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ABSTRACT

Data analysis of a tracer experiment is performed for studying the plant behavior, impact of
procedures' changes and several other goals. In all these cases, the observed data is the convolution
of an injection function, and the system's transfer funcion under study. Practical discrete time
convolutions may be performed multiplying a matrix of the process' transfer function with the input
vector, but for deconvolution it is necessary to invert the matrix wich is singular in a causal system.

Another method for deconvolution is by means of Fourier Transforms. Actual readings are
usually corrupted by noise and besides its transforms shows high low frequencies components and
high frequency ones mainly due to additive noise. Subjective decisions as cut-off frequency should
be taken as well.

This paper proposes a deconvolution method based on parameters fitting of suitable models,
where they exist, and estimation of values where analytical forms are not available. It is based on
the global, non linear fitting of them, with a criteria of maximum likelihood.

I. INTRODUCTION

Tracers' experiments data analysis may be seen as a
problem of plant identification in Control Engineering
field. Output/input relation in a transform or time domain
shows the behavior of the system, whatever it is.

Classical means of identification use the idea of an
impulsive injection of the tracer, or more generally, an
impulsive excitation of the plant. Output observation is
used for finding its Transfer Function. Two absolutely
different situations may be considered. The first is when
there is no interest in the physical meaning of that
function. It's the typical situation when the focus is on
behavior, not on the physical mapping of the transfer
function found. Is useful for designing controllers or for
simulating the plant's behavior under special
circumstances. As French mathematicians said in the
nineteenth century "give me a hundred variables and I'll
model an elephant, with one more I'll move its tail", clearly
they don't have any meaning.

Finding a Transfer Function where an analytical
one is the goal is the second situation. In this case, a
physical mapping is wondered, as when Peclet number,
mean residence time or^flig; es|im^tion, among others, is
the goal. 3 ,

The method proposed in this paper deals with these
situations. It can be applied to both of them, but it is
presented for the second situation, where a physical
meaning is wondered.

The assumption of an impulsive excitation is
difficult to accept. It can be assumed for very slow
dynamics and where the time used for it is very short.
Otherwise, this assumption may not be true.

Three cases of practical numerical deconvolution
will be studied. The first assumes an impulsive injection of
the tracer. The second case is the "two measures method",
in it no shape of the injection is assumed, it uses the
definition of Transfer Function of a system. Even so, the
approach used here is completely different.

The third case under study deals with measurements
corrections. It may be of significance in tracers'
experiments. The proposal is the deconvolution of the
observed values with the known transfer function of the
detector. In this special case, the domain is space and
causality aspects of the first cases are not applicable,
enabling other numerical treatment methods .
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H. NUMERICAL DECONVOLUTION

Given a plant, whose transfer function is defined as
H(s) in the Laplace domain, the output Y(s) due to an input
X(s), may be written in time domain as:

y(t) = \h(u)x{t-u)du

or in discrete time as

(i)

(2)
1=1

It should be pointed that the discrete time situation
is the usual one in the experiments considered.

The most common methods for performing this
operation are by means of Fourier Transforms and matrix
algebra [1].

As this paper is focused on practical numerical
deconvolution, and as convolution methods are studied in
depth in bibliography they will not be presented here.
Besides it, as practical situations involve discrete time
observations, continuous time treatment is not considered.

The use of the duality between time convolution and
transforms (Fourier or Laplace) product for estimating the
inverse of a convolution operation has some restricting
problems. Normally, additive noise and long observation
periods result in very high amplitude of low frequencies
components and spikes in the band limited spectrum
considered. The bandwidth, established by the sampling
frequency, and previous filtering operations may severely
distort the results of transforms inversion.

The numerical convolution may be stated in matrix
form as:

y = Hx where H =

"A, 0 0 0 0

Aj A, 0 0 0

A, h, 4 0 0
: : : . 0

K h K \.

(3)

This method works fine for convolution. As
convolution is permutable, a matrix X may also be defined
but it will change with every sampling. Algebraically, the
input waveform as a function of output and transfer
function, or the transfer function as a relation of output and
input observations could be determined by:

or A = (4)

When casual systems are considered, as usual in
physical systems, the inverse of H is not defined, H is
singular or its condition number is very poor.

There is one case where this approach may be
useful: when correcting measures is the goal. In these
cases, where the domain is space, causality doesn't exist.
Normally an imperfect collimator is used, it means: a
detector which won't output an impulsive function when a
punctual source is moving in front of it.

Another way for calculating the inverse of the
convolution of two functions is the parameters fitting of a
suitable target functions.

Given an output measurement, -which is the normal
case in tracers' experiments- determine the parameters of a
function which physically resembles the process under
study. Two cases may be considered: when an impulse
injection of the tracer is applied to the system and when an
arbitrary injection shape is used.

Given a function which resembles the behavior of
the system, as

= f(t,a) (4)

the goal is to find the parameter vector a which minimize

some likelihood measure as the % .

(5)

Inside some neighborhood of the optimum

parameters vector, the % may be expanded as

X2 \a.DJd (6)

where d is an iV-vector, D is the Hessian NxN matrix.
If the approximation is good the optimum

parameters vector can be reached by:

(7)

When the parameter vector a is not close to its
optimum Eq. (6) is no longer valid. In these cases, the
steepest descent method can be used for moving on

the X2 surface in the opposite direction of its gradient:

(8)

Levenberg and Marquardt proposed an algorithm
which changes smoothly the application of Eq. (7) and Eq.
(8) [2] [3], according to the distance of the current
parameter vector to its optimum. Their algorithm is based
in enhancing the diagonal of the Hessian matrix when the
approximation is not going towards the optimum. Eq. (8)
is similar to Eq. (7) if D is diagonal dominant.



m . APPLICATIONS

The necessary software was developed ab initio for
solving three cases applying the parameters fitting method.
Real experimental data was used for comparing the
obtained results.

First case: impulsive injection. When an ipulsive injection
of the tracer is assumed, the observed output is the target
function itself. Mean residence time, variances, flow and
axial dispersion may be calculated from the measured data,
but they are correct if zero momentum of the distribution
can be assured at the injection point. This means a Dirac
function.

The target function used [4] was:

Au
-exp

(L-utf
ADt

= [A,v,D]

(9)

whereof is the amplitude, u is the velocity, L is the
length (distance between the injection point and the
detector position) and D is the axial dispersion.

The parameters vector a was calculated for a
maximum likelihood of the observed data and Eq. (9)
using the Levenberg-Marquardt algorithm.

Results disagree with measured values as flow and
velocity, probably due to problems in the injection of the
tracer.

Second case: two measures method. Using this method
enables to consider any injection function. Even it seems
similar to the first case, its numerical treatment is quite
different.

In the first case the output was deconvolved with a
Dirac's function. The observed data is the representation of
Eq. (9), so the parameters calculation demands its
evaluation in time during the fitting process.

For deconvolving the output data with any input
shape -distribution in time of the tracer at the injection or
at any point before the detector considered as being the
output- involves the calculus of the convolution of the
input data with the target function of the system. The
maximum likelihood is of the result of this convolution
with the observed output of the system.

The target function employed [4] was:

APe.% \ Pe(t-rf
(10)

= [A,Pe,r]

where T is the difference of the mean residence times, it
may be considered as a parameter for fine adjustments and
Pe is the Peclet number.

In Fig. 1 the obtained results are shown. Numerical
values don't differ more than 5% of measured values as
velocity and flow. The example shown is of a very fast
system, where impulsive injections are nearly impossible.
In these cases this method is specially useful. Detector 1 is
16 Mts. from the injection point, while Detector 2 is at 34
Mts.

The transfer function is not shown, Dl(t) and D2(t)
are the observed values of input and output respectively.
The convolution of the found transfer function as Eq. (10)
and the input signal is the red curve.

D2(t)

Figure 1. Two measures method.

Third case: correction of observed data. This application
of the deconvolution operation is absolutely different of the
above ones. There is no target function for being evaluated
or to be convolved with an input signal. Besides, there is
no a priori knowledge of the input signal.

It is the case where the transfer function and the
output data are known. Typically a problem which arises in
correcting the observed data values.

If a detector is used, an imperfect collimator will
not output an impulsive shape when a punctual source is
moved perpendicular to its axis. A small source can be
used for observing its approximate transfer function.

The observed data should be corrected using that
transfer function.

The situation may be: given a physical structure,
like a pipe, a detector is moved parallel to its axis. The
goal is to establish the activity in the pipe as a function of
its length.

It should be noted that in this case, there is no
causality, so, the method proposed by Eq. (4) may be
applied.

If the Levenberg-Marquardt algorithm is used,
considering that there is no target function, the parameters
vector is the desired input vector. In this special case, the
problem may be stated as: what is the input vector which,



convolved with the known transfer function resembles the
output vector.

The computational cost of this algorithm is
proportional to the length of the parameters vector.
Matrices should be inverted in every iteration as shown in
Eq. (6).

Both methods: matrix inversion an Leveriberg-
Marquardt algorithm were implemented, giving similar
results.

There are two aspects of numerical deconvolution
that should be considered: the usual shape of the transfer
function of a collimator is similar to a gaussian function,
with its maximum in the origin, so, matrix H in Eq. (4) is
diagonal dominant and can be inverted.

Second, as the Fourier transform of a gaussian
function has the characteristic of a low pass filter, an
spectral density limitation is impossed to the output signal.

This can lead to an ill posed problem depending on
the observed data, from a theoretical point of view.

The situations posed are clearly different from each
other, showing the flexibility of them. Considerations
about causality were used for discarding or enabling the
potentials methods which could be used.
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Figure 2. Correction of observed data.

In Fig. 2 the black dots are the known transfer
function of the detector (not shown in scale), h(x). The
blue ones are the measured output data.

With both methods the real value can be calculated,
shown as "Value(x)" in the figure. For validating the
method, the convolution of the known transfer function
and the found input signal was calculated and shown as
"Value(x)*h(x)".

IV. CONCLUSION

Among others, parameters fitting of non linear
functions with a global performance index seems suitable
for the treatment of tracers' experiments.


