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1. INTRODUCTION

Variational inequality theory introduced by Stampacchia [26] and Fichera [10] independently,

in potential theory and mechanics, respectively, constitutes a significant extension of variational

principles. It has been shown that the variational inequality theory provides the natural, direct,

unified and efficient framework for a general treatment of a wide class of unrelated linear and

nonlinear problems arising in elasticity, economics, transportation, optimization, control theory

and engineering sciences (see, e.g. [1], [7], [11], [12], [13], [19] and the references therein). The

development of variational inequality theory can be viewed as the simultaneous pursuit of two

different lines of research. On the one hand, it reveals the fundamental facts on the qualitative

behavior of solutions to important classes of problems. On the other hand, it enables us to de-

velop highly efficient and powerful numerical methods to solve, for example, obstacle, unilateral,

free and moving boundary value problems.

In recent years, considerable interest has been shown in developing various classes of varia-

tional inequalities, both for its own sake and for its applications. In 1994, Hassouni and Moudafi

[14] introduced a class of variational inclusions which includes as special cases, various classes of

variational inequalities. Since then Huang [16], Ding [9], Kazmi [18], Noor [23] and many others

(see, for example, [24] and the references therein) have introduced many important classes of

variational inclusions in Hilbert spaces.

In 1998, Noor et al. [24] introduced and studied the following class of multi-valued variational

inclusion problems in real Hilbert spaces H.

For a given maximal monotone mapping A : H —> H; a nonlinear mapping N(.,.) : H x H —>

H; multi-valued mappings T,F : H —>• C(H), where C(H) is the family of all nonempty compact

subsets of H; and a single-valued mapping g : H -» H: find x € H,w € Tx, k G Fx such that

(1.1) 0€N(w,k)+A(g{x)).

In 2002, Chang et al. [4] studied the class of variational inclusion problems (1.1) in uniformly

smooth Banach spaces. Using Michael's selection theorem, Nadler's theorem, results of Morales

[21] and Kobayashi [20], they proved existence of solutions and suggested an Ishikawa-type itera-

tive algorithm with errors for solving the class of variational inclusions (1.1). Furthermore, they

discussed the convergence criteria for the Ishikawa-type iterative algorithm with errors under

the conditions that the ranges R(I — N(T(.),F(.))) and R(A(g(.))) are bounded, where I stands

for the identity mapping.

As has been remarked in [5], whenever a Mann sequence converges, it is preferred to the

Ishikawa process because of its simpler form. Moreover, it is now shown that, in most cases,
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convergence rate for both algorithms is basically the same. Furthermore, if a theorem is proved

using a Mann algorithm with error terms, then it is basically an unnecessary repetition of the

original proof if bounded error terms are introduced. So, in this paper we do not consider an

Ishikawa-type algorithm or a Mann-type algorithm with bounded error terms.

The purpose of this paper is to introduce and study a new general class of multi-valued vari-

ational inclusion problems in real smooth Banach spaces. In particular, the classes of problems

studied by Noor et al. [24] and Chang et al. [4] and the references therein) will be special

cases of our problems. The existence of solutions for the class of variational inclusion problems

considered is proved. Furthermore, the sequence of a Mann-type iterative algorithm is shown

to strongly converge to the solutions in this class of variational inclusion problems and without

the restriction that the ranges R(I - N(T(.),F(.))) and R(A(g(.))) be bounded. Our theorems

extend, generalize and unify the results of Noor et al. [24], Chang [3], Chang et al. [4] and the

references contained therein.

2. PRELIMINARIES

Let E be a real Banach space with dual E*. We denote by J the normalized duality mapping

from E to 2£* denned by

(2.1) Jx = {feE*:(xJ) = \\x\\2 = \\f\\2},

where (.,.) denotes the generalized duality pairing. In the sequel, we shall denote the single-

valued normalized duality map by j . It is well known that if E is smooth then J is single valued.

Also we denote by H(.,.) the Hausdorff metric on CB{E) defined by

H(A,B) := max{sup inf d(x,y), sup inf d(x,y)}, A,B € CB{E),

where CB(E) denotes the family of all nonempty, closed and bounded subsets of E. Throughout

this paper, unless otherwise stated, we assume that E is a smooth Banach space with dual E*.

A multi-valued mapping A : D(A) C E —>• 2E is said to be

(i) accretive, if

(2.2) (u - v, j(x - y)) > 0, Vu G Ax,v <E Ay;

(ii) m-accretive, if A is accretive and (/ -I- pA)(D(A)) = E,Vp > 0, where J is the identity

mapping;

(iii) (j>-strongly accretive, if there exists a strictly increasing continuous function (j) : [0, oo) —>

[0, oo) with (£(0) = 0 such that

(2.3) (u - v,j(x - y)) > 4>{\\x - y\\)\\x - y \ \ , Vu € Ax,v G Ay;
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(iv) <f>-expansive, if

(2.4) ll«-'"ll > ^ ( l k - y | | ) . Vti G Ax,v G Ay.

It is easy to see that if A is ̂ -strongly accretive, then A is cf>- expansive.

A mapping T : E —>• CB(E) is said to be H-uniformly continuous, if given e > 0 there exists a

6 > 0 such that whenever ||x — y\\ < 6 then H(Tx,Ty) < e.

A mapping N : E x E —± E is cf>-strongly accretive, with respect to T : E —> CB(E), in the first

argument if

(2.5) (N(u,z)-N(v,z),j(x-y))>(f){\\x-y\\)\\x-y\\, VueTx,veTy.

A mapping S : E —>• 2E is called Zower semi-continuous \i F l(v) := {x E E : Sx C\V ̂  0} is

open in i? whenever V C Y is open.

Now, let T,F : E -> CB{E) be two multi-valued mappings; let ̂ 4 : D(4) C 25 ->• 2E be an m-

accretive mapping; let g : E —»I?(-A) be a single-valued mapping, and let iV(.,.) : E x E —> E be

a nonlinear mapping. Then for any given f e E,X> 0,-we introduce the following multi-valued

variational inclusion problem. Find x G D(A) such that (x, w, k) is a solution of

(2.6) feN(w,k)+XA{g(x)),

for any w G Tx, and k G Fx.

Remark 2.1. (i) Variational inclusion problem (2.6) is more general than problem (1.1) stud-

ied by Chang [7] , Chang et al. [4] and Noor [23, 24] in the following sense: the existence

of only one vector x G -C>(.A) is required and then (x,w, k) will be a solution of our

problem for any w G Tx and k G Fx. This is not the case in the above references of

Chang, Chang et al. and Noor where one seeks three vectors x G D(A),w G Tx and

k G Fx in order to obtaina solution of inequality (1.1).

(ii) If g = / , F = 0, and T = I, S : E —> E is single-valued mapping, and N(x,y) =

5a; V(rc, y) G ExE, then problem (2.6) reduces to the problem of finding x G D(A) such

that

/ G Sx + XAx,

which was studied by Jung and Morales [17], and Bruck and Reich [2].



(iii) A number of problems arising in pure and applied sciences can be reduced to this kind

of variational inclusion problems (see, for example, [8, 23, 24, 25]).

The following lemmas will be used in the sequel.

Lemma 2.2. (see e.g., [5]). Let E be a real norrned linear space and J the normalized duality

map on E. Then for any given x,y G E, the following inequality holds:

\\x + y\\2 < \\x\\2 + 2(y,j(x + y)), Vj{x + y) G J{x + y).

Lemma 2.3. (see, [5]) Let {Xn} and {bn} be sequences of nonnegative numbers and {an} C (0,1)

a sequence satisfying the conditions that {An} is bounded, Y^n° an ~ °° and bn —* 0, as n —> oo.

Let the recursive inequality

(2.7) X2
n+1 <X2

n- 2anV'(An+i) + 2anbn\n+u n = 1,2,...,

be given where if) : [0, oo) —> [0, oo) is a strictly increasing function such that it is positive on

(0, oo) and ip(0) = 0. Then Xn -> 0, as n -» oo.

Lemma 2.4. ([4]) Let E be a real smooth Banach space. Let T, F : E —> 2E be two set-valued

mappings, and N(.,.) : E x E —> E be a nonlinear mapping satisfying the following conditions:

(i) the mapping x -> N(x,y) is cf>-strongly accretive with respect to the mapping T;

(ii) the mapping y —> N(x,y) is accretive with respect to the mapping F.

Then the mapping S : E —> 2E defined by Sx = N(Tx, Fx) is ^-strongly accretive.

Lemma 2.5. fll5],) Let E be a real Banach space and S : E —>• 2E \{0} be a lower semi-

continuous and ^-strongly accretive mapping, then for any x € E, Sx is a one-point set, i.e., S

is a single-valued mapping.

3. MAIN RESULTS

Theorem 3 .1 . Let E be a real smooth Banach space. Let A : D{A) C E -» 2E, T,F : E -»•

CB(E) be three multi-valued mappings; let g : E -» D{A) be a single-valued mapping, and let

JV(.,.) : E x E —> E be a single-valued continuous mapping satisfying the following conditions:

(i) Aog : E -> 2E is m-accretive;

(ii) T : E -» CB(E) is lower semi-continuous;

(iii) F : E -» CB(E) is lower semi-continuous;



(iv) the mapping x —»• N(x,y) is <j)-strongly accretive with respect to the mapping T, and

accretive with respect to F, where <f> : [0, oo) —> [0, oo) is a strictly increasing function

with <f>(0) = 0;

(v) the mapping y —)• N(x,y) is accretive with respect to the mapping F.

Then for any f G E, A > 0, there exists x* G E such that (x*,w,k) is a solution of the

multi-valued variational inclusion problem (2.6), for any w G T(x*) and k £ F(x*).

Proof. Let Sx := N(Tx, Fx) for x G E, then by Lemma 2.4, it is </>-strongly accretive. Since

T and F are lower semi-continuous and N(.,.) is continuous, Sx is then lower semi-continuous,

and hence by Lemma 2.5, S is single-valued. Moreover, since S is ^-strongly accretive and by

assumption Aog : E -> 2E is m-accretive, we have that S+XAog is an m-accretive and ^-strongly

accretive mapping, and hence by Cioranescu ([6], pp.184) for any x G E we have (S + XAog) (x)

is closed and bounded. Therefore, by Morales [21], S + XAog is surjective. Hence, for any / G E

and A > 0 there exists x* G D{A) such that / G S{x*)+XA{g{x*)) = N(w, k)+XA(g(x*)), where

w G Tx* and k G F(x*). The uniqueness of x* G D(A) follows from the fact that S + XAog(.)

is ^-strongly accretive. •

Theorem 3.2. Let E be a real smooth Banach space. LetT,F:E^ CB(E), A : D(A) C

E —> 2E be three multi-valued mappings; let g : E —> D(A) be a single-valued mapping, and let

N(.,.) : E x E —> E be a single-valued continuous mapping satisfying the following conditions:

(i) Aog : E —¥ 2E is m-accretive and H-uniformly continuous;

(ii) T : E —> CB{E) is H-uniformly continuous;

(iii) F : E —»• CB(E) is H-uniformly continuous;

(iv) the mapping x —> N(x,y) is (p-strongly accretive and (ji-H-Lipschitz with respect to the

mapping T, where <j>: [0, co) -4 [0, oo) is a strictly increasing function with </>(0) = 0;

(v) the mapping y —*• N(x,y) is accretive and £-Lipschitz with respect to the mapping F.

For arbitrary XQ G D(A) define the sequence {xn} iteratively by

(3.1) xn+i =xn- an(N(wn,kn) + un), un G A(g(xn)),

where {un} is defined by

(3.2) | K -Un+i|| < (1 + e)H(A{g(xn+1)),A(g{xn))), Vn > 1,

for any wn G Txn, kn G Fxn and some e > 0, where {cxn} is a positive real sequence such

that limo:n = 0, Yjan — oo. Then, there exists do > 0 such that for 0 < an < do Vn > 1,

{xn} converges strongly to x*; and for any w G Sx*,k G Tx*, (x*,w,k) is a solution of the

multi-valued variational inclusion problem (2.6).

Proof. Let x* G D(A) such that / G N(w,k) + Aog(x*)), for any w G Tx* and k G Fx*

whose existence is guaranteed by Theorem 3.1. Without loss of generality we may assume

/ = 0. Let r > 0 be sufficiently large such that x\ G Br(x*) =: B. Let M := S«P{||M|| : u G



N(w,k) + A{g{x)),x £ B,w £ Tx,w £ Fx}. Then as Aog,T and F are H-uniformly contin-

uous on E, for ei := sti+e)'€2 : = Sutt+e)'e3 : = 8fti+<0' t^ i e r e ex*s* ^1^2,83 > 0 such that for

any x,y £ E, \\x - y\\ < 81, \\x - y\\ < 52, and \\x - y\\ < 63 imply H{Aog{x), Aog(y)) < ei,

H(Tx,Ty) < e2, and H(Fx,Fy) < e3, respectively. Let d0 := |

Claim : {xn} is bounded. It suffices to show that xn £ B for all n > 1. We show this by

induction. x\ £ B by construction. Assume that a;n G B. We show that a;n+i £ B. If possible

we assume that xn+i $ B, then ||a;n+i — x*\\ > r. Further from (3.1) and Lemma 2.2 we get

that

= \\xn-x* -an{N(wn,kn) + un)

*\\2\xn-x*\\2 -

*\\2= \\xn - x*\\2 - 2an(N{wn+i,kn+x) + un+i,j(xn+1 - x*)}

(3.3) -2an(N(wn,kn) +un - {N{wn+1,kn+1) + un+l),j{xn+i - x*)),

Since N(.,.) is (p strongly accretive with respect to T and A(g{.)) is accretive we have from (3.3)

that

\xn+1-x*\\2

- x*\(3.4) +2an[\\N(wn+1,kn+1) - N(wn,kn)\\ + \\un+i - un\

< \\xn - x*\\2 - 2an<p(\\xn+i - x*\\)\\xn+1 ~ x*\\

+2an\\\N(wn+i,kn+i) - N(wn+i,kn)\\ + \\N(wn+i,kn) - N(wn,kn)\\

(3.5)

Prom (3.1) we have that ||a;n+i— x*\\ < \\xn~x*\\+an\\N(wn,kn)+un\\ < r+anM < 2r, and from

Lemma 2.5, 5a; = N(Tx, Fx) is a single-valued mapping, i.e., for any k, k' £ Fx and w,w' £ Tx

we have N(w, k) = N(w, k') and N(w, k) = N(w', k). On the other hand, it follows from Nadler

[22] that, for A;n+i £ F(xn+\) and ion+i € T(xn+i), there exist k'n 6 Fxn and w'n £ Txn

such that \\kn+i - k'n\\ < (1 + e)H{Fxn+1,Fxn) and ||wn+1 - < | | < (1 + e)H(Txn+uTxn),

respectively. Therefore, from (3.5) and (3.2), we have that



xn - x*\\2 - 2an<l>(r)r + 2an[\\N{wn+i,kn+l) - N{wn+I,k'n)\\

< \\xn - x*\\2 - 2an<t>{r)r + +2an [>(1 + e)H(Fxn+1,Fxn)

e)H{Txn+1,Txn) + (1 + e)H(A(g(xn+1)), A{g(xn))] 2r

\xn-x*\f -

(3.6) < \\xn-x*\\2-2an<l>(r)r + +an^<j>(r)r<\\xn-x*\\2,

and hence ||a;n+i — x*\\ < r, a contradiction. Therefore, {xn} is bounded. Now it is remaining

to show that xn -» x*. Since ||arn+i — xn\\ -> 0, we have that H(A(g(xn+i)),A(g(xn))) ->• 0

and \\N(wn+i, kn+i) — N(wn, kn)\\ —> 0 as n —» oo. The conclusion now follows from inequality

(3.4) with the use of Lemma 2.3 and hence (x*, w, k) is a solution of the multi-valued variational

inclusion problem (2.6) for any w € Tx*, k € Fx*. The proof is complete. D

Remark 3.3. As has already been remarked, our theorems carry over easily to the case of the

so called Mann iteration with errors. Furthermore, they also carry over to the Ishikawa-type

algorithm but this is not desirable since the simpler Mann algorithm converges.

Remark 3.4. Theorems 3.1 and 3.2 improves Theorems 3.1 and 4.1 of Chang et al. [4] in the

sense of Remark 2.1(i) and also in the sense that it is applicable in the more general smooth

Banach spaces. No boundedness condition on the ranges R(I — N(T(.),F(.))) and R(A(g(.))) is

imposed in our more general settings.
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