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COMPARISON BETWEEN TWO ALTERNATIVE APPROACHES FOR THE
ANALYSIS OF POLARIZATION EVOLUTION OF EM WAVES IN A NONUNIFORM,
FULLY ANISOTROPIC MEDIUM: A MAGNETIZED PLASMA

Riassunto
Si fa un confronto tra due metodi alternative per l'analisi della polarizzazione di onde
elettromagnetiche in un plasma magnetizzato. I due metodi sono il formalismo delle equazioni
accoppiate per le onde (Coupled Wave-equation Formalism) e il formalismo del vettore di Stokes
(Stokes Vector Formalism). Dopo brevi descrizioni dei due formalismi, viene esplicitata la
corrispondenza tra essi quindi i due formalismi vengono confrontati e si discutono i loro meriti e
limiti relativi.

Abstract
A comparison is made between two alternative approaches for the analysis of polarization
evolution of em waves in a magnetized plasma. The two approaches are the Coupled Wave-
Equation Formalism (CWF) and the Stokes Vector Formalism (SVF). After brief descriptions of
the two formalisms the correspondence between them is spelled out. The two formalisms are then
compared and their relative advantages and limitations are discussed.

Keywords: Polarization of radiation; Plasma; Non-uniform anisotropic medium
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COMPARISON BETWEEN TWO ALTERNATIVE
APPROACHES FOR THE ANALYSIS OF
POLARIZATION EVOLUTION OF EM WAVES
IN A NONUNIFORM, FULLY ANISOTROPIC
MEDIUM:
A MAGNETIZED PLASMA

1. INTRODUCTION

The polarization evolution, that is the change of state of polarization, of
an electromagnetic wave propagating in a nommiform magnetized plasma is
important both for natural plasmas (the ionospheres of the Earth and of other
planets, the solar corona, the interstellar plasma e tc . ) [1-4] and for laboratory
plasmas (in particular plasmas for fusion studies) [5]. A magnetized plasma is
an optical medium which is fully anisotropic: i.e. it presents both linear
birefringence [6] (the Cotton-Mouton effect), circular birefringence [6] (the
Faraday effect) and, in general, dichroism [6] (anisotropic absorption, that is
polarization dependent damping). Thus the topic to be discussed is important
also for waves in other anisotropic media, different from a plasma, such as,
for instance, for em waves in liquid crystals or for acoustic waves in solids (of
interest in seismology and in ultrasonic testing of elastic media) [7].

For the analysis of polarization evolution in such a medium, when in
addition to being anisotropic it is also nonuniform, two main alternative



formalisms have been developed and used on specific problems: the Coupled
Wave-equation Formalism (CWF) and the Stokes Vector Formalism (SVF).
The objective of this Note is to make a direct comparison of the two
formalisms and to discuss their relative merits and limitations. For this
purpose, first some important properties are recalled for propagation in a
uniform but anisotropic medium (Section 2). Then, in Sections 3 and 4, the
CWF and the SVF are briefly described, while more complete treatments can
be found in the quoted references. In Section 5 the correspondence between the
CWF and the SVF is spelled out. In Section 6 the two formalisms are
compared and their relative merits are discussed. Finally Appenxix 1 contains
lists of the terminology used by different authors and Appendix 2 gives some
further expressions, in addition to those of Section 2, which are useful for the
analysis of thermal effects.

In this Note we will always consider solutions in the geometrical optics
approximation [8] (i.e. the WKB approximation) and the nonuniform medium
(the magnetized plasma) is assumed to be slowly varying in space, namely the
wavelength of the radiation is assumed much smaller than the characteristic
length L associated with gradients of parameters of the medium (plasma
density n, magnetic field B, electron collision frequency v, electron
temperature etc.). Thus we assume

y= 1/kL « 1 (1)

where k is the wavenumber and O)=kc the frequency.
Furthermore, at first we will neglect the components of gradients

transverse to ray trajectories and so the effects of refraction (ray bending) are
ignored. Later these are taken into account and it is shown that the extension is
quite straightforward provided that differential refraction is small (see Section
5). The relative importance of non-uniformity and anisotropy will be
quantified in Section 2.

Since we are interested here in polarization evolution when scattering
and emission of radiation are negligible, we do not need the full techniques of
polarized radiative transfer (see Section 4), which involve integro-differential
equations, and so only differential equations will be encountered in the present
analysis.



2. PROPAGATION IN A UNIFORM ANISOTROPIC MEDIUM
(UNIFORM MAGNETIZED PLASMA). THE ANISOTROPY
PARAMETERS.

Let us consider a plane em wave having a time dependence as exp(—icot)
and propagating in the z direction in a uniform, anisotropic medium
characterized by a dielectric tensor e = 1 + M, where 1 is the unit tensor, so
that the electric displacement D is related to the electric field by D = E -E.

For a magnetized plasma, neglecting thermal effects and ion motion, M
is given by [1]

M = - X
U(U2-Y2) iYcosGU

Y2sin9cose

-iYcosBU -Y2sin9cos0
U 2 - i Y s i n e u

iYsin9U (U2-Y2cos20)
(2)

where X=c0p2/co2 with a)p=(4Tcne2/m)1/2 the plasma frequency, Y=coc/co with
coc=eBo/mc the electron cyclotron frequency, U=l+iZ with Z=v/(O the

normalized electron collision frequency, 9 is the angle between the static
magnetic field B o and the z direction and B0=Bo(sin9,0,cos9). [It should be
noted that in [1] the direction cosines refer to - B o and the dependence

exp(+icot) is assumed and that commonly (see e.g. [9]) the dielectric tensor for
a magnetized plasma is given in the reference frame where B o is in the z

direction instead of the reference frame we are considering here having k in
the z direction]. If we introduce the 4-component vector e, defined by e=(Ex,
Ey, Bx, By), then the Maxwell equations for the wave become

(3)^ T ( z )
dz c

where the 4x4 matrix T is given by

T =

0
0

0 0
0 - 1

1
0

-TI,,,, 0 0l yy
0 0

(4)

and we have put

eij eizezj (i, j = x, y) (5)
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When the medium is uniform, as will be assumed in the remainder of
this Section, so that e and T are independent of z, we can seek solutions of eq.2
for which the field amplitudes are of the form

A « exp[-ioo(t-Nz/c)] (6)

where N=kc/co is the refractive index of the medium and in general it is a
complex quantity. Then eqs.3 become

( T - N 1 ) -e =0 (7)

This system of 4 linear equations for the 4 components of e implies that the
determinant of the coefficients vanishes,

det(T-N1)=0 (8)

that is, from eq.4,

N 4 - (^x

This is the dispersion relation for the medium. When the Tijk's do not depend
on N, it is quadratic in N2 and then there are two roots for N2, say N-^2 and
N2

2 , where IN^I > IN2
2I although in general the rjjk's do depend on N and then

eq.9 is very complicated (see the considerations after eq.25). We will denote
the 4 roots of eq.9 by Nj , N2 , N 3 = - N l t N4 =-N 2 , with Re(Ni)>0 and
i?e(N2)>0. These roots correspond to the characteristic waves of the medium
(also called normal waves or eigenwaves). The waves with N=Nj and N=N2

propagate in the positive z direction (forward waves) and those with N=N3 and
N=N4 in the negative z direction (backward waves). The waves with N=N1 and
N=N3 are slow waves (also called ordinary waves, O-waves), those with N=N2

and N=N4 are fast waves (also called extraordinary waves, X-waves). The

terms "ordinary" and "extraordinary" are ambiguous in some cases [1,9] and
so, in order to avoid ambiguities, we will use the terms fast and slow.

Corresponding to each refractive index Nj there is an eigenvector rO)

such that
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T • r(i) = Ni r(i) (i=l, 2, 3,4) (10)

Each eigenvector describes the polarization of a characteristic wave and only
the ratios of its components are relevant. If we define [1] the wave-
polarization, p, as

then from the Maxwell equations one has

r O s a . P i . - P i N i . N i ) (12)

and the wave-polarizations Pj of the characteristic waves can be obtained from
eqs.10. From these equations one finds that pj and Nj satisfy the following

equations

= Tjyy + (Tly x /p) (14)

and eq.15 is obtained by eliminating N2 between eqs.13 and 14, while by
eliminating p eq.9 is obtained. Using eqs.13 and 14, we can also write

N 2 -
G + p

for any value of G. In particular, by taking G=(l-r|yy)/T|Xy, the eq.16 becomes

N2 = i _ OTW(lT l v v Hi x v r | v x

(l-r|yy+prixy)

For the case of a (cold) magnetized plasma, using eqs.2 and 5 to specify the
Tjjj's (so that G=-iU/cos0Y), eqs.15 and 16 or 17 become respectively
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rt9 • sin20 Y

N2 = 1 — (19Ì
(U+icosGYp) U j

showing that Pi=P3 and p2=p4- Also eq.18 shows that p1p2=l and that, when
v=0 and U=l, pj and p 2 are imaginary.

As will be shown in Section 3, any wave propagating in the positive z
direction, in a uniform anisotropic medium, can be considered as a linear
combination of a fast forward wave and a slow forward wave, each one with
its particular state of polarization.

In general, for radiation propagating in the z direction, it is possible to
define [8] the 2x2 coherency matrix J whose elements are (for j,k=x,y)
Ljc=<EjE]c*>, where the asterisk denotes the complex conjugate and < > is the

time average. The full 4-component Stokes vector S=(S0, S1? S2, S3) is then

defined by its components

e _ T i T

°o ~Jxx Jyy

_ T _ T
~" Jxx Jyy

(20)

S3 = Ì(Jyx - Jxy)

also called the Stokes parameters: they are radiation intensities which can be
measured experimentally. S can also be written as S=SO(1, ps1? ps2, ps3) where

s=(sj, s2, s3) is the reduced, 3-component, Stokes vector for which lsl=l and p

is the degree of polarization (0<p<l). If one writes s in the form

Sj = cos2% cos2\j/, s2 = cos2% sin2\)/, s3 = sin2x (21)

then it can be shown [8] that \j/ is the azimuth of the polarization ellipse
(0<\(/<7c), x is the ellipticity given by tanx=±b/a {-%l4<%<nl4) and the major
(or minor) semiaxis of the ellipse is a (or b) and the plus (or minus) sign is
taken for clockwise (or counterclockwise) rotation of the wave electric field,
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looking towards the radiation source. When the radiation is partially polarized
(p<l) the full Stokes vector S is required to describe the polarization: when
the radiation is fully polarized (p=l) the reduced Stokes vector s is sufficient.
The full Stokes vector is particularly convenient to treat evolution of
polarization when the medium is also dichroic (see Section 4).

An important additive property of the full Stokes vector is the
following: when two (or more) incoherent colinear radiations are combined,
that is added together, the full Stokes vector of the resulting radiation is simply
the vector sum of the full Stokes vectors of the incoherent radiations.

Each of the characteristic waves, considered above, is fully polarized,
i.e. has p=l, and it can be shown (see also [101) that in general the relationship
between s and the polarization p is the following. If one puts p = q exp(iS)
with q and 8 real quantities, then

(23)

(24)

In general for a magnetized plasma (see the Appendix) one has T|xy=:~Tiyx s 0

that p!P2=l and hence qjq2=l and 52+52=0. When there is no dissipation,
s - ^ - ^ and the two polarizations are orthogonal (\|/ j —\|/2=7r/2 ; Xi-~%2)-

We will put the N;'s, roots of the dispersion relation eq.9, in the form

Nj = Hj + iGj (j = 1.2, 3, 4) (25)

where |0j is the (real) refractive index and Oj is the (real) extiction coefficient,
related to the absorption coefficient Kj by Oj=cKj/2co. We shall always consider

In conclusion we have expressed the characteristic-wave parameters [Xj,
M-2' K l ' K2' s l an(* S2 m terms of the dielectric tensor (see eq.2) of the medium.
Indeed eq.9 provides Nj and N2 (namely fXj, \i2, K± and K2) while eq.13 (or
eq.15) provides Pi and p2 . From pĵ  and p 2 using eqs.22-24, one obtains \j/j,
%1? \]/2 and %2- From these, using eqs.21, one obtains also ŝ  and S2-
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For an anisotropic medium there are two important parameters
characterizing the anisotropy. One, the parameter of absolute anisotropy, is

E - 2Sa ^
r\ (26)

(and often £,a~l|li-|J,20;the other one, the parameter of relative anisotropy

is defined as

M-l+M-2
(27)

The latter is essentially the ratio of L (the scalelength of gradients in the
medium) to the distance over which a phase difference of one radian
accumulates between the two characteristic waves. Both of these parameters
will be required in the following discussion. It should be noted that (since we
assume y « l ) ^ a « ^ r and three cases are possible:

case A, (l<^ a«£, r) strong absolute anisotropy and strong relative anisotropy,
case B, (^a<l<^r) weak absolute anisotropy and strong relative anisotropy,
case C, (^a«£, r<l) weak absolute anisotropy and weak relative anisotropy.

3. THE COUPLED WAVE-EQUATIONS FORMALISM, CWF.

The Coupled Wave-equations Formalism (CWF) has been developed in
various different forms. We shall begin by discussing the most fundamental
one, following Budden [1] (with some inessential changes in the definitions).

For propagation in a nonuniform, anisotropic medium, we can write
eq.3 where the matrix T is no longer constant. If we call R the matrix whose
i-th column is the eigenvector rtf), then we can introduce the matrix D for
which

D(z) = R-l • T • R =

N j 0 0 0
0 N 2 0 0
0 0 N 3 0

LO 0 0 N 4

(28)
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Let us now define the vector f=(fj, f2,

nonsingular,

e = R • f and f = R-l • e

, f.4) such that, supposing R to be

(29)

If we put e(i) = fjr(i), then eq.29 can also be written as

e = (30)

showing that, if we resolve the wave em field e into a combination of the four
characteristic waves, the fj's are the amplitudes of these waves. Upon

introducing eq.29 into eq.3 one obtains

df(z) JLUU p , « _ fK
—— — u • i — \ *

dz c
(31)

where the socalled coupling matrix C is

C = _ R - 1 ^R
dz

(32)

Eq.31 is in the required form of coupled equations for the components of f.
Indeed each scalar equation contains only one of the fj's on the left-hand side,
while the other fj's appear only on the right-hand side in the "coupling terms",

which go to zero for a uniform medium (C=0). For C=0 the four
characteristic waves propagate independently (uncoupled). When gradients of
medium parameters are small and assuming the coupling to be small (as will be
verified later), eqs.31 can be solved [11] by perturbation theory, putting f= f°
+ f1 with If1! « lf°l where f° is the lowest-order solution for C=0, i.e.

fok(z) = f°k(0) exp 100 J Nk(z')dz'
o

(33)

(for k=l, 2, 3, 4). Then f1 is approximately obtained from the solution of
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! kjexp
o

(34)

(fork=l, 2, 3, 4), namely

f\(z) = exp ICO

o

f°j(O) J dz1 Ckj exp
o

f J(NrNk)dz«
o

(35)

This equation shows that f*k, which expresses the importance of coupling,

depends not only on C but also on the phase term appearing in the second
integral on the right-hand side, which makes the contribution to the integral
vanish in regions where the phase is large, i.e. if the difference of the two
refractive indices is large. For this reason the coupling between characteristic
waves propagating in opposite directions is generally negligible. Futhermore
we are interested here in analysing polarization evolution for propagation in
the absence of both resonances and cut-offs [9], so that there is no reflection.
Thus we will consider henceforth the case where only the two forward
propagating (fast and slow) characteristic waves are present, i.e. f=(f1? f2, 0,

0). N.B. when the dielectric tensor E = e(N) the dispersion relation (see eq.9)
is very complicated and this treatment of CWF is not rigorous, however it can
be justified a posteriori for weak coupling, ie strong anisotropy. It should be
noted that other forms of the coupled equations have been considered (see the
survey in Budden [1]) where the system consists of two second order
differential equations for two new dependent variables obtained by combining
the four variables fk. However it appears that the system of eqs.31 is often

more convenient [11], especially for numerical applications.
The formalism outlined above, which we will call the Coupled Wave-

equation Formalism according to Budden (CWFB), has been used extensively
to analyse polarization evolution both in the Earth's ionosphere [1] and in
laboratory plasmas of interest for nuclear fusion [11-14]. However it suffers a
drawback. It cannot treat the case where the anisotropy is small and fi,} is close



17

to [J-2- Indeed it can be shown (see [1] and especially [15]) that, when the

relative anisotropy (see eq.27) becomes

(36)°r &

the coupling terms in eqs.31 become very large and perturbative or iterative
methods of solution fail. In the propagation of em waves from a plasma into a
surrounding vacuum, even if ^ r » l for the bulk of the plasma, there is always

a boundary region where eq.36 is satisfied. Here the CWFB cannot be used and
one encounters the problem of the "limiting polarization" which is often given
an ad hoc solution by leaving aside the CWFB and using the phase-integral
method [1,15].

In order to avoid the divergence of the coupling terms when £ r<l, a

modified form of the CWF has been developed [16-18] starting from the
assumption that the medium is weakly anisotropic (the socalled Quasi Isotropie
Approximation, QIA), namely that the dielectric tensor can be written in the
form e = 8O1 + e^, where all the elements of the tensor £j are assumed to be

small compared to e0. The QIA also implies that the absolute anisotropy (see

eq.26) is

(37)

which for a magnetized plasma becomes ((0c/(0)2«l.

This modified version of the CWF has been described exhaustively in a
book [7] and in a review article [18] and we will denote it as the Coupled
Wave-equation Formalism according to Kravtsov (CWFK). Whereas the
CWFB is essentially based on introducing into the Maxwell equations an
expression for the em field of the form (see eqs.33 and 35)

e(z) = exp
ICO
c

o

a2r(2) exp 103 J N2(z')dz'
o

(38)

the CWFK, besides using the approximation IVjjl«leol, essentially introduces

expressions of the form
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b2r(2)]exp ICO

c
L o

|N 0 (z ' )dz ' (39)

where N o=(N 1+N 2) /2 . With the former formalism we obtain coupled
equations for the amplitudes a^(z) and a2(z), with the second one, coupled
equations for b^z) and b2(z). In eqs.38 and 39 the polarization eigenvectors

rW and r(2) are in general functions of z.
For a magnetized plasma the condition (coc/(o)2«l implies that the

transition from quasi-longitudinal (QL) propagation (dominant Faraday effect)
to quasi-transverse (QT) propagation (important Cotton-Mouton effect) occurs
for propagation very nearly perpendicular to the magnetic field direction ( 0 -
T C / 2 « 1 ) . This means that over most of the path of the radiation the
propagation is QL, while QT propagation occurs only in a discrete number of
sections whose length becomes vanishingly small. In the regions of QL
propagation the two characteristic waves are approximately circularly
polarized, in opposite senses (L and R).

A commonly used version of the CWFK [18,19] consists in taking in
eq.39, instead of the exact local polarization eigenvectors rO) and r(2), the
(constant) left and right circular polarizations rL and rR , so that

e(z) = c2rR) exp ico No(z')dz'

o

(40)

Then the coupling between c^z) and c2(z) is weak when propagation is QL but

it becomes very strong in regions of QT propagation. For these an ad hoc
treatment is required [19-21] which uses the condition (coc/co)—>0. However

this limitation leads to a loss of information, which can only be recovered by
an analysis with (coc/co) finite, even if very small (see Section 5).

Another version of the CWFK [19,22] describes e in eq.40 in terms of
r h

L and r h
R , the polarization vectors of the local helical waves (also called

kink waves). These are waves (see also [23]) which propagate with constant
ellipticity in a plasma with uniformly sheared magnetic field (and constant
plasma density and magnetic field intensity). Thus



e(z) = ( d ^ L + d2rhR) exp

19

z
ko r,
c J ]

L o

(41)

Finally another version of the CWFK [18,19], which is used when ray
refraction is present, describes e in eq.29 in terms of n and b, respectively the
normal and the binormal to the ray trajectory (see Section 5). Of course the
coupled equations for bj and b2, for Cj and c2, for d̂  and d2 etc... are

different in general and the importance of their coupling terms will be
different. There is thus the possibility of a choice in relation to the kind of
problem to be solved. Indeed Budden [1] has spelled out very clearly that in
the CWF there is a choice of the independent variables used to discuss the
problem. Usually the most convement choice is one which makes the coupling
terms small. It can easily be seen that choices can also be made for which the
coupling terms are large (for instance when a combination of linearly
polarized waves is used to describe propagation parallel to the magnetic field).

4. THE STOKES VECTOR FORMALISM, SVF.

As indicated in Section 2, the state of polarization of the radiation can be
described by means of the Stokes vector S. Let us consider propagation
without emission and scattering of radiation and we first consider a uniform,
anisotropic medium. Then, from the expression of eq.6 for each one of the
two characteristic waves, it can be shown [24] that the evolution equation for
S(z) is

= M • S(z) (42)
dz

and the general expression for the differential Mueller matrix M in terms of
the parameters, ^,1? | i2 , K1? K2 , SJ and s2, of the characteristic waves has been

given in [24]. For the special case where the characteristic polarizations are
orthogonal, i.e. s -p-s^ one finds [24,25]

H = - ( - ^ 1 + ( - S = ^ Md + f (m-H2) Mb (43)
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where

•d =

0
g l
g 2

g3

0
0
0
0

g l
0
0
0

0
0
g 3

- g o

g2
0
0
0

0

- g 3
0

g l

g:
0
0
0

0

g2
- g l

0

(44)

(45)

and g1? g2 and g3 are the components of s1? namely s1=(gi>g2'§3)- In e<3-43 the
first matrix on the right-hand side represents the effect of absorption, the
second matrix the effect of dichroism and the third matrix the effect of
birefringence. When the medium weakly nonuniform so that eq. 1 holds, then a
WKB solution is adequate (see [24]) and the evolution equation for S is

dz
= M(z)-S(z) (46)

where M(z) is the local value of M, evaluated from the local values of [ij, p,2>
K l ' K2' s l anc* S2- ft s n o u ld be noted that eqs.42 and 46 are valid for radiation
having an arbitrary state of polarization (it does not need to be fully
polarized).

For a magnetized plasma it follows from the Onsager relations that
PlP2=l and hence, when dissipation is present, s^-S2 and the characteristic

waves are not orthogonal.
When Kj=K2=0 and Sj=-S2, the intensity is constant and the polarization

can be adequately described by the reduced, 3-component Stokes vector s.
From eqs.43 and 45 then one finds that the polarization evolution equation can
be written in the form

dz
= Q(z) x s(z) (47)
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(see [5,26-29]) where the vector Q, is

O= % (48)

The eq.47 has been used extensively [5,26,29] for the analysis of polarimetry
in magnetized plasmas when absorption is negligible. In this case, using the
expressions given in Section 2, one obtains

Q
c o 2

2cco3

-jM (B0 x2-B0 2)
me

2 B ° x B °y
2 ( 0 — B

me
0z

(49)

where for simplicity we have assumed (cop/(o)2«l and (coc/co)2«l. More

general expressions for Q can be found in Ref.5.
We shall refer to eq.46 or 47 as describing the Stokes Vector Formalism

(SVF). It must be stressed that eqs.46 and 47 only require that eq.l be
satisfied. No assumptions need to be made, neither on ^ a nor on h)X. The
equations can be used also when £,a~l; there are no divergencies when £,r<l.

When using the SVC the limiting polarization no longer needs a separate, ad
hoc, treatment.

The eq.46 given above is a special instance of the fundamental equation
for polarized radiative transfer, whose theory [27, 30-34] includes emission
and scattering of radiation. This theory leads to an equation for the evolution
of S having the form [34]

dS
dz

= - K S + L (50)

where K is called the absorption matrix and L is the emission vector. The
structures of K and L are very complex and in general include integral forms
and a large amount of atomic physics parameters [31]. The theory is being
continously refined and extended and today, for instance, it allows an accurate
interpretation of the profiles of solar and stellar spectral lines measured in the
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intensity of each one of the Stokes parameters, So, Sj , S2 and S3 [35-37]. The

general theory of polarized radiative transfer constitutes a very powerful tool
but it is rather cumbersome to use due to its complexity. For this reason the
direct approach outlined above is more convenient when emission and
scattering are neglected, as in plasma polarimetry.

The formalism developed by Airoldi, Orefice and Ramponi [38] is
exactly equivalent to the SVF, as it can be shown easily.

Some authors (see e.g. [18,19,25,28]) have analysed the evolution of
polarization in terms of the coherency matrix (see Section 2), writing
differential equations for the elements of this matrix. It is clear from eq.20
that this is completely equivalent to the SVF.

The SVF has proven to be a very convenient method for analysing the
evolution of polarization for propagation through a random anisotropic
medium, such as a turbulent plasma (see [28,39] where, however, it was not
realized that the assumption of weak anisotropy is not necessary for the
validity of the SVF).

5. THE CORRESPONDENCE BETWEEN CWF AND SVF

It is important to note that there is a direct correspondence between the
two formalisms, the CWF and the SVF. Indeed, as will be indicated below, any
result obtained in the CWF can be interpreted in terms of the SVF and vice-
versa.

The CWF provides the total electric field E(t) of the wave at any point
of the propagation, and in particular it provides the expressions for the
transverse components, Ex(t) and Ey(t). Writing these in complex form, their
ratio provides p = Ey/Ex = q exp(i8) and hence q and 8. From q and 8, using

eqs.22-24, one obtains the Stokes vector of the wave. This is equivalent to
writing Ex and Ey in the form

Ex(t) = Acos(cot+(|)) - Bsin((ot+<|))

Ey(t) = Ccos(cot+<|)) - Dsin(a>t+<j)) (51)

and then (see eqs.2.7 of [5]) the components of the Stokes vector s are
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_ A2+B2-C2-D2
s l ~

2(AC+BD)
2 " A2+B2+C2+D2 '

= 2(AD-BC)
S3 A2+B2+C2+D2 '

Conversely, for a wave having any s resulting from an analysis with the
SVF, it is possible to describe it in terms of the CWF using any arbitrarily
chosen base. Indeed for a wave of polarization s and intensity I, having chosen
any two polarizations Sj and s2 (with Sj = - s 2 ) which we can call the
polarizations of the "normal modes", it is always possible to find Ij and I2 and
<f>=cj> j_—<(>2. which allow us to consider the wave as the coherent sum of two
waves having polarization Sj and s2, intensities Ij and I2 and phase difference

<j). It can be shown that this implies

(53)

( 5 4 )

SÌ!1 • = In V c I S-[SlX<U3 X S l) l (55)
lug X Sj I

where u 3 is the unit vector in the direction of the third coordinate (s3) in

Poincaré space. These expressions have a simple geometical meaning in this
space.

6. DISCUSSION AND COMPARISON OF THE TWO
FORMALISMS.

Having given in Sections 3 and 4 brief outlines of the CWF (in the two
forms CWFB and CWFK) and of the SVF and in Section 5 the correspondence
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between the two formalisms, we will now make a direct comparison between
them.

The CWFB cannot treat the case where the relative anisotropy is small.
When ^r—>0, as in the problem of the "limiting polarization" [1,15], an
alternative ad hoc treatment is required. However the CWFB can treat
arbitrarily large values of the absolute anisotropy, £,a.

The CWFK has no problems when ^ r « l , but it cannot treat directly
large values of £a. An extension of the theory has been developed [7,18] to

cover this case but it is laborious and cumbersome to use. For a few specific
configurations the CWFK can provide analytic solutions [20,21] which are
very useful in the analysis of measurements. However usually the information
provided by these solutions is incomplete, as in the case of QT propagation
across a plasma layer where the parallel component of B o changes sign. In this
case the analytic solution (obtained for £ a « l or (G)C/CD)2-»0) [20,21] only
provides the output s3 and, in order to obtain also Sj and s2, a solution for
finite coc/oo is necessary. This has been obtained numerically using the SVF

[40].
Finally with the CWFK, for each problem to be solved, it is necessary to

choose the most convenient version, namely the electric field functions in
terms of which the solution is to be found (see Section 3)

Let us now consider the features of the SVF. For this formalism no
assumptions are made neither on ^a nor on ^r> so that it has no limitations,
neither for ^ a large nor for £ r small. The analysis is made in terms of
quantities which are directly measured experimentally, i.e. So, Sj , S2 and S3

(which are often called I, Q, U and V in the astrophysical literature). Using the
additive property of S, the SVF can treat very easily (see [40]) cases where the
radiation is not fully polarized. This occurs frequently in astrophysical
problems and it may be due to processes occuring in the source of the
radiation, and/or to nonuniformities present in the medium across the field of
view of the measurements and/or to the finite frequency bandwidth used in the
detection of the radiation. In practice the SVF is the only method available for
treating propagation across a stochastic anisotropic medium [28,39] where the
degree of polarization changes during propagation.

The SVF has proven very useful for the analysis [5] of plasma
experiments where the source provides radiation whose polarization is
modulated in time. This can be understood by considering that from eq.46 one
obtains
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Sout = MP ' Sin (56)

where S in and Sou t are respectively the Stokes vectors of the radiation entering

into the plasma and of the radiation which has crossed the plasma and is
leaving it, and Mp is the integral Mueller matrix which is obtained by

integrating eqs.46 and is a property of the plasma (independent of the input
polarization). Thus if the input polarization is modulated, that is Sjn=Sjn(t),
then Sout(t) can be obtained from eq.51 for any time, without requiring a new

space integration for each value of t. The implementation of the numerical
integration of the system of equations given by eq.46 (or by eq.47) is
particularly simple.

In summary, refering to the cases A, B and C of Section 2, having
case A, ( l < ^ a « ^ r ) strong absolute anisotropy and strong relative anisotropy,
case B, (£a<l<£r) weak absolute anisotropy and strong relative anisotropy,
case C, (^a«£, r<l) weak absolute anisotropy and weak relative anisotropy,

the CWFB covers cases A and B
the CWFK covers case B and C

the SVF covers cases A, B and C.
It should be noted that the formalism and the terminology of coupled

waves (or coupled modes) is especially useful when the coupling is weak and
the exchange of energy between the modes is slow, so that the modes preserve
approximately their "identity". This occurs when ^ r » l and also for the QL
propagation (which is well defined when o)»coc), for which the approximate

characteristic modes are circularly polarized: it can also occur with modes in
optical fibers [41]. The CWF is less useful when the coupling is not weak as
occurs for the limiting polarization and for the case where QT propagation
alternates with QL propagation (and the characteristic waves alternate between
linear and circular polarizations). In this case the formalism and the
terminology can be misleading. This is apparent in the paper by Melrose et al.
[29] which treats the effect of a twist in the magnetic lines of force on
polarization evolution upon crossing a region of QT propagation. The
formalism used is the SVF, however (paradoxically) the discussion (and even
the title) is in terms of coupled modes. The use of this terminology leads to a
complex and unnatural presentation, since the coupled modes considered are
circularly polarized and they are not characteristic modes in the QT region. A
consequence of the complexity is that only s3 was considered in [29]. The same
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problem was analysed in [40] using the terminology of the S VF, which allowed
a straightforward discussion of all the Stokes vector components, sj , s2 and s3.

It can be remaked that, in addition to the CWF and the SVF, there is
actually a third possibility for describing the evolution of polarization. This
consists in using the differential equation describing the change with z of the
wave-polarization p, defined by eq.ll; equation which is obtained from eqs.3
by eliminating B x and By . The corresponding equation for arctan(p) is a

Riccati-type equation [7,16,18,19,22] which has been called the "polarization
transfer equation"; it has been used [16,18] to obtain approximate analytic
solutions for some special problems. However its use in general is problematic
since it involves complex coefficients and uses the complex independent
variable, p.

Finally a fourth possibility might be explored using the far-field solution
of the Maxwell equations [42-44]. This approach has not yet been developed to
the point of providing explicit expressions for the propagation in a
nonuniform, anisotropic medium.

As mentioned in the Introduction, we have ignored up to here the effects
of gradients transverse to the direction of propagation, i.e. the presence of ray
refraction. In an isotropie medium with refractive index jn, if the trajectory of
a ray is represented in the parametric form r=r(h) where r=(x, y, z) and h is
the distance along the ray, then r(h) is given [8] by the solution of the equation

= V (57)
dh ^ K }

where t is the unit vector tangent to the ray trajectory, given by

t - d(r)

For an anisotropic medium we can consider the two characteristic refractive
indices, \i^ and JI 2 (see Section 2) and the corresponding trajectories of the

"characteristic rays". We shall assume that the maximum separation of two
characteristic rays remains small, much smaller than the width w of the beam
of radiation. This condition implies

H 2 •w » g- Im-i^l (59)
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where H is the length of the trajectory and L_L is the scalelength of transverse
gradients. For a magnetized plasma one has Ij^-jU^KcOp2»,;./©3 and so eq.59,

the condition for negligible differential refraction, becomes

H 2 Cùn
2cor

w» £ L^ (60)
L L (O3 y

When the condition is satisfied there is overlap of the two characteristic rays
and of the two corresponding beams of radiation. Then the treatments of the
CWF and of the SVF can proceed as outlined in the preceding Sections with
the difference that we use along the ray trajectory the local reference frame
defined by the three orthogonal unit vectors n, b and t where t is given by
eq.58 and

= t x n

and the curvature K is K=ldt/dhi. Now h takes the place of z as the coordinate
in the direction of propagation, while coordinates in the n and b directions
take the place of the x and y coordinates. When this is done, both for the CWF
[7,18] and for the SVF [45], one finds a new additive term in the equations
which does not change their structure and which depends on the torsion T of
the ray trajectory, given by %=—n«(db/dh).
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APPENDIX 1. TERMINOLOGY USED BY DIFFERENT
AUTHORS.

In this Section we give lists of the terms used by various authors for
some of the quantities appearing in the present Note, together with the relevant
references. They may be useful when reading the original papers.

characteristic waves [1]
normal waves, normal modes [18,19,21]

O, X waves / modes
L, R waves / modes
slow, fast waves

coherency matrix [8]
coherence matrix [6]
polarization tensor [19]
radiance matrix [27]

(J/s0)
density matrix [46-48]
quantum mechanical density matrix [47,48]
polarization density matrix [49]
polarization tensor [25,50]

coupled wave-equations [1,12,13]
coupled-wave formalism [17]
coupled mode equations [11]
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linear wave interaction, linear mode interaction [18-22]
linear wave conversion, linear mode conversion [19,22]
linear wave coupling, linear mode coupling [18,19,22]
linear wave transformation, linear mode transformation [18,20]

depolarization :- change of p, degree of polarization. [18,40]

(circular) depolarization :- change of S3

change of S3/S0=ps3 [16,18]

(linear) depolarization :-
change of (S1

2+S2
2)1/2/S0=p(s i

2+s2
2)m • [16,18]

APPENDIX 2. ALTERNATIVE FORMS OF THE DIELECTRIC
TENSOR AND THEIR RELATION TO \l, K AND p.

For completeness, in this Appendix some further expressions are derived
for plane waves propagating in a uniform, fully anisotropic medium, in
addition to those given in Section 2. They are useful for an extension [51] of
the Stokes Vector Formalism to include the effects of finite electron
temperature for a magnetized plasma.

In the study of e.m. wave propagation in a magnetized plasma one can
consider two alternative reference frames:

the reference frame Rl (called the Stix frame) where B Q = B 0 ( 0 , 0 , 1 ) and

k=k(sin0,O,cose), used by Stix [52], Brambilla [53] and Swanson [9];
the reference frame R2 where k=k(0,0,l) and Bo=Bo(sin0,O,cos0), used

by Budden [1] and here (see Section 2).
The wave-properties of the medium are described by the dielectric tensor
whose actual expression depends on the reference frame used. Thus we denote
the dielectric tensor by K in the reference frame Rl (this is different from the
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matrix K appearing in eq.50) and by e in the reference frame R2. The wave
equation is then

and

kx(kxE) + ~K-E = O

kx(kxE)+^-e • E = 0

inRl ,

inR2,

(Al)

(A2)

and the refractive index is N=ck/co. In the frame Rl we have

4
CO

(A3)

where

P =
0 N2sin9cose

0 - N 2 0
N2sinecos0 0 -N2sin20

(A4)

so that the wave-equation becomes

(A5)

The condition det(G)=0 gives an equation for N2, the dispersion relation,
whose two roots correspond to the two characteristic waves. From eqs.A5 one
obtains

(GxxGzz-GxzGzx) _ _ (GyxGzz~GvzGzx)

(GxyGzz-GxzGzy) (GyyGzz~GyzGzy)

and

(A6)

G
(A7)

Eliminating p* between its two expressions of eq.A6 one again obtains the
dispersion relation. For polarimetry we are interested in
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p =
Ex ' Excos0~Ezsin0

(A8)

where Ex' is the component of E perpendicular to both k and the y direction.
Thus from eqs.A6-A8 we have

I
p

(c o s 0 + TT" s i n e ) + s i n e

G.zz
(A9)

zz

and corresponding to the two expressions for p* (eqs.A6) the eq.A9 gives two
expressions for p.

Of course the actual values of N2 and p do not depend on the reference
frame used, however one can also find expressions for these quantities in the
reference frame R2. In R2 we have

0)2
k x (k x E) = Q • E (AIO)

where

- N 2 0 0
0 - N 2 0
0 0 0

(All)

so that the wave-equation becomes

(A12)

Again the condition det(H)=O gives the dispersion relation and from eqs.A12
one obtains

Eŷ  _ _ ("XXHZZ "xz"zx) _
r i3 m (A13)

which has the same structure as eq.A6. Thus alternatively N2 and p can be
evaluated either from eqs.A4-A6 and A9 or from eqs.All-A13. The two
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expressions of eq.A13 coincide with eqs.13 and 14 and indeed N2 and p satisfy
also eqs.9 and 13-17 in terms of the T| 's which are defined (see eq.5) in the

frame R2.
It is important to note that the expressions of Section 2 (written in terms

of the £jj's) are valid only in the frame R2, they do not hold in terms of the
Kjj's. In particular the r^j's are defined in R2. For a magnetized plasma in
general from the Onsager relations (see [53]) one has £xy= -£ x y , £yz= - £ y z and
8XZ= £xz (and the same relations hold for the K^'s) so that T]xy= - r i x y and,
from eq.15, PiP2=l- From this one finds that in the presence of absorbtion the
characteristic polarizations are not orthogonal.

For a cold magnetized plasma without collisions one obtains

K = 1 - X
(1-Y2)

1
iY
0

- i Y
1
0

0
0

1_Y2
(A14)

with X= cop
2/co2 and Y= GDC/G), while from eq.2 one has

1 _
X

e = 1 - (1-Y2)

-Y2sin2e -iYcosO -Y2sin0cose
iYcosG 1 - iYs ine

-Y2sinecose i
(A15)

Note that K= £(0=0).
In order to treat thermal effects in a collisionless plasma [51] it is

necessary to use kinetic theory to determine the dielectric tensor. Usually this
is done in the reference frame Rl (see [9,52,53]), and so one finds expressions
for K. In order to obtain N2 and p from kinetic wave-theory we can follow
one of two alternative procedures. One is to use K directly in eqs.A4-A6, A9.
The other procedure (which we shall follow here) is first to obtain e from a
convenient transformation of K and then to use e in eqs.Al 1-A13 or in eqs.13-
15 of Section 2.

The tensor e can be obtained from K as follows. First we will call K1

the dielectric tensor in the reference frame, R3, where k=k(0,0,l) and
BQ=Bo(-sin0,O,cos0). The frame R3 is obtained from Rl through a rotation by

0 around the y axis. Thus K1 is obtained from K as follows:

K'(0, co, N) = R(0) • K(0, co, N) • R-l(0) (A16)
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with

R =
cosG 0 -sin©

0 1 0
sin0 0 cos0

(A17)

which can be written out (see p.29 of [53]) as the transformation

K'xx = cos20 KXX - 2cos0sin0 KXZ + sin20 Kzz

K' v = -K' x = cos0 KX sin0 K
y ^

K'xz = K'zx = ( c o s 2 e - s i n 2 e ) Kxz + cos0sin0 (KXX - Kzz)

K' = -K' = cos0 KV7 - sin0
yz zy yz

K'zz = cos20 KZZ + 2cos0sin0 KXZ + sin20 KXX (A18)

and K1 has the same symmetry as K. Then, since the frame R2 is obtained
from R3 by changing the sign of 0, we have

e(0) = K'(- (A19)

It should be noted that in general K=K(0) and so the 0 dependence of K1

derives both from the 0 dependence of K and from the coefficients in the
transformation given by eqs.A18. It can be verified that, by applying this
procedure to the matrix K given by eq.A14, indeed one obtains e given by
eq.A15.

We are interested in Q - (co/c)A|i Sj (see eq.48) and we consider the
case when N is real (ji=N). For co»0)p, coc we have (ji1+(a,2)~2 so that

A|l=AN~A(N2)/2 and we can write

= (co/2c) A(N2) (A20)



34

When r|xx and rjy y are real and /nXy=-r|yX is imaginary, as in the case of

a magnetized plasma without wave absorption, eq.15 can be written in the
form

p 2 - 2ig p + 1 = 0

where g is real and

(A21)

2r|
(A22)

xy

Thus, from eq.A21, the characteristic waves have polarizations

(A23)

and then from eq.13

A(N2) = N ^ - N2
2 = - 2 i

ixy
(A24)

If we write p j == - i (Vg2+1 - g) = qj exp(i8j), then we see that 51 = -n/2 and

qj = -\/g2+l - g. Using these values of qj and 8-̂  in eqs.22-24 we find the
following expression for s^

g
o (A25)

Finally, using eqs.A24 and A25 in eq.A20, we obtain

2c 0 (A26)

in the reference frame where Bo=Bo(sin0, 0, cosG). If one goes to the
reference frame where Bo=Bo(sin0cosa, sin9sina, cos0), then one has
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yy
-'Hyy) s i n 2 a

2 i r i x y

(A27)

It can be verified that, using the cold plasma expressions for T|xx, r|yy and T|xy,

eq.A27 provides the expression for Q. given in Ref.[5].
If we write K = Ko + 5K, where Ko is the dielectric tensor for a cold

plasma (given by eq.A14) and ÒK is the correction due to finite temperature to
lowest order, then from kinetic theory ([52], [53]) we obtain

- ( l+2s in 2 0) i3Y(l+sin20) -2cos0sin0
-i3Y(l+sin20) - 1 - i3Ycos0s in0
-2cos0sin0 i3Ycos0sin0 -( l+2cos20)

(A28)

where w2=2kTe/mec2 « 1. In the evaluation of 8K we have: neglected X and

Y compared to unity, put N=l, neglected ion motion, assumed a Maxwell
electron distribution function, expanded K in powers of w2 and kept only first
order terms.

Using the procedure discussed above we obtain the corresponding
correction tensor 8e such that e = £0 + 8e, with e 0 given by eq.A15, and we

have

5e =
- 1 i3Ycos0 0

-i3Ycos0 - 1 i6Ysin0
0 - i6Ys in0 - 3

(A29)

Having found the corrections 8ejj, from the definitions (eq.5) we can obtain the
corrections to rjjj, namely òr\^, and using

(A30)

(A31)
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in eq.A27, we obtain the correction to Q, 5£fc, defined by Q = Q o +
QQ is the cold plasma expression. One finds

where

_ coX
°"2cD

Y2sin29cos2a
Y2sin28sin2a
2Ycos9(l-X)

coX
2c

Y2sin26cos2a
Y2sin20sin2a

2Ycos9
(A32)

and

12XY2sin29cos2a
12XY2sin26sin2a

6YcosG

2XY2sin20cos2a
2XY2sin29sin2a

Ycos9
(A33)

So that

©X
2c

Y2sin29cos2cc(l+12Xw2)
Y2sin29sin2a(l+12Xw2)

2Ycos0(l+3w2)
(A34)

The eq.A32, where D=l-X-Y2(l-Xcos29), is the usual expression for a cold
plasma (see [5]) and when w2 « 1, indeed one has ÒQ « QQ.
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