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Abstract

In this work, we study Cauchy problems with non-dense domain operator matrices. By as-

suming that the entries of an unbounded operator matrix are Hille-Yosida operators, we give

a necessary and sufficient condition ensuring that the part of this operator matrix generates a

semigroup in the closure of its domain. This allows us to prove the well-posedness of the corre-

sponding Cauchy problem. Our results are applied to delay and neutral differential equations.
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1 Introduction

Let E, F be two Banach spaces and consider the Gauchy problem{ '(t = AU(t), t 0,(1

where A is a triangular matrix of the form

A=(A B) (2)

onE= E xF.

The well-posedness of (1) in the case where A has a diagonal domain, i.e.,

D (A) = D (A) x D (D) (3)

has been studied by R. Nagel [9]. The author gave a necessary and sufficient condition ensuring

that A generates a Co-semigroup on C whenever A and D ae generators of Co-semigroups on

E and F respectively and B is a D-bounded operator.

The more general case of one sided coupled operator matrices ha's been studied by K. Engel who

dealt with the spectral theory and generator property for this class of operator matrices. See

[4],[5] for more details.

In a recent work [2], the authors studied the case where

D(A)={(U ED(A) xD(D), Lu =x} (4)

where L is an operator defined from D(D) to E.

By assuming that L is surjective and A and D IKerL are generators of Co-semigroups on E and

F respectively, the authors dealt with the well-posedness of (1),(2),(4).

The aim of this work is to study the well-posedness of (1),(2),(3) in the case where the entries

A and D of the operator matrix A are Hille-Yosida operators.

Based on the fact that the spectral theory of the operator A goes as far as in the previous

works, we give necessary and sufficient conditions to guarantee that the part A0 of A given by

(1),(2),(3) generates a Go-semigroup in D(A). By a suitable choice of the operator D, we apply

our result to delay and neutral differential equations with Hille-Yosida operators. We show

that the solution semigroup corresponding to those equations is generated by the non-diagonal

operator matrix Ao. More precisely, by reformulating those equations as the abstract Cauchy

problem (1),(2),(4) and by taking into account the fact that the operator A =AIKerg where

A is a diagonal operator matrix on E and g : - E is defined by

U ( )=x - Lu,

we apply our main result to prove that the part of A generates a Co-semigroup on D(A) x

D(D) which leaves D(A) invariant.
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2 Diagonal operator matrices with Hille-Yosida entries and
Cauchy problems

Consider the Cauchy problem (1),(2),(3) with A, B and D satisfying the following assumptions:

Assumption (HI)

(i) the operator A is a non-densely defined Hille-Yosida operator on the Banach space E;

i.e., there exist M > 0 and w E JR such that

(i) (w, +oo)) C p(A),

(ii) 1IR (A, A)n1II M (), for n ER hand A> w, (5)

(ii) the operator D is a non-densely defined Hille-Yosida operator on the Banach space F,

(iii) the operator B is relatively D-bounded.

Definition 1 Let UO = O) An integral solution of (1), (3) is a function U = ')such

that:

(i) x C([, +ooi, E), u E C([,±+oo[, F)

(ii) fx(s)ds C D(A), fotu (s) ds E D (D), t > 0.

(iii) u(t) uo + D fot u(s)ds, t > 0.

(iv) x (t) xo + A fot x (s) ds + B fo u (s) ds t > 0.

It follows from assumption (H,) that the domain of A is not dense in 8, the part AO of A4

in D(A) = D(A) x D(D) is given by

A ~ = A x) for all ( c)CD(Ao)

D (A0) {(U)E D(A) D(DO), Ax±+Bu ED(A)}

where DO denotes the part of D in D(D)

Note that the domain of the operator A0 is not diagonal. Our aim is to give a necessary and

sufficient condition ensuring that Ao generates a GO-semigroup on D(A) x D(D).

In the following, (To(t))>o and (So(t))%>0 denote the Co-semigroups generated by the parts A0

of A and DO of D, respectively, in D(A) and D(D).

Theorem 2 Assume (HI), then the following assertions are equivalent

(i) AO generates a Co-semigroup (T(t)> 0 on D~(A) x D(D).

(ii) For all t > 0, the operators R(t) D(D) C F --- D(A) defined by

R(t)y = lim jTo (t - s)puR(M, A)B~o (s)yds (6)

are bounded and satisfy im IIR(t)II1 < 0c.

In this case, the semigroup, (T(t))>o is given by
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(T- To (t) R (t) (7
T~t) = 0 so (t) )(7

Proof. Let w~ be such that (w, +oo) C p(A) fl p(D). Then for A> w, the resolvent of A is

given by

R(,\,A4) ( R(,\, A) R(,A, A)BR(A, D)

Hence,

R(-,, Ao) = R(,,4) (-A-jxD(D)= ( R(,,Ao) RAAB(,o 9

Assume (i) and define the family of operators Q(t) E £(D(D), D-(A)) by

Qftly l ur Qp(y, (10)

where

Q(t) (y) j oTo(t - s)MR(i, A)BSo(s)yds. (11)

Since the family (Q,)(.) is exponentially bounded and strongly continuous, we deduce that its

Laplace transform is given by

£( Q. (.)y) (A) = R(A, A)pR&4, A)BR(AX, D)y. (12)

Using the dominated convergence Theorem, we obtain that

12(Q(.)Y)(A) urni
= lim R(,\, A)MR(ML, A)B(A\, D)y

= li tR(p4,A)R(A\,A)BR(A\,D)y (3

= R(,\, A)BR(A\, D)y.

Hence, if T(t) = (Tij) 1 <ij<27 then f-(T 2 (.)Y)(A) = £(Q(.)y)(A\) and by the uniqueness of the

Laplace transform, we get T 12 (tfly = Qftly = R(t)y, for all y E D(D). Therefore lim I(R(t) 11 <

00. \0

Conversely, assume (ii) and denote by S(t) the right-hand side of (7). Then it is easy to

verify that (S(t))>o is a semigroup. To show that it is strongly continuous, it suffices to verify

that lim, R(t)y = 0 for all y E D(D).

Let y E D(D 2) and E p(A) nl p(D), then by integrating by parts the right-hand side of

(6) and using the fact that (e-,tTo(t) )t and (e-,tSo(t) )t are Co-sernigroups generated by

(AO - A) and (Do - Arespectively, we get

R(t)y = lim Qp(t)y (14)

where

Qtffy =(A - A)-'[To (t)ptR(1 i,A)By - pR(i,A)BSO(t)y (5
+fjo`To(t - s) jiRl(u, A) B(Do - )SO (s) (DO - \) 

2yds]. (5
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Then,

+ fo'lTo(t - s)ALR(I, A)B(Do - A)`So(s) (Do - A)2y11 ds]. (6

Hence, lrn Q,1(t)y 0 and the

lim Rftly = r i Q,(tly

= urn urn Q,~(tly (17)
1--++t_ -0+
0.

Finally, using the fact that the operators R(t) are bounded and the density of D(D20) in D (D)

we obtain that lrn Rftly = 0 for all y E D(D).

On the other hand, we have

R (A, AO) = £ (TO())A
R(,Do) = L(So(.)) (A) (18)
R(A, A)BR(A, Do)y £(R(.))(A)y for all y cD(DO)

Since D(D2) D l(D) , we conclude that £(S(.)) (A) R(,, AO) and then deduce that Ao is the

generator of (S(t))> 0 .

Corollary 3 In addition to (Hi) , assume that the assumption (ii) of Theorem 2 is satisfied,

then for all ( x ) E D -(A) xD(D), the Cauchy problem (1),(2),(8) admits a unique integral

solution given by {x~(t)= To(t)xo + Rftluo, t O, (19)
u(t) Softluo, t > 0.

3 Applications to delay and neutral differential equations

Many examples of Hille-Yosida operators are given in [8]. One typical example is the Laplacian

operator A in the sense of distributions on a bounded open set 9 of 11?" with regular boundary

I`. If one chooses X = C(5i), then the domain of A is not dense in X since

D(A) { u E C(5), Au E C(i), u r= O}

D () = {U C(5), U l } 

but it satisfies the Hille-Yosida condition. In this section, we will apply our results to delay and

neutral differential equations. We assume that A is a Hille-Yosida operator on a Banach space

X and we set C: C(-r, 0]; X), for some r > 0 and .F = X x C.

5



3.1 Delay differential equations

Consider the retarded differential equation

{x'(t) = Ax(t)±'FDxt, t > 0 (20)
xO = pE C,

where A is a Hille-Yosida operator on X and (D is a bounded operator from YO W E

C, (0) E D(A)} into X.

In order to study this problem, we define the operator D by

D (D) W E C: W' E C, W(O) E D(A), (p'(0) = A(O) + ~5}(21){~ =p
Then (20) can be reformulated in.Y as (1) with A being the operator matrix given by

A " ), D(A)={x ) D(A) xD(D), u() = x} (22)

More precisely, we have

Claim 1: A satisfies assumption (Hi).

Indeed, since A satisfies the Hille-Yosida condition and (P is bounded, we apply results in [7 to

deduce that D is a Hille-Yosida operator on C.

Since D (D) = YO, we get

D(A) = ) E D (A) x C u (0) = x}.

Using the fact that (P E L(YO, X), we deduce that (H,) holds.

Claim 2: A function U is an integral solution of (1),(22) with initial value ( O) if and

only if L/(t) =(x(t) )t > 0 where x(t) is the unique integral solution of (20); that is; x

satisfies
(i) E C([-r,±oo0) X),
(ii) fotx(s)ds ED(A), fort>Ž0, (23)
(iii) x(t) = W(O) + A fot x~s)ds + 1) ft x~ds, for t > 0 and uO = W.

andxt EC is defined by xt(s) =x(t +s), E[-r, 0].

Indeed, it suffices to apply results in [7] (See Theorem 5 below) and to use Definition 1.

Remark that A 4 IKeG where G : F -~ X is defined by

U ) =- u(0, (24)

and A is the operator defined by

~~uJ Dx (u for a } D(A) =D(A) xD(D). (25)
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Define the operators
R(t) =limjTo (t - s)iR~p, A).1So (s)ds (6

where (To(t))t,>, and (So(t)),>, are the Co-semigroups generated by the parts of A and D,

respectively, in D(A) and Y0.

Since D is bounded, we deduce that the operators R(t) are bounded and lim IIR(t) 1 < o. By
t\0o

applying Theorem 2, we deduce that

Proposition 4 The operator A 0 defined on D(A) x Y by

( Du )___(27)
D (A)={(xE D(A) xD(Do), Ax + 4u ED(A)}

generates a C 0-semigroup (T(t))>o on D(A) x Yo which is given by

'TO (t) 1,-urn f o(t -s)pR(,A)oDSO(s)ds (28
To~~t) = (T~)so(t)).(8

In the following, we will show that the part Ao of A in D(A) with domain

D (Ao) {(u(O) )E D(A) x D(Do), Au(0) + (Du E D(A)

is the generator of a Co-semigroup (U(t))>o on D(A) which coincides with the restriction of

(TOWt)6 0 to D(A). For that, we will use the following result.

Theorem 5 [7] Denote by U(t) the operator family defined on Y by

U(t)po = Xt for t > 0, (29)

where x is the unique integral solution of (20) with initial value W. Then (U(t))> 0 is a linear

strongly continuous semigroup on Yo and its generator is the part DO of the operator D in YO

given by

Do ( =(',30
D(Do) = { o C: p' E C, y,(O) E D(A), '(0) E D(A), w/(0) = A~o(O) + , . 30

Moreover, for all W E Yo, we have

x(t) = U(t)w(O) (1
- TO(tcOW(O) + lim fotTo(t - s)MR(, A),iSo(s)Wds .(1

Theorem 6 Let (T(t))t>o be the Co-semigroup generated by Ao. Then the following assertions

hold:
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(ii) The operator A0 generates a Co-semigroup (U(t))> 0 on D(A) which is the restriction

Of (Tat>0 to D(A).

(iii) For all E C such that W(O) E D(A), there eists a unique integral solution of the

Cauchy problem (1), (22) with initial value ( s(O))

Proof. To show (i), let W E C such that W(O) D(A), then

( 0() ) D(A). (32)

We deduce from Theorem 5 that So(t>)' = Uftfcp E Yo, for all W~ E Yo and then

D (A) So (t) W(O) = x (t) (3
=To (t) () ± lim foJTo (t - s) JLR (u, A),So (s) wds (3

Hence,

Using (i) and the fact that Ao is the generator of (To(t))t>o, we deduce (ii). Moreover,

11(t) ( O) is the unique integral solution of (1),(22).

3.2 Neutral differential equations

Consider the neutral differential equation

{ xo E ,to(35)

where A is a Hille-Yosida operator on X and D is a bounded linear operator defined from C to

X by

DW = W(O) -PWo, for all W EC.

Here P is a bounded linear operator defined from C to X given by

PT= jd 7(0)'P (), 4' E C,

for a mapping i7: -r, 0] -* £(X) of bounded variation which is non-atomic at 0. That is, there

exists a continuous nondecreasing function 6 : [0, r] -+[0, +oo) such that 6(0) = 0 and

J 'd77() 4() •36(s) T iIs E [, r],T E C.

Moreover, L is a bounded linear operator defined from Zo W E C, Dcp E D(A) } into X.

Let A be the operator matrix defined on .T by

A = ( ), D(A)={( ) C-D(A) xD(Q), Do= x} (36)
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where Q is the operator defined on C' as follows

D D(Q) = { WEC: W'E DCD ECD(A), DW' =AD + Lp (37)

1QP = W

Since A is a Hille-Yosida operator, it follows from [1] that Q is a Hille-Yosida operator too. This

along with the fact that L C £(Zo0; X) implies that the operator A defined on -F by (36) satisfies

(H,). The domain of its part AO is given by

D(A)={( ) C D(A) D(Qo), DhP x}

Qa denotes the part of Q in D(Q) = Zo with domain

D(Q0) = C: W' E C, DWOE D(A),DWo' E D(A), De' = ADcp+12LW. (38)

It has been shown in [1] that Qo is the generator of the solution semigroup associated to (35).

This result along with Definition 1 allow us to determine the relation between problems (35)

and (1),(36) as follows.

Lemma 7 A function U = D( u is the integral solution of (1), (36) with initial value U0

(DW if and only if u xt, where x is the unique integral solution of (35) i.e.,

(i) x C C([-r, +oo[;1X),
(ii) fot Dx~ds C D(A), for t > 0 (39)
(iii) 1'xt = Tho±+AJftDxsds ± L fotxds, for t >Ž0 and xo = Wp.

Our objective is now to show the well-posedness of (1),(36). In order to apply Theorem 2, we

consider first the operator A on -FT X x C given by

2(x ) ( Ax +LW) for all( X ) C (A) =D (A) xD (Q). (40)

Clearly, A KA ieJ where J : F9 -÷ X is defined by

J ( ~)=X - DW, (41)

Theorem 8 (i) The operator A0 generates a Co-semigroup (V(t)>0~ on D(A) x Y, which is

given by (~t Tot ur fo(t -s)MuR( 1 iA)LVo(s)ds) (42)

where (To(t))> 0 and (Vo(t))t>0 are the GO- semigroups generated by the parts of A and Q,

respectively, in D(A) and Zo.
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(ii) V(t)D(A4) C: D(A4) for all t > 0.

(iii) The operator 4o is the generator of the Co-semigroup given by the restriction of (V(t))> 0

to D(A4).

(iv) For all W E ZO, there exists a unique inerlsolution of the Cauchy problem (1), (36).

Proof. Using the fact that L is bounded, we deduce that the operators

R(t) r li To(t - s)MR(i, A)LVo (s)ds (43)

are bounded and satisfy im R(t) <00o.
t\,~0

By applying Theorem 2, assertion (i) follows.

It follows from [ 1] that VO (t) Z0 C ZO for all t > 0. Moreover, for all W C Zo, xt = VO (t) W is the

unique integral solution of (35) and it satisfies

'D(Vo (t) w) = To (t)DlW + lrnm To(t - s)MR(M, A)LVo(s)cpds E D(A).

Hence, for all (Do ) D D(A), we get,

V(t) DW j D ~VOftfc ) EGD (). (44)

Combining (i) and (ii), we deduce that A0 is the generator of the restriction of (V(t))> 0 to

D (A4). Moreover,

is the unique integral solution of (1),(36) whenever (p E 20.

Remark 9

a) Another application of results of Section 1 seems to be the Volterra equation presented

in [10].

b) Other interesting problems that one can also examine are the study of the analyticity and

positivity of the matrix semigroup.
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