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I present here some new results which make explicit the role of the division algebras R, C, H, O in the 
construction and classification of, respectively, N = 1,2,4,8 global supersymmetric quantum mechanical and 
classical dynamical systems. In particular an TV = 8 Malcev superaffine algebra is introduced and its relation to 
the non-associative N = 8 SCA is discussed. A list of present and possible future applications is given. 
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1. I N T R O D U C T I O N 

The investigation of extended supersymmetries 
in quantum mechanical systems is an essential 
tool for any realistic application of supersymme-
try. Many examples can be given. Here I limit 
myself just to mention that any supersymmet
ric field theory in the ordinary Minkowski space, 
when dimensionally reduced to a one-temporal 
dimension [1], acquires 4 times the number of 
the original supersymmetries. For instance N = 
1,2,4 super-YangMills theories are reduced to 
N = 4, 8,16 super quantum mechanical systems 
respectively. 

Due to the lack of an explicit superfield for
malism for large N (N > 4), such systems have 
received little attention in the literature, apart 
some specific cases, see e.g. [2] and [3]. 

On the other hand, since at least the work of 
Kugo and Townsend [4], it is known that the di
vision algebras are related with the N = 1,2,4,8 
extended supersymmetries. However, still nowa
days, the connection between division algebras 
and extended supersymmetries has not been com
pletely worked out. In several cases it has been 
made explicit; in many other cases however it is 
only implicit or just suggested. This is especially 
true for the division algebra of octonions (or oc-

* Contribution to the proceedings of the Conference "Su-
persymmetry and Quantum Field Theory", Kharkov, July 
25-29, 2000. 

taves) since, being non-associative, is technically 
more difficult to handle. 

The aim of this paper is to partly fill this gap, 
presenting some new constructions which illus
trate and make explicit such a connection in a 
few new cases. The results here presented are ex
tracted from three recent articles [5], [6] and [7]. 
Their content being more general, only the part 
concerning the role of division algebras is here 
discussed. Proofs and details can be found there. 

More specifically, the points here discussed are 
the relation between octonions and a given real 
Clifford algebra associated to the representation 
of the N = 8 supersymmetric quantum mechanics 
algebra, as well as the explicit construction of the 
global N = 8 supersymmetry in terms of charges 
derived from a super-current algebra which turns 
out to be a Malcev algebra (i.e. a special type of 
non-jacobian algebra). An algebraic interpreta
tion (via Sugawara costruction) for the so-called 
non-associative N = 8 superconformai algebra in
troduced in [8] is obtained as an extra bonus. 

The above construction finds an immediate ap
plication in the extended supersymmetrization of 
integrable equations in 1 + 1 dimensions (such as 
KdV) [7]. A list of possible other applications is 
given in the Conclusions. 
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2. D I V I S I O N A L G E B R A S A N D EX
T E N D E D S U P E R S Y M M E T R I E S 

Let me recall some basic properties of the di
vision algebras R, C , H , 0 and of their relation 
with extended supersymmetries. 

Division algebras over the real field R can be 
obtained by iterating the "doubling" procedure 
(see [9]) which allows to construct complex num
bers out of real numbers. 

After each doubling some properties are lost. 
Quaternions are non-commutative, while octo
nions are non-associative. They satisfy however 
the weaker condition of alternativity (i.e. the 
associator [a, ft, c] s (aft)c — a(ftc) vanishes for 
a = b). 

By virtue of the generalized Frobenius theo
rem, R, C ,H, O are the only finite, alternative 
algebras over the real field up to isomorphism. 
In this respect they are a very fundamental and 
peculiar mathematical structure. 

They can be used to construct an explicit re
alization of the one-dimensional supersymmetry 
algebra 

{Qi,Qj} = &rjH, (1) 

where the total number of supersymmetry 
charges Qj is 1,2,4 or 8 respectively. 

The relation can be made precise as follows. 
Let ra denote the imaginary octonions (for a = 
1,2, . . . ,7, while imaginary quaternions are re
stricted to the values a = 1,2,3, and the imagi
nary unit is assumed to be given for a = 1). 

Explicitly, their multiplication rule can be pre
sented through 

Ta • U = -5abl + CabcTc, (2) 

where the structure constants Cabc can be as
sumed to be totally antisymmetric and non-
vanishing only for the special combinations 

abc = 123,147,165,246,257,354,367 (3) 

[Cabc is normalized to 1 for even permutations of 
the above orderings). 

If we introduce an N = 1 one-dimensional su-
perspace with bosonic coordinate x and Grass-
mann variable Ö, we can easily construct an (N = 

2,4, 8) extended version of the supersymmetry 
gebra in terms of the generators 

while 

al-

(4) 

Qa = TaD, 

with 

D 
d_ 
de dx ' 

(5) 

(6) 

(here i = 0, a). The introduction of imaginary 
octonions has been used to "correct" the sign ap
pearing in the anticommutation of the fermionic 
derivative. 

3. N = 8 R E P R E S E N T A T I O N MULTI
PLETS A N D O C T O N I O N S 

Being non-associative, octonions cannot of 
course be represented through matrices with the 
standard product. On the other hand it is well-
known that octonions and pseudo-octonions are 
related to certain real representations of the Clif
ford algebras C(p,q) (i.e. for a [p,q) signature), 
such as C(0, 7), C(0 ,8) and C(8 ,0) . An explicit 
construction is given in [10]. 

The 16-dimensional matrix representations 
C(8, 0) and C(0, 8) are of particular interest in the 
light of the results of [5]. In that paper some prop
erties of the finite irreducible multiplets of repre
sentation of the one-dimensional ./V-extended su
persymmetry have been proven. The results can 
be summarized as follows. At first it is shown 
that any such multiplet contains an equal num
ber (say d) of bosons and fermions distributed in 
different spin states. Any given multiplet under 
consideration can be unambiguously "shortened" 
to a standard (fundamental) multiplet such that 
all d bosons and all d fermions are grouped in 
just two spin states (one for the bosons, the other 
one for the fermions). Since all irreducible repre
sentations are specified by the given irreducible 
fundamental multiplet, which can be regarded as 
both the generator and the representative of its 
class, it is of tantamount importance to classify 
all classes of irreducible fundamental multiplets. 
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The answer can be given rather easily. It turns 
out that they are in one-to-one correspondence 
with the real representations of Clifford algebras 
which are of Weyl form, i.e. such that all matri
ces Tj can be put in a block antidiagonal form, 

Ti = ^ j , for i = 1,...,N. The corre

spondence is such that the space-dimensionality 
coincides with JV, the number of extended super-
symmetries, while the dimensionality of the 
matrices is 2d, the total number of bosons and 
fermions. 

The reality condition imposed on the Fj is in 
consequence of the reality property of the bosonic 
and fermionic fields, while the Weyl property can 
be understood by loosely stating that the Clif
ford's r, matrices are now promoted to be super-
matrices which act on and exchange the fermionic 
and the bosonic subspaces. 

The classification of all finite real representa
tions of Clifford algebras, satisfying the further 
Weyl property, has been given in the literature in 
several places (see [5] for references). 

While the construction in [5] has been per
formed independently of and without any men
tion to division algebras, just for the special case 
of C(0 ,8) and C(8 ,0 ) , something more can be 
said. They are both Weyl-type representations 
which are associated with the 16-dimensional (8 
bosons and 8 fermions) irreducible fundamental 
multiplet of the JV = 8 supersymmetry. It is 
therefore possible to combine the results of [5] 
with the relation, presented in [10], on the con
nections with such real Clifford representations 
and the octonions. The final result consists in 
the established connection between a matrix rep
resentation of the global JV = 8 supersymmetry, 
and the JV = 8 octonionic construction which has 
been discussed in the previous section. 

4. S U P E R A F F I N E A L G E B R A S O V E R 
D I V I S I O N A L G E B R A S 

In the previous section we have seen that there 
are two related ways of implementing an JV = 8 
global supersymmetry. In terms of a matrix rep
resentation or by making use of the octonions. 'In 
this section I discuss under which conditions the 

octonionic-realized JV = 8 global supersymmetry 
can be recovered from charges of an associated su-
percurrent algebra. More generally, I discuss how 
it is possible to "superaffinize" a division algebra, 
following [6] . 

There exists a well-defined procedure to (su-
per)affinize any given simple Lie or super-Lie al
gebra Q. The details are given e.g. in [11], where 
some physical applications are also discussed. No 
matter which is the starting (super)Lie algebra 
G, the associated superaffine algebra is an ordi
nary super Lie algebra which in particular satisfies 
the superJacobi identity. A drastically new fea
ture arises when the starting algebra is the divi
sion algebra of octonions. Due to the alternative 
property, the commutator algebra of octonions 

[Ta,Tb] = fabcTc (7) 

(with fabc = 2C abc, the structure constants intro
duced in section 2) no longer satisfies the Jacobi 
identity, but the weaker condition 

J(x,y,[x,z]) = [J(x,y,z),x], (8) 

which, together with [x, x] = 0, gives it the 
structure of a Malcev algebra (the property (8) 
holds for any three given elements x, y, z, where 
J(x,y,z) is the jacobian). 

Let us consider the algebra of commutators sat
isfied by the seven imaginary octonions plus the 
identity 1 which, for our scopes, can also be ex
pressed as To. It admits a quaternionic subalge-
bra which coincides with the sl(2) © u(l) Lie al
gebra. The superaffinization requires at first the 
construction of a superloop algebra. This implies 
to associate to any bosonic generator 7y a corre
sponding fermionic JV = 1 superfield xl'l(X) = 
ipi{x) + 9jl(x). Let us denote with fijt the orig
inal structure constants fak, the superloop alge
bra can be introduced through 

{^i(X1),<i>j(X2)} = fijk^k{X2)5(X1,X2), 

(9) 

(where 6(Xi,X2) = 6(xi — x2)(Q\ — ô 2 ) is the su
persymmetric delta-function). Next, in order to 
afnnize the superloop algebra, a central extension 
k must be introduced in a manifestly supersym
metric form. In the case of a Lie algebra (such as 
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the SL(2) © « (1 ) subalgebra) a central extension 
appearing in the r.h.s. of (9) takes the form 

k-tr(TlTj)DX26(X1,X2), (10) 

where D is the TV = 1 fermionic derivative (6), 
while the trace is computed on some matrix rep
resentation for Ti,Tj. In the case of octonions, 
due to the obvious absence of matrix representa
tions, the above formula is meaningless and must 
be replaced by some generalization. It turns out 
that the correct generalization is given by 

k-U(Tl-Tj)DxJ{XuX2), (11) 

where Hfa-Tj) corresponds to the projection over 
the identity 1. On the quaternionic subalgebra 
it reproduces the correct formula for the central 
extension, as it should be. 

The affmization of (the commutator of) the di
vision algebra of the octonions has been consid
ered in a series of papers by Osipov, two of them 
[12] devoted to the bosonic affine case and its re
lated Sugawara construction, while the third one 
[13] to construct the superamne algebra. While in 
the bosonic subalgebra case (setting all fermionic 
fields equal to zero) our results coincide with the 
Osipov's results, the central extension presented 
in [13] is not manifestly supersymmetric, as an 
easy inspection shows. The central extension (11) 
given here, on the contrary, is manifestly super-
symmetric. We therefore regard the (9) loop al
gebra, centrally extended through (11) as the cor
rect superaffinization of the commutator algebra 
of the octonions. A first property can be imme
diately stated, namely that the superaffine oc
tonionic algebra is a superMalcev algebra, sat
isfying a graded version of the Malcev property, 
which is expressed in terms of the superjacobian. 

Despite the fact that the superaffine algebra 
here introduced is expressed in terms of mani
festly TV = 1 superfields only, its association with 
a division algebra suggests that it possesses extra 
supersymmetries. This is indeed the case. It is in 
fact a global N = 8 supersymmetric algebra. The 
sketch of the proof, following [6], will be given in 
the next section, where the supersymmetric Sug
awara construction will be discussed. Let us con
clude this section by mentioning that the restric
tion to the quaternionic case, once expressed in 

component fields, corresponds to the N = 4 su
peraffine algebra introduced in [14], in terms of 
a manifest N = 2 superfields formalism. The di
vision algebra properties were assumed, but no 
explicit use of them was made in that construc
tion. 

5. T H E S U G A W A R A C O N S T R U C T I O N 
F O R T H E N O N - A S S O C I A T I V E N = 8 
SCA 

The superaffine algebra introduced in the pre
vious section, which can be denoted as the O-
superalgebra, IS N = 8, AS already recalled. An 
explicit way to prove it consists in constructing 
a Sugawara realization which produces an A7 = 8 
extension of the Virasoro algebra. This has been 
done in [6] by using an improved version (to deal 
with octonions) of the Thieleman's Mathematica 
package for OPE's computations. The N = 8 
extension of Virasoro coincides with the N = 8 
(so-called non-associative) Superconformai alge
bra introduced in [8], which is some sort of min
imal N = 8 extension of Virasoro, being gener
ated, besides the Virasoro field T, by 8 spin-| 
fermionic fields Qi and 7 spin-1 bosonic currents 
Ja. It is constructed with the structure constants 
of the octonions and for that reason the Jacobi 
identities are not satisfied. 

The Sugawara construction requires the notion 
of the enveloping algebra. It is worth stressing the 
fact that in the case of the superMalcev O algebra 
the bosonic and fermionic component fields are 
assumed to be real-valued (and not octonionic-
valued). The O algebra must therefore be re
garded as an abstract non-Lie algebra of Poisson-
Malcev brackets. When considering the envelop
ing algebra the Poisson-Malcev brackets are as
sumed to satisfy the graded version of the Leibniz 
rule. One important remark is the following, the 
Malcev property is not closed under composition 
law, i.e., even if the triples X\,Y,Z and X2,Y,Z 
both satisfy (8), it is not guaranteed that the 
triple X = X\X2, Y, Z is Malcev. Indeed, the N = 8 
non-associative SCA is not super-Malcev since, 
e.g., the (8) property is violated for Ji,J2,Qi, 
while its bosonic subalgebra is of Malcev type. 

For what concerns the Sugawara construction 
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of Ö , two distinct limiting subcases have to be 
distinguished. The purely bosonic limit, obtained 
by disregarding all fermionic fields, which repro
duces the results obtained in [12], and the quater
nionic case, obtained by disregarding the fields as
sociated to the values I = 4,5,6, 7. It corresponds 
to the Sugawara construction of [14], which repro
duces the minimal TV = 4 Superconformai alge
bra. Such a Sugawara realizes an interpolation 
between the super-NLS and the super-mKdV hi
erarchies. 

Since the details of the construction and the full 
list of formulas can be found in [6], here I limit 
myself to stress the salient points. Unlike the 
bosonic and the TV = 4 subcases, the construction 
of the TV = 8 Sugawara requires a classical renor-
malization procedure and is recovered only in the 
limit K —• oo, where K is the central charge (of 
the superaffine algebra). The reason is due to the 
fact that the algebra of the Sugawara-constructed 
fields does not close automatically on the non-
associative TV = 8 SCA, since extra-contributions, 
proportional to the fermionic fields IPI(X), for 
I = 4, 5, 6, 7, appear. These extra-contributions 
however disappear in the limit K —• oo. A si
multaneous rescaling (proportional to K) of the 
Poisson-Malcev brackets normalization is needed 
in order to produce a finite value of the central ex
tension c of the TV = 8 SCA. Due to the presence 
of this "classical renormalization", no relation is 
found between the affine central charge K and the 
conformai central charge c. The latter, with a fi
nite rescaling of the fields and of the brackets, can 
be normalized at will. Taking the K —» oo limit is 
safe since the terms which disappear in the r.h.s. 
are always of higher order in E = ^ w.r.t. the 
surviving terms which close the TV = 8 SCA. 

To illustrate the above points I present here the 
form of the Sugawara just for the Virasoro field 
T(X) and the spin-| field Q(X) associated to the 
identity 1. We have (the convention over repeated 
indices is understood) 

T = +IPI'IPI) + PO'- • 

2 2 
-^Cabctpalpbjc - -TjCabcdi'a^btpclpd, 

1 1 2 
Q = Tã^di + £</V - ^Cabclpatpb1pc, (12) 

where the dual tensor (in the seven-dimensional 
imaginary octonionic space) CABCD = TABCDEFGCEFG 

is totally antisymmetric. 
While the Virasoro algebra for T ( i ) is satis

fied exactly, the spin-| primary condition for the 
QA{X) = Q{X) field is guaranteed only in the 
K —» oo limit, indeed 

{T(X),T(Y)}R = - l õ » ' + 2T{V)8' + T{Y)'6, 

{TX),Q(Y)}R = ÎQ(Y)6' + Q(Y)'S + X1, 

{Q{x),Q(y)}R = -b'" + ±T(Y)6 + X2, (13) o 2 
(in the above formulas S = 6(X—Y) and the deriva
tive is taken in Y). The extra-terms X\,X2 are 
given by 

3 
X\ = -Y^CABCDLILALPBLPCJDÔ, 

X2 = -Y^CABCD^ALPB^CLPDA- (14) 

Notice that the extra-terms in the r.h.s. are not 
present when the Sugawara is restricted to the 
superaffinization of the quaternionic subalgebra 
or in the purely bosonic case. 

Relations like those here shown hold for the 
whole set of fields which satisfy the TV = 8 non-
associative superconformai algebra. 

By taking the Poisson brackets between the su
persymmetric charges QI = J DXQI(X) and the 
original affine fields in O, we can recover in the 
K —> oo case the TV = 8 "octonionic" trans
formations (4) and (5), assumed to act on the 
octonionic-valued superfield 9Í(X)TÍ. We have, 
e.g., 

1 , 2 
SQJI = + ^(CABCLPA^PBLPC), 

SQLH = ^ 3 ' + o ( i ) , 

6QIÍ>2 = - ~ 7 3 + ^ ( ^ 1 ^ 2 - lpQlp3.)- (15) 

(in the third equation the term 0{\) is rather 
complicated and is not necessary to report it 
here). Analogous results are found for the whole 
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set of supersymmetric transformations 6Q,. act
ing on the fields ipk(x), jk(x)- Due to the "demo
cratic" nature of the octonions (they are all on 
equal footing), the most general supersymmetry 
transformation can be directly read from (15). 

The global N = 8 octonionic transformation is 
interpreted, as promised, in terms of a supercur-
rent algebra. 

6. A N A P P L I C A T I O N : DIVISION A L 
G E B R A S A N D T H E TV-EXTENDED 
S U P E R K d V 

From a practical point of view one of the most 
interesting features of the non-associative N = 8 
SCA is the presence of the central charge. The 
fact that this superalgebra does not satisfy the 
(super)Jacobi property allows to overcome the 
no-go theorem which states that central charges 
are not allowed for superconformai algebras with 
N > 4. This is the case for standard superalge
bras which satisfy the (super)Jacobi property. On 
the other hand the presence of a central charge is 
required if the algebra under consideration has to 
be interpreted as a Poisson-bracket algebra for a 
related KdV-type hamiltonian equation (the Vi
rasoro central charge 6"' produces the T'" term 
in the usual T = V" + TT' KdV equation). It 
is therefore interesting to explore the possibility 
that the superaffine division algebra O (and its 
subalgebras) could be related to supersymmetric 
extensions of KdV, generating a hamiltonian dy
namics. This possibility has been systematically 
investigated in [7], with a heavy use of computer 
algebraic manipulations. Leaving aside for the 
moment all questions related with the integrabil
ity of the extended system, in [7] the most general 
N = 4 and N = 8 hamiltonian supersymmetric 
extensions of KdV, based on the N = 4 mini
mal SCA and N = 8 non-associative SCA respec
tively, have been constructed. The complete so
lution is the following. The most general N = 4-
supersymmetric hamiltonian for the N = 4 KdV 
depends on 5 parameters (plus an overall normal
ization constant). However, if the hamiltonian is 
further assumed to be invariant under the invo
lutions of the N = 4 minimal SCA, three of the 
parameters have to be set equal to 0. I recall here 

that the involutions of the N = 4 minimal SCA 
are induced by the involutions of the quaternionic 
algebra. Three such involutions exist (any two of 
them can be assumed as generators), the a-th one 
(for a = 1,2,3) is given by leaving T q (together 
with the identity) invariant and flipping the sign 
of the two remaining r's. 

What is left is the most general hamiltonian, 
invariant under N = 4 and the involutions of the 
algebra. It is given by 

H2 = T2 + Q'lQi~J';ja + xaTJa
2 + 

2xlJ1J2J3-2x2J[J2J3 (16) 

(the convention over repeated indices is under
stood; here i = 0,1, 2,3 and a = 1, 2, 3). 

The N = 4 global supersymmetry requires the 
three parameters xa to satisfy the condition 

x\ + x2 + x3 = 0, (17) 

so that only two of them are independent. Since 
any two of them, at will, can be plotted in a real 
x—y plane, it can be proven that the fundamental 
domain of the moduli space of inequivalent N = 4 
KdV equations can be chosen to be the region of 
the plane comprised between the real axis y = 0 
and the y = x line (boundaries included). There 
are five other regions of the plane (all such regions 
are related by an 53 -group transformation) which 
could be equally well chosen as fundamental do
main. 

In the region of our choice the y = x line corre
sponds to an extra global {/(l)-invariance, while 
the origin, for xi = x2 = X 3 = 0, is the most sym
metric point (it corresponds to a global SU{2) 
invariance). 

The involutions associated to each given imagi
nary quaternion allows to consistently reduce the 
N = 4 KdV equation to an TV = 2 KdV, by set
ting simultaneously equal to 0 all the fields asso
ciated with the r's which flip the sign, e.g. the 
fields J2 = J3 = Q2 = Q3 = 0 for the first involu
tion (and similarly for the other couples of values 
1,3 and 1,2). After such a reduction we recover 
the N = 2 KdV equation depending on the free 
parameter x\ (or, respectively, x2 and X3). 

The integrability is known îov N = 2 KdV to 
be ensured for three specific values a = —2,1,4, 
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discovered by Mathieu [15], of the free parame
ter a. We are therefore in the position to deter
mine for which points of the fundamental domain 
the TV = 4 KdV is mapped, after any reduction, 
to one of the three Mathieu's integrable TV = 2 
KdVs. It turns out that in the fundamental do
main only two such points exist. Both of them lie 
on the y = x line. One of them produces, after in-
equivalent TV = 2 reductions, the a = —2 and the 
a = 4 TV = 2 KdV hierarchies. The second point, 
which produces the a = 1 and the a = — 2 TV = 2 
KdV equations, however, does not admit at the 
next order an TV = 4 hamiltonian which is in invo
lution w.r.t. H2. In this respect the results in [7], 
which can be regarded as more general since are 
based on an exhaustive component-fields analy
sis, are in agreement with those of [16], based on 
an extended superfield formalism. 

The next step considered in [7] was to perform 
a similar analysis for the TV = 8 case based on 
the TV = 8 non-associative SCA. At first the most 
general hamiltonian with the right dimension has 
been written down. Later, some constraints on it 
have been imposed. The first set of constraints re
quires the invariance under all the 7 involutions 
of the algebra. In the case of octonions the to
tal number of involutions is 7 (with 3 generators) 
each one being associated to one of the seven com
binations appearing in (3)). In the case, e.g., of 
123 the corresponding r a ' s are left invariant, while 
the remaining four r's, living in the complement, 
have the sign flipped. 

The second set of constraints requires the in
variance under the whole set of TV = 8 global 
supersymmetries. Under this condition there ex
ists only one hamiltonian, up to the normalization 
factor, which is TV = 8 invariant. It does not con
tain any free parameter and is quadratic in the 
fields. It is explicitly given by 

H2 = T2 + Q'iQL-Ji;ja (18) 

(here i = 0 , 1 , 7 and a = 1, 2 , 7 ) . 
The hamiltonian corresponds to the origin of 

coordinates (confront the previous case) which is 
also, just like the TV = 4 case, the point of maxi
mal symmetry. This means that the hamiltonian 
is invariant under the whole set of seven global 
charges / dxja(x), obtained by integrating the 

currents J a ' s . 
Despite its apparent simplicity, it gives an TV = 

8 extension of KdV which does not reduce (for 
any N = 2 reduction) to the three Mathieu's val
ues for integrability. Nevertheless the main re
sult, highly non-trivial, consists in the proof of 
the existence of an TV = 8 extension of the KdV 
equation whose dynamics is hamiltonian (for a 
generalized non-Lie Poisson-brackets structure). 

As a matter of fact, requiring the invariance 
under TV = 5 supersymmetries already uniquely 
specifies (18), since the remaining supersymme
tries are generated by the previous ones. TV = 4 
is the maximal supersymmetry which allows the 
presence of a global parameter. Two inequivalent 
ways of determining a free parameter-dependent 
TV = 4-invariant second hamiltonian H2, con
structed with the TV = 8 SCA fields, are allowed. 
The first one requires TV = 4 invariance w.r.t. the 
TV = 4 global supercharges constructed from the 
TV = 4 minimal SCA subalgebra. The second one 
requires the invariance w.r.t. the remaining 4 su
persymmetric generators. The explicit formulas 
for such H2s and the derived hamiltonian equa
tions are presented in [7]. 

7. C O N C L U S I O N S 

In this paper I have presented some new results 
concerning an explicit connection of extended su
persymmetries and division algebras. Besides the 
relation between matrix and octonionic represen
tations of the global TV = 8 supersymmetry, the 
superaffinization of a Malcev algebra based on oc
tonions has been introduced, as well as its TV = 8 
Sugawara construction which links it to the non-
associative TV = 8 SCA of reference [8]. 

As an application, the role of such algebras in 
furnishing a generalized Poisson bracket structure 
for the hamiltonian dynamics of supersymmetric 
extensions of the KdV equation has been exam
ined. It has been proven, following [7], the exis
tence of a unique TV = 8 KdV equation based on 
the TV = 8 non-associative SCA. Many more ap
plications are likely to be studied with the tools 
here discussed. A list of possible topics can be 
furnished. In the light of the geometric approach, 
see [17], it is likely that the dynamics of a clas-
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sical superstring moving in a flat target could be 
recovered from a supersymmetric version of the 
Liouville equation. If the target is 3-dimensional, 
this is indeed the case. For 4 dimensional, 6 
dimensional and 10-dimensional targets the cor
responding super-Liouville theory is expected to 
take values in the complex, quaternionic and oc
tonionic division algebras respectively. The al
gebraic structures here discussed seem the most 
natural framework to investigate such questions. 
On the other hand, either WZNW-type of models 
defined on the "almost group manifold" S7 (the 
almost being referred to the fact that it can be re
covered from imaginary octonions, together with 
their product which, however, is non-associative), 
or the dynamics of generalized tops moving on 
the S7 sphere, are likely to be described by Mal
cev algebras. A converse approach, which re
tains Jacobi identities at the price of making field-
dependent the algebraic structure constants (soft 
algebras) has been suggested in [18]. 

Another natural setting concerns the applica
tion of such formalism to the twistors in inves
tigating the quantization of the Green-Schwarz 
string [19]. 
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