
the
XA0302103abdus salam

international
centre
for theoretical
physics

.. . ......... . ........ .

A COMPLETE FORMULATION OF
BAUM-CONNES' CONJECTURE FOR THE

ACTION OF DISCRETE QUANTUM GROUPS

Debashish Goswarni

and

A.0. Ktiku



Available at: http: //ww. ictp. trieste. it/pub- of f IC/2003/1

United Nations Educational Scientific and Cultural Organization
and

International Atomic Energy Agency

THE ABDUS SALAM INTERNATIONAL CENTRE FOR THEORETICAL PHYSICS

A COMPLETE FORMULATION OF BAUM-CONNES' CONJECTURE
FOR THE ACTION OF DISCRETE QUANTUM GROUPS

Debashish Goswamil
Stat-Math Unit, Indian Statistical Institute,

203, B. T. Road, Kolkata 700 108, India

and

A.0. Kuku2

The Abdus Salam International Centre for Theoretical Physics,
Trieste, Italy.

Abstract

We formulate a version of Baum-Connes' conjecture for a discrete quantum group, building

on our earlier work ([8]). Given such a quantum group A, we construct a directed family {EF}

of C*-algebras (F varying over some suitable index set), borrowing the ideas of 5], such that

there is a natural action of A on each F satisfying the assumptions of [8], which makes it
possible to define the "analytical assembly map", say r,F 01 si 8] rmteA

equivariant K-homolgy groups of £F to the K-theory groups of the "reduced" dual A, (c.f. 8]

and the references therein for more details). As a result, we can define the IBaum-Connes' maps

~4"~KK (SF, Ki K(.A,), and in the classical case, i.e. when A is Co (G) for a discrete

group, the isomorphism of the above maps for i 0, 1 is equivalent to the Baum-Connes'

conjecture.
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1 Introduction

In this paper, we complete our formulation of Baum-Connes conjecture for the action of a

discrete quantum group A as a follow-up of our earlier paper [8]. We refer the reader to the

Introduction of [8] for a comprehensive discussion of classical formulation of the Baum-Connes

conjecture as well as the motivation of our generalization to the quantum group actions.

As remarked in [8], the classical formulation of the Baum-Connes conjecture for the action

of locally compact groups or discrete groups C could be achieved in two steps. The first step is

to define assembly maps pi, p!' for G-compact and G-proper actions. We achieved the analogue

of this step for discrete quantum groups in [8]. More precisely, given an action of a discrete

quantum group A on a C*-algebra C satisfying certain regularity assumptions (resembling the

notion of proper G-compact action of classical discrete groups on some space), we constructed

canonical maps p, Mi4 (i = 0, 1) from the A-equivariant K-homology groups KK74(C, 47) to

the K-theory groups K (A), K 2(A,) respectively, where AA.denote respectively the quantum

analogue of the full and reduced group C*-algebras.

The second step in the classical formulation of the Baum-Gonnes conjecture is to define

a universal space EG for the proper actions of G and build explicit good models for EG to

show that it can be approximated by its subsets X having C-proper and C-compact actions,

thereby defining appropriate maps from the equivariant K-homology groups RKG(EC) = n

KKG-(C 0(X), (p) to K 2(A), K (A,.) by inductive limits. We achieve this step in this paper for the

action of discrete quantum groups by borrowing ideas from the work of Guntz [5], who used the

language of noncommutative simplicial complexes to describe this step in the classical situation.

More precisely, we construct a directed family {F} of C*-algebras (F varying over some index

set) and prove that the natural action of A on £F satisfies the assumptions in [8] which makes

it possible to define analytic assembly maps pi (i = 0, 1) as in [8] from the A-equivariant

K-homology groups of EF to the K-theory groups of A and A,.. Consequently, we ae able to

define the Baum-Gonnes maps

rlim A
pi :- KK (F, ) K-+ 47 )

so that in the classical case when A = Co (C), the isomorphism of p~ is equivalent to the Baum-

Connes conjecture.

It is hoped to verify the conjecture for some non-classical quantum groups, e.g. duals of

SUq(n), in a future work.

We shall follow the notation used in [8]. However, for readers' convenience, let us briefly

mention some of those here. For a Hilbert space W-, and some pre-C*-algebra B C BW), we

shall denote the multiplier algebra of the norm-closure of B by M(B). For two Hilbert spaces

7-1,7-2 and some bounded operator X E B(W-1 ®7-2) B(R-1) ® B(W-2), we denote by X12 the
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operator X olgj2 on 11 ®1- 2®7- 2, and denote by X13 the operator (IW ®)(X1-k)(17 i,1 ®E)
On W-I ® W-2 ® 1-2, where E W-2 ® 7-2 - W-2 ® 1-2 flips the two copies f W-2. For two vectors

~, 17 E WL we define a map T~, B(1-L®1- 2) - B(W-2) by setting T~,(AOB) :=< , Aq > B, where

A E B1L) B E B(1-2), and extend this definition to the whole of B(1 ® W-2) in the obvious

way. For some Hilbert space 1-1, we denote by Bo(1-L) the C*-algebra of compact operators on W-,

and by £(E) the C*-algebra of adjointable linear maps on a Hilbert A-mnodule E. Furthermore,

for a von Neumann algebra B C B(1-L), and some Hilbert space 1-1', we introduce the following

notation for 7 E ', X B(1) ® B_ L(W-L ® B), Xq r X(17 ® 1) E L' ® B. Note that we

have denoted by 1' B the Hilbert von Neumann module obtained from the algebraic B-module

1-1 ®alg B by completing this algebraic module in the strong operator topology inherited from

B(W-, W-' ® W-), where we have identified an element of the form ( 0 b), ~ E 1-i, b E B, with the

operator which sends a vector v 1-Ito ( 0 bv) E W-' 0 W-. Similarly, for a possibly nonunital

C*-algebra A, we can complete the algebraic pre-Hilbert A module 1-1 ®alg A in the locally

convex topology coming from the strict topology on M (A), so that the completion becomes in

a natural way a locally convex Hilbert M (A)-module, to be denoted by L OM M(A). It is also

easy to see that if X E M (Bo (H-') 0 A), 7 E 1-1, then we have Xrj = X ( 7 0 1) E 1-1 0 M (A).

If B1, B2 are two von Neumann algebras, 7- a Hilbert space, and p B1 - 82 a normal

*-homomorphism, then it is easy to show that (id 0 p) IL' ®alg B - WL' ®alg B2 admits a

unique extension (to be denoted again by (id 0 p)) from the Hilbert von Neumann module

W0' B, to the Hilbert von Neumann module 1-L' 82. Furthermore, one has that (id 0p) (X7) =

(id 0 p) (X)7 for X E B(1-L) 0 B, 7 E L. By very similar arguments one can also prove that

if A,, A 2 are two C*-algebras, and r A - A2 is a nondegenerate *-homomorphism (hence

extends uniquely as a unital strictly continuous *-homomorphism from M(A 1) to M(A 2)),

then (id 0 r) W' ®alg A - WL ®alg A2 admits a unique extension (to be denoted by the same

notation) from IL' M (A 1) to 1-' M (A 2), which is continuous in the locally convex topologies

coming from the respective strict topologies. We also have that (id 0 r) (Xi7) = (id 0 r) (X) 7,

for X M (Bo (W-') ® A), 7 E 'H'.

2 Preliminaries on discrete quantum groups

We briefly discuss the theory of discrete quantum groups as developed in [12], [71,[141, [10] and

other relevant references to be found there. Let us fix an index set I (possibly uncountable),

and let Ao0 : EO1EiAO be the algebraic direct sum of A,'s, where for each a, A,0 M, is the

finite dimensional C*-algebra of n x n0 matrices with complex entries, and n0 is some positive

integer. Let us denote by M =M (Ao) the unital C*-algebra consisting of all collections(a)I

with a, C Ac, for each a, and sup,,0 a,, 11 < o. The algebra operations are taken to be the obvious

ones; i.e. () + (b0) :=(a,, b, (a0,).(b 0,) :=(a,,b0 ) and (a,)* :=(a). Similarly, denote by

M (Ao 0 AO) the C*-algebra consisting of all collections of the form (a,, 0 b,6) where a, j3 varies
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over I, and equip M (A 0 ® A0) with the obvious C*-algebra structure. Let us now assume that

there is a unital C*-homomorphism A M (Ao) - M (AO ®A40) which satisfies the following:

(i) For a, b E A 0, we have

T 1(a ® b) A (a) (1 ® b) E A 0 Oalg A40,

and

T 2 (a 0b) (a®0 1)A(b) E AO alg 4;

(ii) Ti, T2 A0 Oalg A 0 - Ao Oalg A 0 are bijections;

(iii) A satisfies the coassociativity in the sense that

(a®0 1 ® 1)(A ® id)(A(b)(1 ® c)) = (id ® A)((a ® 1)A(b))(1 1 c),

for a, b, c E Ao0. As explained in the relevant references mentioned above, (A 0id), (id OA) admit

extensions as C*-homomorphisms from M (Ao 0 Ao) to M (Ao ® Ao O Ao) (we denote these

extensions by the same notation) and the condition (iii) translates into (A ® id) A = (id ® A) A.

The above conditions essentially constitute the definition of a discrete quantum group (for

details see (12], (10] and 7]). Let us recall from [12] and [10] some of the important properties

of our discrete quantum group A0 . It is remarkable that it is possible to deduce from (i) to (iii)

the existence of a canonical antipode S : A0 - AO satisfying S(S(a)*)* = a and other usual

properties of the antipode of a Hopf algebra. Furthermore, there exists a counit E : A0 -

For details of the constructions of these maps and their properties we refer to 12].

We shall call an arbitrary collection (aa,)a E:, with a% E Aa, the "algebraic multiplier" of

A0. The set of all algebraic multipliers of 4o, denoted by M ag(A0), is obviously a *-algebra, with

pointwise multiplication and adjoint, i.e. for U = (un), V (v,) E Mag(Ao), UV : UV,),

and U* := (u*). Clearly, any element of Ao can be viewed as an element of Maig(Ao), by thinking

of a E A0 as (s), where aQ is the component of a in A,. It is easy to see that Ua, aU EE A0 for

a G Ao, U E Maig (Ao). We can give a similar definition of algebraic multiplier of A 0 A 0 , which

will be any collection of the form M _= )e,5Ewith ma E 4Aa 0 Aq. In fact, since by [12]

there is a bijection of the index set I, say et -+ a', such that S(ej) = e, S(ea') = e, we can

define S(X) for X (xaJ E Maig(A0) by S(X) := X'= ( ) where xl = S(xQI). Similarly,

to define A(X) for X (xe,) E Maig(Ao), we note that (c.f. [12]) for fixed a,6 E I, there is

a finite number of y E I such that A(ey,)(eQ, 0 e,6) is nonzero. Thus, A(X) can be defined as

the element Y E Maig (A o 0 ) such that Y = (y,,,), where ya15 = Ey, A (xy) A(e.y) (ea, 0 eo).

For algebraic multipliers A, B of AO and L of Ao 0 AO, it is clear that A (A) = L if and only if

A(Aa) = LA(a) Va E- Ao, and 5(A) = B if and only if S(Aa) = S(a)B for a E A0 .

Let C be the smallest Hilbert space containing the algebraic direct sum EDaElK,'

i.e. KC={f~)~ E K" 4 ", IfWI112 < c}, where the possibly uncountable sum ,
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means the limit over the net consisting of all possible sums over finite subsets of I. Let us consider

the canonical imbedding of A 0 in P(KC), with A,, acting on Q`. Let A be the completion of A0

under the norm-topology inherited from B(IC). Let us fix some matrix units e, i, j = 1, ...,%

for A,, = M%0 , w.r.t. some fixed orthonormal basis eg, i = 1, ... , n0, of Qf2 2 , and thus A is the

C*-algebra generated by e's. It is also clear that any element of Maig(Ao) can be viewed as

a possibly unbounded operator on K, with the domain containing the algebraic direct sum of

K1 's. Similarly, elements Of Maig (A0 ® Ao) can be thought of as possibly unbounded operators

on KC ® K with suitable domain.

Let us denote by A~ the set of all linear functionals on A0 having finite support", i.e. they

vanish on Ac07s for all but finite many a E I. It is clear that any f A~ can be identified as a

functional on Maig(Ao), by defining f ((a~JJ) Z=OEIC f (ac) =_ 1j f (a 0 , where IO is the finite

set of a's such that for a's not belonging to o, fIJA = 0. With this identification, f (1) makes

sense for any functional f on Maig(A0). Let us denote by e the identity of A,, = M%0 , which

is a minimal central projection in A 0. For any subset I, of I we denote by ej1 the direct sum of

e0 's for a E IA. It is clear that a functional f on A0 is in A' if and only if there is some finite

I, such that f (a) = f (ell a) for all a E Ao.

We say that a linear functional 0 (not necessarily with finite support) on A 0 is left invariant

if we have (id®o q$)(b® 1)A(a)) = bq$(a) for all a, b E A 0, or equivalently, q$((w ® id)(A(a))) 

w(l)q$(a) for all a E A0 , w E A. Similarly, a linear functional ' on A0 is called right invariant

if ( ® id) ((1 ® b) A(a)) = b (a) b for all a, b E Ao. Let us now recall some of the main results

regarding left and right invariant functionals as proved in [12]. It is shown in [12] that up to

constant multiples, there is a unique left invariant functional, and same thing is true for right

invariant functionals, although in general (unless S2 = id) left and right invariant functionals

are not the same. Moreover, for each a E I, there is a positive invertible element K,, E A,, such

that the positive functional q0 defined by

q$(x) = Tr.(K'-x)

for x E A, (where Tr0, is the trace on the algebra A,, of nc, x n,0 matrices) and extended on A0

by linearity, is left invariant. We get a right invariant positive functional 0b by replacing K; 1

by ccK 0, for some positive constant cc, i.e.

ipx =c 0Tr,(K,,x),

for x A,,. Furthermore, S(a) = Kcj'aK0, for a E A 0,. If we define a possibly unbounded

positive invertible operator K on K by setting KIK, = K,, for each a, then it is easy to see that

-P(a c. q(K 2a) = c,0 (aK2 ) for a E A,. Now, observe that a -- ~ O(S(a)) is right invariant,

hence there is some constant c such that V5 = co S. From the results of [1 0] it follows that there
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is a "modular operator" 6, which can be thought of as a collection (6')E such that 53, E A,,

for each a (i.e. 6 E Mailg(Ao)), and we also have that A(5) = 6 6, S(6) = 6-', S(6-1) 6,

in the sense described earlier; and furthermore, 4(S(a)) = 4(ad,) for all a A,,. Thus, for

a A,,, coq(aK,,) = (a) = c(S(a)) = c(ad,,). Since c is clearly nonzero, we conclude that

=a c'1caK,' for each a. We can argue (see [8]) that c is positive, which will show the positivity

of 6.Let 0, : 6 for each et, and let be the unbounded positive operator on K defined by

OIk, = 09o.

Let us summarize these facts

(a) There exists a positive (possibly unbounded) invertible operator on K, with its domain

containing all IA20's, with 0,, = .C A 0, satisfying A(O) = (®9), s(o) = cl, and S(9-') = 9.

(b) S2 (a) = Cla9 for all a E A0 .

(c) We can choose a positive faithful left invariant functional (to be referred to as left haax

measure later on) 4? and a positive faithful right invariant functional (to be referred to as right

haar measure) 0b such that s/(a) = 4?(a92) = 4?(02a) for a E Ao.

(d) 4(S2(a)) = 4?(a), O(S 2(a)) = '4?(a) for all a C Ao, where 4?, 0 as in (c).

Note that we may have to multiply the left and right invariant functionals 4? and '4? we constructed

earlier by some positive constant in order to make them satisfy the property (c) above.

We say that a unitary element in M ((7 ® A)) =_M(So ('i) 0®4) is a unitary representation

of the discrete quantum group A if (id ® A) (U) U12 U13 , and (id 0 S) (U) = U*. Note that

the second equality has to be understood in the sense of the definition of S on the algebraic

multiplier, iLe. (id 0 S) (U(1 0 a)) = (1 0 S(a)) U* for all a E A0 . Let us also make the following

useful observation : for X M (o(U) ® A), and ~, E W-, we have that T,,(X) M (A).-

Let us now extend the definition of 4? and i0 on a larger set than A0 as follows. For a

nonnegative element a M(A) ~ B(KC), we define 4?(a) as the limit of 4j(a), whenever this

limit exists as a finite number, and where J is any finite subset of I, 4j(.) := q(ej.) = 4(.ej),

and the limit is taken over the net of finite subsets of I partially ordered by inclusion. Similarly,

we set OWa = limj '4(eja) whenever the limit exists as a finite number. Since a general element

a c- M(A) can be canonically written as a linear combination of four nonnegative elements, we

can extend the definition of 4? on M (A) by linearity. For any nonnegative X E M (o('H) ® A)

(where 'H1 is some Hilbert space), we define (id®?) (X) as the limit in the weak-operator topology

(if it exists as a bounded operator) of the net (id® 4j) (X) over finite subsets J C I, and extend

this definition for a general X M(Bo(W-) ® A) in the usual way. Similar definition will be

given for (id 00)

Lemma 2.1 [8] If we choose '-H = KC in the above, and take any a M (A) such that 4?(a) is

finite, then (id®40) (A (a)) = 4(a) 1M (A).
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We remark that an analogous fact is true for Oi.

Let us now recall from [12] that there is a one-dimensional component M,,, for some ao I

such that the identity ho, say, of this component has the property that h0 .a = a.hO = (a)hOVa E

AO, and also q0(ho) = 1.

We shall now define a *-algebra structure on A', and then identify A0 with suitable elements

of A', thereby equipping Ao with this new *-algebra structure, and then consider suitable C*-

completions. This will give rise to the analogues of the full and reduced group C*-algebra in the

framework of discrete quantum groups. Following 10] and others, we define f * g for f g E AO

by ( * g)(a) := (f o g)(A(a)),a E A 0. Note that since f,g have finite supports, there is some

finite subset J oflI such that (f og)(A(a)) = (f Og)((eiOe)A(a)), and since (ej Oei)A(a) 

Ao0aigAO, f *g is well defined. We also define an adjoint by f*(a) := f(S(a)*),a E Ao. We now

define for each a E A0 , an element 1,ba E Afo by 4'a(b) := ip(ab). It is easy to verify the following

by using standard formulae involving A and S.

Proposition 2.2 Fora, b E A0 , 'ia*l0b = Pa*b, where a*b := (idooi)((ob)((idS'I)(A(a))))=

(qS 0id)((a®0 1)((S 0id)(A(b)))). Furthermore, ?Pa 'Vag, where al: O'S-1 (a*).

We denote by A 0 the set Ao equipped with the *-algebra structure given by (a, b) -* a* b, a -+

ag described by the above proposition. There are two different natural ways of making A0 into

a C*-algebra, and thus we obtain the so-called reduced C*-algebra A, and the free or full C*-

algebra A This is done in a similar way as in the classical case one can realize elements of

A0 as bounded linear operators on the Hilbert space L2 (q$) (the GNS-space associated with the

positive linear functional 0, see [13] and [71 for details) and complete Ao in the norm inherited

from the operator-norm of B(L2 (0i)) to get Ar. The definition of A is slightly more complicated

and involves the realization of A0 as elements of the Banach *-algebra L' (q$) (see [7] and other

relevant references) and then taking the associated universal C*-completion. However, it is not

important for us how the explicit constructions of these two C*-algebras are done; we refer

to [13], [7] for that; all we need is that Ao is dense in both of them in the respective norm-

topologies. It should also be mentioned that exactly as in the classical case, there is a canonical

surjective C*-homomorphism from A to ,

3 A formulation of the Baum-Connes' conjecture for discrete
quantum groups

3.1 Analytical groundwork

Let us first recall from [8], without proof, how one can construct an analogue of the Baum-

Connes analytic assembly map for the action of the discrete quantum group A on some *

algebra, under some additional assumptions on the action, which may be called "properness

and A-compactness", since these assumptions are actually weaker than having a proper and
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C-compact action in the classical situation of an action by a group G. Our construction is

analogous to that described in, for example, [151]416], for the discrete group. We essentially

translate that into our noncommutative framework step by step, and verify that it really goes

through. However, in case S' is not identity, it is somewhat tricky to give the correct definition

of A 0-valued inner product, and prove the required properties, as one has to suitably incorporate

the modular operator 6.

Let C be a C*-algebra (possibly nonunital). Assume furthermore that there is an action of the

quantum group A on it, given by Ac C -+ M (CO®A), which is coassociative C*-homomorphism,

and assume also that there is a dense *-subalgebra CO of C such that the following conditions

are satisfied :

Al1 Ac (c) ( ® 1) E C0 Oalg Ao for all , c' E CO;

A2 Ac (c) (1 0 a) C 0 lg Ao for all c E CO, a E AO;

A3 There is a positive element h E CO such that

(id® ) )(A (h 2)) = 1,

or equivalently (id®0 0) (Ac ( 2) (C ® 1)) = C, VC C CO.

Now, our aim is to construct maps pi : KK (C, Q -+KK 2 (QA) Ki(A), and p~

KK (C, ) -+KK 1 (Q, A,) =_Ki(A,), for i = 0, 1, i.e. even and odd cases. For simplicity let

us do it for i 1 only, the other case can be taken care of by obvious modifications. We have

chosen the convention of [15] to treat separately odd and even cases, instead of treating both of

them on the same footing as in the original work of Kasparov or in [9]. This is merely a matter

of notational simplicity. For the definition and properties of equivariant KK groups KKA4(., .),

we refer to the paper by Baaj and Skandalis ([3]) (with the easy modifications of their definitions

to treat odd and even cases separately).

Let (U, r, , F) be a cycle (following [15]) in KKj4 (C, 47), i.e.

(i) U E £(1-L ® A)) 2-t M(Bo('H) ® A) is a unitary representation of A, where 'H1 is a separable

Hilbert space, i.e. U is unitary and (id ® A) (U) U12U13, (id ® S) (U) =U*

(ii) r : C -+ B(W-) is a nondegenerate *-homomorphism such that (r ® id) (Ac (a)) = U(7r(a)®

1) U*, Va C;

(iii) F E B(7i) is self-adjoint, [F, r(c)], 7r(c) (F2 -1) BO (l)Vc E C, and (F®0 1) - U(F®01)U* E

Bo (-) ® A.

We say that a cycle (U, r,1 F) is equivariant (or F is equivariant) if U (F ® 1) U* = F®O 1. We

say that F is properly supported if for any c E CO, there are finitely many C1, ... Ck, bl, ..., bk E C0

and Al, ...Ak E BC7L) (all depending on c) such that Fir(c) = Fji 7r(ci)Ai7r(bi).

Before we proceed further, let us make the following convention : we canonically embed A

in the set of bounded operators on AC, as described before, and for any element A E B(1L), we

shall denote by A the element A ® K in B(W- ® KC).
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Theorem 3.1 [8] Given a cycle (U, 7r, F), we can find a homnotopy-equivalent cycle (U, iv, F)

such that (U, 7r, F') is equivariant and F' is properly supported.

Let W-O := r(C)W-. By the fact that F' is properly supported, it is clear that F'H-1 C 7 to. We

now equip 1-1a with a right Ao-module structure. Define

for E lO, a E AO. It is useful to note that for c E (1) ®alg AO, (id ® '0-1s(a)9-2)(C) 

(id (0a o S- ')) (c) by simple calculation using the properties of i and 0 described in the

previous section. By taking suitable limit, it is easy to extend this for c E M(BO(W-) ® A), in

particular for U. So we also have that ~.a = (id 0b0a 0 S' M

Proposition 3.2 8 (.a).b c(a * b) for a, b E Ao, C 7-O. That is, (, a) - ~.a is indeed a

right A 0 -module action.

For ~, 7 E 7-b, say of the form =7r(cl)~',r1 = r(C2)77', it is clear that T,,(U) is an element of

A0 , since (7r(C~i)U7r(C2) = (ro id)((c*®1)AC(C2))U, which belongs to (7v(Co)®aig.Ao)M(BO(7-L)®

A) C B(W-) oalg Ao. We define

identifying AO as the *-algebra AO described earlier.

We showed in [8] that W-o with the above right A0-action and the A 0-valued bilinear form

< , .Ois indeed a pre-Hilbert AO-module. However, instead of proving it directly, we proved

it by embedding 7-Lo into the free pre-Hilbert A 0-module FO : 'Hb Oag Ao (with the natural

A 0-action given by ( oa)b= ~ ®(a *b), ~ E -, a, b E AO = Ao), and showing that the pull back

of the natural Ao-valued inner product of F0 (which is given by < ®a, i7 ®b >:=< ~,7 > a * b,

17 C- 7-, a, b E Ao -Ao) coincides with <.,

Define E: WOL- .F by

for E 7-Lo. Note that by writing = 7r(c)~' for some ~' E W-, c E CO, we have that (7r(h)ol)U)~

((7v 0 id)((h 0 1)zAc(c))U)~', and since ( 0 id)((h 0 )Ac(c))U E 7v(C0) ®alg A0 , the range of E~

is clearly in 'HI Oag A0 . It follows that E is in fact a module map and preserves the bilinear form

< ., >AOon 7-O.

Proposition 3.3 [8] For ~, 7 7- O, a E A 0 , we have that

(i) r,(C.a) = Y(~)a.
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Note that from the above proposition it follows in particular that < ~, 77a >A = < E Y~) E(ja) >=<

~2(9,2(1~a>=< ~(t)> *a =< ~,q , *a. Similarly, < ~,i >0 <77~> and

< ~,~> is a nonnegative element in the *-algebra A0 , since < .,. > on FO is a nonnegative

definite form.

Given any C*-algebra which contains AO as a dense *-subalgebra, we can complete -YO w.r.t.

the corresponding norm to get a Hilbert C*-module in which .F0 sits as a dense submodule.

Let us denote by .T and F, the Hilbert A and AT-modules respectively obtained in the above

mentioned procedure, by considering A 0 as dense *-subalgebra of A and Ar respectively. The

corresponding completions of W7-O will be denoted by 8 and 4, respectively. By construction, E2

extends to an isometry from E to Y' and also from 4, to .r. We denote both these extensions by

the same notation E, as long as no confusion arises. Clearly, C ~-- EC C J' as closed submodule,

and similar statement will be true for 4, and Y,.

Let us now state the following important result, also proved in [8].

Theorem 3.4 8] Let T E B(1L) be equivariant, i.e. U(T® l )U* T®0 1, and also assume that

it satisfies the following condition which is slightly weaker than being properly supported 

For c C, one can find cl,...,m cG C, A,,-, A, E B(7-) (for some integer m) such that

Tir(c) = Zk 7r(ck)Ak.

Then we have the following

(i) T(~a) (T~)a Va E A40, and thus T is a module map on the Ao-module 'O. Furthermore, if

T is self-adjoint in the sense of Hilbert space, then <, T7 >AO=< T~ i >A0 for ~, 7 E '7-o.

(ii) T is continuous in the norms of C as well as 4, thus admits continuous extensions on both

8E and 4,. We shall denote these extensions by T and 7;' respectively.

(iii) If Tir(h) is compact in the Hilbert space sense, i.e. in BO(W-), then T- and 7r; are compact

in the Hilbert module sense.

Now, let us come to the construction of the Baum-Gonnes maps 41 : KK-4(C, 47) -

KK1(4,A) ad p~KK (,7 +KKI(47,A,). Let us do it only for pi, as the case of M is

similar, and in fact 1A4 will be the composition of M, and the canonical map from KKI 4,A to

KK (47, AT) induced by the canonical surjective C*-homlomorphism from A to Ar. Note that

an element of KKI (47, A) -- K, (A) is given by the suitable homotopy class [E, L] of a pair of

the form (E, L), where E is a Hilbert A-module and L E 2(E) (the set of adjointable A-linear

maps on E) such that L* = L, L 2 - 1 is compact in the sense of Hilbert module. For more

details, see for example [9].

Theorem 3.5 [8] Given a cycle (U, ir, F) KK 4 (C, 47), let F' _=Fh' be the equivariant and

properly supported operator as constructed in 31, with a given choice of h as in that theorem.

Then the continuous extension of Fh' on the Hilbert module E (as described by the Theorem 3.4),

to be denoted by say .:-h, satisfies the conditions that (.Th') Fh' (as module map), and (Yh) 2 I
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is compact on E. Define

In fact, [, .F'] is independent (up to opera torial homotopy) of the choice of h.

3.2 Formulation of the conjecture

Now we shall formulate the Baum-Connes' conjecture for A, following the approach (for a

classical discrete group) taken by Cuntz in [5]. We shall use the notation introduced and used

in Section 2.

Fix any finite subset F of I. Define a C*-algebra EF as follows (note that for n 1, 2, .. we

denote by A': M (A) - M (A®n+') the map ... (A 0 id ® id) (A 0 id) A.) 

Definition 3.6 Let CF be the universal C* -algebra generated by elements A(a), a E Ao satisfying

the following :

(i) A 0 a -4 A(a) E CF is completely positive,

(ii) ( ® id)(zX'(a))(A 0 id)(A'(xl)) ... (A 0 id)((M) (A 0 id) (An (b)) = OVX1, ..., xk E Ao

whenever a and b are such that (1 0 eF) (U o A (a)) (b ® 1) = 0, (where o- is the flip automorphism

on M (A ® A)),

(iii) 1:, A(e.)AX(a) = A(a) for all a E A 0.

Note that the sum in (iii) above is actually a finite sum, as a consequence of (ii).

We shall define a coassociative coaction AF CF - M (CF ® A). We need the following

result for doing this.

Proposition 3.7 Define A: A 0 -+ M(CF®A) by A=(A\oid)oA. Then (i)-(iii) in the definition

of SF are valid if we replace A by A; so by the universal property of CF, there is a well-defined

C* -homomorphism AF C F - M (F ® A) satisfying AF (A (a)) = (a) for all a E Ao.

Proof

Since Ais clearly a nondegenerate, bounded completely positive ( to be abbreviated as CP) map

(nondegeneracy follows from (iii) of the definition, which says that _7' A(e0,) = 1 in the strict

topology f M (F)), (A 0 id) makes sense on M (A 0 A). Clearly, is completely positive on

Ao. Now, choose a, b E Ao such that (1 ®eF)(aoA(a))(bo 1) = 0. We have, (~d(~a)A

id)(An(xl)) ... (A id)(An(b)) = (® id)(An+l(a))(A \ id)(An 4 1(Xi)) ... (,\(id)(An~'(b)) = 0 for

all Xl, .., Xk E A 0. Finally, it is easy to see that the condition (iii) holds for replaced by .

It is easy to show that AF is indeed coassociative, since A is coassociative and we have,

(AF 0id) (A 0id) = ( 0id 0id) (A 0id), from which it is immediate that (AF (&id) (AF (,(a))) =

(id 0 AF)(AF(A\(a))). Now we shall show that the A-coaction on CF satisfies the conditions
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Al,A2, A3 mentioned earlier by us (see 3.1), if we choose large enough F such that it contains

ao mentioned in the earlier section.

Theorem 3.8 A,A2,A3 are valid for the coaction AF F - M(Cp 0 A).

Proof 

Let us take C = SEF and let CO be the *-algebra (no completion) generated by A(a), a E A0 . Take

a, b C- A 0 , and let c = A(a) E CO.- From the general theory of discrete quantum groups, we know

that A(a)(1®b) E Ao0aigAo. Thus, AF(A\(a))(lob) = (oid)(A(a))(lob) = (oid)((A(a)(10

b)) E (Aoid)(AooaigAo) = Co~aigAO. This proves A2. To prove Al, we note from [12] that given

fl, y E I, there are only finite many a E I such that A(eQ)(e,6eY) #~ 0. Thus, depending on b and

F, we can choose a finite subset J of I such that Va not in J, one has (1 ®eF) (A (e,) (b® 1)) = 0.

Hence for any x E A 0 , we have that (1 ® eF) ( (xe,) (b ® 1)) = A (x) A(eJ)(b 0 eF) 0, for

any a not belonging to J (as e is a central element in M(A4 ® A).) From this, it follows that

A(xeJ)A(b) = 0 for a not in J, and for any x A0 , and hence for any x M(A), since A,
being a nondegenerate CP map on A4O, has a strictly continuous extension to M(A). Thus,

(A ® id) (X) (A (b) ® 1) = (A 0 id) (X (ej 0 1)) (A (b) 0 1) for all X M (A ® A).- In particular,

for a, b E A 0 , (A ® id) (A\(a)) (A (b) ® 1) = (A 0 id) (A (a) (ej 0 1)) (A (b) 0 1) E C ®alg Ao, since

A(a) (ej 0 1) Ao oalg Ao. This completes the proof of Al. Finally, by taking h = A(ho), where

ho is as in the earlier section, we see that A3 is satisfied, as (id 0 ) (A (ho)) = q$(ho) 1 = 1.

Applying the results of [8], as recalled already, we have canonical homomorphisms 1Af

KK~ (EF, 4) - KK 1 ((, A) and Pr,F KK (EF, Q) - KK (4', A,), i = 0, 1, and for every

F as above. Then, taking the inverse limit w.r.t. a family of F increasing to I, we get maps

i: liMFKK (EF, T) - KK (Q, A) and M14 li'MFKK (C, ) - KKi ((, A,). We would like

to conjecture that tJ is an isomorphism for i = 0, 1.

We point out that in the classical case, this is equivalent to Baum-Connes' conjecture as

shown in 5]. Let us explain it little more. Suppose that G is a discrete group, F is some finite

subset of G containing the identity element e, say, and A = C (G), Ao = C (G). Since A is

commutative, complete positivity coincides with positivity, and hence any CP map A from A to

some other C* algebra B is determined by a map from G to the positive cone of B given by g -

Ag A(J9) Ž 0, where 6_. is the indicator function at the point g E G. Thus, in this case, A(f) 

E, (g Agfor f Cc,(G). Furthermore, the condition (1 ®eF) (u0A (f )) (4P®1) = 0 for some pair

(f, ip) is equivalent to f (hg),0(g) = OM E F, i.e. f (s)b(t) = 0 whenever s- 1 F. In particular,

given two fixed s, t E G, such that st-1 is not in F, we see that (1 0 eF)(G`0 A A(6)(6t 0 1) = 0,

so AAt, ... AtkAt = 0 for any t, ... ,tk G. Furthermore, the condition that AAt..AtkAt = 0 for

any t, ..., tk and t, s with st-1 not in F, actually implies the apparently stronger condition that

(A0i)(A a)( d A x).. A0i)('(J A0i)('() = WX I, ... , k A0 whenever

a and b are such that (1 0 eF)(0` o A (a)) (b 01) = 0. For example, for a, b as above, we have

that for any h , (A®0 id) (A (a)) (h) (A 0 id) (A (b)) (h) FZ,'ta (sh) b(th)A\sAt = 0, since the
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above sum is over (s, t) such that sh.(th)-1 = st-1 not in F (for otherwise a(sh)b(th) = 0), and

A8At = 0 for such s, t.

Thus, the C*-algebra Ep in this case turns out to be the universal C*-algebra generated by

{ A9, g E G} such that each A_9 is a nonnegative element, At, ... tk AXt = 0 for any t, ..., t and

s, t with st-1 not in F, and the condition that Zq Ag,\h A h for all fixed h ce G. Then a careful

look at [5] tells us that the isomorphism conjecture stated by us in the general context of discrete

quantum groups coincides with the classical Baum-Connes conjecture for a discrete group.

We postpone the attempts to verify this conjecture for some non-classical quantum groups.

e.g. duals of SUq(n)'s, for future works.
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