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Introduction

Let X be a (possibly singular) quasi-proj ective variety in the complex projective space P',
and £ be a generic hyperplane of lF'. The singular version of the Lefschetz hyperplane sec-
tion theorem (cf. [HLI1], [GM 1,2] and [E3]) asserts that the pair (X,, £nf X) is rn-connected
for some integer m depending on the singularities of X. In this paper, we are interested in
the class of varieties X for which the best known integer m is (a priori) 1 (t). For such a
variety X, the natural map rq (I f X, xO) - irq (X, xO), between homotopy groups (or sets),
is thus bijective for q = 0 and surjective for q = 1. Our aim here is to describe the kernel of
the natural map i7r,(£ X, xO) -* r (X, xO).

For this purpose, it is classical to consider £ as a member of a pencil of hyperplanes
of IP' with a generic axis M. The sections of X by all the hyperplanes of such a pencil are
isotopic to the one by £ with the exception of the sections by a finite number of exceptional
hyperplanes ()j. For each i, a geometrical monodromy around 4i, leaving the axis M n X
pointwise fixed, gives rise, for every xro E M fl X, to a variation operator Vari: 7i(£ l
X, xO) - r,(L fl X, xO) (cf. Section 2.2). Our main result asserts that, under appropriate
conditions on the pencil, for every xO e- M nlX the kernel of the natural map 7r, (£fl X, xO) 4

7ri (X, xO) coincides with the normal subgroup of ir (LflX, xO) generated by the images of the
variation operators (Vari)i. In particular, combined with the Lefschetz hyperplane section
theorem, this gives a natural isomorphism

7rj(£nX,x)/y 1m Vari -24 r (X, xO),

where U1 Im Vari denotes the normal subgroup of r, (£ nl X, xO) generated by U2 Im Vari.
This paper is thus a natural continuation of original Zariski's and van Kampen's pa-

pers [Z] and [vK] about the fundamental groups of the complements of plane algebraic curves
(which are special cases of our main result); Ch~niot's papers [C1,2] containing the first com-
plete proof of the Zariski-van Kampen theorem, and [C4] concerning similar problems for
the high-dimensional homology groups of non-singular quasi-projective varieties; Libgober's
and Ch6niot-Libgober's papers [L] and [CL] about the high-dimensional homotopy groups
of the complements of hypersurfaces with isolated singularities; Shimada's papers [Shl,2] on
the fundamental groups of non-singular irreducible quasi-proj ective varieties; and the paper
of Ch6niot and the author [CE] concerning the high-dimensional homotopy groups of the
complements of hypersurfaces with isolated singularities (note that [CE] also gives a general
conjecture concerning extensions of [L], [CL] and [CE] to high-dimensional homotopy groups
of non-singular quasi-projective varieties).

The content of this article is as follows. In Section 1, we fix the general setting, and
we recall some basic facts on generic pencils. In Section 2, we review some elementary
properties of monodromies, and we define the variation operators. The main results are
stated in Section 3. In Section 4, we discuss about the conjecture given in [CE] and we
make explicit the link between it and some results introduced in this paper. Finally, in
Section 5, we give the proof of our main result about singular varieties.

(t) This class is rather large. For instance, it includes the subclass of non-singular varieties of pure dimension 2,

or also the subclass of varieties which are locally a complete intersection of pure dimension 2 (see [HL2] and [E2]).
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Notation - Conventions

Throughout the paper, I designates the unit interval [0, 1.
Let A be a topological space, and a E A be a base point.
(i) For a loop a: I -* A based at a (i.e., a(0) = a(l) = a), we shall denote by [a]A,a

its homotopy class relative to {O, 1, that is the unique element of the fundamental group
7r (A, a) determined by a. If there is no ambiguity, we shall omit the subscripts.

(ii) We shall say that two loops a: I A and fl: I +A based at a are homotopic if
[a]A,. = []A,a.

(iii) We shall say that two oops a: I *A and /3: 1I- A are freely homotopic if there
is a homotopy H: I x I -+ A such that H(t, 0) a(t) and H(t, 1) =/3(t), for every t E I,
and H(O, s)= H(1, s), for every s E I. We thus require that, at each stage E I of the
homotopy H, the induced map t E I -+ H(t, s) is a loop. Such a H will be called a free
homotopy.

(iv) The constant loop based at a, denoted by a: I -+ A, is defined by a(t) = a for
every t E I. We shall say that a oop based at a is null-homo topic if it is homotopic to loop
a. The homotopy class [A,a will be denoted by .

(v) For two paths a: I - A and /3: I - A such that a(l) = /3(0), we shall denote by
a. /, or simply afl, the path

t { a(2t), 0 <t • 1/2,

(vi) The product of two elements [a] and [] in ir, (A, a) will be denoted by [ [, or
simply [a][/6]; it is nothing else that the element [3].

(vii) For a loop ae: I - A, we shall denote by al: I -+ A the loop defined by

(viii) The inverse of. an element [a] c- r, (A, a) will be denoted by [a] -'; it is nothing
else that [a_1].

(iX) If (ek)l<k<m, is a family of paths in A such that ak+l(O) = ak(l), 1 k < m - 1,
we shall denote by a ... amc,,, or simply a ... am,,, the path a (a 2 (a 3 . ) 

(x) For a continuous map f : (A, a) - (B, b), we shall denote by f#: ir (A, a) - r, (B, b)
the homomorphism induced by f

1. General setting

Let X := Y\Z, where Y is a non-empty closed algebraic subset of the complex projective
space P'f, with n > 2 and Z a proper closed algebraic subset of Y (such an X is called a
quasi-projective variety). Take a Whitney stratification S of Y such that Z is a union of
strata (cf. [W]J, [LT]), and consider a projective hyperplane £ of ]P' transverse to (the strata
of) S (the choice of such a hyperplane is generic). Let P be a pencil of hyperplanes of P'f
having £ as a member and the axis M of which is transverse to S (the choice of such an axis
is generic inside £). All the members of P are transverse to S with the exception of a finite
number of them ()j, called exceptional hyperplanes, for which, nevertheless, there are only
a finite number of points of non-transversality, all of them situated outside of M (cf. C3]).
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Note that, for any projective hyperplane /C of P'l transverse to S, the pair (Klx, mflx) is
homeomorphic to the pair ( n x, m fl X) (cf. [C3]). If necessary, one may take the liberty
of considering some ordinary members of 7', different from 4, as exceptional ones. For each

i, we denote by 6i the (finite) set of points of non-transversality of 4i to the strata of S.

We set G5 := U16i.
We parametrize the elements of P by the complex projective line P' as usual. Let z be

the parameter of t and, for each i, let z be the parameter of 4i. For each i, take a small

closed disk Di c 1P' with centre z together with a point a on its boundary. Choose the Di
mutually disjoint. Take also the image pi of a simple arc in P' joining z to ai and such that:

(i) p n Di= ai;
(ii) p fpi, = z if iV;

For any subsets G C ?' and E C ]P', we shall note

GE :=U GflP(e),
eEE

where P(e) is the member of P with parameter e. Thus, for instance, £fl X will be denoted

by X~,.
Also, because of a frequent reference to the part of X situated on the axis of the pencil,

we shall note (for simplicity)
M := MnX.

2. Monodromnies and variation operators

Throughout this section, i will be fixed.

2.1. Monodromies

Set K1 := oi U D1 , and consider a loop wi in the boundary aK1 of K1 starting from z,

running along Loi up to a, going once counter-clockwise around the boundary of Di and

coming along pi back to z. By [4, Lemma 4.1], there is an isotopy

H: X, X I - XaKi

such that:

(i) H (x, 0) = x, for every x E X-,;

(ii) H (x,t) E Xi, (t) for every x E X,~ and every t E I;

(iii) for every t E I, the map Xz -* X,,,(t), defined by x -+ H (x, t), is a homeomorphism;

(iv) H (x, t) x, for every x E M and every t E I.

The terminal homeomorphism
h: X- -+ X~,

of H, defined by h(x) : H(x, 1), of course leaves M pointwise fixed. Such a homeomorphism
h is called a geometric monodromy of Xz~ relative to M above wi.
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Remark 2.1.1. Another choice of loop w within the same homotopy class [ai] E
7r, (]P' \ U1 zi, z) and another choice of isotopy H above wi, as described previously, would
give a geometric monodromy isotopic to h within X,~ by an isotopy leaving M pointwise fixed.
Thus, the isotopy class of h in X, relative to M is wholly determined by the homotopy class
[wi]E r (P \ U z, z).

2.2. Variation operators

We assue that $ , and we fix a base oint xO E M. We also consider a geometrical
monodromy h of X_. relative to M above wi (cf. Section 2.1).

Since h leaves xO fixed, it induces a homomorphism (in fact an isomorphism)

h,#: ir (X_,,xO) 7r, i(Xz,xo).

Then, there is a well-defined map

Vari: r, (X,,,xO) 7r(X,, xO)

By Remark 2. 1. 1, it depends only on the homotopy class [wi] ir (P' \ U2 zi, z). This means
that another choice of loop wi within the same homotopy class [wi E r, (IP' \ U2 zi, z) and
another choice of monodromy h above wi, as described in Section 2.1, would give a map
equal to Vari.

Map Vari will be called a variation operator associated to [wi]. It can be connected to
operator VAR1 ,l introduced in [CE, Section 4] (see Observation 4.2 of [CE]).

3. Statement of the main results

By [E3, Th~or~me 2.5 (applied with k = 0)], if (X, X \ 6) is 1-connected and (X,, M)
is 0-connected, then (X, Xj) is 1-connected (we recall that 6 is the set of points of non-
transversality of the £i, all i, to the strata of S). In particular, M is non-empty and, for
every xo E M, the natural map irq(X,,xo) -+ rq (X, xO) is bijective for q = 0 and surjective
for q = 1. Our main result describes, under some additional hypotheses, the kernel of the
natural map r, (Xz, xO) -+ r, (X, xO). More precisely, we prove the following theorem.

Theorem 3.1. Assume that X \ 6 #y 0 and, for every base point * E X \ 6, that the
natural map

is bijective for q E {, 1}. Assume also that the natural map

7ro(M) - ro(Xz)

is bijective, and that the natural map

7ro(M) -4 r0(X'2 \ 6i)
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is surJective for every i (we recall that G1 is the set of points of non-transversality of 4 to
the strata of S). Then, for every base point x0 in M (which is non-empty), the natural map

rq (X,1XO) - rq (X, XO)

is bijective for q = 0, surjective for q =1 (as observed above under weaker (cf. Remark
3.2) hypotheses), and its kernel for q 1 coincides with the normal subgroup Ui Tm Vari
of r, (X,, x0) generated by the union U2Tm Vari of the images of the variation operators
defined in Section 2.2. In particular, for every x E M, there is a natural isomorphism

7rl (X., Xo) TU m Var -* ir (X, 10).

Theorem 3.1 will be proved in Section 5.

Remarks 3.2. () The hypothesis concerning the natural maps rq (X \ G, ) 4 7rq(X, 0)

is a natural extension of the 1-connectivity of the pair (X, X \ 5) used in the hyperplane
section theorem for pencils [E3, Thdor~me 2.5 (with k = 0)] just before the statement of
Theorem 3.1I. Indeed, by [Sw, Proposition 3.13], the pair (X, X \ E5) is 1-connected if and
only if X \ G5 :~ (we recall that we have assumed X -7 0) and for every base point * E X \ E5
the natural map irq (X \ Ge ) -4 ir, (X, c) is bijective for q = 0 and surjective for q = 1.

Similarly, the assumption concerning r0(M) - ro(X_) is just an extension of the 0-
connectivity of the pair (Xe, M).

We also point out the fact that, in Theorem 3.1, we also need the surjectivity of
ir0 (M) - iro(X~ \ Gaj), all i, whereas none hypothesis on the exceptional sections was
required to apply [E3, Th6or~me 2.5 (with k = 0)].

(ii) The second remark we would like to point out precisely concerns the use of the
hyperplane section theorem for pencils [E3, Th~or~me 2.5 (with k 0)] just before the
statement of Theorem 3.1. Instead of this theorem, which involves explicitely a pencil, one
can use, when the least dimension d of the irreducible components of Y not contained in Z
is greater or equal to 2, the (singular version of the) Lefschetz hyperplane section theorem
[E3, Th6or~me 2.2] (which does not involve a pencil). We prefer to use [E3, Th~or~me 2.5]
because, in the case where the conclusion concerning the pair (X, X--) is "1-connected", it
is in fact more general.

Let us prove this fact. When d > 2, [E3, Th~orbme 2.2 (applied with 6 = 2)], can be

stated as follows. If for every projective hyperplane KC of IP'~ and every finite subsets C C X

and D c /C f X, one has:

(#) f ~~~(X, X \ C) 1-connected,

and ( X, (KC n X) \ D) 0-connected,

then the pair (X, X,) is 1-connected. So, to prove our assertion, we must show that, under
Hypotheses (#), the pairs (X, X \ E5) and (X,, M) are automatically 1-connected and 0-

connected respectively. The assertion concerning the first pair is clear. For the second one,
proceed as follows. Denote by d' the least dimension of the irreducible components of £ fl Y
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not contained in £ fl Z. By [C3, Lemme 11.3 (i)], d' > 1. Now, by the second part of
Hypotheses (#), for every finite subset D C X, the pair (X,X, \D) is 0-connected. Then,

by [3, Lemme 11.3 (iii)] and [E3, Th6or~me 2.2 (applied with = 1)], the pair (X.,M) is
0-connected, as desired.

Let us now consider in more detail the case where X is non-singular. Again, denote by
d the least dimension of the irreducible components of Y not contained in Z. Of course, [E3,

Th~or~me 2.5 (with k = 0)] (resp. Theorem 3.1) applies when X is non-singular. But when,
in addition, d > 1 (resp. d > 2), then [E3, Thdor~me 2.5 (with k = 0)] (resp. Theorem 3.1)

can be simplified.
Let's be more precise. By [El, Th6or~me 4.3], if X is non-singular, then the pair

(X, X \ 6) is (2d - 1)-connected. So, when d > 1, [E3, Th6or~me 2.5 (with k = 0)] can be
simplified as follows. If X is non-singular, with d > 1, and if (Xi, M) is 0-connected, then
(X, X.) is 1-connected.

Now, if in addition d > 2 then the non-singular version of Theorem 3.1 can also be

simplified. More precisely, we have the following result.

Corollary 3.3. Assume that X is non-singular and d > 2. If the natural map

is bijective, and if the natural map

is surjective for every i, then for every xO E M (which is non-empty) the natural map

7r. (X, xO) -+ 7r. (X, xO)

is bijective for q = 0, surjective for q 1, and its kernel for q = 1 coincides with the normal
subgroup of 7r, (X-, xo) generated by the family (Im Var1)j.

Remarks 3.4. (i) This first remark is in the same spirit than point (ii) of Remark 3.2.
It concerns the use of the hyperplane section theorem for pencils [E3, Th~orbme 2.5 (with

k = 0)]. Instead of this theorem, one can use, when d = 2, the non-singular version of the

Lefschetz hyperplane section theorem (cf. [HL1] and GM1,21) which is equivalent to it in

the case where the conclusion concerning the pair (X, Xj) is "1-connected". Indeed, when X
is non-singular and d 2, the Lefschetz hyperplane section theorem asserts, without any

other hypothesis, that the pair (X, Xj) is 1-connected. But in this case, the pair (Xe, M)
is automatically 0-connected. This can be proved as follows. By [C3, Lemme 11.3 (iii)], X,,

is non-singular, and, by [3, Lemme 11.3 (i)], if d' is the least dimension of the irreducible

components of £ fl Y not contained in £ fl Z, then d' > 1 So, by the Lefschetz hyperplane
section theorem applied to X,~ with M as a generic hyperplane section (the theorem applies
by [C3, Lemme 11.3 (iii)]), we have that (X,,, M) is 0-connected.

(ii) Corollary 3.3 is true for d > 2 but the only interesting case is the case d = 2.

Indeed, when d 3, Corollary 3.3 does not give extra information compared with the
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Lefschetz hyperplane section 'theorem which asserts, when X is non-singular, that the pair
(X, X 2 ) is (d - 1)-connected.

In the special case rn = 2, y = 2 and Z = C, where C is a reduced closed algebraic
curve, the spaces M, X,, and X,~, \i X,, are pathwise connected. The natural maps
iro(M) -+ ro(Xz) and 7ro(M) - ro(X,, 6

i), all i, involved in Corollary 3.3, are thus in
this case automatically bijective and surjective respectively (in fact, of course, they are both
bijective !). Corollary 3.3 thus implies the classical Zariski-van Kampen theorem (cf. [Z],
[vK] and [C1,21).

In [Shl,2], Shimada studied the more general question concerning the kernel of the
natural map 7r, (F, *) -+ r (E, *), where F is a general fibre of a dominant morphism f : E -

B between non-singular irreducible quasi-projective varieties E and B. In particular, [Shl,2]
(e.g., [Sh2, Proposition 2.41) contains a result which looks like Corollary 3.3.

4. The link with a conjecture of [CE]

Corollary 3.3 implies the following result.

Corollary 4.1. Under the hypotheses of Corollary .3, for every x E M the natural
map rq (Xz XO) - rq (X, XO) is bijective for q = 0, surjective for q = 1, and its kernel for
q = 1 coincides with the normal subgroup of 7r, (X,, xO) generated by the images of operators
(VAR,, 1)i introduced in [CE, Section 4.

This result, when d = 2 (which is the only interesting case (cf. Remark 3.4 (ii)), may
be connected to the case d = 2 of [CE, Conjecture 6.1]. However, it is not equivalent to it.
Indeed, the hypotheses on the natural maps iro (M) - 7ro (XJ) and no (M) - ro (Xz' \ Gij),
all i, used in Corollary 4.1, do not appear in CE, Conjecture 6.1]. I am still thinking that we
should do without these hypotheses when working with operators VAR1 , 1 (Corollary 4. 1) but
at the moment I do not have a complete proof. On the other hand, these hypotheses seem to
be quite relevant in Corollary 3.3 (compare with the hypotheses of [Sh2, Proposition 2.4]):
observe that, in Corollary 3.3, the kernel of the map under consideration is expressed in
terms of variations operators defined on the absolute homotopy group r (X.,, xO), whereas
the operators used in Corollary 4.1 are defined on the relative homotopy set 7r, (X,, M, xO)
which provides a greater liberty of motion!

Proof of Corollary 4.1. By CE, Lemma 4.8], the images of operators VAR1 ,l are con-
tained in the kernel the natural map r (X 5, xo) -4 r,(X, xo). Conversely, since each element
of this kernel can be expressed with the help of operators Vari (cf. Corollary 3.3), they can
also be entirely described using operators VAR1,1 by CE, Observation 4.2] which asserts
that the image of Vari is contained in the image of VAR1 ,1 .

Remark 4.2. In fact, the proof of Corollary 4.1 shows that operators Vari may be
replaced by operators VAR1 ,1 , not only in Corollary 3.3, but in Theorem 3.1 too.
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5. Proof of Theorem 3.1

Let xO be a base point in M.
That the natural map 7wq(X,, XO) - 7rq(X, XO) is bijective for q = 0 and surjective for

q 1 follows immediately from [E3, Th~or~me 2.5 (applied with k = 0)] as observed, under
weaker hypotheses, just before the statement of Theorem 3.1.

From now on, we focuss on the assertion concerning the kernel of the map 7r, (X,, xO) -

7r (X, xo). We start by showing that it suffices to consider the case 6 C Z. Indeed, assume
that the result holds in this case. Then, by applying it to Y and Z U G (proceed as in [E3,
§9.2]), one obtains that the kernel of the natural map

7r (X., Xo) - rl (Y \ (Z U 6), Xo)

is the normal subgroup of 7r, (X-,,xo) generated by the family (Im Varj)j. But Y \(Z U ®) 
X \ 6, and the result (general case) thus follows from the bijectivity of the natural map

7 r (X \ , Xo) - rl (X, XO).

Now, we must prove that our assertion on the kernel of r (X, xrO) - r, (X, xO) effectively
holds in the special case 6 C Z. This is the main part of the proof (§§ 5.1-5.5). Our proof
is similar to the proof of the Zariski-van Kampen theorem given by Gh6niot in [C1,2]. We
shall also often refer to [E3] for many results on the topology of singular spaces.

Fromn now on, we thus assume that 6 C Z.
It is convenient to blow up the ambient space P' along the axis M of the pencil, because

this allows to translate some crucial isotopies associated with the pencil in P' in terms of
locally trivial fibrations in the blown up space (cf. [AF] and 13]).

5.1. Blowing up and fibration outside the exceptional hyperplanes

Let lP-' be the blow up of IP' along M, which is defined by

iP--: { (x, e) E P' X P' 1 xE P(e)}

(we recall that P(e) is the member of P with parameter e). It is a compact analytic
submanifold of lP' x P' with dimension n.

The projections of P'l x P'onto its two factors, when restricted to lpn, give two proper
analytic morphisms

f:Ipn _~ pn and P pn -, i~.

For any subsets G C 2'f and E C IF', we note

G5:= f-'(G) and GiE:= Gfnplp(E).

One must not confuse GjE with G~E; we have

G.E GEP U (Gfl M) = GE U ((G nM) X IP').
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By stratifying suitably Y7 and then applying the first isotopy theorem of Thom-Mather
(cf. [T] and [M]), one obtains (cf. C3, (11.1.5)1) that the restriction of p to

X* :=X\UXz-i

is a topological locally trivial fibration over P" \ U1 zi with typical fibre X,' homeomorphic
to X.,. Moreover, this bundle has

as a trivial subbundle of it.
_Let yo : (xo, z) E M X z. Clearly, the blowing up morphism f induces an isomorphism

7r, (X., yo) -+ r, (Xz, xo). Since (X,M) is 0-connected and ® C Z, it also induces an
isomorphism r (C, yo) -2 7r1 (X, xo) (cf. [E3, Remarque p. 168]). To use the geometric set-
ting developed above, we embed the natural map r, (X, xo) - r (X, xo) into the following
commutative diagram:

(5.1.1) 1~~rl(XYO rl(, O

where the horizontal arrows are induced by inclusion and the vertical ones by the blowing
up morphism f . The kernel of 7r1 (X,xo) -+ 7r, (X, xo) is just the image by f# of the kernel
of 7t, (X., yo) - r, (X, yo) The continuation of the proof consists in computing explicitly
the kernel of 7r, (X,, yo) -+ir, (X, yo). For this purpose, it is convenient to decompose the
natural map 7r1 (Xz, yo) -7 r, (X,yo) as follows:

it, (XZ, YO) -+ 7ti (X*, YO) - r (X, o),

(where, of course, the two arrows are both induced by inclusion), and to study firstly the link
between i, (Xz, yo) and r, (X*,yo), and secondly the link between r, (X*, yo) and F, (X, yo).
To do this, we first introduce monodromies and variation operators on the blown up space.

5.2. Monodromies and variation operators on the blown up space

By [C4, Lemma 4.2], for each i, there is an isotopy

H: X x I --- XK

such that:

(i) H(x, 0) = x, for every x E X,;

(ii) H(x, t) E XLi ±) for every x E X, and every t E ;
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(iii) for every t , the map X - Xwi (t), defined by x -+ H (x, t), is a homeomorphism;

(iv) H ((y, z), t) = (y, wi (t)), for every (y, z) E M x z and every t .

Remark 5.2.1 (cf. [C4, Lemma 4.2]). Every isotopy Hi as above provides an isotopy
H as in Section 2. 1: indeed, for every (x, t) X,,x I, set H(x, t) := f (fi(y, t)), where
y corresponds to x by the isomorphism between X and X,, induced by the blowing up
morphism f. Conversely, every isotopy H as in Section 2.1 can be obtained by this formula
from an isotopy Hi as above and uniquely defined by HI(x, t) := (H(f (x), t), wi(t)) for every
(X, t) X, I.

The terminal homeomorphism

of Hi, defined by h(x) := HI(x, 1), leaves M x z pointwise fixed. It is called a geometric
monodromy of X, relative to M x z above wi.

Remark 5.2.2. Another choice of loop w within the same homotopy class [wi] 
7T, (P' \ Ui zi, z) and another choice of isotopy Hi above wi, as described previously, would
give a geometric monodromy isotopic to h within X, by an isotopy leaving M x z pointwise
fixed.

Since h leaves the point o = (o, z) fixed, it induces a homomorphism (in fact an
isomorphism)

The map

Va--r2 : r (X-, yo) -+ir (z, yo)

is then well-defined, and by Remark 5.2.2 it depends only on the homotopy class [ E

7r (P \ U Zi, Z).
Operators Vari and Vari are linked by the homomorphism induced by the blowing up

morphism f. This is stated in the next lemma.

Lemma 5.2.3. The following diagram, where f# is the isomorphism induced by the
blowing up morphism f, is commutative:

Vari

Lemma 5.2.3 follows immediately from Remarks 2.1.1, 5.2.1 and 5.2.2.
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5.3. Fundamental group of (*yo)

The main result of this section (Lemma 5.3.3) is a singular quasi-projective version of
[C2, Proposition (4.1.1)] (and [Cl, Lemme (2.4)]).

The exact sequence of the weak fibration

is written as follows:

i i

Since the projection p induces an isomorphism

(5.3.1) 7rt,(xox(IP1U zi ),yo) -z4it,(l1U zz ),

i i

one deduces the short exact sequence:

(5.3.2) 1 -+ it,(X yo) -~ 7t,(X yo) ~ IF x0 (IP' \Uzi), yo)
i

where p' is the composition of (pi):# with the inverse of isomorphism (5.3.1)._

By exactness, %# is injective. We can thus identify z# (7r, (z, yo)) with ir (Xz, yo), that

is we can identify the homotopy classes in X, and in X* of loops contained in X,. With
this identification, 7ii(X,,yo) becomes a normal subgroup of ir, (X*, yo).

On the other hand, one shows easily that the natural map

is a section of p' (i.e., p' o 3#= identity). This section is injective, and permits to identify

3# (7r1 (xo x (' \ U1zi), yo)) with r, (xo x ( \ U1zi), yo), that is it permits to identify the
homotopy classes in xo x (' \ U1 zi) and in X* of loops contained in x x ( \ U1 zi).

The existence of such a section, together with the exactness of (5.3.2), implies that
7r, (X*, yo) is the internal semi-direct product of its subgroups i (Xz, yo) and i (xo x ('\

U1zi), yo). Proposition 1 0. 1 of [J] and its Corollary 10. 1 then imply the following lemma.

Lemma 5.3.3. Fix a presentation by generators and relations of the fundamental
group i(X~,yo) as in J, Proposition .1]. Then, the fundamental group 7rj(X*,yo) is
presented, as in [J, Corollary 10.1], by the generators of 7r,(X,,yo) and the generators

[(l, W)]of it1 (xo x ('\ U1iz), z), where N is the number of the exceptional

hyperplanes, and by the relations of ir, (X,yo), the relation

[(X0, W1)] . .. [(X05,WN)] = 1,
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and the relations

[a] [(xo, Wi) = R(XO, Wi)J i([

for every 1 < i < N and every [a] E ri(X yo), where i#: 7r,(Xz,,yo) -+ r(, yo) is

the isomorphism induced by a geometric monodromy hi of XG relative to M x z above wi
(cf. Section 5.2).

Of course, (xo, wi) designates the loop I - xO x (P \ U, zi) defined by (xo, wi)(t)
(xo, wi(t)) for every t I.

Proof of Lemma 5.3.3. Because of the standard results on the presentations of groups IJ]
mentioned above, we have just to verify that, for every 1 i < N and every [a] E ir (X-, yo),

is homotopic in X* to a.
Let H2 be an isotopy giving rise to h2i as in Section 5.2. The map I x I X*defined

by f(xo, wi(3ts)), 0 <t < 1/3,

(t, S) -4 Hi (a (3t - 1), s), 1/3 <t < 2/3,1(xo, wi(3s (1 - t))), 2/3 •t < 1

is a homnotopy in X* from the oop

la(3t -1), 1/3•<t•<2/3,

which is clearly homotopic to a in X*, to the loop

f(X0, wi(3t)), 0 <t < 1/3,

t -+ ~ 1 oa(3t - 1), 1/3 <t • 2/3,1(xo, wi( 3 (l - t))), 2/3 <t < 1,

which is clearly homotopic to (xo,wi) . (h o ae) (o,wi)- 1 in X*.

5.4. Fundamental group of (, yo)

The following lemma is a singular quasi-projective version of [C2, Proposition (4.2.1)].

Lemma 5.4. 1. Fix a presentation of 7r(Xk,,yo) as in Lemma 5.3.3. Then, the fun-
damental group ir (, yo) is presented by the generators and the relations of ii(X,yo) and
the relations

hi a)= [a]

for every 1 i < N and every [l ir (X.,,yo), where N and h # are as in Lemma 5.3.3.
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More precisely, the kernel of the natural map w1,(X,,yo) - r, (X, yo) coincides with

the normal subgroup of r (X~, yo) generated by the images of operators (Va-ri)i defined in

Section 5.2.

Proof. By [E3, Corollary 5.3], together with the exact homotopy sequence of the pair
(X, X*), the natural map

7il (, yo) - Irl (, yo)

is surjective. We can thus deduce the presentation of 7r, ((X, yo), mentioned (implicitly) in
the lemma, from the presentation of ri (X*, yo), given by Lemma 5.3.3, only by adding to

it new relations.
As new relations, there are the trivial relations

[(xo, wi)] =1 for 1 < i<N.

We are going to show that they are the only ones. For this purpose, it suffices to prove that
every loop a: I - X* based at yo and null-homotopic in X is homotopic in X* to a loop
the triviality of which, in X, follows from the relations [(xo, wi)] =1 for 1 < i < N.

So, let a be a loop in XC* based at yo and null-homotopic in X. By the exact homotopy
sequence of the pair (, X*), this loop is then homotopic in X* to the boundary of a relative
homotopy 2-cell /3, that is a map from 12 to X' with the face {(tl, t 2 ) E 12 t 2 = 0} sent into
k* and all other faces sent to yo (as in [St, §15]). By [E3, Proposition 5.2], we can assume
that

/1(U 5Q)
i

is either empty or a finite set of points (k)1<k<k.. If it is empty, then a is null-homotopic
in X~*, and our property is trivially true. From now on, assume that 0 :~ /3 1(Ui X.,) =
{Pk E 12 11•< k < k}. For each k, we take a small closed disk Ak with centre Pk* We
assume that the Ak are mutually disjoint, and for each k we consider a standard loop yk on
the boundary 09Ak f Ak, that is a loop going once counter-clockwise around 09Ak.

Lemma 5.4.2. For each index k, if Ak is small enough, then /3o Yk is freely homotopic
in X* to a loop 4yk contained in xo x (F \ U1 zi).

Before proving Lemma 5.4.2, we show how it implies Lemma 5.4.1.
If P3 o yk is freely homotopic in X* to such a loop -yk', then /3 o-Yk is homotopic in X*to

a ioop of the form

(5.4.3) (k'YkC

where (k is a path in X* such that k () = 0 k(O) and k(l) 4Y(0). On the other
hand, the fundamental group 7r1 (1 \ Uk Pk, 0), where 0 is the origin of I, is generated by
a family of homotopy classes of loops of the form

~k'Yk~-k for 1 < k < ko,

where ~k is a simple path from 0 to 'k(0) &Ak, such that:
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(i) I kflAk = Yk ();
(ii) m ~k nllm ~M = 0 f k ~ k';

(iii) m '~knf Ak' = 0 if k $ k'.

By parametrizing the boundary of 12 by the curvilinear absciss counter-clockwise, we obtain

a loop based at 0 and homotopic in 12 \ Uk Pk to

(by renumbering the loops if necessary). It follows that ca is homotopic in X to

(/30(-iYlilj)) ... (/3 0 Yk~k

and consequently, by (5.4.3), to the loop

~717i77 ... 
27koYko 1 7k0

where %? is the path (/6 o cWkk. Then, if Ok: I - X x (P' U1 zi) is a path such that
Ok (0) = (o, z) = yo and Ok (1) =y -(0), the loop az is homotopic in X to

The triviality of a in X thus follows from the triviality of the iooPS Ok'Ykj (1 < k < ko),

and the latter follow from the relations [(xo, wi)] = 1 (1 i < N).
To complete the proof of Lemma 5.4.1, it remains to prove Lemma 5.4.2.

Proof of Lemma 5.4.2. Fix an index k, and assume that the corresponding point Pk

belongs to /3-1(X-,) for some index i such that 1 < i < N. For each s E 6i (we recall that

E®i is the set of points of non-transversality of Ai to the strata of S), we consider a small

closed ball B, (s) C P', with centre s and radius c > 0, such that:

(i) B, (s) fl .&(s') 0 if s $5's;

Bii B(S) fl p-1 (zi') 0 for any other i' 3 i corresponding to an exceptional hyperplane

(iv) B,(s)f im 30.

Condition (iv) is possible since Im P3 is compact and does not intersects ®i (we recall that
we have assumed 6 C Z). Denoting by B, (s) the open ball corresponding to the closed ball

B swe set
V:= U Be(s)flXD'

where D' is an open disk contained in Di (see Section 1 for the definition of D2). By [E3,

Proposition 5.4] (see also Remark 5.4.5 below), if E is small enough and if D~ is small enough
(compared with c), then there is a trivialization

?:X'D' \ V -* D' x F
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of the restriction of p to XD \ V such that:

(i) '~(X(D'\z-) \V) = (D \ zi) x F,

(5.4.4) (ii) OW( x D') = D'x F',

(iii) iP(xo x D') = D'x pr 2 o O(X0, Zi),

with (F, F') homeornorphic to ( \V, Miand where pr 2 is the second projection of

D4 x F.

Remark 5.4.5. In fact, [E3, Proposition 5.4] only gives a trivializationoa satisfying ()

and (ii) (in fact property (i) is automatically satisfied). To obtain in addition (iii), we have

to modify it slightly. First, we must refine the Whitney stratification denoted by S in [E3]

so that xo x P' becomes a stratum. This can be done as follows. The axis M~ is a union of
strata of ; these strata are of the form (fiP \Y) or (S n M) x F', where S E S; the point

xo0 belongs to one of them (which is not (~ \ Y) nfl M); denote it by (SO nl M) x P'; now,

we have just to divide this stratum into the two strata ((SO nl M) \ xo) x P' and xo x P' to

obtain the refinement of S as desired. Then, the proof of [E3, Proposition 5.4] is unchanged

if we replace S by its refinement excepted that, now, we must also observe that the map

denoted by i,,p, in [E3], when restricted to the stratum ((SO nl M) \ xo) x Dp (A1i) or to

the stratum x x Dp (,\) of the Whitney stratification corresponding (via the refinement

of S constructed above) to the stratification denoted by il~p in [E3], is submersive. This
is obvious. Property (iii) then follows from the fact that the trivialization ?P is compatible

with the Whitney stratification corresponding to the stratification denoted by iS,, in [E3].

By taking Ak small enough, we can assume that

13Ak \ Pk) C X(D'\.2 ) \ V.

Lemma 5.4.6. There is a path p: I - F such that p(O) = pr2 o i/i o o 0 Yk(0) and

p(l) = pr 2 C' b(X0, Zi).

Proof. Let z' be the point of D~ \ zi defined by the relation 63 a yk(O) E X'\V. Since

I6 oYk () can be joined to yo in X, the point fo0/63 'Yk () can be joined to xo in X. Since the

natural map iro (X,,) -+ ro (X) is bijective (by the hyperplane section theorem for pencils), it

can be in fact joined to xo in X,,. So, let Mt: I *Xz' be a path such that P(O) = f op oy (O)

and pi(l) = xo. Then,

is a p at h in X,, from /3o-Yk () to ( 0 , Z'). In fact, /3o yk () c an b e j oined t o (xo, z') by a
path p' the image of which is contained in X.,'_\ V. This will follow immediately from the

foregoing if we show that the natural map iro(X~' \ V) -+ ro(Xz') is injective.

To prove this injectivity, we proceed as follows. By stratifying suitably Y~, and then

applying the local conic structure lemma of Burghelea-Verona (cf. tBV, Lemma 3.2]), one

shows that X~\V is a strong deformation retract of X,, (we recall that we have assumed

that G C Z) provided is small enough. Combined with the fact that the natural map
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7ro(M,) - ro(XQj is surjective (because the blowing up morphism induces an isomorphism
(X, M. (X~-,,M) and the natural map ro (M) - ro (XJ) is surjective by hypothesis),
this implies that the natural map 7wo(M5~,) - ro(X~,, \ V) is surjective too. Since the pairs
(X. \ V,_M.J) and (X. \ V, M,,) are homneomnorphic, surjectivity also holds for the natural
map 7ro(M' -+ro(' \V). And since, by hypothesis, the natural map ro(M0 (X.,)
is injective, one deduces that the natural map ro(Xz \ V) - ro(X 2,,) is injective too, as
desired.

To conclude the proof of Lemma 5.4.6, we consider the path

p :=pr2 0 'P oP"

It is a path in F from pr 2 0 ?/' 0/0 Yk (0) to pr2 C O(X0 , z') pr 2 0 Ob(X0, Zi) (see property (iii)
of (5.4.4)).

Let pr, and pr 2 be the first and the second projection of (D \ z) x F respectively.
Since -yk (0) is a strong deformation retract Of Ak, the lop 0' 0/36 0Yk is homnotopic in D~ x F
to the constant loop based at '0 o 63 o yk (0), and consequently the loop pr 2 0 0 3 0 -yk is

homotopic in F to the constant loop based at pr2 0p o3 0 'yk(0). The loop /3 0 -yk is thus
hornotopic in X(D'\,,) \ V to the loop vk defined by

t E I - I 1 (pr, o0 06/3o-k(t), pr 2 ' 0 o/3 Yk(0)).

Now, using Lemma 5.4.6 and properties (5.4.4), we see easily that the map

I X I + X('z. V c X*

is a free hornotopy from vk to a loop -4 contained in xO x (D' \ zi). This completes the proof

of Lemma 5.4.2.

5.5. End of the proof of Theorem 3.1

Since the maps 7r1.(X,,yo) -7 iz-(X--,ax) and 7riX,yo) - 7r(X,xo), induced by the
blowing up morphism f, are both isomorphisms (see Section 5.1), Theorem 3.1 follows from
Lemma 5.4.1 and 5.2.3, and from the commutativity of diagram (5.1.1).
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