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Abstract

We investigated the phases in a system of nearest neighbour coupled oscillators before complete syn-

chronization in frequency occurs. We found that when oscillators under the influence of coupling form a

cluster of the same time-average frequency, their phases start to correlate. An order parameter, which

measures this correlation, starts to grow at this stage until it reaches maximum. This means that a

time-average phase locked state is reached between the oscillators inside the cluster of the same time-

average frequency. At this strength the cluster attracts individual oscillators or a cluster to join in. We

also observe that clustering in averaged frequencies orders the phases of the oscillators. This behavior is

found at all the transition points studied.
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I. INTRODUCTION

The study of the dynamics of systems consisting of a mutually interacting units is attracting interests.

Such study is relevant in many fields ranging from Physics to Chemistry and Biology. A common feature

of a population of interacting oscillators is that the oscillators can synchronize to a common frequency

[Kuramoto, 1984]. This self synchronization can be found in laser arrays, Josephson junction arrays as

well as in chemical and biological systems [Winfree, 1990; Perez et. al., 1992; Dominguez et. al., 1993;

Pikovsky et. al., 1997]. Many investigations of the dynamical behavior have been made under the context

of coupled chaotic systems [Wiessenfeld et. a., 1996; Lorenzo et. al., 1996; Otsuka, 2000]. However,

there are still many intrinsic features which remain unknown.

Consider a set of N coupled oscillators with nearest neighbor coupling and with natural frequencies wi

taken from a gaussian distribution such that:

92 = wi + -[sin(9i+i - 0i) + sin(9i-i - 0~J (1

where i = 1, 2,...N, k is the coupling strength, O is the instantaneous phase and bi is the velocity. The

periodic boundary conditions 9 i+Nv(t) = 9i(t) is used. System (1) exhibits synchronization and there

exists a critical coupling k, where for k > k all oscillators are synchronized to each other and 9 Q for

all oscillators, where

= : N i (2)

i=1

can take any finite value as well as zero while the feature of the system (1) remains the same without

any change. If 9 = 0, then (1) at k =k, takes the form

Wi -[sin(i+i - 0i) + sin(9i-i - 0J)], (3)
3

where <9,i > = = 0 and 9, 0, where < ... > denotes the time-average. The value <92i > = 0 can be

obtained at k by adding all values of the b2, where i = 1, 2, ...N. When k < k, bi (t) is time dependent.

It is found that synchronization occurs such that the average frequency of the ilh oscillator, which is

defined as

1 T.

w2- =< Oi >= limp] i O(t) dt. (4)

equals to Ejj for i $4 j. Specifically, oscillators construct clusters with the same time-average frequency

and then small clusters join to form large cluster(s) and so on until all elements synchronize to a common

frequency, where a cluster is two or more oscillators of a common time-averaged frequency [Zheng et. a.

1998; 2000; El-Nashar et. a., 2002]. Alternatively, the oscillators are led to complete synchronization

through a sequence or transition tree. Due to nearest neighbour coupling, intuition tells us that elements

which are closer in frequency and adjacent in space are led to synchronize first, later as the coupling

strength increases, they will be joined by another element(s) or cluster(s). However, in some exceptions

when N is large and the initial frequencies wi of oscillators are distributed over a small range, it is found
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that nonadjacent elements can synchronize when they are closer in frequency. This case was studied in

detail in reference [El-Nashar et. al., 2002] and it has been found that this type of synchronization is a

clear consequence of nearest neighbour interactions.

Although system (1) has been extensively studied in order to explore the synchronization, there has

been no apparent interest to study the phases (on the time-average) of the oscillators in detail, in the

interval between k = 0 and k = k,. We believe that further exploration needs to be made regarding the

synchronization tree. To study the phases of oscillators of a system (1) before complete synchronization

occurs, may give an insight on the formation of clusters of the same average frequency. In fact, equation

(4) raises questions about the phase. At the moment when two oscillators become of the same average-

frequency, "what is the relation between the phases of these two oscillators on the time-average?; do they

correlate in phase (on the time-average) before or after they have the same average frequency? When the

cluster of two elements is joined by another element, what is the correlation between the phases of the

oscillators in the cluster and the new joined element? The same questions arise when a cluster is joined

by another one.

We believe that when two oscillators i and j acquire the same value of averaged frequency (according

to (4)) and form a cluster, a correlation between their phases on the average starts. At this stage this

phase correlation can be quantified by an order parameter that reflects the situation of the phases on the

time-average. The order parameter which can express the correlation between phases on the average is

given by

Sn e<>3I (5)
,j=1

n, is the number of oscillators in a cluster of the same average frequency, which takes the values 2, 3, ...

and < 9O, > is the time average of the phases of the oscillators in the cluster n,. This order parameter

measures the degree of phase synchronization between oscillators which belong to the same cluster. It

tells us precisely whether the correlation between average-phases starts or it is maximum when the cluster

forms.

In this paper we go further to investigate and understand the features that lead to synchronization in a

system of nearest neighbor coupled oscillators. Particularly we focus on the phases of each oscillators at

the stages of cluster(s) formation and how to get a picture on the phase correlations between oscillators.

We investigate the order parameter through the synchronization tree until complete synchronization

occurs. The power spectra of the phases 9O (t) of each oscillator at the stages of clusters formation are

obtained in order to reveal the behaviour of the order parameter clearly.

II. SYNCHRONIZATION TREE AND ORDER PARAMETER

Fig. 1 shows the synchronization tree for the case of N = 8 oscillators for Q = 0. We have chosen this

small number of oscillators to show the detail study of the phases through all points in the synchronization

tree as will be clear later. As shown in the figure, when the coupling strength increases, oscillators which
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are adjacent in space and closer in frequency, synchronize first to form a cluster of two elements. Then,

these small clusters are joined by other oscillators which are closer in frequency and are adjacent in

space to one of the oscillators in the small clusters. As k varies, a cluster of oscillators joins another-

one (the two clusters contain oscillators at their edges which are adjacent in space) and so on until at

k = k all oscillators are forming one cluster with the same frequency. As shown in Fig. 1, the initial

frequencies of oscillators 2 and 7 are approximately equal, however, they do not synchronize since they

are not neighbours and hence there is no chance for a nonlocal interaction to occur according to (1).

All points of the transitions are indicated in Fig. 1. The inset of Fig. 1 shows the same feature when

n= 1.35 and there is no loss of the generality when 91 = 0.

As shown in Fig. 1, under the influence of increasing the coupling strength k from zero, two oscillators

i and j start to form a cluster of the same average frequency (at a certain value of k) e.g.; (2,3) and (6,7).

Increasing k further, the two oscillators which are in a cluster remain with a single value of the average

frequency. Then, one may ask what about the temporal behaviour of both 92 (t) and Oj (t), at a certain k

when two oscillators i and j join together and have the same average-frequency. In order to have a clear

answer for the previous question, the power spectra of the temporal behaviour of quantities 9, (t) and Oj~ (t)

are required. Fig. 2 shows the power spectra of the 2 and 3 for values of coupling strength k = 0.66,

when 2 and 3 exactly have the same average-frequency, and k = 1.1, when both 2 and 3 are joined by

1. In Fig. 2a-d the x- and y-axes have the same ranges. It is obvious from Fig. 2 that at k = 0.66, the

locations of the peaks of both oscillators (Fig. 2a-b) coincide although their relative strengths are not

similar (compare along the modes of two oscillators). However, the integration of both spectra of 1 and

2 will give the same average value Of < b2 >=< 93 >- 0.15. In Fig. 2c-d, the power spectra show that

the peaks coincide in locations and become comparable in magnitudes (at k = 1.1). This may give an

indication that when two oscillators start to form a cluster of the same average frequency, they start to

correlate in phase (on the time-average). Qualitatively, as observed from Fig. 2c-d, we can say that the

correlation between phases of 2 and 3 grows after k = 0.66 and it reaches a high value at k = 1.1.

In order to investigate the correlation quantitatively, we should study the behaviour of the order

parameter defined in Eq. (5) under the influence of increasing the coupling strength k. Fig. 3 shows the

different order parameters according to (5) for all kind of clusters along k < k The dashed vertical lines

show the value of k when a cluster of the samne-average frequency is formed while the vertical lines show

the value of k when the correlation reaches maximum. It is shown from Fig. 3a-b that for the clusters

of two (6,7) and (2,3), respectively, around k when the two oscillators meet, the order parameter 'Oi

starts to grow. As the value of k increases, the order parameter increases and it reaches a high value

when k = 1 for (6,7) and k = 1.1 for (2,3). After these values of k the order parameter keeps fixed and

maximum for (2,3) and approximately fixed with a high value for (6,7) (at a value 0.88 which means the

two oscillators are highly correlated in phases on the time average). Returning to Fig. 1, we see that

at k = 1.1 oscillator 1, which is adjacent to 2, joins the cluster of (2,3). Similarly, oscillator 8 joins the

cluster (6,7) at k = 1.3. Upon making a comparison between the observations from Fig. 1 and Fig. 3a-b,

we find that both clusters are joined by the adjacent oscillator when they are highly correlated in phase

4



(on the average) and having the same average frequency. That is to say, an element joins a cluster of

(i, j) when this element 1 observes both oscillators as one unit on the time average (i and move with

the same average frequency and have a fixed small difference between the average phases) iLe.; i and j-

are phase locked on the time-average.

At this moment we have two clusters of two oscillators. As the value of the coupling strength increases,

the two clusters (1,2,3) and (6,7,8) become closer in the average frequencies. Due to the nearest neighbour

interaction, the two clusters form one larger cluster at k 1.75 (see Fig. 1). The order parameters for

both clusters are plotted in Fig. 3c-d. We observe from Fig. 3c-d that the order parameter of (1,2,3)

starts to grow around k = 1.1 reaching maximum at k = 1.75 and keeps maximum. The same feature

is observed for the cluster (6,7,8) which starts to grow around k = 1.3 and reaches a high value around

k = 1.75. Now, what happens to the cluster when the new element joins in? We observe that when an

oscillator, whatever 1 or 8, joins a cluster, this cluster has two elements which are in a phase locked state

on the time average. The phase of the newly joined element is not on the average equal to the phases of

the elements in the cluster. However, at the value of k when a new element joins a cluster, the correlation

in phases of the constituent elements of the cluster of three elements starts to grow as k increases until it

reaches to a high value. The three elements become phase locked on the time average. At this point the

cluster of three elements is in the phase locked state, an oscillator closer in frequency and adjacent to one

of the constituents elements of the cluster, may join this cluster. Here in the case under investigation,

the closer in frequency is a cluster (6,7,8) which has one element (8) adjacent to an element (1) in the

other cluster (1,2,3). We may now look at this way of clustering as the possibility of two clusters joining,

instead of going through the action of their single elements: In that case, the two clusters join each other

when they are in a phase locked state on the time average. At the value of k when the two clusters join,

the average frequency becomes the same for both clusters and they form a larger cluster (1,2,3,6,7,8).

Starting from a value of k = 1.75, the average phases of each cluster (1,2,3) and (6,7,8) start to

correlate such that the order parameter of the cluster (1,2,3,6,7,8) begins to grow. Now, let us look at

the remaining two oscillators 4 and 5, which are neighbours but very far from each other in frequency.

At the same time, 4 and are adjacent in space to elements in the cluster (1,2,3,6,7,8), which are 3 and

6, respectively. As the value of k increases, the elements 4 and approach the larger cluster in frequency.

At k = 1.75, the oscillator 4 has a value of frequency closer to the large cluster than oscillator 5. Then,

4 joins the cluster earlier in k than 5, when the order parameter of (1,2,3,6,7,8) is at maximum (look at

Fig. 1 and Fig. 3e). We attribute the attraction of oscillator 4 to the cluster before 5, to the relation

of phases between 4 and 3 and that between 5 and 6. In order to understand the situation in a clear

way, we plot, in Fig. 4a-c, the order parameter of 4 and 5 with each other and with both neighbours

3 and 6, respectively, which are in the cluster (1-3,6-8). It is observed from Fig. 4 that the correlation

between 3 and 4 (0.80 as in Fig. 4b) is higher at k = 2.8 (when oscillator 4 joins the cluster) than that

of 5 and 6 (0.75 as in Fig. 4c). At the same time 4 and 5 are wealy correlated (Fig. 4a). Therefore,

oscillator 4 feels a stronger attraction than oscillator 5 to the cluster (1,2,3,6,7,8). Then as k increases

such that k > 2.8, 5 joins the cluster (1,2,3,4,6,7,8) at k = 3 when the order parameter of this cluster
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(1,2,3,4,6,7,8) reaches its maximum (phase locked state), as shown in Fig. 3f. When k increases further,

the phases of all oscillators start to correlate to a higher value and the order parameter is approaching

the one shown in references [Zheng et. al., 1998; 2000]. In this case the order parameter is the Kuramoto-

order parameter.

A further observation needs to be mentioned observing Fig. 3. Oscillator 1 joins the cluster (2,3) once

its order parameter reaches a maximum. Oscillator 8 stays for a longer k to join the cluster of (6,7) (see

the dotted vertical line of Fig. 3b). It is observed from Fig. 1 that both oscillators 1 and 8 are away

from 2 and 7, respectively, by a comparable distance. However, when 2 and 3 form a cluster and have the

same average frequency, oscillator 1 becomes closer in frequency to this average frequency. The case of

oscillator 8 is that when 6 and 7 form a cluster, oscillator 8 is still far from the frequency of 7. It takes a

stronger coupling k for oscillator 8 to join (6,7) than for oscillator 1 to join (2,3). The same observation

is also valid for the oscillator 4 when it joins the cluster (1-3,6-8) at k = 2.8 (see the dotted vertical line

of Fig. 3e) where the order parameter of this cluster has a high value although it reaches maximum at

k = 2. Therefore, the dynamics of joining a new cluster is not only fixed by the cluster showing a large

correlation but also depends on the distance between the time average frequency of the new element and

that of the cluster.

III. POWER SPECTRA OF THE PHASES

The study of the behaviour of the order parameter according to equation (5) in the previous section

has shown that the oscillators start to correlate in phase when they have the same average frequency. As

k increases further, the correlation grows and reaches a high value. This means that on the time-average

the two oscillators are in a phase locked state while they move with the same average frequency. At this

point, an attractive interaction seems to appear between this cluster with time-average phase locked state

and an oscillator or a cluster neighbour to one of the oscillators in the cluster. The same behaviour has

been found at all transition points of Fig. 1.

In order to be sure about the correlation in phases and the formation of a time-average phase locked

state at each value of the transition tree of Fig. 1, we plot the power spectra of the phases (t) for

some oscillators at a given transition point. This is to achieve two goals: first we show that at a specific

value of k, when two oscillators i and are in a cluster of the same average-frequency and are joined

by another oscillator 1, they are in a phase-locked state. Therefore, their power spectra of phases are

composed of peaks of different modes and these peaks have the samne positions. At the same time, the

intensities of the peaks at each mode ae comparable for both oscillators. Thus, performing the direct

products of the power spectra of the phases of these two oscillators should show that they are convoluted.

This convolution points to the correlation between their phases. Second, when a new oscillator joins this

cluster of two oscillators, its phase starts to correlate with the phases of the oscillators in the cluster. In

this case, the power spectra of 01 (t) will not show the same behaviour as those of i and j. The convolution

of 1 with either i or j will support the foundation that the correlation between the phases of 1 with the
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phases of both i and j starts at this value of k, after joining the cluster.

Fig. 5a-c show the power spectra of the phase modes of oscillators 1, 2 and 3 at k = 1.1 (which is the

value when oscillator 1 joins the cluster (2,3)), and those for oscillators 6, 7 and 8 at k = 1.3, are shown in-

Fig. d-f. Same ranges for x- and y-axes are fixed for all plots in Fig. 5 except Fig. 5(hJi,k,1) where their

y-axes are magnified by an amount shown in these plots. It is shown from these plots that the locations

of the peaks coincide for 2 and 3 (Fig. 5a-b), and 6 and 7 (Fig. 5d-e), and the intensities are comparable,

at the corresponding modes, for each two neighbours. Fig. 5g shows the convolution of 2 and 3 which

reflects also the fact that they are highly correlated in phase as shown by the order parameter of Fig. 3b.

The same behaviour is observed for 6 and 7 as shown in Fig. 5j. At k = 1.1 oscillator 1 joins the cluster

(2,3) and the three oscillators have the same average-frequency although the peaks of phase modes of 1

does not coincide with those of 2 and 3 (see Fig. 5a-c). This reveals that the correlation between phases

of 1 and the cluster (2,3) starts around k = 1.1. To be sure of the above statement, we plot in Fig.

5h-i the convolution of 1 with 2 and 3, respectively. The plots of Fig. 5h-i support the argument that

oscillator 1 is not highly correlated with either 2 or 3 at k = 1.1. Stronger evidence is shown when 8 joins

the cluster (6,7) at k = 1.3 (see Fig. 5k-1). The comparison between figures (5g) and (5j) shows that the

maximum amount of the convolution of the phases of 6 and 7 is less than that of 2 and 3. This agrees

with the behaviour of the order parameter of Fig. 3a as compared to Fig. 3b.

Following the above procedures will lead to the same arguments at each point in the transition tree. In

Fig. 6 we plot the convolution of the phases of any two selected nonadjacent oscillators, to reveal the high

correlation at certain values of kc when the order parameter of their cluster reaches a high value as shown

in the previous section. Once the oscillators are inside a cluster and the order parameter of this cluster

has a high value, the convolution of any two oscillators inside this cluster points to the high correlation

between their phases and to the behaviour of the order parameter. Fig. 6a-g shows this feature clearly

for the values of kc as indicated in each plot. All plots in Fig. 6 have the same ranges for the x- and

y-axes.

IV. CONCLUSION

In conclusion, we have studied the phases in a system of nearest neighbour coupled oscillators, placed in

a ring. We have found that when two elements form a cluster of the same average frequency, their phases

start to correlate. This correlation is investigated by an order parameter which grows as the coupling

strength increases. When this order parameter reaches a high value, i.e.; the oscillators in the cluster

become in a phase locked state on the time-average and move with the same time-average frequency.

We have observed that when the oscillators in the cluster reach the phase locked state on the average,

they are joined by another element closer in frequency and adjacent in space to one of the constituent

oscillators of the cluster. We also found that two clusters form a larger cluster of the same frequency

when the oscillators in each individual cluster not only move with the same time averaged frequency but

they are in a time averaged phase locked state. The arguments about the phase correlation are supported
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by investigating the power spectra of the phases of oscillators and their convolution. Therefore, two steps

across the synchronization, first they synchronize on time average frequency, then their phases lock on

the time average in order to attract oscillators (or clusters) with nearby time average frequency.
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Figure Captions

Figure 1:

The average frequency versus k for 8 oscillators. The complete frequency synchronization occurs at

f?= 0. The inset shows the case when the complete synchronization occurs as Q = 1.35. The points of

the average frequency synchronization are shown in the figure.

Figure 2:

Power spectra of the temporal behaviour of frequencies of oscillators (a) 2, (b) 3, (c) 6 and (d) 7. Ranges

in x- and y-axes are the same for each graph.

Figure 3:

The order parameter of each cluster at the interval 0 > k < k (a) (6,7), (b) (2,3), (c) (1-3), (d) (6-8),

(e) (1-3,6-8) and (f) (1-4,6-8). The dashed vertical lines point to the values of k when a cluster of average-

frequency is formed. The vertical lines point to the maximum correlation. The dotted vertical lines show

the value of k when an oscillator or a cluster join another cluster.

Figure 4:

The order parameter at the interval 0 k k for (a) (4,5), (b) (3,4) and (c) (5,6). The vertical lines

point to the value of k = 2.8.

Figure 5:

Power spectra of the temporal behaviour of the phases at the stage of a cluster formation of three

oscillators for (a) 2, (b) 3, (c) 3, (d) 6, (e) 7 and (f) 8. The convolution of the spectra of the two

oscillators are shown as follows: (g) 2 and 3, (j) 6 and 7, (h) 1 and 2, (i) 1 and 3, (k) 6 and 8, and (1) 7

and 8. Ranges in x- and y-axes are the same for each graph except for (h), (i), (k) and (1) as indicated

in their y-axes.

Figure 6:

The convolution of some selected oscillators at different values of k according to the transition tree of

Fig. 1. All plots have the same ranges for the x- and y-axes.
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