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Abstract

The effect of surface tension on unsteady laminar natural convection flow of a viscous
incompressible fluid in a rectangular enclosure with internal heat generation and in presence
of a uniform transverse magnetic field acting in the direction normal to the gravity has been
investigated. The top horizontal surface of the rectangular cavity is assumed to be free and the
bottom one insulated; whereas the left vertical wall is cold and the right one is uniformly hot.
The equations are non-dimensionalized and solved numerically by an upwind finite difference
method together with a successive over-relaxation (SOR) technique. The effects of heat
generation together with the combined effects of the magnetic field and the surface tension
are presented graphically in terms of isotherms, streamlines and velocity vector plots. The
effects of varying the physical parameters on the rate of heat transfer from the heated surface
of the enclosure are also depicted. The fluid here has Prandtl number Pr = 0.054 while the
value of the Grashof number is 2xlO4.
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Nomenclature

Cp = Specific heat at constant pressure (J kg^K"1)
G = gravitational acceleration (m/sec2)
Gr = Rayleigh number
W=enclosure height (m)
Ha = Magnetic field parameter
/fc=effective thermal conductivity of the media (W/mK)
Ma = Maragoni number
Nu = Nusselt number
p = fluid pressure (Pa)
Pr = Prandtl number
t = time (s)
T= temperature (°C)
u = velocity in x-direction (m/s)
V = velocity in ̂ -direction (m/s)
x, y = Cartesian coordinates (H)
X, Y = dimensionless coordinates
P = Coefficient of thermal expansion of fluid (K'1)
6 = Dimensionless temperature
A = Dimensionless heat absorption/generation parameter
JU = Effective dynamic viscosity (Pa/s)
v= Effective kinematic viscosity (/Mp)
p = Fluid density at reference temperature (7*0)
T = Dimensionless time
\(f= Streamfunction (m2/s)
Q = Dimensionless vorticity



1. Introduction

The characteristics of heat and fluid flow for a configuration of isothermal vertical walls, maintained at
different temperatures and with adiabatic horizontal walls, are well understood (Ostrach [1-2]). Less
work has been carried out for more complex thermal boundary conditions, such as an imposed thermal
gradient that is neither purely horizontal nor purely vertical. Shiralkar and Tien [3] investigated,
numerically, natural convection in an enclosure with temperature gradients imposed in both the
horizontal and vertical directions simultaneously. A stabilizing vertical temperature gradient was found
to result in lower vertical velocities and the generation of secondary vortices at opposite corners. On
the other hand, a destabilising vertical gradient leads to the destruction of stratification in the core and
the formation of unstably stratified thermal layers adjacent to the upper and lower surfaces. Chao and
Ozoe [4] investigated the problem of natural convection in an inclined box with half the bottom surface
heated and half insulated, while the top surface was cooled. Anderson and Lauriat [5] analysed both
experimentally and theoretically the natural convection due to one isothermal cold vertical wall and a
hot bottom wall. Kimura and Bejan [6] studied numerically the convection flow in a rectangular
enclosure with the entire lower surface cooled and one of the vertical walls heated. November and
Nansteel [7] and Nicolas and Nansteel [8] performed experiments and numerical investigations on
convection in a water filled enclosure with a single cold isothermal vertical wall and a partially heated
bottom wall. Granzarolli and Milanez [9] computed the case of a heated bottom wall and isothermally
cooled vertical walls. Recently, Velusamy et al. [10] investigated the steady two-dimensional natural
convection flow in a rectangular enclosure with a linearly-varying surface temperature on the left
vertical wall, cooled right vertical and top walls and a uniformly-heated bottom wall. In this latter
investigation, mild natural convection was found to reduce the heat load to the cold walls, and for any
value of aspect ratio it was also found that there exists a critical Rayleigh number for which heat load is
a minimum. Recently Hossain and Wilson [11] investigated the problem posed in [10] for an enclosure
filled with a fluid-saturated porous medium, along with generation of heat depending on the fluid
temperature.

Nowadays, considerable interest has been generated on interaction of buoyancy and surface
tension driven convection; since, when a free liquid surface is present, variation in liquid surface
tension at the free surface - due to temperature gradients- can induce motion within the fluid. This flow
is also known as thermocapillary flows or the Maragoni convection flow. This combined convection
flow driven by buoyancy and surface tension plays an important role in growth of crystals and material
processing, especially in small-scale and low gravity hydrodynamics [12-14]. Combined buoyancy and
thermocapillary convection flow or the Maragoni convection flow in a differentially heated cavity has
been investigated numerically by Bergman and Ramadhyani [15] to show that surface tension
significantly alters the buoyancy induced flow. Srinivasan and Basu [16] computed numerically the
thermocapillary flow in a rectangular cavity during laser melting. The gas-liquid interface was assumed
to be flat with a sinusoidal variation of temperature. Thereafter Basu and Srinivasan [17] numerically
simulated a two-dimensional steady state laser melting problem in a cavity; whereas, Chen and Huang
[18] conducted a similar study with a moving heat flux along the free surface. Carpentar and Homsy
[19] studied the problem of combined buoyancy-thermocapillary convection flow in a square cavity
with free surface heated differentially in the horizontal direction. Influence of thermocapillary forces on
natural convection flow in a shallow cavity has also been investigated numerically by Hadid and Roux
[20]. Recently, Rudraiah et al. [21] investigated the combined surface tension on buoyancy driven flow
of a electrically conducting fluid in presence of a transverse magnetic field acting in the direction of
gravity in a square cavity to see how this force damp the hydrodynamic movements; since, this is
required to enhance crystal purity, increase compositional uniformity and reduce defect density.

In the present investigation we revisit the problem posed in [21] for the flow of an electrically
conducting fluid with heat generation filled in an enclosure in presence of uniform transverse magnetic
field acting in the direction normal to the gravity field. Numerical simulations have been carried out for
a fluid having of smaller value of Prandtl number (Pr = 0.054) at a Grashof number of Gr = 2xlO4. The
Maragoni number, Ma, which depends on the thermocapillary force, ranges between 0.0 to 102, the
Hartmann number, Ha, which depends on the transverse magnetic field, ranges from 0.0 to 50 while the
heat generation parameter, X, ranges from 0.0 to 200.0. A detailed development of the present
investigation is given in the subsequent sections.

2. Mathematical formulation

Here we consider an unsteady two-dimensional natural convection flow of a viscous incompressible
and electrically conducting fluid in a rectangular enclosure of height H as shown in Fig. 1. The right



and the left walls are maintained at uniform temperatures TH and Tc respectively such that TH > Tc. The
bottom and the top walls are considered to be adiabatic or insulated. We also bring into account the
effect of a uniform volumetric heat generation, q"' [W/m3], in the flow region.

We further assume that
(1) The fluid is permeated with by a uniform magnetic field of strength Bo the direction of which is

indicated in Figure 1. No external electric field is assumed to exist and the Hall effect of the
magnetohydrodynamic is also considered.

(2) The magnetic Reynolds number is assumed to be small so that the induced magnetic field can be
neglected (Gavandet [1])

(3) The pressure work, Joule heating and viscous dissipation effects are negligible.
(4) The surface tension, 0, varies linearly with temperature as given below:

where To= (TH+ Tc)/2 is the mean of the temperatures of heated and cold surface, y [=
(l/ob)(9o/37)] is the temperature coefficient of the surface tension, a0 is a reference surface
tension and T is the temperature of the fluid in the cavity

(5) the upper boundary is assumed to be flat and the fluid above the surface is assumed to be gas of
negligible viscosity and conductivity, and therefore, will not influence the flow and temperature fields
in the fluid.

Finally, the direction of the gravitational force is as indicated in Fig. 1.

Fig. 1: The flow configuration and coordinate system

Under the above assumptions, the conservation equations for mass, momentum and energy in a two-
dimensional Cartesian co-ordinate system are:
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where u and v are the fluid velocity components in the x- and v-direction, respectively. T is the time, p
is the fluid pressure, /? is the volumetric thermal expansion coefficient, Bo is the uniform magnetic field
strength, 0S is current density and p, a and Cp are, respectively the density of the fluid, the thermal
diffusivity, and the specific heat at constant pressure.

The boundary conditions for the present problem can now be given as



u = v = O,T = TH for 0<y<

u = v = OtT=Tc for 0 < y <

M = v = 0 ,— = OforO<jt<//at}> = 0
dx (5)

The conditions at the upper free surface are

u = v = 0 ,— = 0,jU— = for §<x<H?Xy = ll
dy dy dT dx (6)

The dynamical boundary conditions on the upper free surface {i.e., aty-H) relates the velocity
gradient to the temperature gradient, that represents the balance between the shear-stress and the
surface tension gradient at the surface and is responsible for establishment of thermocapillary flow in
the cavity.

It should be noted that the effect of interface deformability on the onset of instability has not been
investigated but its influence on the flow velocity has been given by Strani et al [22] for the steady state
regime at relatively low Raynolds numbers. The shape of the gas-liquid interface in a square cavity has
been computed by Cuvelier and Driessen [23] for different values of driving forces. For pure buoyancy
flow, the pressure is higher in the upper hot corner. Consequently, there is an elevation of the free
boundary in this corner and a depression near the cold corner. For pure thermocapillary flow an
opposite effect is observed. For combined convection the free surface is flattened by increasing the
Bond number, Bo (=pgH2/oo). Cuvelier and Driessen also showed that the free-surface shape strongly
depends on the Ohnesorage number (Oh =jM(paoH)m. When Oh is small (say, 0.05) the free surface is
nearly horizontal. For large Oh, distortion is less and less negligible. But for liquid metals, the surface
tension cr0 is generally high and thus Oh is small. In the above formulations, the free surface
deformation is neglected. This assumption is valid in crystal growth applications with small capillary
number (Oh) and 90° contact angles between the vertical solid walls and meniscus.

The following dimensionless variables are constructed:

H2/v
rjn rrt \ ')

°v Y e
v/H v/H TH - T o

Introducing the above dimensionless dependent and independent variables into the governing
equations (3)-(5) yields the following equations:

d£2 d(U£2) 9(V£2) ( d2 d2 \ ~ 1 „ 96
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where
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is the vorticity function and i/fis the stream function defined by:

~"aT' ~~ax~
The dimensionless initial and boundary conditions are:

U = y =\jf =0 = o for T = 0

[ /=V=^=O,0 = -1 for 0 < F < l a t X = l
U = V =y = 0,0 = +1 for 0<X<lat?" = I

90 _
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In the above equations Gr, Pr, X, Ha and Ma are, respectively, the Grashof number, Prandtl number,
heat generation parameter, Hartmann number and the Maragoni number which are defined as given
below:

Gr=sPr(TH-Tc)H\ pr=v A = 2 ^
v

2 a Ra
n 2 r r 2 _ 3 T v

9 Or\Tl U- Off Iff —If

pi dT jua

In (13) Rai (gPq'"H5/kav) is the internal Rayleigh number since it depends on the volumetric heat
generation q'".

An upwind finite-difference method, together with a successive over-relaxation (SOR) iteration
technique have been employed to integrate the model equations (8) and (11) subject to the boundary
conditions given in (12). It is clear that the nondimensional parameters of interest are the Grashof
number, Gr, the Prandtl number, Pr, the heat generation parameter, X the Maragoni number, Ma and
the Hartmann number, Ha. In the present investigation, pertaining to liquid metal, the value of the
Prandtl number is chosen as 0.054 and the Grashof number is taken to be 2xlO4. The aspect ratio
considered is unity and the value of the grid length h (=l/«, where n is the number of grid points in
both the X and Y directions).

The results shown and discussed in the following section have been calculated from zero initial
velocities and mean values of temperature. A grid dependence study has been carried out, as in Hossain
and Wilson [11] for a thermally-driven cavity flow, for different values of the physical parameters,
with meshes of 31x31, 41x41 and 51x51 points and it was found that there are negligible differences in
the maximum or minimum values of the streamfunction between these sets of meshes. Hence we have
chosen to use 41x41 mesh points throughout the present computations for 0<t< 0.05 with a time step
size of 10'5; this was found to be sufficient to reach the steady-state situation.

The corresponding problem for a pure fluid without the effect of heat-generation has already been
investigated by Rudraiah et al. [21] using a finite difference method together with ADI for different
values of the Grashof number, Gr, Hartmann number, Ha, and Maragoni number, Ma, for a fluid with
Prandtl number, Pr = 0.54. Figure 2 represents typical solutions obtained, in terms of isotherms,
streamlines and the velocity field, by the present method with a mesh of 41x41 points for this case on
taking Gr^2xlO4, Ha = 0.0 and Ma=102 and is found to be in excellent agreement with that obtained by
Rudraiah et al. [21]

Once we know the numerical values of the temperature function we may obtain the rate of heat
flux from each of the walls. The non-dimensional heat flux from any surface is given by -(dT/dri),
where n is the direction normal to the wall. For example, the non-dimensional heat transfer rate in
terms of local Nusselt number, Nu, from the right vertical heated surface is given by

and the average Nusselt number per unit length from the same surface is given by

V\ dY (15)



(b) A=25

(c) A=50

Figure 2. (left) Isolines, (centre) streamlines and (right) velocity vectos for different magnetic field
parameters while Gr=2xlO4, Ma =100.0 and Ha=0.Q at x = 0.05.

Results and discussion

Numerical results are presented in order to determine the effects of the presence of a magnetic field,
volumetric heat generation and different Maragoni numbers on the natural convection flow of an
electrically conducting fluid in a square cavity. Values of the magnetic field parameter Ha range
between 0.0 to 50.0, the Maragoni number, Ma, range between 0 and 102 and the internal heat-
generation parameter, X, between 0.0 and 200.0. In figures from 2 to 4, the curves shown from left to
right represent the isotherms, the streamlines and the velocity vector field, respectively. Figure 2(a)
corresponds to natural convection flow of the fluid in absence of the magnetic field {Ha =0.0) and
without heat generation (/L=0) but with the effect of the thermocapillary boundary condition applied
along the upper boundary of the cavity by taking the value of the Maragoni number, Ma = 100.0, which
is the case considered by Rudraiah et al. [21]. The streamlines and the isolines presented in the this
figure are found to agree qualitatively with those obtained by Rudraiah et al. The effect of varying the
volumetric heat generation to A = 25 and 50 on the isolines, streamlines and the velocity field are
shown in figures 2(b) and 2(c), respectively. It can be seen from these figures that as the value of heat
generation parameter increases the strength of the flow decreases. In all cases the flow is characterised
by two counter-rotating cells, one above the other. The stronger of the two is the upper cell, and has a
fairly large aspect ratio; it is clearly caused by the presence of thermocapillary effects. We see that
flow in the region near the upper boundary is moving in the clock-wise direction whereas that in the
adjacent region down the cavity is anticlock-wise.



(a)
Ha=O

(b)
Ha =25

(c)
Ha =50

Figure 3. (left) Isolines, (centre) streamlines and (right) velocity vecor for different magnetic field
parameter while Gr =2xlO4, Ma =100.0, A=10.0 at x = 0.05 for different Hartmann number Ha.

In figures 3 (a-c), the isolines, the streamlines and the velocity vector field are depicted for values of
the Hartmann number Ha = 0.0, 25, and 50 together with the effects of surface tension (with the value
of the Maragoni number Ma = 100.0) and the volumetric heat generation (with /U=10.0).

The streamlines corresponding to the presence of a weak magnetic field, (figure 3a) shows the
development of a small vortex at the top right corner of the cavity having the direction opposite to that
of the immediately neighbouring vortex. As the Hartmann number increases another cell appears in the
bottom right-hand corner, but thereafter, at even higher values, the structure of the cellular flow
becomes more complicated. The situation regarding the strength of the induced flow is also
complicated as the Hartmann number increases, for when Ha is small the flow is dominated by the
surface tension effects, since the flow pattern is similar to those shown in figure 2, but when Ha
increases, the original flow pattern is destroyed, and surface tension effects seem to be negligible. The
strength of the flow appears to decrease at first as Ha increases, but increases eventually.
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Figure 4. Isolines (left), streamlines (centre) and velocity vectors (right) for different values of the
Marangoni number, while Gr=2xlO4, A =10.0, Ha =25.0 at z- 0.05.

(c)
Ma=104

In Figure 4(a-c), we depict the isotherms, streamlines and the velocity field for different
values of Ma (=0.0, 102 and 104) with Ha=25.0 and X = 50.0. In these figures for the case of Ma=0.0, it
can be seen that the presence of moderate values of the Hartmann number and the heat-generation
parameter causes a flow field that is vertically oriented, i.e., the cavity is filled with two vortices sitting
side by side. From the neighbouring vector field one can see easily that flow direction of the left vortex
is counterclock-wise and that of the right one is clockwise. In figures 4(b) and (c) one may see the
effect of an increasing number..The main qualitative effect is that distinct boundary layers tend to form
on the upper surface as surface tension effects increase. Further, from the isotherms, it can be seen
that, as the value of the Maragoni number increases, the position at which the maximum temperature is
located moves towards the lower surface.

Now we show the effect of the aforementioned physical parameters on the average heat
transfer from the heated surface. Hence, in Figure 5 we depict the numerical values of the average
Nusselt number for different values of the heat-generating parameter, X, against time variable t e [0,
0.05]. From this figure it can be seen that a significant increase in the average Nusselt number, Nuav, is
due to increasing the value of the heat-generation parameter, A. Such a conclusion is quite intuitive
since the addition of extra heat due to the internal heat-generation mechanism increases the amount of
heat which must be lost from the sidewalls in the steady-state. The figure also shows that using *=0.05
as the maximum time for our numerical simulations is sufficient to achieve steady state solutions.



25.0

20.0

15.0

>

10.0

5.0

0.0

200

50

20

JL

0.01 0.02 0.03 0.04 0.05
T

Figure 5. Time history of Nusselt number for
different values of X while Ha=0, Ma=0 and
Gn=2xlO4.

1.4

1.2

1.0

0.£3.0 0.3 0.5 0.8 1.0
Y

Figure 6: Average Nusselt number against right
vertical wall Y for different Ha, while Ma=0.0,
X=0, Gr=2xlO4 and T = 0.05

6.0

5.0

4.0

3.0

2.0

1.0
0.0 0.3 0.5

Y
0.8 1.0

Figure 7: Average Nusselt number against right
vertical wall Y for different Ma, while X=0.0, Ha
=0,Gr=2xl04 and z= 0.05

30.0

25.0

20.0

15.0

10.0

5.0

°-8.c

^ - ^ ^ ^

50

—^x
V

25

10
0

0.3 0.5
Y

0.8 1.0
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The numerical values of the local Nusselt number Nu at the heated vertical surface are
depicted in Figure 6 for the following values of the Hartmann number Ha = 0.0, 10, 25 and 50, with A
= 0, and Ma=100. It can be seen from this figure that the Nusselt number corresponding to the lower
part of the wall increases when the magnetic field strength increases. This may be attributed to the
increased strength of flow which is generated by the magnetic field. But away from the lower surface
the value of Nu decreases with increasing magnetic field strength. This may be attributed to the
presence of surface tension near the top free surface of the cavity interfering with the magnetic field
and reducing the mean flow there.

The effect of surface tension on the local Nusselt number for Ma = 102, 103 and 104 in the
absence of a magnetic field are shown in Figure 7. Clearly it can be seen that increasing surface
tension leads to an overall increase in the local Nusselt number from the vertical heated surface. The
position at which the Nusselt number is greatest seems always to lie in the somewhere between the
upper and lower surfaces, approximately where the flow is strongest. It is interesting to note that the
point on the heated surface for which the maximum value of Nu is attained moves downwards as Ma
increases.
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Finally, in Figure 8, we show the effect of increasing values of the heat-generation parameter,
X (=0, 10, 25, and 50) on the local Nusselt number, Nu. As before, heare also we observe that the value
of Nu at the heated surface increases when the heat-generation parameter increases. This may also
been noted that position of the maximum values of the Nusselt number moves downwards as the value
of A increases.

Conclusion

This has been a preliminary study of the combined effects of heat generation, surface tension and a
magnetic field. One single pair of values of the Prandtl number and Grashof number have been
considered, but the Prandtl number used corresponds to liquid metals. The main qualitative results
which we report are that the flow patterns are quite sensitive to changes in the governing parameters,
and that these various effects can act in consort, or may counteract each other; a good example of the
latter is shown in Figure 3.
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