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Abstract

Let R be a local ring, with maximal ideal m, and residue class division ring R/m = D. Put

A = Mn{R),n > 1, and denote by A* = GLn(R) the group of units of A. Here we investigate

some algebraic structure of subnormal and maximal subgroups of A*. For instance, when D

is of finite dimension over its center, it is shown that finitely generated subnormal subgroups

of A* are central. It is also proved that maximal subgroups of A* are not finitely generated.

Furthermore, assume that P is a nonabelian maximal subgroup of GLi(R) such that P contains

a noncentral soluble normal subgroup of finite index, it is shown that D is a crossed product

division algebra.
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1 Introduction

Let R be a local ring with maximal ideal m and denote its residue class division ring by D =

R/ra. The canonical ring epimorphism </> from R onto D induces a group epimorphism, which

is also denoted by 0, from GLn(R) onto GLn(D), where GLn(R) is the group of units of the

full n x n matrix ring Mn(R) and GLn{D) is the group of units of Mn(D). It is clear that

A € Mn(R) is a unit if and only if <j)(A) G Mn{D) is a unit. The object of this paper is to

investigate some algebraic structures of subgroups of GLn(R), and also to explore the structure

of the residue calss division ring D under suitable conditions on maximal subgroups of GLi(R).

To be more precise, let R be a local ring with residue class division ring D such that D is an

infinite division algebra of finite dimension over its centre F. Assume that N is a subnormal

subgroup of GLn(R) with n > 1. In section 3, it is shown that if N is finitely generated, then

N is central. It is also proved that if N is an infinite subnormal subgroup of GLn(R), then N

contains no finitely generated maximal subgroup. In particular, if D is infinite, then GLn(R)

contains no finitely generated maximal subgroup. Section 4 deals with the case n = 1. In fact

we show that if P is a nonabelian maximal subgroup of GL\{R) such that Z(P) is integral over

the center C = Z{R) of R and C[P] is a Pi-algebra, then we have [D : Z(D)} < oo. Using this,

it is proved that given a maximal subgroup P of GL\{R) such that Z(P) is integral over the

center C = Z(R) of R, if P satisfies a multi-linear polynomial identity, then [D : Z(D)\ < oo.

Finally, it is shown that if [D : Z(D)] < oo and P is a nonabelian maximal subgroup of GLi(R)

such that P contains a noncentral soluble normal subgroup of finite index, then D is a crossed

product division algebra.

2 Notations and conventions

Given a division ring D with center F, let G be a subgroup of GLn(D). We denote by F[G] the

P-linear hull of G, i.e., the F-algebra generated by elements of G over F. We also denote by Dn

the space of row n-vectors over D. Then Dn is a D — G bimodule in the obvious manner. G is

said to be an irreducible (reducible) subgroup of GLn (D) whenever Dn is irreducible (reducible)

as D — G bimodule. Considering the elements of Dn as column vectors, we may regard Dn as

a G - D bimodule. It is easily shown that Dn is irreducible (reducible) as a G - D bimodule

precisely when it has the property as D — G bimodule. For any group G we denote its center

by Z(G). Given a subgroup H of G, NQ{H) means the normalizer of H in G, and < H,K >

the group generated by H and K, where K is a subgroup of G. Let S be a subset of Mn(D),

then the centralizer of 5 in Mn(D) is denoted by CMn(D){S)- We shall identify the center FI

of Mn(D) with F. When D is of finite dimension over F, then D is called a crossed product

division algebra if there is a maximal subfield K in D such that K/F is Galois. In this case, D

is a said to be cyclic if the Galois group of K/F is cyclic.



3 Subgroups of GLn(R)

We begin our study with the proof of the following result (3.1) from which we shall deduce that

if R is a local ring with residue class division ring D, F = Z(D), and P is a maximal subgroup

of GLi(R) = R* such that [P : Z{R*)} is finite, then we have D = F. To prove this, we shall

need the following lemma from [3].

LEMMA A. Let D be a division ring of infinite dimension over its centre F and n > 1.

Assume that M is a maximal subgroup of GLn{D). If F[M] is a Pi-algebra, then F[M] is

simple and we have [F[M] : Z(F[M])] < oo.

THEOREM 3.1. Let R be a local ring with residue class division ring D and set F = Z(D). If

either n = 1 and D is noncommutative or n > 1 and D is infinite, then there exists no maximal

subgroup P of GLn(R), n > 1, containing Z = Z(GLn{R)) such that [P : Z] < oo.

PROOF. Assume on the contrary that there is a maximal subgroup P of GLn(R) such that

P/Z is finite. One may easily check that the image M of P under the canonical epimorphism

of GLn(R) onto GLn{D) is either GLn{D) or it is a maximal subgroup of GLn(D) and we have

[M : F*] < oo. We now claim that this is not possible, i.e., F* is not of finite index in M.

First suppose that M = GLn(D). If n = 1, then D*/F* is finite and thus , by a result of

Kaplansky (cf. [4]), we may conclude that D = F which contradicts our assumption. Therefore,

we may suppose that n > 1. In this case, as above, we conclude that D = F. Now, take a E F*

and consider the diagonal matrix A whose diagonal entries are a, a~l, 1,1, • • •, 1. Since A1 G F*

for some fixed positive integer t we conclude that a2* = 1. This means that D = F is finite

which is a contradiction.

Now, assume that M is a maximal subgroup of GLn(D), M/F* is finite, and first suppose

that [D : F] < oo. Let xi,...,xt be the representatives for cosets of F* in M, i.e., M =

F*x\ U . . . U F*xt- Then, we have M =< x\,...,xt > F*, where < x\,...,xt > is the group

generated by xi,... ,xt. Take x € GLn(D)\M. By maximality of M, we obtain GLn(D) =<

x\,...,xt,x > F*. Put H =< x\,..., xt, x >. Thus, GLn(D) = HF* and consequently we have

SLn(D) — H' C H, i.e., H is normal in GLn(D). Now, by Corollary 1 of [6], we conclude that

H C F*, i.e., GLn(D) = F* which means that n = 1 and D = F that is a contradiction. This

takes care of the finite dimensional case.

Now consider the case [D : F] = oo. As above, we may assume M = F*x\ U .. . U F*xt-

Therefore, A := F[M] is a finite dimensional .F-algebra, i.e., F[M] is a Pi-algebra. Thus, by

Lemma A, we conclude that A is simple. Now, we have F[M]* ^ GLn(D) since [JF[M] : F] is

finite. Thus, by maximality of M we conclude that .F[M]* = M. Therefore, there is a positive

integer n\ such that M = GLni{D{), for some division ring D\ of finite dimension over its

centre K, say. We know that F* is of finite index in M. Thus, the image of F* in GLni(Di),

which is a subgroup of K*, is also of finite index in GLni{D\). We identify this image by F*.



Thus, D{/K* is torsion and so, by a result of Kaplansky (cf. [4, 259]), we obtain D\ — K, i.e.,

A = Mni(K), where K is of finite dimension over F. Now, since M/F* is finite, we conclude

that GLni(K)/F* is finite. Thus, we have GLni(K) = u\F*Ui for some m € GLni(K). Take

an elementary matrix I + beij G GLni(K), where b G K*. Now, for each b, I + beij may be

contained in only one coset F*Ui. Therefore, there is a finite number of elements I + be\j which

occur i n M = GLni(K). Thus, there are at most n\t elementary matrices in GLni(K). This

means that SLni(K), which is generated by / + beij, is finitely generated. Now, by Corollary

1 of [6], we conclude that SLni(K) C K*. This in turn implies that n\ — 1 and consequently

M = K*, i. e., K*/F* is finite. But it is known that this is not possible unless M = K* is finite.

Now, by Theorem 4 of [1], that asserts that a normal subgroup of GLn{D) does not contain a

finite maximal subgroup, we arrive at a contradiction and so the proof is complete.

As a consequence of the above result, we may record the following

COROLLARY 3.2. Let R be a local ring with residue class division ring D and set F = Z(D).

Assume that P is a maximal subgroup of GL\{R) = R*. If [P : Z(R*)] < oo, then we have

D = F.

The next result shows that if the residue class division ring of a local ring R is infinite

but of finite dimension over its center, then GLn(R) contains no noncentral finitely generated

subnormal subgroups.

THEOREM 3.3. Let R be a local ring with residue class division ring D such that D is an

infinite division algebra of finite dimension over its centre F. Assume that N is a subnormal

subgroup of GLn(R) with n > 1. If N is finitely generated, then N is central.

Proof. Consider the group epimorphism cj) of GLn(R) onto GLn(D). One may easily show that

if N is a subnormal subgroup of GLn(R), then (p(N) is a subnormal subgroup of GLn(D). It

is also finitely generated since N is finitely generated. Now, by Corollary 1 of [6], we conclude

that <j)(N) is central. Therefore, the inverse image of <f>(N) is also central in GLn{R).

The next result essentially shows that GLn(R) does not contain any finitely generated max-

imal subgroup.

COROLLARY 3.4. Let R be a local ring with residue class division ring D such that D is a

division algebra of finite dimension over its centre F and n > 1. Assume that N is an infinite

subnormal subgroup of GLn(R). Then N contains no finitely generated maximal subgroups. In

particular, if D is infinite, then GLn(R) contains no finitely generated maximal subgroup.

PROOF. Assume that M is a maximal subgroup of N which is finitely generated. Then

for any x € N\M we have < M,x >= N. This implies that N is finitely generated which

contradicts Theorem 3.3.



Bearing in mind the fact that Z(SLn(R)) = SLn(R) n Z(GLn(R)), we may conclude

COROLLARY 3.5. Let R be a local ring with residue class division ring D such that D is a

division algebra of finite dimension over its centre F and n > 1. Assume that N is an infinite

subnormal subgroup of SLn(R). If N is finitely generated, then N C Z(SLn(R)). Furthermore,

if D is infinite, then PSLn(R) = SLn(R)/Z(SLn(R)) contains no non-trivial finitely generated

subnormal subgroups.

PROOF. The first part follows from Theorem 3.3 and the fact that Z(SLn{R)) = SLn(R) n

Z(GLn(R)). The proof of the final part is similar to that of Corollary 3.4.

4 Maximal subgroups of GL\ (R)

Let R be a local ring with residue class division ring D. In this section we turn our attention

to the case n = 1, and try to explore the behaviour of D under suitable conditions on maximal

subgroups of the multiplicative group of units of R. We begin with the following

THEOREM 4.1. Let D be a division algebra of finite dimension over its centre F. Assume

that M is a nonabelian maximal subgroup of D*. If M contains a noncentral abelian normal

subgroup, then D is a crossed product division algebra.

PROOF. Assume that A is a noncentral abelian normal subgroup of M. We know, by

Proposition 1 of [2], that either D' C M ov F* C M. If D' C M, then M is normal in D*. Thus,

A is a noncentral abelian subnormal subgroup of D*. But this contradicts a theorem of Scott

(cf. [8]). Therefore, we must have F* C M. Since M is nonabelian we may assume that A is a

maximal noncentral abelian normal subgroup of M. Thus, F* C A. Now, consider F(A), the

field generated by A over F. If F{A)* <£ M, then we have D* =< F(A)*,M >C ND.(F(A)*).

Therefore,!)* = Nf)*(F(A)*). By Cartan-Brauer-Hua Theorem, we conclude that either D =

F(A) or F(A) C F. If the first case happens, then D is commutative which contradicts the fact

that M is nonabelian. The second case is also not possible as M contains JF*. Thus, we conclude

that F(A)* C M. Since .F(yl)* is normal in M and A is maximal we obtain A = F(A)* and so

ylU{0} is a subfield of D. Now, consider F(M). Since M is maximal we have either F(M)* = M

or F(M) = D. If F(M)* — M, then M U {0} is a division ring and A is a noncentral abelian

normal subgroup of M which is impossible. Therefore, we must have F(M) = D, i.e., M is

irreducible. Now, by Lemma 1 of [5], we conclude that K = F(A) = A U {0} is Galois over

F. We now claim that K is a maximal subfield of D. To see this, consider Co*(A). If CD*{A)

is not contained in M, then we have D* =< CD*(A),M >C ND*(A) and so D* = NJJ*(A).

This, by Cartan-Brauer-Hua Theorem, as above leads to a contradiction. Thus, we must have

CD*(A) C M. Since CD*(A) is the multiplicative group of a division ring CD{K) and A is an

abelian normal subgroup of CD{K), by the above mentioned theorem of Scott, we conclude that



CD{K) = if, i.e., i f is a maximal subfield of D and this completes the proof.

COROLLARY 4.2. Let D be a noncrossed product division algebra. If M is a nonabelian

maximal subgroup of D*, then M does not contain any noncentral abelian normal subgroup.

COROLLARY 4.3. Let D be a division algebra of prime index p. Assume that M is a

nonabelian maximal subgroup of D*. If M contains a noncentral normal cyclic subgroup, then

D is cyclic.

COROLLARY 4.4. Let R be a local ring with maximal ideal m and residue class division ring

D. Assume that [D : Z(D)] < oo and P is a nonabelian maximal subgroup of GL\{R). If P

contains a noncentral abelian normal subgroup, then D is a crossed product division algebra.

PROOF. Put (f> : R —> R/m = D. We know that either <f>(P) = D* or M = <f>(P) is a

maximal subgroup of D*. If <f>(P) = D*, then D* must contain a noncentral abelian normal

subgroup since (p(Z(GLi(R)) c Z(D). But this is not possible by Scott's Theorem. So we must

have that M is a maximal subgroup of D*. Now, use Theorem 4.1 to obtain the result.

COROLLARY 4.5. Let R be a local ring with maximal ideal m and residue class division ring

D. Assume that [D : Z(D)] < oo and P is a nonabelian maximal subgroup of GL\{R). If M

contains a noncentral cyclic normal subgroup, then D is a cyclic division algebra.

PROOF. This follows from Corollary 4.3.

Assume now that P is a nonabelian maximal subgroup of GL]_{R) such that Z(P) is integral

over the center C = Z(R) of R. The next result shows that if C[P] is a PJ-algebra, then we

have [D : Z{D)\ < oo.

THEOREM 4.6. Let R be a local ring with maximal ideal m and residue class division ring

D. Assume that P is a nonabelian maximal subgroup of GL\{R) such that Z(P) is integral over

the center C = Z{R) of R. If C[P] is a PI-algebra, then we have [D : Z(D)] < oo.

P R O O F . Consider <f> : R —> R/xa = D. We have either (f>{P) = D* or M = <f>(P) is a

maximal subgroup of D*. If <f>{P) = D*, then D is a PJ-algebra and the result follows from

Kaplansky's Theorem (cf. [7]). If M is a maximal subgroup of I?*, then Z{M) is algebraic over

Z(D) = F and F[M] is a P/-algebra. Now, use Theorem 5 of [3] to complete the proof.

As a consequence of the above result, we may present the following

COROLLARY 4.7. Let R be a local ring with maximal ideal m and residue class division ring

D. Assume that P is a maximal subgroup of GL\{R) such that Z(P) is integral over the center

C =.Z(R) of R. If P satisfies a multi-linear polynomial identity, then [D : Z(D)} < oo.

COROLLARY 4.8. Let R be a local ring with maximal ideal m and residue class division ring



D. If [D : Z(D)] = oo, then GL\{R) contains no abelian maximal subgroup which is integral

over Z(R).

Theorem 4.1 may be generalized to soluble subgroups of maximal subgroups of D* in the

following form.

THEOREM 4.9. Let D be a division algebra of finite dimension over its center F. Assume

that M is a nonabelian maximal subgroup of D*. If M contains a noncentral soluble normal

subgroup S of finite index, then D is a crossed product division algebra.

PROOF. We know, by Proposition 1 of [2], that either D' C M or F* C M. If D' C M,

then M is normal in D*. Therefore, S is a noncentral subnormal subgroup of D*. But this

contradicts Scott's Theorem. Thus, we must have F* C M. Suppose that S is a noncentral

soluble normal subgroup of finite index in M. We may assume that S is a noncentral maximal

soluble normal subgroup of finite index in M. If S = M, then the result follows from Corollary

4 of [5]. Therefore, we may assume that F* C S and S is maximal in M. Now, consider the

division ring E = F(S), generated by F and S. If E* C M, then the multiplicative group of the

division ring E contains a noncentral soluble normal subgroup which contradicts Hua's Theorem

unless E* is abelian. This implies that S is also abelian and so the result follows from Theorem

4.1. If E* £ M, then by maximality of M in D* we have D* =< E*,M >C ND*{E*) and

so we obtain D* = ND*(E*). Thus, by Cartan-Brauer-Hua Theorem, we conclude that either

E C F or E = D. The first case cannot occur since F* C M. The second case implies that

5 is irreducible and so is M. Now, by Lemma 3 of [5], we know that S has an abelian normal

subgroup A of finite index. If A C F*, then M/F* is torsion since M/S is finite. By Theorem

6 of [5], we conclude that M is abelian that is a contradiction. Thus, .A is a noncentral abelian

normal subgroup of M. Since A is of finite index in M we conclude that M contains an abelian

normal subgroup of finite index B in M. As above, we see that B cannot be central. Now, use

Theorem 4.1 to obtain the result.

COROLLARY 4.10. Let D be a noncrossed product division algebra. If M is a nonabelian

maximal subgroup of D*, then M does not contain any noncentral soluble normal subgroup of

finite index.

For the group of units of a local ring R the above result takes the following form.

COROLLARY 4.11. Let R be a local ring with maximal ideal m and residue class division

ring D. Assume that [D : Z(D)] < oo and P is a nonabelian maximal subgroup of GLi(R).

If P contains a noncentral soluble normal subgroup of finite index, then D is a crossed product

division algebra.

PROOF. Set <j> : R —> R/m = D. We know that either <f>{P) = D* or M = 4>(P) is a

maximal subgroup of D*. If the first case occurs, then D* has a noncentral soluble normal



subgroup which contradicts Scott's Theorem. So we must have that M is a maximal subgroup

of D*. Now, use Theorem 4.9 to complete the proof.
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