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Abstract

The properties of the Das-Popowicz Moyal momentum algebra that we introduce in hep-

th/0207242 are reexamined in detail and used to discuss some aspects of integrable models

and 2d conformal field theories. Among the results presented we setup some useful convention

notations which lead to extract some non trivial properties of the Moyal momentum algebra.

We use the particular sub-algebra sin - to construct the 2-Liouville conformal model
-90 2e-00 and its s13-Toda extension a00q$ = Ae2 j(0.12) and D600 2 = Be-J~ 22

We also show that the central charge, a la Feigin-Fuchs, associated to the spin-2 conformal

current of the O-Liouville model is given by c = (1 ± 2492). Moreover, the results obtained

for the Das-Popowicz Mm algebra ae applied to study systematically some properties of the

Moyal. KdV and Boussinesq hierarchies generalizing some known results. We also discuss the

primarity condition of conformal wo-currents and interpret this condition as being a dressing

gauge symmetry in the Moyal momentum space. Some computations related to the dressing

gauge group are explicitly presented.
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1 Introduction

Two dimensional integrable models [1] in connection with conformal field theories [2] and their

underlying lower (s < 2) [3,4,5,6,7] and higher (s > 2) [8,9] spin symmetries, have occupied, for

several years, a central position in various areas of research. More particularly, a lot of interest

has been paid to W-symmetries [5], which are infinite dimensional algebras extending the con-

formal invariance (Virasoro algebra) by adding to the energy momentum operator T(z) = 2

a set of conserved currents W, (z), of conformal spin s > 2 with some composite operators nec-

essary for the closure of the algebra.

In the language of 2d conformal field theory, the above mentioned currents W, are taken in

general as primary satisfying the OPE [2]

T () ., w) s WW,(w) 
T~z)W5 (w)= -W)2 (z- )'(1

or equivalently,

W,= JS.W (2)

under a general change of coordinate (diffeomorphism) x -* -i(x) with J = is the associated

Jacobian.

These W-symnmetries exhibit among others a non linear structure and are not Lie algebra in the

standard way as they incorporate composite fields in their OPE.

In integrable models these higher spin symmetries appear such that the Virasoro algebra W2

defines the second Hamiltonian structure for the KdV hierarchy [10, 11], W 3 for the Boussi-

nesq [12] and W,+,, for the KP hierarchy [13] and so on. These correspondences are achieved

naturally in terms of pseudo-differential Lax operators [14]

4 = U"j (3)
iEZ

allowing both positive as well as nonlocal powers of the differential &'. The fields uj of arbitrary

conformal spin j did not define a primary basis. The construction of primary fields from the

uj one's is originated from the well-known covariantization method of Di-Francesco -Itzykson-

Zuber (DIZ)[151 showing that the primary Wj fields are given by adequate polynomials of Uj

and their k-th derivatives uk.

More recently there has been a growth in the interest in non-commutative geometry (NCG),

which appears in string theory in several ways [16]. Much attention has been paid also to field

theories on NC spaces and more specifically Moyal deformed space-time, because of the appear-

ance of such theories as certain limits of string, D-brane and M-theory [17]. Non-commutative
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field theories emerging from string (membrane) theory stimulate actually a lot of important

questions about the non-commutative integrable systems and how they can be described in

terms of star product and Moyal bracket [18-24]. Recall that in the Moyal momentum algebra

the ordinary pseudo differential Lax operators eq(3) ae naturally replaced by momentum Lax

operators

4 U Z~nrj ' (4)
jEZ

satisfying a non-commutative but associative algebra inherited from the star product.

The principal focus of this work and of our earlier note [25] is to provide new insights into

integrable models and conformal field theories in the non-commutative geometry framework.

The key step towards achieving this aim is via the Moyal momentum algebra introduced in [21]

and that we call the Das-Popowicz Mm algebra £ (0). We will setup the basic lines of this algebra

and study its important properties systematically and look for some important implications of

this algebra in integrable hierarchies and conformal field theories.

We present this work as follows: We start in section 2 by a setup of our convention nota-

tions with the basic definitions and present in section 3 a systematic study of the Das-Popowicz

Moyal momentum algebra and we show among other results that we can use the sub-algebras

n £2 to build the 0 extended 12-Liouville and 13-Toda conformal field theories.

The results obtained for the Das-Popowicz Mm algebra, are applied in section 4 to study some 0

deformed properties Of S12-KdV and 13-Boussinesq integrable hierarchies. Our contributions to

this study consist in extending the results found in [23] by increasing the order of computations,

a fact which leads us to discover more important properties. As an original result, we build the

0-deformed 13-Boussinesq hierarchy and derive the associated 0-flows.

The next step, section 5, concerns the 0-generalization of some properties, that we presented in

an unpublished note [26], based essentially on the idea to use the dressing gauge group of Lorentz

scalar momentum operators K[a] to discuss the Moyal DIZ-covariantization of si,, - Lax

operators and the primarity condition.

Recall that the standard method for constructing primary fields Wk, is based on the well-known

DIZ covariantization method of Lax differential operators [15]. This method has lead to build

in a successful way all the 'Wk conformal primary fields as functions of the old ones k by co-

variantizing the corresponding Lax operators. Actually this method was extended and applied

to the Moyal momentum case by the authors of [24] and has lead to build the 9-deformation of

the classical Wk-algebra.
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Our alternative way consists in searching for the form of the dressing gauge symmetry {K[a]}

ensuring on one hand the transition
{ui K-ma {V} (5)

from different basis of conformal fields belonging to the ring ~$n O'), n > 0 and on the primar-

ity condition on the other hand. In fact, our request of the invariance Of sin momentum Lax

operators under the action of the dressing gauge group makes strong constraints on the gauge

parameters a as it's explicitly shown in the S13 and 14 examples. Once these parameters are

well derived, the associated gauge group is then explicitly determined.

The knowledge of the dressing gauge symmetry may provide a geometrical interpretation of

the primarity condition of conformal fields as being a gauge choice on some orbit that we call

the dressing gauge orbit. Elements of this orbit are well-defined gauge dressing groups {K[az]}

such that each position on this orbit is characterized by a fixed dressing operator K1 which fixes

in turn the gauge group.

2 Basic definitions and convention notations

We need first of all to specify the nature of the objects that we will use in this work. The

functions often involved in the two dimensional phase-space are arbitrary functions which we

generally indicate by f (x, p) with coordinates x and p. With respect to this phase space, we

have to define the following objects:

1. The constants fo defined such that

'9-fo = 0 = 69pfo (6)

2. The functions ui (x, t) depending on an infinite set of variables t = X, t 2 , t, ..., with

19Pu 2(X,t) = 0 (7)

The index i, stands for the conformal weight of the field u (x, t). These functions can be consid-

ered in the complex language framework as being the analytic (conformal) fields of conformal

spin i= 1, 2.
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3. Other objects that we will use are the ones given by

ui (X, t) *; ,' (8)

* ~which are objects of conformal weight (i+j) living on the non-commutative space parametrized

by 9. Through this work, we will use the following convention notations [u1 ] = i, [] = 0 and

* ~[p] = [1 = - [x] 1 , where the symbol []stands for the conformal dimension of the used

objects.

4. The star product law defining the multiplication of objects in the non-commutative space is

shown to satisfy the following expression

f (x,p) * g(x,p) E ET! (9)
s=O i=o

with c'S=

5. The Moyal bracket is defined as [18]

{f(X,p),g(Xr,p)}" = f g-g f (10)
20

6. To distinguish the classical objects from the 9-deformed ones, we consider the following

convention notations:

a) m 's): Denoting the space of of momentum Lax differential operators of conformal spin m and

degrees (r, s) with r < s. Typical operators of this space are given by

bS,(0:This is the space of the coefficient functions of conformal spin m; m E Z, which may

depend on the parameter 9. It coincides in the classical limit, = 0, with the ring of analytic

fields involved into the construction of conformal symmetry and W-extensions.
)(kk):rn Is the space of momentum operators type,

Um-k *Pk (12)

d)9-Residue operation: Res

Res(f *p- 1 ) = f (13)
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We will show later how this 0-residue operation is related to the classical residue "Res"

7. Some useful formulas

1 *f xMg(p) = f Mg (p)

fPXYp*g(x) = f p *g)

Pl * f (pWx) = (p *g (14)

f(x) *g(x)h(p) = (f *h)g

f (X)p *g (X)p = fgpl ± 0(fg' - flg)p _ (0)2 f'g

3 The Das-Popowicz Mm algebra

We denote this algebra in our convention notation by E2(9). This is the algebra based on arbitrary

momentum Lax operators and which decomposes as:

~(0) = t5 ~E (r's) (15)

In order to construct this huge momentum algebra 5Y,, we will start first by looking at the

important algebraic properties of its sub-algebras.

3.1 The Ring of analytic functions: E(O

At the beginning, we note that it is convenient to use the complex notation which consists to

define the two dimensional Euclidean space parametrized by z = t + ix and =t - ix. In this

notation the functions Uk (X,t) Uk z).

It's then convenient to start by introducing the space of these analytic functions of arbitrary

conformal spin. This is the space of completely reducible infinite dimensional so(2) Lorentz

representation that can be written as

E(O,O) = (BkCEk (OO) (16)

where the EO0's are one dimensional so(2) spin k irreducible modules. The upper indices (0, 0)

carried by the space, E(OMo), are special values of general indices (p, q) to be introduced later

on.

The generators of these spaces are given by the spin k analytic fields. They may be viewed

as analytic maps uk which associate to each point z on the unit circle, the fields uk(z). For

k > 2 these fields can be thought of as the higher spin currents involved in the construction of

wo-algebras.
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As we are interested in the -deformation case, we have to add that the spaces E(",) are 0-

depending and the corresponding wo-algebra is shown to exhibit new properties related to the 9

parameter and reduces to the standard w-algebra once some special limits on the parameters

are performed.

As an example, consider for instance the A0-algebra [23] generalizing the Zamolodchikov al-

gebra [8]. The conserved currents of this extended algebra ae shown to take the following

form
W2 = U2 ~~~~~~~~~~(17)

W3= U3 -0U 2

which coincides with the standard case once -

As in infinite dimensional spaces, elements (D of the spin tensor algebra E(OMo (9) are constructed

from the field basis {k, k E Z} as follows

'P' = kEe(k) Uk, (18)

where only a finite number of the coefficients c(k) is non-vanishing. Next we introduce the

following 0-invariant scalar product ()o , in the tensor algebra E(o,0)

< Uk, U1>0 dk+1,1 fdZUI-~k *Uk,

- k+1,1 f dzu-k.uk (19)

< <Uk, U1>

The 9-invariance of the introduced "scalar" product, is due to the fact that 9puk = 0. Using the

above product, its not difficult to see that the one dimensional subspaces E(,o) and E(0,0) are

dual to each other. This leads to split the tensor algebra E()0o) into two semi in-finite tensor

sub-algebras E(O) and E(", characterized respectively by positive and negative conformal spin

quantum numbers as shown below

+ = k0k (20)~(0,0) = eB>F00

rom these equations, we read in particular that E(0,o) is the dual of E(')and if half integers

were allowed, the space. ETo') would be self dual with respect to the product (19).

Another fact is that this product carries a non vanishing conformal spin quantum number since

from dimensional arguments, it behaves as a conformal object of weight A(<~, >) = -1 as we

can easily check from equation (19). This property shows that the product (,) does not behave

as a true scalar product and we shall then think to introduce the true Lorentz scalar product.

Later on, we will show that it is possible to introduce this object, that is the combined scalar

product < <,» built out of (19) and a pairing product (see eq. (45)) such that A(<,»>) = 0.
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3.2 The space t(') Basic properties

To start let's precise that this space contains momentum operators of fixed conformal spin m

and degrees (r,s), type

m -(U ZUmiX*P 2 , (21)
iTr

These are O-differentials whose operator character is inherited from the star product law defined

as follows:

f(X'p)*g(x,p) = EL E -)c OOf(D 1 ,)(22)
s=O i=o

with c ,(!) and f (x, p) are arbitrary functions on the phase space. Using this relation, it

is now important to precise how the momentum operators act on arbitrary functions f (x, p) via

the star product.

Performing computations based on relation (22), we find the following O- Leinitz rules:

p7 * f (p) n (23)
s=O

and

p * f(zXp) n (24)
8=0

where f ) -,6 f is the prime derivative. Few examples are given by

* f (X,p) = f

p*f(X'p) = fp+ of'

p2 X )=fp 2 +29f'p±9 2 f 1 (25)

p3 * f (x,p) = fp' + 30f'1p2 + 392f lip + 311

and
p * f(X,p) = fp- Of'pA2+ 02 flp-3 _-03 fi"'p- +

-* f(X,p) = fp-~2 -20f'p- 3 + 392 f~lp~4-493 fIIlp-5+ ... (26)

-* f(X,p) = fp- 3 -30f'p 4 + 692f f"p 5 - i003f f'p- 6 +

We also find the following expressions for the Moyal bracket:

{P,, f}o = l 0 5-lcs,{1(.)1}fpl-s,

(27)
{p 7 n, f } = E, o 90,-~ 1 H ( 1 }f p-n-s,
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These equations don't contribute for even values of s as we can show in the following few

examples

{p2 , f } 2f'p (28)

{p', f }o 3f'p2 ±9 2 f"'f

and
{p-l,f} = -flp-

2
_0 fl- - 9k(2k+1)p2k-2

-

{p-2 , f } = -2flp-3 - 40 2 f "'p-5
-..- (2k + 2 )0 2kf (2k+1)p-2k-3 (29)

{p-3 , f } 0 = -3f'p-4 _ 1092 f"'lp-6 (2k+3)2 (2k+2) O~kfC2k+1p-2k-4

We can then simplify eqs.(27) and write

{f, f } 0 = k=0Of (+)pn2

{p-,', f }e - 0k- 2ke2k+ f (2k+I)p-2k-n-1 (30)

wih2k+1 - 2k+n)(2k-In-1) .. 2k+2)

with c~k~n n -i)! Special Moyal brackets are given by

{P, X} 9 =1

(31)
{p-1,X} = - 2

Now, having derived and discussed some important properties of the Leinitz rules, we can also

remark that the momentum operators pi satisfy the algebra

pf *rn pfl m (32)

which ensures the suspected rule

pn*(p-n*f) = f

(33)
(f *p-n) *pn = f_

Note by the way, that one can represent the momentum Lax operators in two different ways

in the space (r's). Besides the one given in (21), one can equivalently write

m pi rn- (34)
i=r

which corresponds to the so-called Volterra representation usually used in the derivation frame-

work of the Gelfand-Dickey second Hamiltonian structure.

An important algebraic property of the space ~(~)is that it may decompose into the un-

derlying subspaces as
£(r,S) - s 5(k,k) (35)

mn k=,r m (5
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where m2$ ) are unidimensional subspaces containing prototype elements of kind Umk or

p* Um-k. Using the O-Leibniz rule, we can write, for fixed value of k:

m~~k = Fk,k) ED E(k-1,k-1) E) 0 2E(k-2,k-2)
m mk~( ~m' e m (36)

where m%~~c is the standard one dimensional sub-space of Laurent series objects urnk-k con-

sidered also as the m=0-lmto

This property can be summarized as follows

(37)

= er (k 0 j(kk,.4

Furthermore, the unidimensional subspaces m1 ,)can be written formally as

t~k~k) = k (0,0)

m( p k) Em-* (38)

where E2~0)~ 0,0) is nothing but the ring of analytic fields of conformal. spin m E Z

satisfying

ui * =jUiu (39)

Another property concerning the space m(~)is its non closure under the action of the Moyal

bracket since we have;
{., .}0 * £(r,2s1) (0

Imposing the closure, one gets strong constraints on the integers m, r and namely

m = 0 (41)
r < < 1

With these constraint equations, the sub-spaces t xiitte aLealer srcur ic

the *-product is associative.

The sub-space Pr" is characterized by the existence of a residue operation that we denote

as Res and which acts as follows

Res (Uk *pk = (Uk *p)6k- 1 ,0

(42)
= U16kl1,0

This result coincides with the standard residue operation: Res, acting on the sub-space E7n

Res(ul.pV1 ) = U1(43)
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We thus have two type of residues Res and Res acting on two different spaces tmrand and

but with value on the same ring E(O'o) This property is summarized as follows: "

m+m

/IRes (44)
(OO)
m+ I

We learn from this diagram that the residue operation exhibits a conformal. spin quantum

number equal to 1.

With respect to the previous residue operation, we define on ~ the following degrees pairing

product

£(ms * ,m8-,nr-) (45)

such that

(,iT~~u),£$1 ''~)(v) = ~+ 8÷,6+r+l,o~es [I,~s) (U)* 2a~()],46

showing that the spaces r s) and n(s1,r1 are Res-dual as and En ,r-)are dual

with respect to the Res-operation.

3.3 The huge Lie algebra t4-w1)

As discussed previously, the subspaces m$~s exhibit a Lie algebra structure with respect to the

Moyal bracket once the spin-degrees constraints eq.(41) are considered. With these conditions

one should note that the huge Lie algebra that we can extract from the space tinrs consists on

the space t(001) having the remarkable space decomposition

0 0 0 (7

where describes the Lie algebra of pure non local momentum operators and t(o,1) is
0 0

the Lie algebra of local Lorentz scalar momentum operators £o(u) = u_1 * p ± uo. The latter

can split as follows
~~(0,1) =-~00 e (48)1

0 0 0 (8

where (,)is the Lie algebra of vector momentum fields Jo (u) u u 1 *p which are also elements

of '01

As a prototype example, consider

4 = U-i*p~uO

(49)

4 = V- 1 *P+V0

as two elements of 0,)Straightforward computations lead to the following Moyal bracket

algebra;

{ 4 ,4 £}0 = 4C, (50)
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with
L2W =w-1*p+w0

Forgetting bout the =- vl *pi + {U_,v' - U'V-,}. is(1

Forgttig aoutthefields (of vanishing conformal spin) belonging to (0,0) isequivalent to

consider the coset space

one can obtain the Dif f ( 1 ) momentum algebra of vector fields J (u) = u_1 *p namely

{Jo (U), JO )}0 = JO (W) (53)

with w- 1 = u-v 1 - u 1 v-l.

The extension of these results to non local momentum operators is natural. In fact, one

easily shows that the previous Lie algebras are simply sub-algebras of the huge momentum

space For a given 0 < k < 1, we have

:(0,1) C £(-o,k) C ~(-,l) (4
0 0 0 (4

and by virtue of (47)
(-o~k)~0,1}9 C ~(-o, k) c -oo,l) (55)

and for -o < p q 

0 0 ~q} 9 C EO (56)

These Moyal bracket expressions show in turn that all the subspaces (pq with -oo<p •q 1

are ideals of E(-o'

3.4 The huge space 

This is the algebra of momentum operators of arbitrary conformal spin and arbitrary degrees.

It is obtained by summing over all allowed values of spin and degrees in the following way

t= qpqtpq

(57)
=Ep<q EmnEZ t 2m')

This infinite dimensional momentum algebra is closed under the Moyal bracket without any

condition. A remarkable property of this space is the possibility to introduce six infinite di-

mensional classes of momentum sub-algebras related to each other by special duality relations

that we will precise. These classes of algebras are given by ~ with s = 0, +, - describing

respectively the different values of the conformal spin which can be zero, positive or negative.

The ± upper indices stand for the values of the degrees quantum numbers.
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As we explicitly show in sec.(3.2) the degrees pairing that we introduce eqs.(45-46) is very

useful as it leads to consider the subspaces $~san sRsdast ahohr

Now with this degrees-pairing and the "scalar' product eq.(19) carrying a conformal dimension

equal to (- 1), one can introduce a combined scalar product <«, >» carrying the true dimension

namely [<<,>] =0, such that for given Res-dual momentum operatorsCL$,'8) (u) and Cn~' (v)

one can consider the following definition,

K (~~8)u),£$~'i)()))= .+n,oda+s,+1,060+r+1,0 J dxhes [C~r~s) (U) * $Qf)v] (58)

showing that the spaces rn'~8 and Eaxe hes-dual as do the spaces (r") and

~(-s1,--1)in the classical case [7].

To illustrate this Res-duality, let's consider the following example

2 2_ 1 (O (59)

with
_2) = U0~p2+Ul *P U2

(60)
= u0p2 + (ul - 29u')p + ( 2 -OU2 + 02U)

and
_ 1) V Piv _v~ 1 *p 1

(61)
= v~ '+ vo +9vL 1 p-2 + (, 2v + 92 uv11 )p- 3

One can easily check that these momentum operators are Res-duals to each other. In fact,

computing Res{12 one can find the following result

Res{£2*£-2 } = (1vluVO+U2V 1

+ 20(ulv 1 + 2uov') (62)

± 4u0V-19,

showing that IZ(Uo,Ul,U2) is the Res-dual ofe,(vl,vo,v-i). We also learn that Res{12*L} is an

object of conformal spin 1.

Since we usually require for (U0, U1, U2) to be an 12-Lax momentum operator, we may set

UO 1 (63)
U = 0

These conditions on the space t(2 will respectively induce two dual constraints on the space

~(3-)namely
-2

V1 = 0

(64)
Res£2L-}0= 0

13



The latter equation is nothing but the constraint which leads to fix the value of the field vo, the

Res-dual of of ul = 0. Computing this Moyal bracket for this simple example we find

V0 = O-V, 1 (65)

The 12 constraint equations mean also that the real Res-dual of (2) 'S -2,1 as the lower

term in £-2 namely v *p 3 does not contribute.

For the second example namely: 13, we have

£(0,3) = p 3 + U2P (U3 - U')

Z(-3- vO- 3 +v* 2 +v2* 1 (66)

These momentum operators are Res-duals to each other. In fact, once again, explicit computa-

tions give

Res ( 3 *C 3) = 3v' + 02+uv2 +4 2 V11 + 69V11 (67)

The field v is subject to the following constraint on the Moyal bracket

Res{£,LL 3 }0 = 0 (68)

which gives

O -(U 2 V-2 ± 60v'-1 ± 40 2V'-'2) (69)
3

Note finally that we can generalize this analysis to build the Res-dual for Lax momentum

operators of higher degrees. Requiring the sl,, symmetry, one can show the following result

n - -n, (70)

and the Res-dual of the field ul = 0 namely vo is obtained once we solve the general constraint

equation

Res£.,f--}0= 0 (71)

3.5 The space sl,' _ Z$0,n)(0) and 2d conformal field theory

This is simply the coset space n$ ' n /~~)Of 81n-Lax operators given by

n-2

£n(U) = pnl ± E Un- *P? (72)

where we have set uo = 1 and u = 0. This is a natural generalization of the well known

812-momentum Lax operator

£ 2 2 + U (73)

associated to the -KdV integrable hierarchy that we will discuss later.

14



sl,,-momentum Lax operators play a central role in the study of integrable models and more par-

ticularly in deriving higher conformal spin algebras (wo-algebras) from the 0-extended Gelfand-

Dickey second Hamiltonian structure [23]. Since they are also important in recovering 2d con-

formal field theories via the Miura transformation, we guess that it is possible to extend this

property, in a natural way, to the non-commutative case and consider the 0-deformed analogue

of the well-known 2d conformal models namely: the 12-Liouville field theory and its sl,,-Toda

extensions and also the Wess-Zumino-Novikov-Witten conformal model.

As an example consider the 0-KdV momentum Lax operator that we can write as

£2 P2(74)

(P (p ') *(P-q74)

where 4) is a Lorentz scalar field. As a result we have

U2= 4)12 _ 294)" (75)

which is nothing but the analogue of classical stress energy momentum tensor of 2d conformal

Liouville field theory. Using 2d complex coordinates language, we can write

To(z) U2 (Z) = -29d4 -(9)2(76)

with 09' The conservation for this conformal current namely OT(z) =0, leads to write

the following O-Liouville equation of motion

2 (77

associated to the two dimensional O-Liouville action

S d J 2 4* ~)(78)

with 04) * 0 = 04)64).

Note by the way that we may interpret the inverse of the non-commutative 0-parameter

as being the analogue of the Cartan matrix f 12 because in the classical limit this Cartan

matrix is known to be () 2.

Another important point is that we know from the standard 2d CFT [2] that the object Tz,

satisfying
1 a) ~o2TZ (0)2+i 0

2 (79)4

is nothing but the Feigin-Fuchs representation of the conserved current generating the conformal

invariance of a quantum conformal model with the central charge c = (1 - 24ao2 ).

Using this standard result, we can conclude that the 0-conformal current that we derive in
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eq. (76) (with the rescaling 1 0is associated to the -Liouville model having the central

charge

CO = (1 + 2492) (80)

where the non-commutative parameter is shown to coincide with ao as follows 0 = -iao.

The analysis that we use to derive the -Liouville equation and its central charge a a Feigin-

Fuchs, can be generalized to higher conformal spin Toda field theories associated to s, symmetry

with (n - 1) -conserved currents T(z), W3, W4, ...Wn.

The first non trivial 0-deformned Toda field theory is the one associated to the 13 momentum

Lax operator

£3=P 3 + U2P + W3 (81)

with W3 = U3- OU'2 . It reads in the Miura transformation as

£ 3 = (P + q01) *(P±O$92) *(P - a0 - 02 ) (82)

where Ok are Lorentz scalar fields s.t. [kj = 0. Identifying the two expressions Of £3, we obtain

U2 = -20 (92 02 + 2692p 1 ) - (02 2 +,6412 +,901,902)

(83)

W3= 2020D3 2 - 0(a 2 01 a0 2 + 301 2 02 + 29 2 q$2 2) -_Oq$1
2 &902 - a119022.

Now it is important to look for the associated 13-Toda equations of motion. This is a set of two

independent equations having the following form in the (commutative) standard case

aOoi$ = beZ1 Kj~J (84)

where Kij is the Cartan matrix Of S13 of rank 2 and where a, b are arbitrary constants that can

be chosen in a convenient way.

Performing the same techniques used in deriving the O-Liouville equation of motion eq.(77), we

find the following 9-deformned 13-Toda equations

~9 = Ae2(1+2'2) (5

1M2= Be2(1+22)

These equations are compatible with the conservation of the conformal spin two current eq.(83).

Once again one can see the Cartan matrix f 13 as being a 0-1 dependent object. In fact,

from the previous established Toda, equations of motion, the 0-deflormed Cartan matrix Of S13
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(K?=( K K2l K2% isson to take the following form

Finally we note that all the properties discussed above may be generalized to the sl, case. This is

an explicit proof of the importance of the algebraic structure inherited from the Das-Popowicz

Moyal momentum algebra. Actually we showed how these algebra may lead to extend, in a

successful way all the important properties of 2d CFT theories. In the next section we will

present some other applications of the momentum algebra in 0-integrable KdV hierarchies.

4 sl,,-Moyal KdV-hierarchy

The aim of this section is to present some results related to the 0-KdV hierarchy. Using our

convention notations [25] and the analysis that we developed previously, we will perform hard

algebraic computations and derive the 0-KdV hierarchy. The obtained results are shown to be

compatible with those presented in [23].

These computations are very hard and difficult to realize in the general case. We will sim-

plify this study by limiting our computations to the first orders of the hierarchy namely the

S12-KdV and 13-Boussinesq 0-integrable hierarchies.

Our contribution to this study consists in extending the results found in [23] by increasing

the order of computations, a fact which leads us to discover more important properties as we

will explicitly show. As an original result, we will build the 9-deformed 813-Boussinesq hierarchy

and derive the associated 0-flows. Some other important results are also presented.

4.1 12-KdV hierarchy

Let's consider the 12-momentum Lax operator

C2 =P ±U2 (87)

whose 2th root is given by
2 E~i_bi+1 *p'

(88)

This 2th root f £2 is an object of conformal spin [£2] =1 that plays a central role in the

derivation of the -Lax evolutions equations. In the spirit to contribute much more to this

812-KdV hierarchy, it was important for us to recover the already established results [23].

Performing lengthy but straightforward calculations we compute the coefficients b+l of L2
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up to i =7 given by2 :

bo= 1

bl= 0

b2= 2

= iu 12" (89)

b5 = _10U + OUU'
2 4

b6 = 16 - 11 ('2

b7= -159U 2 U' + 03 (15U11U' + T5UU in) 2 0U5

b8 = _ 5 U± +05U112±+85UU, 2 ) - 04(31 uu" ± 91U 2 ± 37uiuii) + 6U6

and

b9 = 3 U3U - 175 ±U11 +1U1 3 + 1 U2Uir) + 70 (9uu(5) ± 25U(4)u' + 35u...u")

bi = 7U 5 - 352 23J2U'2 + 5U3U") + 704 73U2U(4) + 22 7~UJ~2 + 1ullu'2 + 89uu'u"'

-30 631JUu(4) + 233UU...2 + 135u'u(5) + 8U8

(90)

These results are obtained by using the identification £2 = £2* £2 . Note that by virtue

of eq.(88), the coefficients az+l are shown to be functions of bi+i and their derivatives in the

following way

a =~ O' bSS(s) (91)
s=O

2The authors of [23] present explicit computations of the coefficients a+l and omit the b+i ones. Here, we
give explicit computation of both of them.
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Substituting the derived expressions of b1~l eqs.(89-90) into eq.(91), we obtain the results pre-

sented in [23] namely 3 :

ao = 1

a2 = 1U

2

a4 = -

a6 = 1 u3 + 10 2 (U' 2 - 2uJ")
16=

a 8= 128 842

a1 0= 7 5 + 350 1U2'2 - UlU") + 70 (3U(4)U2 + 7u"2U - 3U'2 Ul u" -

+ 10(6'u5) + 1 ut't2 _ uu6)

a12 - 21 6 +105 02 4U" 1 U3 U

± 1 4 147uu"u'2 + 89U2Ul/llI _ 029 U2U/12 - 63U3 U(4 ) _ 15U'4)

+ 0 16u"3 + 9u 2 U(6 ) - 27&u 'Um" - 45U2()- 69~U..2U± +'53ujuu( 4 ) 27 U&U(5))

+ 18 (uu7) + Ull'U(5 ) - U1U6 - UU(8) U4 2)

(92)

with
2k-i

a2k+l S9C2 k-lb(~,)+ = 0, k =0, 1, 2,3,.. (93)
8=0

Now having derived the explicit expression of ,we are now in a position to write the explicit

forms of the set of s,-Moyal KdV hierarchy. These equations defined as

£9k-{(C,)+, £} O, (94)

are computed in [23] up to the first three flows t , t5 . We work out these equations by adding

3In [231, important explicit computations of the parameters a+l ae presented up to ao. Our calculus eq(92-
93), performed up to a12 show some missing terms in the computations of [23] relative to alo.
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other flows namely t 7 and tg. We find

Ut1 U/

Ut 3 UU, ± O1tt"'

Ut 5
1 ,1U2 U' + 502 (u' u" + UU"'1) + 0U5

35 3= u /u + 350 2 (4U "+ u'3 + Ju1u") ± (UU( 5) + U' 4 ) ±uu")0 4 + 06U(7) 95

Utg 1.86UU(6 +6514U(U1)2+ 315U4U 480U Ul + 310 2 UU' 3 + 904 UU(4)u'

+ 31.0 2 U2 U'U"l + 3 1 5 04 UU' U"' + 630 6 U"'1U(4) + 10502 U3 U"' + 4206 U( 5 )U"
8 ~~~4 1

+ 6304U2(S)+ 08U(9 ) + 9 06 UU( 7 )
+ 8 2

Some important remarks are in order:

1. The flow parameter t2k+l has the following conformal dimension [t2k+1I = tk1 = 2k + 1

for k =0, 1, 2.....

2. A remarkable property of the 12-Moyal KdV hierarchy is about the degree of non lin-

earity of the 9-evolution equations (95). We present in the following table the behavior of the

higher non-linear terms with respect to the first leading flows t, ..., t and give the behavior of

the general flow parameter t 2k+1.

Flows The higher n.l. terms Degree of n linearity
tl U U1 = U/

t3 3 UUI 1 (quadratic)

t5 ~15U 2U' 2 (cb)
2UU (96)

t 7 35U3U 3

315 4 tg 7- U U ~~~~~~~~4

t 2k+l 77(2k + 1)(2k - 1)ukU/ (k),

where 27 is an arbitrary constant.
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This result shows among others that the 0-evolution equations (95) exhibit at most a non-

linearity of degree (k) associated to a term proportional to (2k ± 1)(2k - 1)u kU'. The particular

case k = 0 corresponds to linear wave equation.

3. The contribution of non-commutativity to the Moyal KdV hierarchy shows a correspondence

between the flows t2k+l and the non-commutativity parameters 2(k-S) < < k. Particu-

larly, the higher term 0 2(k) is coupled to the k - th prime derivative f U2 namely U(k) while

the higher non linear term 77(2k+ 1)(2k - 1)ukut is a 0-independent object as is shown in eq.(95).

4. In analogy with the classical case, once the non linear terms in the 9-evolution equations are

ignored, there will be no solitons in the KdV-hierarchy as the latter are intimately related to

non linearity [1].

4.2 13 -Boussinesq Hierarchy

The same analysis used in deriving the 12-KdV hierarchy is actually extended to build the

S13-Boussinesq Moyal hierarchy. The latter is associated to the momentum Lax operator 4 =

p3 +U +u*P + u whose 3 - th root reads as

£3= Ei= 1bi+1 *p-i

(97)
= i=_1ai+1p-i
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1 1

in such way that L3 =, £3 * £3 *£3~ Explicit computations lead to

b = 1

bl= 0

b2 = 3U2

b3= ~~1U3 - 2OU2

b = ±12 2U2U + 8 92 U" -~~g

b6= - U2 + 94~~±5~ 3 002 (U,~ (u) 2) - 8 3z4' + 16o 4Uii"} (98)
b = 9{9 2u3 + 0(4U2U3 - 5U2U) - 2 (U2U2 + 2u + u 3u 2

~( 2 U3- u -0(UU 
1 0U U - 10u2u3 0(1u' + fit)u

+17uu~ -15u~ 3 2 2 (1OWu'+3u + Uu' + 3U2U)

+ 03(3iuW2 + m3u) + 16o4Uitt) +8 

+4 { +U 2 U2 3 3

+8 5 2 ~{2u_2 U4 + 0(Uu2 - 7Ug ±2 3u 202 122}p3124 2

+7 3 2 9 3 u 2+1 

+ 1 {7u2 91u` U3) -40310iUllU 3 + &02(6U'32 l - 3± uU2 2)u

- 1 0 (-U4 3'U 2, u64' u06U ( u6 +4u) u~)- 0u~)v

81 2U2 + 23 + 32u'ul") +~~~~~~~~~(99

2 2 ~228



Furthermore, using the Moyal 13-Lax evolution equations

#9 k- {(C ), L}e, (100)

that we compute explicitly for k = 1, 2,4 we obtain

at1 t 2P + 3 24

8C - n r 02111- 2{u' Ou'}p -2 {U2U u 2 }

a__ = '{(U 2 U3)' - 0(Uu2 + U'2) + 202u11' - 203U(4)}P (101)

-UU UU - 0(UWu ± Uu3) - 02 (U, U + U2U~7 ..- 0U

Identifying both sides of the previous equations, one obtains the following first leading evolution

equations

~~~U2 ~ ~ U

-U3 U3

a ~ ~ = 2u' - 20u`

a - 2 ,~~~~~ S2 iiii (102)
it U3 - 3 uU 2 2 0u`

a - - ~~ ~~ ~~~~+ + i- 23()
3 ~ (u'2 2; 3ug v 2 1

-U OU') = U - 2 - 9(UuW + Uu 3 ) - 02 (U, U1 + U2 U ti) 2oU5

These equations define what we call the Moyal S13 Boussinesq hierarchy. The first two equations

are simply linear 0-independent wave equations fixing the dimension of the first flow parameter

t, to be [t1] -1.

The non trivial flow of this hierarchy starts really from the second couple of equations asso-

ciated to 2. We will discuss in the next section, how it is important to deal with the basis of

primary conformal fields k instead of the old basis uk. Anticipating this result, one can write

the previous couple of equations in terms of the spin 3 primary field V3 = U3 - 0u2 as flows

at 2= 2vS

(103)

This couple of equations defines the 0-extended Boussinesq equation. Its second-order form is

obtained by differentiating the first equation in eq.(103) with respect to t2 and then using the
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second equation. We find

0 2 + eUu2UI (104)

Equivalently one may write

½ = -~ (U2UV'2U1,) (105)

Recall that the classical Boussinesq equation is associated to the s13-Lax differential operator

£3 = 03 + 2u09 + V3 (106)

with 3 = U3 - & defining the spin-3 primary field. This equation which takes the following

form

ut -(auu' + bu (3 ))', (107)

where a, b are arbitrary constants, arises in several physical applications. Initially, it was de-

rived to describe propagation of long waves in shallow water [27]. This equation also plays a

central role in 2d conformal field theories via its Gelfand-Dickey second Hamiltonian structure

associated to the Zamolodchikov W3 non linear algebra [8].

Actually all these important results are extended to the non-commutative 0-deformed case [21-

25]. Similarly the third couple of equations (102) can be equivalently written as

aa U2 = 4(23+22/)

(108)
a 4= - 02 ft- ± UU 0U5)

8t4 V3= -5{V3 V3 2 U2 '5 2(~ 2 2~5 )

To close this section note that other flow equations associated to (1 2)-KdV and (1 3)-Boussinesq

hierarchies can also be derived once some lengthy and hard computations are performed. One

can also generalize the obtained results by considering other s,, integrable hierarchies with

n > 3.

5 Dressing gauge group, covariantization f 1n1 n) xp
erators and primarity condition

The principal focus of this section is to present an alternative way to discuss conformal pri-

mary fields in the Das-Popowicz Moyal momentum algebra. Recall that the standard method

for constructing primary fields Wk, is based on the well-known covariantization method of Lax

differential operators of Di-Francesco-Itzykson-Zuber (DIZ) [15].

This method has lead to build in a successful way all the Wk conformal primary fields as functions

of the old ones Uk, k = 2, 3, 4, ... by covariantizing the corresponding Lax operators. Actually

this method was extended and applied to the Moyal momentum case by the authors of [24] and

has lead to build in a systematic way the 0-deformation of the classical Wk-algebra.
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Using some properties that we presented in an unpublished note [26], we will next show how

one can interpret the DIZ-covariantization of Moyal momentum Lax operators presented in [24],

as being a dressing gauge transformation in the Das-Popowicz Mm algebra. The idea consists

in searching for the dressing gauge symmetry which ensures the primarity condition of the Wk-

currents. This request makes strong constraints on the dressing gauge parameters and provides

a geometrical interpretation of the primarity condition.

Note by the way that we will use two kinds of dressing operators: K[a, u, V] and K[a, u, w]

corresponding to the dressing groups ensuring the transition from the ordinary basis {k } to

the intermediate basis {Vk} and the primary basis {k} respectively.

5.1 The dressing gauge group of 1,, - (o,n)

Let us first start by defining the dressing gauge symmetry group. Elements of this group (also

called the Volterra gauge group) [26] are given by the Lorentz scalar momentum operators

K[a] 1Zaj *p3 (109)

where a = a (x, t) are arbitrary analytic functions of conformal spin j Z. This momentum

operator belonging to to can also be written in EO 00 as

K[a]= 1 +alp'+ (a2 +0a')p-2 + (a 0 2a1 +2ap 

(110)
- 1 + z= r-lOscs a(s) prn

The functions a, to which we shall refer hereafter to as the dressing gauge parameters, can be

expressed in terms of the residue operation as follows

aj Res{ K[a] * 1 ,j = 1, 2, 3,... (111)

with
al = iResK [a]
a2 = Res (K [a] *p)

a3 = Res (K [a] *p 2 ) (112)

Next, we show how one can see the dressing group as a gauge symmetry of the space n ~n)

The idea consists in considering the following mapping

n 7n

L,(U) : ZUn-j*P1 + -4 2n(V) EZVn -i* P, (113)
i=o i=O
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where C,,(u) is an n Lax operator, and searching for the explicit form of the dressing

operators Kla, u, V] =_K[a] for which the operators 4(V) given by

,C,(V) = K- 1 [a]*4(u) *K~a, (114)

are also S4n - Lax operators.

To be more precise, let's consider for simplicity the following first non trivial example

3=P3 U2 *P +U3(15
= P3 U2.P +(U3 -U 2 ). 15

Using eq.(114) and performing lengthy computations, we present here below, the first leading

coefficient-functions of pt , up to p,

={U 2 -V 2 }P

± {60a2+U 3 - 3 p

± {120 2a` + 60a}p`
(116)

+ {89a~'+ 9a~+ O9a' + u3a2 + 29U2a' + 40a2 U' - a

+ {292 a +38 3 a~ + 4Oa` - a3V3 + 28 a + 60a' + U3 a3 + 60ui a3

- 402 u~a2 + 29V~a2 + 402 a`U2 + 2OU2a - 9aV 3 + 2Ou'a2 + W&aU 3 }p-3

from which we can derive the constraint equations a = ak{V('), u(')}, 1 = 0, 1, 2,.with

V - V' the prime derivative.

The next step is to solve these equations, which means to find the explicit form of the dressing

gauge parameters a. This job seems to be tedious as we ignore for the moment how one can

express the new fields Vi in terms of the old ones uj.
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Simplifying eqs.(116), with the choice (a, = 0), we obtain 1/2 = U2 and

a/= 

at= 1{23- U3a2 - 20(U2 a' + 2a2 U') - 80 2a` - 200 3 a '

(117)
a/ = 1 {190la +303a` + 2)40 2a` - i3V 20a (4) ± 60a' + U3a3 + 69u'a 3a5 - U1O 2 a 2i ov 3 4r 2 V 2

-4O 2u~a2 ± 29V~a2 + 40 2a`U2 ± 29U2a' - 20aWV3 + 2Ou'a2 + W&aU 3}

Using dimensional arguments, we can set

a2 = CQU2, (118)

where a is a coefficient number that we can explicitly fix. With this value of a2 one can then

split the set of equations (117) into two kinds of equations namely

1/2 = 

V3 = U3 + 60au'2 ~~~~(119)

giving the expressions of the new fields (V2, 1V3) in terms of the old ones (U2, U3), and

a3= - 20 cu'

a 2 -a2 +80C`a4 = 2 +2 3 a 2
(120)

8 03U4 - i,2 2
a5 40a(a ) aul2 U' - 40a(3 67 )U 2 U2

Later on we will discuss the particular situation where the fields 14 are onsidered as primary

fields, a fact which makes the solving of the dressing gauge parameters much more easy and also

interesting. In fact, as we are working in 13 (0,3) and since 1/3 - U3 = 6aOul, we can easily32

show that a natural realization of a is given by a =-iWith this fixed value, the previous

equations reduce simply to

a2 = 6-U2

a3 = 1 OU,

a4 = + ~~~~~~~~~~~~~~(121)

= 4 7Uu 2 ) + u2

The derived eqs. (121) correspond to the parameters of the dressing gauge group Kla, u, V/] en-

suring the passage from the old basis { 2 , u3 } to the new primary conformal basis {V2, V3} where
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V3 is the primary field of conformal spin 3 which reads by virtue of eq.(119) as 173 = U3 - OU'2.

We remark through this example that there exist two kinds of parameters. The first kind

stands for the gauge dressing parameters a, 1 < i < 4 which are well defined and the second

kind contains the parameters ai, i > 4 which are not well defined as shown for example for a5 .

The undefined parameters ae to be considered as extra gauge dressing parameters. In fact

the knowledge of the first dressing parameters a, 1 i < 4 is enough to ensure the primax-

ity condition for the fields {2, U3 } and then to build the dressing gauge group associated to

_l - (0,3)
13 3

The second example that we give is the 14 case given by

4 = P 4 +u 2 *P 2 +U3*P +U 4
= P 4 + u2p 2 + (U3 - 29u')p + U4 -OU' + O2 ul. (122)

Explicit computations give

= 4(U)*K[a] -K[a]*C 4 (V)

±(U3 - V3 ± 80a')p

+ (U4 -V 4 + 3' - U3+ 8d) + 16 2 a")

+ {a2 (U3 - 173) + 40 (2a4 + a2u2 + 60a' + 802 a")'}p 1

+ {a 2 (U4 - V4) + a3(U3 - 173) + O(8a + 6a 3U' + +a 2 U' + 4U2a' + 3a2 V3 + 3U3a - a'V 3)

+ 802 (4a`L + u'a' - a2 U" + U2a`) ± 5603a`¶ + 4804a (4}p- 2

(123)

once we set a = 0 corresponding to u2 = 172.

Furthermore, setting once again a2 = aU2, we obtain

U3 - V3 = -80au' (124)
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and the following first leading dressing gauge parameters

a/= -3ca(u) + (V 4 - U4 )

a4 = a(a -1)u' (U4 - V4) +5 2 aU,

(a - a3U4- a(U'U3+ 2U2U')

1)U'2 ~~~~~~~(125)
+ 0{ 5(V 4 - U4)' + 3ae(a - 1u a('~ 7a)U2 u'}

- +~~~1 (a - U V - U4 )

Actually, the techniques developed for the previous two examples (n = 3,4), are generaliz-

able to n 2(, n > 5 and the same induced algebraic properties are shown to apply also for

higher order conformal spin gauge parameters ai, i > 5. We have for arbitrary n

lPn + U2 *Pn-2 + U3 *P' 3 + U4 *P n 4 + ... +Un-1 *P +Un (126)

and
0 = (u) *K [a] - K[a] *n(V)

- (U3 - V3 + 2n0a2)pn- 3

+ (U4 - V4 ± (n - 3)0(V' - u') + 2nOa' + 4n92 a/f)pn-4 (127)

These generalized expressions show among others that the parameter of the gauge dressing group

are given by

a2 22n ~~~~~~~~~~~~~~~~(128)

a/ 70(n-2)(n-3) Uii n-3 U, (n-2)(n-3)(5n+ 7) 2- 0l

a3 10Un 2 200njn3-n) -2

Setting n = 3, 4 associated to £3 and 124 we recover the values of a2 ~2 - ~u2 respectively.

To summarize, we can then construct a gauge symmetry group of the Das-Popowicz momentum

subspaces S~n ' which is nothing but the dressing group whose elements are the Lorentz

scalar dressing momentum operators K[a]. Requiring the invariance Of 81n momentum Lax op-

erators under the action of this dressing group makes strong constraint on the gauge parameters

ai as is explicitly shown in the 13 and 814 described examples.
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These techniques are also important as they allow us to interpret the mapping

~~ K~~~a~~ {v1} ~~~(129)

between two different bases of conformal fields as being a gauge choice on some orbit that we call

the dressing gauge orbit. Elements of this orbit are well defined gauge dressing groups {K,[a]}

such that each position on this orbit is characterized by a fixed dressing operator KI•[a] which

fixes in turn the gauge group.

The basis of conformal primary fields {k , that we will discuss later, may be interpreted

as a choice of a position on the gauge orbit. This position corresponds to a particular dressing

gauge operator K.[a] =_K[u, u, w] whose parameter are the ones ensuring the transition from

the ordinary basis {ui} to the primary conformal one {wi}.

We represent this orbit as follows:

K [a, u,w3

5.2 The natural "primarity" realization

Having discussed the structure of the gauge symmetry group of the Das-Popowicz momentum

subspaces si $n) we will now show how one can naturally realize the v-currents just by

exploiting the definition of the star product. The notation {vn~} is introduced to refer to the

natural "primary" fields basis distinguished from the {k} primary basis obtained from the

0-extended DIZ covariantization mechanism [24].

30



In fact consider the following momentum s-Lax operator

n
,C.(U) E ZUni *P , (130)

i=o

for which we set uo = 1 and ul = 0. As discussed previously, these 81n-Lax operators are simply

elements of the coset spacen n1 that we denote as 1n n .One can easily check that

the sl,,-Lax operators can be written in the space Sln- ntOfl asfolw

n
£n(v) = Vn-iP (131)

i=o

where the vi are conformal fields depending on the ordinary ones {ui } and their derivatives as

well as in the 0 parameter. We easily show that the set of equations for the vt-ields is explicitly

given by
V2 = U2

V3= U3 - (n - 2)0'&2

V4 =U 4 - ( -3)0U 3 +~ 0n-2)(n-3) t2 U2
V5 = 5 - n - )0& 02(-3)(n-4) U, __ 0

3(n-2)(n-3)(n-4) ilt
V5 =U5 ~fl~4)9~+6(n2 36 U2 (132)

These expressions show the possibility to realize, in a natural way, the conformal fields v in

terms of the ordinary ones {ui} and their derivatives just by looking at the momentum Lax

operators Of An~- $n " as also being momentum Lax operators Of Sln-E$?'n Note also that the

first relations

V2 = U2 ~~~~~~~~~~(133)
V3 U3 - ( - 2)9u2,

coincide exactly with the result obtained by using the DIZ covariantization of Moyal momen-

tum Lax operators as done in [24]. The 2 = 2 is nothing but the the analogue of the spin 2

conformal current of 2-dimensional CFT theories and which does not transform as a primary

field and V3 is the primary spin 3 current.

The major difference between the two approaches is that in the natural realization, we do

not require anything for the fields v while in the Moyal. DIZ covariantization a condition for

these new fields to be primary is required.

Nevertheless, forgetting about the non-linear terms in the primary basis realization in [24],

one can easily observe the striking resemblance with the natural realization eqs.(132). To il-

lustrate this point, let's consider the following result established by the authors of [24] for the
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primary Wk-fields

W3 = U3 - (nl-2)U 2

W4 = U4 - (n-2)(n-3)(5n-7 U2- (n - 3)0u& + 2 2 (n-2)(n-3)U1

10(n 3l-n) Z35 U2

W5 = U - (n -4)Ou'± + (n-)-4)7n+13) [0(n 2)U2&2 U2U31 (134)

+ 302 (n-3)(n-4). it 203 (n-2)(n-3)(n-4) Ufit
+ ~7 U3 21 u

The linear truncation of eqs.(134) leads to the same global form of the natural realization

eqs. (132). One can then conclude that the star product framework provides a natural realization

of the primary conformal field V3 without any condition. For higher spin fields, Vi, i 4,5,.,

the natural realization can be seen as a linear truncation of the DIZ covariantization a la Moyal

[24].

Now its important to look for the dressing gauge group ensuring the transition to the natu-

ral primary basis {vi} eqs.(132). Straightforward computations based on the previous analysis

lead to the following result corresponding the 14-case. 4

Using the natural realization eqs.(132) we are now in position to solve the derived expressions

eqs.(123-125), which means to find the form of the associated gauge dressing group. Substituting

eqs. (1 32) for n =4 into eqs. (1 23-125) one obtain a = - and4

V2 -U2 = 0

V- 3= - 2uz (135)

V4 - U4 = _9u, 9u

and
a2 = -U2

a3 = - U3±+ U'

a4 = 32 2 8Ou 3- 
(136)

a 5~(4 0 2 Un/ - 0(2 9U'2 + ~~2

U2U1+ U2U3

4 The different mapping f 13 -momentum Lax operators E3(U) LW £3(V), £3 (V) or £3(W) correspond to the
same realization of the spin-3 field, namely V3 = V3 = W3 = U3 - OU'2.
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These parameters define the gauge dressing group that we are searching for.

5.3 The gauge group of primary fields

The dressing gauge symmetry group is used once again to interpret the primarity condition of

higher spin fields as being a gauge choice on the so-called dressing gauge symmetry group. The

idea consists in considering the dressing operators eq. (109) such that the following transformation

n n

4n(U) I ~Un-*P1 i---*4(W) = : ZWn-*P', (137)
i~~~~o ~~i=o

with

Ln(W) = K-'[a] *Ln(u) *K[aJ, (138)

corresponds to the passage from the ordinary basis {k } to the associated conformal primary

one {k}. The primarity condition of the fields Wk eqs.(134), makes strong constraint on the

dressing parameters ai whose knowledge is sufficient to determine completely the dressing gauge

group Kla, u, w] =_K[a].

To do so, let's start from the n - th order Sln-momentum Lax operators f4(u) eq.(126) and

consider the following relation

£nIa =J-2 *[U] * J 2 (139)

This formula, generalizing the DIZ standard one [15] to the non-commutative case, is the key

step towards deriving the primarity condition as well as the conformal transformation law of the

ui conformal fields under the diffeomorphism

where i is the transform of u under the conformal change eq(140) and where the conjugate

momenta of i with respect to the Moyal bracket is given by

P= *P (141)

such that {, }o 1. The symbol J= J(x) is the Jacobian of the transformation eq.(140)

given by J(x) 

What we find in general is that the u-currents do not obey the primarity condition. One needs

to restore this primarity property a fact which puts all the higher spin currents into Virasoro

representations. The procedure is that one may perform an adequate change of variables in the

space of the u-fields as done by D-Francesco et al [15] in the classical framework and by M.H.Tu

et al [24] in the Moyal deformation case.
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Our next principal goal is to show that this procedure is nothing but the result of a dress-

ing gauge transformation in the space E(O) of functions of conformal spin k E Z.

To illustrate this result recall once again, that the dressing group acts on the algebra s, - t

through its adjoint representation. Using eq.(138), one find that the Wk-currents may be ex-

pressed completely into the gauge parameters ak, the fields Uk and their k-th derivatives.

Next, using the fact that the Wk'S ae primary fields, one can determine the corresponding

dressing gauge group. To show how these things work, let's start by solving eq. (1 38) for the first

non trivial example based on the .S14 _ ~(,4) Lax operator.

£4 = P 4 U2 *p 2 ±+U3 *P +U 4
= P 4 + u2p 2 + (3 - 20u'2)p + u4 -OU' + o2Uti' (142)

Consider eq.(123) for the primary fields Wk

0 = 4(U) * K [a] - K [a] * 4(W)

- (U3 - w3 + 80a')p

+ (U4 - W4 + 0(wM - u& + 8a ) + 160 2 a")

+ {a 2 (U3 - W3) + 40(2a4 + a2U2 + 60a' + 80 2 a)'}p' 

+ {a2(U4 - W4 ) + a3(U3 - W3) + 0(8a' ± 6a3 U' + +a 2 U' + 4U2a' + 3a2 W' + 3U3a' -aW3)

+ 80 2(4a` + u'a' - a2U" + U2a/1) + 560 3all' +404a4)}p-2

(143)

and using the result, eqs.(134), found in [24] for the first primary fields namely

W3 U3 -2OU2

W4 = U OI 01U (144)

Then, substituting these expressions of the primary fields into eq.(143) we obtain after solving

the equations
a2 = - U2

= 1 0 {9u2 + 1OU, - 28002 U2}

49 = U2 _ 3Ut + 410 2 (145)

The general situation consists in considering, as previously, the ni-$~ Lax operators

£n= P'+ U2 *pn 2 + U3 *pn 3 +U 4 *Pn- 4 + ... +Un-1 *P +Un (146)
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satisfying the following gauge symmetry transformation, under the action of the dressing gauge

group K [a, w],

0 = 4,(u)*K[a]-K[a]*4,(w)

- (U3 - W3 + 2nOa')pn-3

+ (U4 - W4 + (n - 3)0(w' - u') + 2nOa' ± 4nO2a")pn- 4 (147)

These generalized expressions are simplified by setting W2 = U2 which corresponds to the vanish-

ing of the coefficient of pn-2 They show among others that the parameter of the gauge dressing

group associated to the primarity condition read as

al = 0

a2 = 22n ~~~~~~~~~~~~~~~(148)

a/= 70(n)n-3)U - - n-)n-)n U2 - 20a`

where we have used eqs.(134) giving the expressions of the primary fields Wk in terms of the

fields Uk.

6 Concluding remarks

Let us summarize the content of this work:

We have presented a systematic study of so-called Moyal momentum algebra (Mm alge-

bra)[21] that we call the Das-Popowicz Mm algebra, denoted in our convention notation by ~E
[25]. This is the huge space of momentum Lax operators of arbitrary conformal spin m,mn E Z

and arbitrary higher and lowest degrees (r, s) reading as

m$s (u E Pi * Um-i (149)

We study the algebraic properties of to9 and its underlying sub-algebras t(r's) and show that

among all these spaces only the subspace EO1 which defines a Lie algebra structure with

respect to the Moyal bracket.

We define two kinds of residue operations, exhibiting both a conformal spin equal to 1 and

which act on two different spaces but with value on the ring t(o,o).
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We introduce a degrees pairing product

-(r,s) * ~(s1-- F (150)

showing that the spaces m and En 1~1)are Ries-dual as do the subspaces E~ and

En(8-'-r1)with respect to the Res-operation [7].

We also introduce a combined scalar product ((,)) which carries the right conformal spin quan-

tum number namely [((,))] = 0. This is very important towards building the analogue of the

GD) second Hamiltonian structure.

The particular sub-algebra sb n built out of the Sln momentum Lax operators n$¶' (U) 

EZ'= oP' * un-i, with uo = 1 and u 0, is applied to field theory building. Indeed, using the

properties of this sub-algebra we were able to construct the O-Liouville conformal model

2e 1P(151)
0

and its 13-Toda extension.
001 =Ae20PIP)

(152)

1002 =Be- 1(1+22)

We also show that the central charge, a la Feigin-Fuchs, associated to the spin-2 conformal

current of the O-Liouville model is given by

CO= (1 ± 2492) (153)

The results obtained for the Das-Popowicz Mm algebra, are applied to study some properties

Of s12-KdV and 13-Boussinesq integrable hierarchies. Our contributions to this study consist in

extending the results found in [23] by increasing the order of computations a fact which leads

us to discover more important properties as is explicitly shown in section 4.

As an original result, we build the 0-deformed 13-Boussinesq hierarchy and derive the asso-

ciated 0-flows. The second flow corresponds to the -Boussinesq equation given by

= -~ (U2UV'2U1,) (154)

The next step concerns the 0-generalization of some properties, that we presented in an un-

published note [26], based essentially on the idea to use the dressing gauge group of Lorentz

scalar momentum operators K[a] to discuss the Moyal DIZ-covariantization Of s4n - '(n) 
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operators and the primarity condition.

Recall that the standard method for constructing primary fields Wk, is based on the well-known

DIZ covariantization method of Lax differential operators [15]. This method has lead to build

in a successful way all the Wk conformal primary fields as functions of the old ones Uk by co-

variantizing the corresponding Lax operators. Actually this method was extended and applied

to the Moyal momentum case by the authors of [24] and has lead to build the 9-deformation of

the classical Wk-algebra.

Our alternative way consists in searching for the form of the dressing gauge symmetry {K[a] }
ensuring on one hand the transition

{UJ Ka {V} (155)

from different basis of conformal fields belonging to the ring 2nO') n > and on the other hand

the primarity condition. In fact, our request of the invariance Of Sin momentum Lax operators

under the action of the dressing gauge group makes strong constraints on the gauge parameters

ai as is explicitly shown in the 813 and S14 examples of section 5. Once these parameters are well

derived, the associated gauge group is then explicitly determined.

In the same philosophy, the transition to a primary basis Wk can be achieved via a dressing

gauge group that we can explicitly determine. The knowledge of this gauge symmetry may

provide a geometrical interpretation of the primarity condition of conformal fields as being a

gauge choice on some orbit that we call the dressing gauge orbit. Elements of this orbit are

well-defined gauge dressing groups {Ki [a]} such that each position on this orbit is characterized

by a fixed dressing operator Ki which fixes in turn the gauge group.

Throughout the computations that we performed, we selected some remarks that we present

here:

1. Some parameters of the dressing gauge group show a globally defined behavior (integral

form). One can circumvent this property, originated from the operator character of the star

product, by ignoring the non linear terms, which means also, doing a linear truncation on the

dressing gauge group.

But proceeding in this way makes the gauge symmetry partially defined. In order to avoid

these kind of linear truncations, one has to consider from the beginning that the dressing group

{ K[a]} ensures the transition between different bases as a finite dimensional set, where only a

finite number of the parameters a are well-defined. This assumption is actually compatible

with the derived results that we presented in the explicit examples of section 5.
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2. As signaled in our last work [25], one can eventually consider fractional momentum alge-

bra based on objects type plb and whose Leinitz rule is shown to take the following form

p*(X, p) - Zn~i(- j)-f(8)(XP)pa (156)
8=0 b S

This is a more general Moyal algebra as it can describe, formally, fractional spin objects and

from which one can also recover all the known properties of the Das-Popowicz Mm algebra based

on integer powers of the momenta.

It would be very interesting to look for the contribution and the meaning of these fractional

powers of momenta in the framework of non-commutative KdV-hierarchies and also in the field

theory building. This and other important points will be considered in our forthcoming works.
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