
SK03ST086

A NOTE ON NUMERICAL SOLUTION TO THE PROBLEM OF CRITICALITY

Jan Kyncl, Nuclear Research Institute Act plc
Czech Republic

e-mail: kync~ujv.cz

ABSTRACT

The contribution deals with numerical solution to the problem of criticality for neutron
transport equation by the external source iteration method. Especially, the speed of
convergence is examined. It is shown that if neutron absorption in the medium considered it
high and if the space region occupied by the medium is large then a slow convergence of the
iterations can be expected. This expectation is confirmed by results to CB4 benchmark
obtained by MCNP code. Besides the results presented some questions; concerning
applications of them jto criticality calculations are painted out.

INTRODUCTION

Problem of criticality for neutron tranisport equation is formulated as follows: To find a
nonnegative element p belonging to a linear space X of complex ~titons, and a positive
constant X such that equation

Lqp= Sp + 1 Fp (1)

is satisfied. The constant 1 has meaning of the multiplication coefficient kw and L, S and F
denote the linear operators, which are defined on the space X,

(D~p) (x, E, ow) -oVq + X N, (x) a.(E, o, Tfx)) qp(x, E, w),

(Sq)) (x, E, wo) N, N(x) dE' Jdo' ajVE-+E, o'.co, Tfx)) q(x, B', W),
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(F9)(xE~~~co~i- NxX( 0 Efd)v('a('->.9->oTx)pxE,)

Here the following notation is used:
x, E, o ... co-ordinates of location, energy and neutron velocity direction, respectively;

0 ... ~surface of the unit sphere;
N, ... the number of nuclei of material i per unit volume;
n ... the number of different nuclei;

cr ... microscopic differential scattering cross-section;
CF1 ... microscopic differential fission cross-section;

v ... the number of neutrons created by fission;
a, ... microscopic total cross-section;
T ... temperature.

Mostly problem (1) can be rewritten into the form

Xsp= Bp (2)

where B * (I - Li' S )*' r' F ( I being the uxnit operator).

Solving problem (2) it is used to proceed according to the following iterative scheme:

Choose an arbitrary element fEX, f k0, fj 1 (J. is the norm defined in X). Set

'P(O) f, (O) = 1 (3a)

Next, recurrently define

(P(. B T(, / B (. X1 3 B(. 1 n=J,2,... (3b)

Usually it can be shown that it holds

B'f= (p (B) sf) +B g`f , n=12,... (4)

where r(B) denotes spectral radius of operator B, s(f) > 0 is a number, which is independent of
n and B, is a linear operator such that
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r(BRj)< r(B).()

Next p is the solution to problem (2) where 1. = r(B) (see e.g. 1]).

Using relations (3) and (4) we get

(,.) [q) s(f) + (Bl 1 (B)] II 11( s(f)+ (B tof) l r(B) 

~n)= 11 (p ?(B) s(l)+ B.'f Iil r`B) s()+ B.` fiI ll2

Therefore by inequality (), iterations (%() and A,. converge with n. Assuming that 
we have

(()- p : •cr(B1) /(s(l) r(B)) and I(, - XI _ c r`(B)/(s()ri"(B))

where c is a finite constant. Tus the speed of convergence is determined by number s(O) and
by the dominant ratio of operator B.

FORMULATION OF THE PROBLEM

Each of functions q). n=1.2. ... in iterative process (3) is solution to non-homogeneous
transport equation

Lp(31 Scp(. g, (6)

Consider for a moment infinite homogeneous medium of constant material density with an
isotropic point source g of neutrons, which is placed at origin of coordinates. Look for a
solution (p to the equation (6) in condition that

lp(x,E'00) --> if lx X->+D.
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In one - speed approximation this solution behaves so that it falls with x (the distance from
the source), for x > IE, according to law

:,exp(-1 x I IL). (7)

Here L is known as diffusion length and it is a root to equation

1 = L(Ei-FZ. )/2 hn4(E L+ 1)/( E, L-l1)] (8)

while E, and E, denote total and absorption macroscopic cross-section, respectively [2].
From equation (8) it follows

L-+ IIE, as EJE, -+1 and L-> co as Ea/Zt-+ O.

So if absorption in the medium is sufficiently large then L is finite and from (7) we infer
If diameter D ofspace region is finite and large then DIL is large n umber and at least DIL
iterations are necessary to obtain reasonable results in process (3).

Hence as for problem (1) we can expect:
If space region where probi em (2) is defined is sufficiently large while medium filling up this
region is sufficiently absorbing then iteration process (3) will converge slowly.

In what follows we want analyse the Oroblem of convergence of process (3) by means of
computations concerning special task CB4.7 of benchmark CB34 [31. The computations are
performed with MCNP4a code by analog Monte Carlo method using nuclear data from
ENDF/B-VI data library in continuous representation. In the code the solution to problem (2)
is sought by method of successive generations (each of iterations (3) is computed by means of
corresponding generation of particles [4]). Indeed numerical accuracy of computation in a
5enraton must also be taken into account in analysis of convergence of the iteration process.
In principle this accuracy is determined by the number of particles per one generation.

Remind roughly the task:
Find solution of the problem (1) in case of cask of fuel assemblies VVER-440. The cask
consst of 84 assmbies, which are arranged into an annular form ( see Fig. 1 ). Each of the
assemblies is enriched by 4.4% with isotope U`5. The fuel is burnt up to 40 MWd / kg and
cooled after discharge for 5 years. The height of fuel column in any fuel rod is 244 cm and it
is equidistantly divided into 10 parts by planes S,, S2...., S,,. which are perpendicular to the
rod axis ( Fig. 2). The burn up is assumed to be axially dependent in the sense that the
material composition corresponding to different parts are different (in general) while no
dependence on axa coordinate is considered for material composition inside each of the parts
We are looking for quantities kff and 'Pj=1,2.JO 1,
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lIVM , J dx ~ N, (x)J dE' J dco'or,(E')qp(x,E',wo'), =
V, =1 0 A *Jj

where Vj denotes (from down up) the space part of the whole cask which lies between the
planes S, and S,,~ (V, is the volume of V ), j=1,2..1 0.

Problem (1) was computed for the following ten variants:

1) In 30' - sector of the cask symmetry, starting source positions are defined (by ksrc card).
Especially all particles of the first generation start from the only point in cell No. 1
( bottom of the fuel column). 505 generations are employed each with 10000 particles.
Initial five generations are omitted.

2) The same case but with 5000 particles per one generation.

3) Variant 1) but the source particles start from the only point in cell No. 10 ( top of the fuel
column).

4) The same case but with 5000 particles per one generation.

5) Variant 1) but 1 05 initial generations are omitted.

6) bike 3) but 105 initial generations are omitted.

7) Like 1) but 1 005 generations are employed. Initial 500 generations are omitted.

8) The same case but the source particles start from the only point in cell No. 1 0.

9) Variant 1) but there are ten starting source positions, one per each of the cells.

10) Like 9) but 1 005 generations are employed. Initial 500 generations are omitted.

RESULTS AND CONCLUSIONS

The results of computations are presented in tables 1-5.

inaccuracy caused by the number of particles employed in one generation can be estimated
frm the results to variants 1 - 4 (Tables and 2). It is seen that the change of the number of
particles per one generation from 5000 to 10000 leads to minor changes in multiplication
coefficient value but it strongly affects quantities 'I'. So in case tha starting particles are
placed in the cell No. 10 the change of kf is smaller than 0.05% while the change of quantity
'P3 is greater than 25% ( remind that ker, and IF, have been computed with standard deviation
smaller or equal to 0.05% and 1.27 %, respectively - see Table 2).
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Next, tables and 2 show that position of starting particles strongly affects the results. E.g. if

1 0000 particles per one generation is used then

[k.cr' -kcff'Y k" 0 .9 %,

[kF3 - qJplO ]/ 'V310 1053 %

(the upper indexes and 10 mean that particles of the first generation start from the cells
No. 1 and 1 0, respectively). These differences are much greater then standard deviations of
corresponding results.

In MCNP code a quantity q is computed from relation

q = (n-i) o

where a% is th@ result ofj-th generation and i means the number of initial generations omitted.
In£luence of the number of these generations omitted can be estimated from results for
variants 5 -10. It appears that if 505 generations are employed each with 10000 particles, and
if initial 105 generations are omitted then difference in KTis small while difference in
quatiies IF, remains great as long as initial source particles start either fr-om cell No. or
from ceU No. 10:

['1', -p1 T Vs ]'Vi* 516%,

['V2& - P213 ]/ W410 n 366.7%,

['P' 'PI10 /pI XY1 191%,

[42 - Wp10 V IFP4 w 68.8% (see Table 3).

These differences have mostly decreased when 1005 generations were employed and 500 of
them omitted (Table 4). But still
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R1- XFIYPI 11%.

Notice that both differences shown exceed substantially the errors of computation.

In variants 9 and 1 0 initial source distribution was chosen to be uniform with height and the
aim was to affect the influence of both the number of generations employed and the source
distribution choice. Table 5 shows that the change of the number of generations from 505 to
1 005 affect negligibly the value off, but it manifests itself strongly in quantity IF( the
change of multiplication coefficient is smaller than 0.08 % whereas the change of quantity IF',
is greater tha 407% ). Next by comparison with results of variants 7 and 8 it appears that the
value of ktf from variant 10 lies between numbers k,1' a kff ̀  while quantity IF, is smaller in
17 %and in 8 %than IF,' and ,,repectively.

From the results presented we can conclude:

- Convergence of iterative process (3) is slow and itis caused both by large dimensions of
the cask and by absorbing properties of the medium.

- To obtain reasonable results it is necessary to employ grea number of generations each
with the great number ofparticies. Next It Is necessary to omit hundreds of Initial
generlkions.

- It cannot be expected that the convergence will be substantially imprqved by a suitable
choice offunctionf (except the case thatff is the solution to the problem (2) ).

- The problem of con vergen ce is common for all codes based on iterative process (3).

These findings could be an obstacle in uncertainty and sensitivity analysis of the criticality
problem solution in case of large assemblies. Moreover the problem of code validation
appears: a criticality cede which gives reasonable results for fuel assemblies of small
dimensions may fail in the case of large dimensions.
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Fig. 1. Cask horizontal section
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ASSEMBLY UPPER PART 28.8

Fuel Region 10 24.4

Fuel Region 9 24.4

Fuel Region 24.4

Fuel Region 7 24.4 F
Fuel Region 6 24.4 U 320
Fuel Region 5 24.4 E
Fuel Region 4 24.4 L
Fuel Region 3 24.4

Fuel Region 2 24.4

Fuel Region 1 24.4

ASSEMBLY LOWER PART 47.2

Fig. 2. Axial division of the fuel assembly
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Table . Values of quantities k*, and ', J=),2,..., 1O.
Starting particles are distributed in cell No. .

10000 partigen. T5000 partlgen.

k~~tr ~ St. dev. k St. dev. %1

0.8439 0.08 0.843128 0.09

Cell No. 'i St. dcv. T St. dev.[%

1 0.0566611 0.28 0.0590328 0.38
2 0.0579542 0.26 0.0606284 0.36
3 0.0404072 0.30 0.0424249 0.42
4 0.0301 153 0.35 0.0329145 0.48
5 0.0304238 0.35 0.0324103 0.48
6 0.0455498 0.29 0.0450659 0.41
7 0.0854910 0.21 0.0832171 0.30
8 0.160552 0.15 0.158179 0.22
9 0.252531 0.12 0.251271 0.17
10 0.240315 0.13 -1 0.234856 0.19

Table 2. Values of quantities k,, and '*,J12,p ,D
Starting particles are distributed In cell No. 10.

10000 partJgen. 5000 partl/gen.

k~~lr ~ St. dev. I%1 f St. dev. %

0.851521 0.04 0.851954 _________

Cell No. TiSt. dev. II St. dev. 1%1
1 0.00117458 1.96 0.00115648 2.76
2 0.00202780 1.39 0.00235500 -1.84
3 0.00350388 1.04 0.00472434 1.27
4 0.00798418 0.68 0.00976428 0.88
5 0.01 92873 0.44 0.02082q9 0.60
6 0.0453 197 0.29 0.0454983 0.40
7 0.0990104 0.19 0.0980505 0.27
8 0.197291 0.14 0.196641 0.19

0.318218 0.11 0.319092 0.15
10 0.306184 0.12 0.301890 0.16
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Table 3. Values of quantities k. and P,, j=1,2,...,10.
105 generations omitted.

Particles start In cell No. 1 Particles start In cell No. 10

k~~ir ~ St. dev. [ Jk~tf St dev_____ ___

0.849 0.05 0.850744 0 e.[4

Cell No. piSt. dev. [%J St. dev. I
1 0.00835285 0.81 0.00135567 2.04
2 0.0105037 0.68 0.00225044 1.48
3 0.01 10903 0.65 0.00381255 1.11
4 0.0143894 0.57 0.00852425 0.74
5 0.0240596 0.44 0.0203908 0.48
6 0.0475972 0.31 0.0473240 0.31
7 0.0989183 0.22 0.101734 0.21
8 0.191078 0.15 0.198765 0.15
9 0.303625 0.12 0.315362 0.12

-1-0-r 0.290386 0.13 0.300481 0.13

Table 4. Values of quantities k.a and 'Fj, j=1,2,.,10.
1005 generations (500 of them omitted).

Particles start I cell No. 1 Particles start In cell No. 10

kw ~ 1 St. dev. [%J St. dev. 1%J
0.852247 -0.03 0.850881 0.03

Cell No. piSt. dev. jJ i' St. dev. %]

1 0.00176472 1.58 0.00159359 1.66
040279857 1.17 0.00270833 1.20

~~ 0~.00451383 0.90 0.00472976 0.89
4 0.00949407 0.62 0.0094824' 0.63
S 0.0206519 0.42 0.0211697 0.42
6 0.0449432 0.29 0.0476396 0.28
7 0.0976091 0.19 0.102071 0.19
8 0.194689 0.14 0.198557 0.13
9 ~ji0.317301 0.11 0.316148 0.11
10 0.306235 0.12 0.295902 0.12
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Table 5. Values of quantities k.,rand 'Ps, j1,2,.,O.
Starting particles are distributed uniformly.

505 generations 1005 generations
(5 of them omitted) (500 of themi omitted)

k~~w ~ St. dev. k t. dev.I%

0.8559 0.04 0.851017 0.03

Cell No. q St. dev. f% '' St. dev. I
1 0.00743791 0.17 0.0014652 1.70
2 0.00835890 0.68 0.0026464 1.21
3 0.00874948 0.65 0.00455846 0.90
4 0.0124496 0.55 0.00967587 0.62
5 0.0221820 0.41 0.0210057 0.42
6 0.0459520 0.28 0.0461227 0.28
7 0.0984635 0.19 0.0996282 0.19
8 0.192800 0.14 0.197103 0.13
9 0.309320 0.11 0.31542- 0.11
~~~ ~~0.294287 0.12 0.302453 0.12
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