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Abstract

We show that left derivations as well as Jordan derivations on locally C*-algebras are always

continuous. We also obtain some noncommutative extensions of the classical Singer-Wermer the-

orem for locally Cr*-algebras: (1) Every left derivation D on a locally C*-algebra A is identically

zero. (2) Every Jordan derivation D on a locally C""-algebra A which satisfies [D(x), x]D(x) = 0

for all x in A, is identically zero.
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1. Introduction.

In 1955, Singer and Wermer [21] proved that every continuous derivation (or equivalently,

left derivation) on a commutative Banach algebra maps the algebra into its radical and, in

particular, that if the algebra is semisimple, then every continuous derivation on the algebra is

identically zero. They conjectured that the assumption of continuity may be removed. John-

son [12] showed that the continuity assumption is superfluous in a special case when a Banach

algebra is semisimple. In 1988, Thomas [22] gave an affirmative answer to the long standing

conjecture of Singer and Wermer. A result of Johnson and Sinclair [13] states that every deriva-

tion on a semisimple Banach algebra is continuous and hence by the Singer-Wermer theorem it

is identically zero. Yood [25] extended the Singer-Wermer theorem to noncommutative Banach

algebras by showing that every continuous derivation D on a Banach algebra A maps A into

its radical provided D(x)y — yD(x) lies in the radical for all re, y 6 A. Since then, there has

been much progress in this area and various noncommutative extensions of the Singer-Wermer

theorem have appeared; we refer the reader to Bresar and Vukman [6, 7], Mathieu and Murphy

[14], Mathieu and Runde [15], Vukman [23, 24] and their references.

It is well-known that the Singer-Wermer theorem is not valid for general topological algebras

[3, p. 240]. More precisely, there exists a non-trivial derivation on a commutative semisimple

Frechet Q-algebra. To our knowledge a few articles [4, 16, 17, 19] have appeared regarding

derivations on a special class of topological *-algebras- called the locally C*-algebras. There is a

close relationship between locally C*-algebras and C*-algebras, which allows establishing results

regarding derivations on locally (7*-algebras which are not valid for general topological algebras.

In 1992, Becker [4] initiated the study of derivations on locally C"*-algebras. He showed that

every derivation (or equivalently, left derivation) D on a commutative locally C*-algebra A is

identically zero. Recently, Mohammad, Shahzad and Saleemi [16] made further contribution in

the same direction and proved that if D is any derivation on a locally C*-algebra A satisfying

the condition [D(x),x]2 = 0 for all x € A, then D is identically zero.

The aim of this paper is to investigate left derivations and Jordan derivations on locally

C*-algebras. Some extensions of the Singer-Wermer theorem on locally C*-algebras are obtained

parallel to those on Banach algebras existing in the literature (cf. [6, 14, 23, 24]). More pre-

cisely, we prove that every left derivation on a locally C*-algebra A is identically zero. We also

establish that if a Jordan derivation D on a locally C*-algebra A satisfies [D(x),x]D(x) = 0

for all x £ A, then D is identically zero. Moreover, it is shown, by giving an example, that

the C*-property of A (i.e., pa(x*x) = pQ(z)2 for all x € A and a £ I) cannot be relaxed or

eliminated.



2. Preliminaries.

An Imc (locally m-convex) algebra A is a topological algebra such that its topology is

defined by a directed family {pa}a£i of submultiplicative seminorms, i.e., pa(xy) < pa(x)pa(y)

for all x, y € A and a e /. Now if, in addition, A is a *-algebra such that each pa is *-preserving

i.e., pa(x*) = pa(x) for all x £ A and a € I, then A is said to be an /mc*-algebra. Furthermore,

a complete topological *-algebra A is called a locally C"*-algebra (also called LMC"*-algebra, pro

C""-algebra, etc.) if its topology is determined by a directed family {pa}aei of C*-seminorm, i.e.,

pa(x*x) = Pa(x)2 f°r &U xtV £ -^ and & £ I. Equivalently, it is an inverse limit of (7*-algebras.

Note that every C"*-seminorm pa is automatically submultiplicative and *-preserving [18]. If

pa is a C*-seminorm (implicitly assumed to be continuous) on A and Na = ker(pa), then the

quotient algebra Aa :— A/Na of a locally C*-algebra A becomes a C*-algebra with respect to

the norm defined by

la =Pa(x),Xa = Ka(x) =X + Na £ Aa,X € A,

where TTQ : A —> Aa denotes the canonical homomorphism of A onto Aa.

Let A be an Zmc*-algebra and D : A —> A a linear mapping. Then D is called a (1) derivation

if D(xy) = D(x)y + xD(y) for all x, y £ A; (2) Jordan derivation if D(x2) = D(x)x + xD(x)

for all x € A; (3) left derivation if D(xy) = xD(y] + yD(x) for all x, y € A; (4) Jordan left

derivation if D(x2) = 2xD(x) for all x 6 A. Obviously, every derivation is a Jordan derivation

and every left derivation is a Jordan left derivation.

We know that the (Jacobson) radical of an /mc*-algebra A, denoted by rad(A), is defined as

the intersection of all closed maximal modular left ideals of A. This, in fact, coincides with the

intersection of all left primitive (two-sided) ideals associated with closed maximal modular left

ideals of A. If rad(A) = {0}, then A is called semisimple. Let R(A) (resp. .R7(.A)) denote the

set of all continuous (resp. continuous topologically irreducible) ̂ representations of A. Then

the set rad*(A) = C\{ker((f>) : <f> € R'(A}} is called the *-radical of A. If rad*(A) = {0}, then

A is said to be *-semisimple. Clearly rad*(A) = D{ker(<j)) : <f> 6 R(A)} (cf. [10, p. 34]). It

is well-known that every locally C"*-algebra A is always *-semisimple and hence semisimple (cf.

[9, Lemma 8.14] and [10, Corollary 5.6]). Moreover, A has a complete system of continuous

topologically irreducible ^representations. For details, we refer the reader to [9, 10].

3. Main Results.

Following Bresar and Vukman [6, Proposition 1.6] we are able to obtain the following result.

Theorem 3.1. Let A be a locally C*-algebra. Then every left derivation D on A is continuous.



Proof. Since D is a left derivation, for x,y G A we have xyD(x) + x2D(y) + xyD(x) =

D(xyx) = xyD(x) + x2D(y) + yxD(x). From this, it follows that (xy — yx)D(x) = 0 for all

x, y 6 A. Replacing zy for y, we have (xz — zx)yD(x) = 0 for all x, y, z € A. Substituting x + w

for x, we obtain (xz — zx)yD(w) + (wz — zw}yD(x) = 0. Therefore, for all a,w,x,y,z € A,

we have ((xz — zx)yD(w))a((xz — zx)yD(w)) = 0. Since every locally C*-algebra is semisim-

ple and so is semiprime, the last relation gives (xz — zx)yD(w) = 0. In particular, we obtain

(xD(w) — D(w)x)y(xD(w) — D(w)x) = 0. Using again the fact that A is semiprime, we may

conclude that xD(w) = D(w)x for all x,w € A. Thus D is a derivation. Becker [4, Proposition

2] further implies that D is continuous.

Theorem 3.2. Let A be a locally C^-algebra. Then every left derivation D on A is identically

zero.

Proof. Let {pa}aei be a denning family of C*-seminorms on A. For a € I, consider a mapping

Da : AQ — > AQ defined by Da(na(x}} = ira(D(x)) for all x € A. We show that the mapping

Da is well-defined. Indeed, if a; 6 Na, then by Becker [4, Lemma 1], there exist elements

2/1) —jI/4 € Na such that

k=l

Since pa(yi) = 0 for i = 1, ...,4, it follows that

fc=i

Therefore, ||7ra(D(a:))||Q = pa(D(x)) = 0 and so DQ(na(x)) = wQ(D(x)) = 0. Thus Da leaves

Na invariant. Thus Da is well-defined. Obviously, the mapping Da is linear and

= Da(-Ka(xy})

= ira(D(xy))

= ira(yD(x) + xD(y))

) + Tra(x}7ra(D(y))

for all x,y e A. Hence, for any a e /, Da is a left derivation on the C*-algebra AQ, and so it is

continuous. Let 4> € R1 (A). Then, by the continuity of </>, we can find some a £ I and k > 0 such

that ||</>(ar)|| < kpa(x) for all x € A. This implies that Na = ker(pa) C ker((f>}. By Kadison's

transitivity theorem [10], ker(ip) e Prim(A), where Prim(A) represents the set of all primitive



ideals of A. As in Bresar and Vukman [6, proof of Theorem 2.1] Da(ker(<j))/Na) C ker(<p)/NQ

and so D(ker((/))) C ker((f>). Consequently, D induces a left derivation D^ on <t>(A). We may

consider the induced left derivation D<j, on the irreducible algebra <f>(A) and prove that D$ van-

ishes for all <{> e R^A). Thus, without loss of generality, we may assume that A is primitive

and so it is prime. If A is commutative, then, by Becker [4, Corollary 3], D is identically zero.

On the other hand, if A is noncommutative, then, by Bresar and Vukman [6, Theorem 1.2 (or

Proposition 1.6)], D is identically zero.

Remark 3.3

1. Let D be a left derivation on a locally C""-algebra A. Then, as seen before, we may suppose

A to be primitive. Thus we conclude that either D is identically zero or A is commutative

(cf. [1, p. 380]). If A is commutative, then, by Becker [4, Corollary 3], D is identically

zero. Hence, in any case, D is identically zero.

2. Let Dbe a left derivation on a locally C*-algebra A. Then, as in the proof of Theorem 3.1,

D is a derivation and xD(w) = D(w)x for all w,x € A. This implies that [D(x),x] = 0

and [D(x),x]2 = 0 for all x € A. Now Mohammad, Shahzad and Saleemi [16, Theorem

3.5 (or Theorem 3.7)] guarantees that D is identically zero.

Remark 3.4

1. Theorem 3.2 does not hold if the condition that A be a locally C*-algebra (or, in particular,

that pa(x*x) = pa(x)'2 for all x € A and a € /) is relaxed or eliminated. To see this, let

C°°[0, 1] denote the *-algebra of complex- valued functions having continuous derivatives

of all orders on [0, 1] (one-sided derivatives at 0 and 1), where the involution * is given by

the complex conjugation. With the family {pn}neN of seminorms,

0<t<l

C°°[0, 1] is a commutative unital semisimple Predict Q Zmc*-algebra satisfying pn(f*) —

pn(f) for all / € C°°[0, 1] and n £ N. The mapping D defined by D(f) = df/dt is a

non-zero continuous left derivation (or equivalently, derivation) on A (cf. [3, p. 240]). It is

known that there is no non-zero derivation on a commutative semisimple Banach algebra.

Since C°°[0, 1] is semisimple, it can not normed so that it becomes a Banach algebra (and

hence a C*-algebra). Therefore, an application of Fragoulopoulou [9, Theorem 8.15] yields

that C°°[0, 1] is not a locally C*-algebra. This may also be derived from the fact that the

only derivation on a commutative locally (7*-algebra is the zero operator.

2. It is clear from the proof of Theorem 3.2 that every left derivation D on a locally C*-algebra

A leaves invariant the kernels of all continuous topologically irreducible ^-representations of

A. This is not true for general topological *-algebras. Consider A = C°°[Q, 1} and D = d/dt



as in the above example. Then MO = {/ 6 C°°[0, 1] : /(O) = 0} is a primitive ideal. Clearly

D(Mo) <£. MQ. Also, the mapping FQ given by Fo(f) = /(O) is a continuous positive

functional on A. By Brooks [8, Theorem 6.1], we can find a continuous irreducible *-

representation 4> of A, on a Hilbert space H associated with FQ, and a cyclic vector £ 6 H of

<t>, such that F0(/) =< <£(/)£,£ > for all / e A. It is easy to see that D(ker(<f>)} <£ ker($).

Theorem 3.4. Let A be a locally C"*-algebra. Then every Jordan derivation D on A is contin-

uous.

Proof. Since every locally C*-algebra is semiprime, by Bresar [5, Theorem 1], D is a derivation.

Now Becker [4, Proposition 2] guarantees that D is continuous.

It is well-known [20] that every continuous Jordan derivation of a Banach algebra A leaves

the primitive ideals of A invariant. For locally C*-algebras, we have the following result.

Theorem 3.5. Let D be a Jordan derivation on a locally C*-algebra A. Then D leaves ker(cf))

invariant for all <f> € RT(A).

Proof. Clearly D is a derivation. The result follows from Mohammad, Shahzad and Saleemi

[16, Theorem 3.2].

Remark 3.6. If D and D2 are derivations on a locally C*-algebra A, then D is identically zero

(cf. Herstein [11, proof of Lemma 1.1.9]).

Theorem 3.7. Let A be a locally C*-algebra. If D is a derivation and D2 is a Jordan derivation

on A, then D is identically zero.

Proof. Since D2 is a derivation, D is identically zero by Remark 3.6.

Corollary 3.8. [19] Let D be a derivation on a locally C""-algebra A. If (D(x))2 = 0 for all

x € A. Then D is identically zero.

Proof. For all x € A, we have

D2(x2) = D(xD(x] + D(x}x)

(x) + D2(x)x.

This shows that D2 is a Jordan derivation. By Theorem 3.7, it follows that D is identically zero.

Theorem 3.9. Let D be a Jordan derivation on a locally C*-algebra A. If [D(x),x]Dx = 0 for

all x 1 , then D is identically zero.



Proof. Let </> € R^A). Then, by Theorem 3.5, D(ker(4>}} C ker(<f>). Therefore, as in the proof

of Theorem 3.2, we may suppose that A is primitive and so it is prime. Now Vukman [23,

Lemma] further implies that D is identically zero.

Corollary 3.10. Let A be a locally C**-algebra A. If [[x,y],a;][a;,y] = 0 for all x,y 6 A, then A

is commutative.

Theorem 3.11. Let D be a Jordan derivation on a locally C*-algebra A. If the mapping

x —> [[.D(:r ),o;],:r] is commuting on A, then D is identically zero.

Proof. As seen above, we may suppose A to be primitive. Since the mapping x —> [[D(a;),a;],a;]

is commuting on A and so is centralizing, the result follows from Vukman [24, Theorem 1].

Corollary 3.12. Let D be a Jordan derivation on a locally C""-algebra A. If [D(o;),a:] = 0 for

all x € A, then D is identically zero.

Remark 3.13.

1. Since every Jordan derivation on locally C"*-algebras is a derivation, Theorem 3.11 follows

immediately from Shahzad, Mohammad and Saleemi [19, Theorem 3.6].

2. The above example shows that Theorem 3.4-Corollary 3.12 do not hold for general topo-

logical *-algebras.

3. Corollary 3.12 follows also from Theorem 3.2. To show this, let <f> € R^A). Since every

Jordan derivation D leaves ker((j)} € Prim(A) invariant, there is no loss of generality in

assuming that A is primitive. Since D(x)x = xD(x) for all x 6 A, it follows that D is a

Jordan left derivation. By Ashraf and Rehman [2, Corollary], D is a left derivation. An

application of Theorem 3.2 yields that D is identically zero.

4. Recall that a derivation on an /mc*-algebra A is approximately inner if there exists a net

(ha)a€l m -A such that D(x) = \ima[hQ,x] for all x € A. In view of Phillips [17, Theorem

3], we note that every left derivation as well as Jordan derivation on a locally C*-algebra

A is approximately inner.
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