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Abstract

We discuss the algebra of N x N matrices that seems to be as a reduced quantum plane.
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1 Introduction

An adequate way leading to generalizations of ordinary exterior differential calculus arises from

the graded differential algebra [1 - 3]. To our knowledge these generalizations are not universal,

and many technics have been used to introduce differential calculus that corresponds to non

commutative calculi. The latter involve a complex parameter that satisfies some conditions

allowing the obtention of a consistent generalized differential calculus. It is then usually called

q-differential calculus. In ref [1 - 3] , it is seen as a graded q-differential algebra over the field 0,

which is a sum of k- graded subspaces, where k E {O, 1, 2 .... m - 1}. The relevent differential

operator is an endomorphism d satisfying dm = 0 and the q-Leibniz rule:

d(AB) = (dA).B + qAd(B).

The most important property of this calculus is that it contains not only first differentials

dx', i = 1...n, but also it involves the higher-order differentials d-7x,j-=i1.... m -

In this paper, we construct a covariant differential calculus d3 = 0 on the algebra M of

3 x 3 matrices considered as quantum groups. The analogous of curvature is also considered.

Quantum groups ae seen in our case as a representation of some transformations that play

the same role of the Lie algebras in the ordinary case. In fact, unlike the classical case, these

objects have been encountered in several physical problems that need the notions of quantum

symmetries including their Hopf algebra structure instead of Lie algebras. We will show that

our differential calculus is covariant under the algebra of transformations that has a quantum

group structure. The complex deformation parameter q is N-root of unity and will get an

interesting and non trivial aspect of the differential calculus that we introduce. As it is done in

the literature of quantum groups [4, 5], this case implies a non trivial study. As an application

of that, we will treat the gauge field theory.

The paper is organized as follows:

We start in section 2 by defining the algebra of N x N matrix as reduced quantum plane,

where the deformation parameter q is N-th root of unity. We also give a matrix realization in

the case N 3. In section 3 we establish the covariant differential calculus d3 = 0, on two

dimensional reduced quantum plane as in refs [1 - 3], this differential calculus introduces the

new objects d2x and d 2 y which can be seen as the analogous of the differential elements dx and

dy in the ordinary differential calculus. In section 4 we generalize this differential calculus by

considering a generic complex deformation parameter q.

In section 5, we study in a particular way, the application of this new differential calculus to

the gauge field theory on M 3(C). We recall in section 6 the differential calculus d 2 = 0 [6 - 9],

and apply it to the gauge theory on M 3 (C).
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2 Preliminaries about algebra M 3 C) of NxN matrices as re-
duced quantum plane

The associative algebra of N x N matrix with the unit matrix 1, is generated by two elements

x and y satisfying the relations:

xy= qyx (1)

and,

XN N = 1. (2)

where q (q l' 1) is a complex parameter N-th root of unity, called also the deformation param-

eter.

In the case N = 3, the explicit matrix realization of generators xr and y [6, 10] is given by:

X q q02 (3)

Y 0 01 ,(4)

and q satisfies the relation:

1+ q + q 2 =0. (5)

The associative algebra of formal power series defined over the two dimensional quantum

plane is generated by x and y with a single quadratic relation xy = qyx. It is often denoted by

Cq [, y] := C.. When q = 1, this algebra becomes commutative and coincides with the algebra

of polynomials C [x, y] over commuting variables x, y.

We note that the generators x, y of the algebra Cq do not satisfy any new particular re-

lations, this implies that this algebra is infinite dimensional. But in the case of the algebra

M 3 (C) of 3 x 3 matrices over complex numbers, the generators x, y satisfy the above quadratic

relation and also the cubic relation x 3 = y 3 = 1, thus it is generated by the following set :

{1 iX, Y, X2, y2 , y, X2y1 , 2 Y2 }* In this case, the algebra M 3(C) appears as the associa-
tive quotient algebra C by the bilateral ideal generated by X3-i = 0 and y3 1 =0. Here C

is the unital extension of Cq. That is, in the sense of the work [6, 10], the 3 x 3 matrices over C

are seen as a reduced quantum plane.

Let us remark at this step that the commutation relations allow us to order in some standard

way any arbitrary monomials. We also notice, as a second remark, that the functions of x and y

are seen as formal series with a maximum degree 3. The set of those functions is an associative
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algebra that is used to introduce a gauge field theory on the reduced quantum plane. This idea

will be developed in what follows.

3 Differential calculus with nilpotency rn = 3 on reduced quan-
tum plane

The aim of this section is to construct a differential calculus based on the nilpotency condition

n = 3. We consider the reduced quantum plane involving the parameter deformation parameter

at a cube root of unity. We denote by Q the differential algebra generated by x, y, dx, dy, d2x

and d2y. A "two- form" d2x and d 2 y are the second differentials of the basic variables x and y.

Let us introduce the differential operator d that satisfies the following conditions:

Nilpotency,

'= 0 (6)

Leiniz rule,

d(uv) ==d(u)v + qnud(v). (7)

In the general case, when d crosses a form of degree n the factor q appears.

In this work, we notice that the above differential calculus is based on the appearance of the

two-forms d2x and d2y that play, in some sense, the same role of dx, dy in the ordinary calculus

(d2 = 0). By applying the Leiniz rule on the one-form we have:

d(f (x) dx) = (df (x)) dx + f (x) d2 X, (8)

f (x) are the 0-form and the algebra f9 is generated by x, y, dx, dy, d2x and d 2 y. We focus now

on the notion of covariance that is necessary for the consistency of every differential calculus. So,

the set of transformations leaving covariant our differential calculus is F c Fun (slq(2, C)) and

the covariance is described by the covariant left coaction. We start by explaining this coaction

[11].

The left coaction of the group on the reduced quantum plane is the linear transformation of

coordinates given by:

We also introduce the line vectors with coordinate functions:
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where the matrix elements a, b, c, and d do not commute. We require that the quantities xi, yl,

X 'Y obtained in the above relations satisfy the same relations as x and y. The two constraints

xl.yl = qylxl and x. 1
=qy

1 .xl lead to the six relations:

ab =qca bd qdb

ab =qba cd qdc

bc = cb ad -da=(q - q').

The algebra generated by a, b, c, and d is usually denoted Fun (Gl (2, C)). The element

D = d.a - q'1b.c is the centre of Fun(Glq(2, C)), it is called the q-determinant and we set it

equal to 1. Adding this relation we define the algebra Fun(Slq(2, C)). It is known that (X) 3 1

and (y) 3 = 1, assuming that these relations are verified also by the coordinates xi, Y1 (and x,

Y1 ), ( (1) 3 (yj) 3 = 1, ((X1D3 = (y1) 3
- 1)), this implies a 3 = 1, b3 = 0, 3 = 0, d3 0.

Imposing these new cubic relations on Fun(Slq(2 , C), we define a new algebra that we denote

F. It is also a Hopf algebra. Indeed it has a coalgebra structure (coproduct) which is compatible

with the algebra structure (product). This defines a bialgera structure. Antipode and co-unit

are also defined.

We shall give the definitions for the coproduct, antipode and co-uinit as:

Coproduct:

It is a morphism algebra defined as follows:

A: F - F F

A(uv) A(u)A(V),

and the coproduct is given by:

A(a) =a~a+boc, A(b) =aob+bod, A(c) =coa+doc, A(d) = cb+dod.

Antipode:

It is a linear ant imorphism:

S : F-+F

S(uv) = S(v)S(u),

5



where

S(a) d, S(b) = -q', S(c) = -qc, S(d) =a.

Co-unit:

It is a morphism:

F C

given by:

E(a) = 1, E(b) 0, e(c) 0, E(d) =1

The left covariant coaction differential calculus is given by:

x dx-= q2dX X (9)

x dy =qdy x+ (q 2 -_1)dx y (10)

y dx =qdx y (1 1)

y dy -q
2dy (12)

x d2X= q2d2X X (13)

y d2X= qd2X Y (14)

y d2y= q2d2y y (15)

x d2y = qd2y x + (q2 _ 1)d 2X Y (16)

dy dx = q2dx dy (17)

dx d2y = d2y dx + q(1 - q)d 2x dy (18)

dy d2X = d2x dy (19)
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dx d 2X = qd% dx (20)

dy d 2y = qd 2y dy (21)

d2y d 2x = q2d2x d 2y. (22)

The calculus leading to the above differential calculus is completely given in appendix 1.

As in the ordinary differential calculus, the differential operator d is expressed by:

d = a-dx +ady = adx + ady (23)
ax ay

Starting from this definition, we get the following relations:

ax ay q,9y a. (24)

Dax + q 2X &+ (q 2-_1)y ay (25)

8~ y =qy a. (26)

,y y = 1 + q2y ay (27)

ay y = 1+ q 2Y Oa (28)

(dx )3 = (dy)3 = 0. (29)

One of the important results of this paper is the last equality. In fact, it can be related to the

nilpotency relation encountered in the description of the fractional statistics where we recover

the description of the physical systems that generalize fermions. In a forthcoming paper [12],

we reintroduce these systems using this new differential calculus by establishing an adequate

correspondence between our differential calculus and some of the Heinsenberg algebras, found

in the literature [131. We construct now the same differential calculus by considering q generic.
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4 Differential calculus on a reduced quantum plane, q being
generic

A two dimensional reduced quantum algebra is an associative algebra generated by x and y with

relations:

xy = qyx (30)

X3 =Y 3 1 (31)

where q is a generic complex parameter.

The Leiniz formula is:

d(uv) = d(u)v + (j)'ud(v). (32)

Note that one has to distinguish between the deformation parameter q and the parameter j,
j3= 1, which appears in eq (32).

u Q'~ and v Q', where 9' and QP' are respectively the spaces of n and m, forms on

reduced quantum plane.

Following the same method as in section 3, we get the differential calculus as:

x dx = j2dx x (33)

2 2~~~2 
xyd=- ] dy x "' dx y (34)

1 +q 2 1±q 2

y dy = j2dy y (36)

x d 2X = j2d2X X (37)

2 2

yd 2 X -q d 2 y- Jq d2 X Y (38)1 + q1+ q2

y dy= jdy y(39)

jq d_____2 X 
x d 1±+q2 X + -q2 d(40)
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(l ______-_) dxd j2q dy dx (41)
(1 1±q 2 1+q 2

dxdy=- q x+j2 2dXd (42)
* ~~~~~~~~~~~~~1 + q 1 +q 2

dx d2X = id 2X dX (43)

d2 2Y j 2 q d YdX+q dXdY (44)
dxdy=~~ 1+q 2 1 +q 2

We point out that by putting q3
-1, we recover the differential calculus obtained in the last

section. As an application of this new differential calculus d 3 = 0 on a given reduced quantum

plane, we can introduce a gauge field theory on M 3(C). This will be the aim of the next section.

5 Gauge theory on M 3(C) as a reduced quantum plane with
d 3 -=O

In this section we introduce the gauge theory on reduced quantum plane based on n 3

differential calculus.

The covariant differential calculus [2, 3] is subject to the following equality:

D4(D(x, y) = d.P(x, y) + A (x, y)4iD(x, y). (45)

Or equivalently:

D U -1(x, y) = U-'D (x, y). (46)

This leads to the following transformation:

A(x, y) - U-1 A(x, y)U + U-1dU. (47)

where (D (x, y) is a function on the reduced quantum plane and gauge field A (x, y) is one-form

with value in the algebra of functions on reduced quantum plane,

A(x, y) = Ax(x, y)dx + Ay(x, y)dy. (48)

The curvature is defined as follows [1, 2] 

D3 .ID(x, y) = R.1D(x, y). (49)

By direct computation we can prove that R is a three-form given by:
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R = d2A(x, y) ± dA 2 (X, Y) + A(x, y)dA(x, y) + A 3 (X, Y) (50)

R = d 2 A(x, y) + (dA(x, y))A(x, y) + (1 + q)A(x, y)dA(x, y) + A 3 (X, Y) (51)

R = d2A(x, y) + (dA(x, y))A(x, y) - q 2 A(x, y)dA(x, y) +A A 3 (X,Y). (52)

One has to find a connection between the curvature written above and the three-form con-

structed on basic defining generators dx, dy, dx and d2y of the diffenrential algebra S2.

First, we require that the components of the gauge fields A,:(x, y) and Ay (x, y) are expressed

by the following series [14 - 17]:

A (x, y) = amnxm ym; m, n = 0, 1 (53)

A (x, y) bklX k y; k, 1 = 0, 1. (54)

After technical computations, the expression of the curvature arises and is expressed as:

R = xx + qRyxx + q 2 RxYX±

(1- q){OyA (x, y) ± qO&Ay(x, y) + OyAy(x, y) ((1 - q)f2(y) - f (x, y))

+qf4(x, y) fo (x, y) - q 2f6 (X, Y)) + A (x, y) (f5 (x, y) +

A (x, y) A (q2X, y)((1 - q) f2(y) - fl (x, y)) Ay(x, y) Ax(q'x, y) f4(x, y) +

qAx (x, y) Ay(qx, q'y) fo(x, y) + q 2Ay (x,y) f4(x, y) Ay(x, y) +

A (x, y) f3 (x, y) Ay(q 2x, qy)}]dxdxdy

±[Ryyx ± q~x + q 2R~yy + (1 - q) {-q2O9yAy(x, y)fo (x, y) - q2yxyf(~)

Ay(x, y)Ay(q 2 , qy)f8(x, y)}]dydydx + qFx1yd2xdy + Fyd:dx

Where 

R~y= .9x,9xAy(x, y) + ax A (x, y) Ay(qx, qy) - q 2Ax(x, y),9xA (qx, q'y) +

A (x, y) A.(qx, q 2y)Ay(q q2X, qy)

Ryx= 9 cOAx (x, y) + ay Ax(x, y) Ax(x, y) - q 2Ay(x,y)8&Ax(qx, q2y)±

Ay(x, y)A,(q 2X, qy) A.(x, y)

RxX= 9x,9yA (, y) + cix Ay(x, y) Ax(x, y) - q2Ax(x, y),9yA (qx, q2y)+

A (x, y) Ay(qx, q 2y) Ax(x, y)

RyX= 9y.9y A.(x, y) + & A (x, y) A(x, y) - q2A. (x, y),YyAx (qx, q2y)+

A (x, y) Ay(q2X, qy)A.(qx,q q2y)

R~y= ay axA (x, y) + ay A.(x, y) Ax(x, y) - q 2Ay (x, y),9xAy (qx, q2y)±

Ay(x, y)A.(q~x qy)Ay(x, y)

Ry= Ox,9yAy(x, y) + 9xAy(x, y)Ay(x, y) - q2Ax(x, y),9 Ay(qx, q 2y)+
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=Y ,9Ay(x, y) - q,9A.(x, y) + A.(x,y)Ay(qx, q'y) - qAy(x, y)A.(q'x, qy)

Fyx.'=,OA.x, - q2axAy(x, y) + A.(x, y)A.(q 2x, qy) - q2 A(x, y)A(qx, q2 y)

fo (x, y) -bu y 2 - qbloy + q2 b2X + b2axy + qb21xy 2
- 2

f (x, y)= -l 2 - aloy + a22X + a20XY + a21 XY 2 _-1

f2 (X,y) = -b 20y 2 - q 2b21y - q2b22Y

f 3 (x, y)= -qally2 - ajoy + q 2a22X + qa2oxy + a21XY2 _ qa12

f 4 (x, y) = - q2 b1 1 y2 - bloy + q 2 b22X + qb2 OXY + b2 1Xy2 - qb12
f 5 (x, y) = -qb 2 1y 2 - b20Y - qb22

f 6 (x, y) = +qa12y2 + -ally + qa21XY - qa22XY 2

f 7 (x, y) = +qb 2 1y2 - bily + qb21 Xy2 - qb2 2 xy2

f 8 (x, y) = -bluy 2 - bloy + b22X - b2OXY + b2 1Xy 2 - 1

We notice at this step that the differential calculus constructed in this paper is based on the

nilpotency d3
= 0.

In the contrary of the usual deformed calculus based on the quantum structures, this latter

is not seen as a generalization of an ordinary one that starts from d2 = 0. To clarify this point,

we will give, in the next section, the case d2 = 0 and show that it is not deduced from d3 0.

6 Differential calculus with nilpotency n 2 on a reduced quan-
tum plane

The exterior differential "" on reduced quantum plane satisfies usual properties, namely

i/ linearity,

i i / Nilpotency,

2= 0 (55)

i i i /Leibniz rule,

d(uv)d(u)v ± (-1)'ud(v) (56)

where

u E £ln, v E P' and,

d(x) = dx (57)

d(y) = dy (58)

dl = 0 (59)

As it is proved in [6 - 8] the deformed differential calculus satisfies:
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xdx = q 2dXX (60)

xdy = qdyx + (q2 - 1)dxy (61)

ydx =qdxy (62)

ydy =qdy (63)

dydx =-q 
2 dXdy (64)

(dx)2
=(dy)

2 = 0. (65)

Note that the differential algebra 9 is genereted by x, y, dx and dy, Q {x, y, dx, dy}.

Using the standard realization of the differential "d":

ax ay

One can prove:

-1 + q 2 x&~ + (q 2 _ )y&, (67)

19yx qxoax (68)

xy= qya. (69)

a = 1±+ q 2 0y. (70)

As an application of this differential calculus. We can introduce the gauge field theory on

M 3(C). This is the aim the next section.

7 Gauge theory on M 3(C) as reduced quantum plane with d 2=O

The covariant differential given in section 6 is:

D.(P(x, y) = d (x, y) ± A (x, y)'1 (x, y). (71)

The expression of the curvature is:
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D2 '1(x, y) = (dA(x, y) + A(x, y)A(x, y))1(x, y) = RID(x, y). (72)

The differential realization of "d" allows to rewrite the expression of curvature R as:

R = (Ay(x, y) - q,9yA.(x, y))dxdy + A.(x, y))dxAy(x, y))dy

Using the differential calculus eqs [60 - 70] on reduced quantum plane and the expressions

of Ax (x, y), Ay (x, y) eqs [53 - 54] as a formal power series, it is easy to etablish:

R = [Ay(x,y) - q,3yA.(x,y) + Ax(x,y)Ay(qx,q 2 y) - qAy (x, y) A.(qx, qy)±+

(1 - q)Ay (x, y) {-qb12 - bloy + q 2 b22 X - q2bily' + qb2 OXY + b2 iXY 2 }]dXdy

Note that:

Fxy= Ox Ay(x, y) - q9yAx (x, y) +A (x, y) Ay(qx, q2 y) -qAy(x, y)A,(q'x, qy) = -q{ayA.(x, y)-

q & Ay (x, y) + A. (qx, qy) Ay(x, y) - q A. (x, y) Ay(q , qy)} = qF~

which is the q-deformed antisymmetric formula.

8 Conclusion

In this work, we introduce a new differential calculus with 3 nilpotency degree (d 3 0). The

notion of covariance for this differential calculus is also given and we show that there is a quantum

group structure behind this covariance. As an application, we show that there is a gauge theory

that can be found starting from this calculus.

In a forthcoming paper, we treat, in a mathematical way the correspondence between

this calculus and the Heisenberg algebra. This correpondence is based on the Bargman Fock

representation and will give a new oscillator algebra. To study the minimization of incertitude

principal in this case, we will try to find the eigenvectors of the annihilation operator in a way

to construct the corresponding Klauder s coherent states [12].
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Appendix 1 :

We start by writting a priori x.dx, y.dy ydx and ydy in terms of dx.x, dy.x, dx.y and dy.y

i.e.:

x.dx = al.daxx + bl.dy.x + cl.dx.y + di.dy.y (73)

x.dy = a2 .dx.x + b2 .dy.x + C2Adx.y + d2.dy.y (74)

y.dx = a3 .dx.x + b3 .dy.x + C3.dx.y ± da.dy.y (75)

ydy a4 .dx.x + b4.dy.x + C4.dx.y + d4.dy.y . (76)

Differentiating the relation commutation x.y= q.y.x and replacing x.dx, x.dy by their

expressions in the formulae above, this permits to fix three unknown coeficients. Actually we

have 9 independant parameters.

The left coaction of F on quantum plane is defined by:

xi =aox~boy

yl =cox+doy,

and we can also calculate

dx1 =a 0dx +b 0dy

dy1 c ® dx + d ® dy .

We impose that the relations between xi, and dxl, dy1 are the same as the relations

between x, y and dx, dy; these conditions permit to have:

a2 = a3 =a 4 = bi= = = 4 = di = d2 d3 = 0 and d =a4

so, the unknown coeficients b2, b3, 2 , and C3 can be expressed in the terms of one unknown

coeficient a, indeed: 

b2 = 1 + q2 ~~C2 = 1+q

al+-q2 1~l+qal

i+q2 1+q2
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Differentiating the relations [73 - 76] and noticing that dx.dx, d 2 X, dy.dy and d2y are

independant, we find al = q 2 The left covariant differential on a reduced quantum plane is

hence constructed eqs [9 - 22].
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