9856494084 
0.9485854870 0.593725732s 

0.1650096916 0.2978544386 

0.9037988455 0.341582238f 

0.3827555822 0.7503480793 

0.8600936836 0.5194773062 

0.1701368986 0.2491570174 

0.4878100851 0.9267525812 

0.6011845788 0.0144505918 

0.0534145130 0.4062742671 

0.8349903084 0.7023455834 

6 7 

0.8361164045 0.5008793033 

0.6991422373 0.1785788743 

0.1808518355 0.2954879351 

0.0827460529 0.6361249283 

0.5553613111 0.9164071333 

0.8982501819 0.3780390603 

0.4202822767 0.0458531117 

0.3207549803 0.8838888974 

0.1638835955 0.4993206967 

0.3008577627 0.8234231257 

0.8391483645 0.7045320649 

0.9172519471 0.1838750717 

0.4446388889 0.0835928687 

0.1017498181 0.6239809397 
0.5797177233 0.9541468883 

0.6792450397 0.3383333028 
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Table A.9. Fractional factorial / latin hypercube sample (resolution IV, 7 factors, 16 
experiments, max. correlation=0.39). 

1 2 

1 0.4422345147 0.414954778C 

2 0.1140210718 0.8544402906 

3 0.8852882362 0.9565489061 

4 0.7691207383 0.0887378144 

5 0.9721131863 0.5927184824 

6 0.5657132482 0.3609970227 

7 0.3723104649 0.2183209255 

6 0.1890495684 0.718138799E 

9 0.5577654853 0.585045222C 

10 0.8859789282 0.1455597091 

11 0.3347117838 0.0434510939 

12 0.2308792617 0.911262185f 

13 0.0278868137 0.4072835176 

14 0.4342867518 0.8390029773 

15 0.6276895351 0.7816790747 

16 0.8109504316 0.2838612002 

3 4 5 6 7 

0.2969256582 0.2475360880 0.0922272594 0.1756149621 0.0462911979 

0.5170398484 0.0338736075 0.7840736415 0.6173907878 0.3819365729 

0.9531970978 0.9242802675 0.2832374390 0.4543153279 0.1461893678 

0.2431701191 0.7127129464 0.5824700795 0.9730017099 0.2698682456 

0.0510432089 0.4936471642 0.9790733610 0.3170658381 0.5211722055 

0.7068424269 0.2617283722 0.4553899970 0.8040819650 0.9541092040 

0.7733950743 0.8180509602 0.6631891747 0.0535786688 0.6530370364 

0.3895086800 0.5488957510 0.2496482198 0.6795329589 0.8592828746 

0.7030743418 0.7524639120 0.9077727406 0.8243850379 0.9537088021 

0.4829601516 0.9661263925 0.2359263585 0.3826092322 0.6180634271 

0.0468029022 0.0757197325 0.7167625610 0.5456846721 0.8538106322 

0.7568298809 0.2872670536 0.4375299205 0.0269982901 0.7301317544 

0.9489567911 0.5063528358 0.0209268390 0.6829341619 0.4788277945 

0.2931575731 0.7382716278 0.5446100030 0.1959180350 0.0458907960 

0.2266049257 0.1819490398 

I I 

0.3368108253 

I 

0.9464213312 

I 

0.3469629636 

0.6104913200 0.4511042490 0.7503517802 0.3204670411 0.1407171254 I 

Table A.10. Fractional factorial / latin hypercube sample (resolution IV, 7 factors, 16 
experiments, max. correlation=OAO). 

1 

i 

? 

4 

t 

E 

7 

e 

s 

IC 
11 
12 

13 
14 

15 

16 

Ie3l,FF/LH1OOx16x7f3.smp 

1 2 3 4 5 6 

I 0.8943038854 0.0058989535 0.4604922412 0.4287270384 0.7133183918 0.978039068E 

! 0.2903361668 0.3550449797 0.9706219193 0.8077276955 0.1529427753 0.719891141i 

I 0.1899538269 0.6163434606 0.0676485502 0.2614920721 0.3876978051 0.3705982281 

I 0.8745485565 0.6841413042 0.7554989672 0.9553703440 0.6108147326 0.021555872e 

i 0.7171527711 0.8216865383 0.3057830314 0.8450776673 0.3023199715 0.5401213422 

i 0.4444214243 0.9091187037 0.5080664367 0.2258597450 0.8690972231 0.833822802E 

' 0.1215711138 0.4499695052 0.1535315578 0.5498056996 0.9087936140 0.3841787522 

I 0.5275867189 0.1329511757 0.6919945732 0.0093228852 0.0989479140 0.1378176617 

I 0.1056961146 0.9941010465 0.5395077588 0.5712729616 0.2866816082 0.0219609312 

I 0.7096638332 0.8449550203 0.0293780807 0.1922723045 0.8470572247 0.2801088588 

0.8100481731 0.3836565394 0.9323514498 0.7365079279 0.6123021949 0.6294037719 

! 0.1254514435 0.3158588958 0.2445010328 0.0446296560 0.3893852674 0.9784441272 

1 0.2828472289 0.1783134837 0.6942169686 0.3549223327 0.6976800285 0.4598786578 

1 0.5555785757 0.0908812963 0.4919335633 0.7741402550 0.1309027789 0.1661771971 

i 0.8784288862 0.5500304948 0.8464684422 0.4501943004 0.0912063860 0.8158212477 

i 0.4724132811 0.8870488243 0.3080054268 0.9906771148 0.9010520860 0.8621823383 

7 

0.478648148e 

0.321914348E 

0.0453323191 

0.149469963C 

0.928151039t 

0.794577916s 

0.5704854017 

0.6371210481 

0.5213518512 

0.6780856515 

0.9546676809 

0.8505300370 

0.0718489602 

0.2054220831 

0.4295345983 

0.3626789519 
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Table A.ll. Fractional factorial / latin hypercube sample (resolution IV, 7 factors, 16 
experiments, max. correlation=0.37), 

1 0.9052086917 0.6040851847 

2 0.1925550328 0.3497285192 

3 0.3834139399 0.9259576902 

4 0.5883539722 0.010509309E 

5 0.7787854854 0.182140802i 

6 0.0137867388 0.7461102246 

7 0.3613462141 0.379052020f 

8 0.6721261066 0.8351500716 

9 0.0947913083 0.3959348153 

IO 0.8074449672 0.6502734808 

11 0.6165860801 0.074042309@ 

12 0.4116460278 0.9894906902 

13 0.2212145146 0.8178591978 

14 0.9862132612 0.2538897754 

15 0.6386537859 0.6209479791 

16 0.3278738934 0.1648499284 

3 4 5 6 7 

0.9440652072 0.620089328i 0.3230663628 0.4946836036 0.7999084631 

0.1995435421 0.795946801E 0.0752619818 0.3513557735 0.2693620351 

0.280823758? 0.4942921741 0.7099263562 0.0307396027 0.5081693953 

0.5061530266 0.3579583931 0.5339482649 0.1393328449 0.3954514901 

0.0762364361 0.981354077C 0.8732415900 0.9790871326 0.6547603281 

0.7521265587 0.7253210718 0.9046327646 0.7790092840 0.1321066700 

0.8520123291 0.222927324E 0.2187072800 0.7494747770 0.9975900349 

0.3988556052 0.098981170E 0.4034008596 0.5260649762 0.0681575240 

0.0559347928 0.379910671@ 0.6769336372 0.5053163964 0.2000915369 

0.8004564579 0.2040531982 0.9247380182 0.6486442285 0.7106379649 

0.7191782417 0.505707825s 0.2900736438 0.9692803973 0.4918306647 

0.4938469734 0.6420416069 0.4660517351 0.8606671551 0.6045485099 

0.9237635639 0.0186459225 0.1267584100 0.0209128674 0.3452398719 

0.2478734433 0.2746789282 0.0953672454 0.2209907160 0.8678933300 

0.3479876709 0.7770726764 0.7812927200 0.2505252230 0.0024099651 
0.6013443948 0.9010188291 0.5965991404 0.4739350238 0.9338424760 

Table A.12. Fractional factorial / latin hypercube sample (resolution IV, 7 factors, 16 
experiments, max. correlation=0.39). 

Sample100,FF/LH100x16x7B.smp 

1 2 3 4 5 6 7 

1 0.9538852711 0.0775291992 0.2929599265 0.0857223678 0.4590971813 0.1526235294 0.8517126516 

2 0.0143883992~ 0.7145424264 0.7462230877 0.3858972672 0.3077703090 0.8351815708 0.5135412248 

3 0.2267272967 0.1895503725 0.4101292604 0.3701665436 0.8027861886 0.5914283368 0.0022787695 

4 0.8467801611 0.8777280932 0.9147469460 0.1502282898 0.6344698308 0.2815793190 0.1290916634 
5 0.3303012993 0.5860013628 0.2187628011 0.7378289351 0.9237838910 0.4904611578 0.9733740017 
6 0.6063888193 0.3584132234 0.5572655511 0.5342013503 0.5437988899 0.7152837899 0.7364899011 

7 0.7302483274 0.7913284540 0.0914934172 0.9800736467 0.0434321683 0.9835334354 0.3590753787 

6 0.4904310215 0.3950218189 0.7755756902 0.8074396408 0.2153567837 0.0815132768 0.4782367419 

9 0.0461347289 0.9224708008 0.7070400735 0.9142776322 0.5409028187 0.8473764706 0.1482873484 

10 0.9856116008 0.2854575736 0.2537769123 0.6141027328 0.6922296910 0.1648184292 0.4884587752 

11 0.7732727033 0.8104496275 0.5898707396 0.6298334564 0.1972138114 0.4085716632 0.9977212305 
12 0.1532198389 0.1222739068 0.0852530540 0.8497717104 0.3655301892 0.7184206810 0.8709083366 

13 0.6896987007 0.4139988372 0.7832371989 0.2823730649 0.0762161090 0.5095388424 0.0266259983 

14 0.3936311807 0.6415867768 0.4427344489 0.4657986497 0.4562033301 0.2847362101 0.2635100989 
15 0.2697516726 0.2066715460 0.9085065828 0.0199263533 0.9565678317 0.0364665646 0.6409246213 

16 0.5095689785 0.6049783811 0.2244243098 0.1925603592 0.7848432183 0.9184867232 0.5217632581 
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Table A.13. Fractional factorial / latin hypercube sample (resolution IV, 10 factors, 32 
experiments, max. correlation=0.30). 

Sample 19,FF/LH1OOx32x10.smp 

1 2 3 4 5 6 7 8 9 10 

1 0.7236972454 0.0292619555 0.0442090922 0.0641008572 0.2284580888 0.1162106449 0.7671677615 0.5102263401 0.1101331335 0.3317226975 

2 0.4329156631 0.2419938617 0.1897167605 0.6936397695 0.4361544347 0.2767161732 0.3321562315 0.2339892073 0.2233643705 0.9174491566 

3 0.0983927305 0.6107718317 0.6895964163 0.9510567037 0.2942061303 0.4696491150 0.8999602268 0.7513359426 0.7925659069 0.6893509545 

4 0.8446615983 0.8738721951 0.9351966512 0.1605193261 0.0396675695 0.1876653003 0.4017435160 0.4320321598 0.8410302690 0.4835462268 

5 0.6314406767 0.3686403669 0.5579606460 0.8715954400 0.6076583702 0.8117159659 0.1774516961 0.0769321ooO 0.5089226316 0.2633627227 

6 0.3054091352 0.2579272693 0.7546166089 0.2744671896 0.5729935346 0.9000455027 0.9604393882 0.8379549350 0.8926949749 0.5197637853 

7 0.3732474516 0.7465816074 0.4375224263 0.0019611469 0.8227661130 0.5060266831 0.0135455616 0.1818670499 0.3306424439 0.6071526994 

8 0.7952464346 0.6666572161 0.3312695463 0.5370106510 0.9714419476 0.6065903657 0.5419686121 0.6219251079 0.1671917681 0.0660765073 

9 0.1267593434 0.4742925138 0.2512260063 0.6930791572 0.6449094985 0.3994603051 0.6630490663 0.4762947691 0.7299819749 0.1340136039 

IO 0.9286325655 0.4222233134 0.3921628043 0.4085936799 0.6676540455 0.1316736612 0.2629070796 0.6802045804 0.5950656309 0.6560096769 

11 0.5797553971 0.9246967153 0.6777047131 0.2222501718 0.9271952617 0.0162631646 0.7216630477 0.0188811538 0.4638465786 0.9458950124 

12 0.2149463039 0.9613631864 0.8677347410 0.7621089682 0.7257959604 0.3283539579 0.2467195224 0.9446381154 0.2560304370 03984591295 

13 0.0230793011 0.1023390014 0.5862076701 0.3561553145 0.1461194210 0.6976930310 0.1088227457 0.7081767251 0.3662845180 0.0156663570 

14 0.9842022476 0.1646635061 0.9960060031 0.6363171566 0.4160315652 0.6712476289 0.8433778975 0.3733569459 0.0076480715 0.7973574192 

15 0.5365064055 0.7694125846 0.1611616708 0.5954962307 0.0730961152 0.6523662453 0.4565507146 0.6833997199 0.6363824291 0.8474500113 

16 0.4388854967 0.5286763730 0.0817626613 0.4482669042 0.3231768733 0.9597248715 0.5664975774 0.2613329366 0.9562234679 0.3980274195 

17 0.2763027546 0.9707180445 0.9557909078 0.9358991428 0.7715419112 0.8637893551 0.2326322385 0.4897716599 0.8898668665 0.6662773025 

16 0.5670643369 0.7580061383 0.6102832395 0.3064602105 0.5616455653 0.7232836268 0.6676437665 0.7660107927 0.7766356295 0.0625508412 

19 0.9016072695 0.3892261683 0.3104035637 0.0469432963 0.7057916697 0.5303506650 0.1000397732 0.2466640572 0.2074140931 0.3106490455 

20 0.1551384017 0.1261278049 0.0648031488 0.8194806719 0.9601324305 0.8123346997 0.5982564820 0.5679676402 0.1569697310 0.5164537732 

21 0.3685593213 0.6313596131 0.4420191540 0.12840456W 0.1923416298 0.1882640141 0.6225463019 0.9230679000 0.4910771664 0.7366172773 

22 0.6945908648 0.7420727107 0.2451631911 0.7255326102 0.4270064654 0.0999544973 0.0395606116 0.1620450650 0.1071050251 0.4802362147 

23 0.6267525484 0.2534163926 0.5624775737 0.9960188531 0.1772336670 0.4939733169 0.9864544364 0.8161129501 0.6691575561 0.3926473006 

24 0.2047535652 0.3331427839 0.6667304517 0.4629693490 0.0285560524 0.3934096343 0.4660113679 0.3780746921 0.8126062319 0.9139214927 

25 0.6732406566 0.5257074862 0.7487739937 0.1069206426 0.4550905015 0.6005396949 0.3369509317 0.5237052309 0.2700160251 0.8659663961 

26 0.0713674345 0.5777766666 0.6078371957 0.5914061201 0.3323459545 0.8661261368 0.7370929204 0.1197954196 0.4049343691 0.3439903211 

27 0.4202446029 0.0753012647 0.3222952669 0.7777498282 0.0726047383 0.9637366152 0.2783169523 0.9811186462 0.5361534214 0.0541049876 
28 0.7850536961 0.0166166136 0.1322652590 0.2376910318 0.2642040196 0.6716460421 0.7532804776 0.0553618846 0.7419695630 0.8015408705 

29 0.9769206989 0.8976609986 0.4117923299 0.6416446855 0.8538805790 0.3021069690 0.8913772543 0.2918232749 0.6137154620 0.9643336430 

30 0.0157977524 0.6353364919 0.0039939969 0.3636626444 0.5839664148 0.1287523711 0.1566221025 0.6266430541 0.9923519265 0.2026425808 
31 0.4634935945 0.2305874152 0.8368383292 0.4045017693 0.9269038648 0.3476337547 0.5434492654 0.3166002601 0.3636175709 0.1525499887 

32 0.5611145033 0.4713236270 0.9182373387 0.5517330956 0.6766231267 0.0402751285 0.4135024226 0.7386670614 0.0437765321 0.6019725605 
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Table A.14. Fractional factorial / latin hypercube sample (resolution IV, 10 factors, 32 
experiments, max. correlation=0.30). 

1 2 3 4 5 6 7 8 9 10 

1 0.7474103443 0.6160266274 0.5209301511 0.0373023612 0.4026368725 0.7042124770 0.8171698961 0.6614575569 0.0258610309 0.8914774985 

2 0.7871136266 0.4599420337 0.6556494696 0.9466871779 0.5279806913 0.0690291405 0.1362411160 0.9106305653 0.6878151963 0.002250070~ 

3 0.1334364666 0.8946069765 0.9045596295 0.2413610514 0.1742443079 0.9472663050 0.4446202269 0.5680853232 0.6207779097 0.1670684237 

4 0.4868875722 0.2898967019 0.5797869260 0.8120136204 0.6750805051 0.3560741475 0.6721462954 0.9782098734 0.0798464513 0.7462960241 

5 0.6490725419 0.9929633744 0.9739062802 0.4603663605 0.9164068905 0.2364195703 0.9221100650 0.0957477977 0.5269579910 0.5397096423 

6 0.5294917822 0.1232776765 0.7468776260 0.8620200930 0.0757936195 0.5719618194 0.1691156956 0.4458076499 0.2637757219 0.467756776C 

7 0.2337706766 0.5560224413 0.7960939216 0.2523348272 0.6860370345 0.1873263150 0.0592703277 0.3233669081 0.3465873232 0.2999347264 

8 0.3676118299 0.0526462156 0.6538697459 0.6968560682 0.3097919422 0.8633144101 0.5196829464 0.4160238624 0.7506216456 0.5945639019 

9 0.9814676164 0.3540028131 0.3613823786 0.0853599811 0.9555170821 0.6833188270 0.4002652917 0.2298570765 0.4261830367 0.8154870479 

IO 0.5761211917 0.8590564592 0.0714453351 0.8127905863 0.2130562090 0.4766743067 0.9866608162 0.0345944639 0.7085765694 0.2097860616 

11 0.4165787745 0.4007676553 0.2564543274 0.3936331767 0.5655827722 0.7500769738 0.6153096173 0.2894611318 0.9960541315 0.3246417900 

12 0.2763908759 0.7646709943 0.4623109787 0.6512529211 0.3186652021 0.4162707326 0.3217305213 0.1268096423 0.4757666676 0.7790893097 

13 0.9061496332 0.1401016483 0.1666363079 0.3374516665 0.0309475725 0.2562519196 0.3120955580 0.5249357790 0.8260614359 0.6448208191 

14 0.6423255112 0.6792587708 0.0242025170 0.5251847053 0.7550706672 0.9305952186 0.8072577363 0.8295167566 0.1435667461 0.0661075326 

15 0.0697070866 0.2218258510 0.3301645943 0.1651738494 0.4644361126 0.0511998039 0.7494337615 0.7167387902 0.1963612627 0.4017249606 

16 0.0044339976 0.8036710985 0.2156532170 0.5970834463 0.8406265474 0.5588489917 0.1164892194 0.7698627734 0.6744725636 0.9488984896 

17 0.2525896557 0.3819733726 0.4790698489 0.9626976168 0.5973631275 0.2957875230 0.1828301039 0.3385424431 0.9741389691 0.1085225015 

16 0.2128863734 0.5400579663 0.1443505364 0.0533128221 0.4720193087 0.9309708595 0.8637586840 0.0893694347 0.1121848037 0.9977499298 

19 0.6665615334 0.1053910235 0.0954403705 0.7566389486 0.8257556921 0.0527336950 0.5553797731 0.4319146768 0.3792220903 0.6329315763 

20 0.5131124278 0.7101032961 0.4202130740 0.1679863796 0.3249194949 0.6439256525 0.3276537046 0.0217901266 0.9201535487 0.2537039759 

21 0.3509274581 0.0070966256 0.0260937198 0.5396336395 0.0835931095 0.7635804297 0.0778899350 0.9042522023 0.4730420090 0.4602901577 

22 0.4705082178 0.8767223235 0.2511221720 0.1179799070 0.9242061805 0.4280381806 0.8108843044 0.5541923501 0.7362242781 0.5122432240 

23 0.7662293234 0.4419775667 0.2039060764 0.7476651728 0.3119629655 0.8126716850 0.9407296723 0.6766330919 0.6514126766 0.7000652736 

24 0.6323681701 0.9473537642 0.3461302541 0.3031439318 0.6902060578 0.1366855699 0.4803170516 0.5839761176 0.2493763544 0.4054160981 

25 0.0185323616 0.6459971869 0.6186176214 0.9146400189 0.0444629179 0.3166811730 0.5997347063 0.7701429235 0.5718169633 0.1845129521 

26 0.4216786083 0.1409435408 0.9285646649 0.1872094137 0.7869437910 0.5233256933 0.0133391836 0.9654055161 0.2914214306 0.7902139384 

27 0.6634212255 0.5992321447 0.7435456726 0.6061668233 0.4144172278 0.2499230262 0.3846903627 0.7105388682 0.0019458665 0.6751582100 

28 0.7236091241 0.2953290057 0.5376890213 0.3487470769 0.6813147979 0.5837292674 0.6782694767 0.6731901577 0.5242331324 0.2209106903 

29 0.0936501668 0.8598963517 0.8311616921 0.6625483135 0.9690524275 0.7437480802 0.6879044420 0.4750642210 0.1739385641 0.3551791609 

30 0.1576744866 0.3207412292 0.9757974630 0.4746152947 0.2449291328 0.0694047812 0.1927422637 0.1704812434 0.6564332539 0.9316924674 
31 0.9302929134 0.7781741490 0.6696154057 0.8348261506 0.5155636874 0.9488001961 0.2505662385 0.2632612098 0.8036187373 0.5962750392 

32 0.9955660022 0.1963289015 0.7641467830 0.4029165537 0.1591714526 0.4411510083 0.6615107806 0.2301172266 0.3255274364 0.0511015104 
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APPENDIX B 

PROPERTIES OF PROBABILITY DISTRIBUTIONS 

The distributions in Table B. 1 are those supported by the SYVAC3 simulation program [Andres 
20001; more information can be found in the manual for these distributions [Andres and Skeet 
19951. Special functions used in the table are 

l I?( a) = 1 t”-’ exp( - t)dt Gamma function, related to the factorial function by l?(n) = (n -l)! 

a 0 a! 0 
b = b!(a -b)! 

The number of combinations of 4 objects taken b at a time. 

Heaviside step function. 

Table B.l. Properties of Probability Distributions Usable with SYVAC3 

Distribution Attributes Checks PDFfA4 Mean Variance 
(SYVAC3 EW var{Xt 

name) 
Beta (,I’,) left range end xLixR For x in [XL,&]: X,b + X,a ab(X, -X,)’ 
(BETA) (&) right range end O<a (x- x,,)“-‘(x, -x)*-k a+b 

(a) exponent a 
(a+b)*(atbtl) 

O<b o+~-~ r(a)r( b) 
(b) exponent b (X,-X,.) ~ T(a+b) 

Binomial (N) number of trials OIN FornfromOtoN NP NP( 1-p) 
(BlNOM) (p) probability of success 0 <p < 1 PrIX = nI = N P” (, _ p)N-” 

0 n 
Constant (X,) constant value - Pr{X=X,}=l XM 0 
(CONST) 
Correlated (gm) geometric mean O<gm Same as Lognormal. The only difference is that sampled values 
Lognormal (I@) geometric standard 1 ‘gsd for Correlated Lognormal variables display a correlation with a 
(CORLN) deviation -1lcll designated variable. 

(c) correlation coefficient 
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Distribution 
(SYVAC3 

Attributes Checks PDFfxO Mean 
WI 

Variance 
VW+? 

name) 
Correlated Q mean O<a Same as Normal. The only difference is that sampled values 
Normal (d) standard deviation -1sc51 for Correlated Normal variables display a correlation with a 
(CORNR) i ’ c) correlation coefficient designated variable. 
Lognormal (gm) geometric mean o<gm Forx>O, idiG 

12 
d- _- _ 

(LGNRM) (gsd) geometric standard 1 <gsd f /. x Y \ 
av(m-1)“ 

deviation 1 
6x In gsd 

~Loguniform (XL) left range end 
i(LGUFM) (X,) right range end 

o<x, 
XL <xR 

Forx>O, 
U(x-X,)-U(x-X,) 

Xl -XL 
I,$ 

&Xl ( 
x +x - - 

2 
E(X) 

xlnJ 

&-ex.,r ) 

L 
XI. 

Normal Q mean O<a (x-PI1 P d 
(NORML) (6) standard deviation 2a2 

Piecewise Non-overlapping Xfi < XRi Linear combination of non- Weighted Weighted variance of 
Uniform iterations of: 0 < w, overlapping uniform pdfs average of range means + 
(PCUFM) (XLi) left range end range means weighted average of 

(XRi) right range end range variances 
(WJ range weight 

Student’s t Q mean O<a 
W’UDT) (d, nominal standard 

l!-& 
2<v v-2 

dev’n 
(v) degrees of freedom 

Triangular (XJ left range end x,5x, 2~x-x,,~~u~x-x,)-u(x-x,)1 I 
(TRIAN) (X,) mode XMIX,Q (X, -xl, )(X, -x, 1 y,. +x, $x:+x:, +x: 

(XR) right range end 
. . 

x,<x, 2~x,-x~lu(x-+x,)-u(x-x,), +XJi) 
(X*-X,)(X,-X,,) 

- x,x, -x,x, 
-X,X,) 

Uniform (XL) left range end xL<xR For x in [X&R], 
(UNIFM) (XR) right range end lJ(x-X,)-4(x-X,) +q-x,)2 

x.Q - xl. 

‘* where gv = exp[(lngsd)‘] . 
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