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Abstract

This report describes the simplified models for predicting the response of high-damping natural rubber
bearings (HDNRB) to earthquake ground motions and benchmark problems for assessing the accuracy of finite
element analyses in designing base-isolators.

1. INTRODUCTION

The first part is directed towards accounting for non-linear stress-strain behaviour of the
base-isolators when predicting the response of the isolated structures to earthquake type
inputs. A simplified model for the isolators capable of representing the major features of their
behaviour is therefore discussed. The remaining part is aimed at the use of finite element
analysis (FEA) in designing base-isolators. In this area the behaviour of the isolators when
subjected to vertical and horizontal deformations is of interest. Currently two main
commercial codes capable of solving large deformation non-linear problems are available.
Both codes allow the use of either Rivlin or Ogden strain energy functions in modelling the
rubber. Alternatively, a user defined strain energy function can be used. The choice of the
appropriate strain energy function and mesh elements density is an important area of research.
There is also an interest in establishing the degree of agreement between the predictions of
different finite element codes.

This chapter therefore discusses the following:
(i) Simplified models for predicting the response of high-damping natural rubbers to

earthquake ground motions,
(ii) Appropriate choices of strain energy function and mesh elements density for modelling

the behaviour of non-linear rubbers using finite element analysis,
(iii) Benchmark problems for assessing the accuracy of finite element solvers. The particular

example of the torsion of an elastomeric cylinder is considered,
(iv) Finite element analysis of test bearings.
(v) Predicting the stiffness of an isolator under compression and shear,
(vi) Compression stiffness of a rubber pad bonded between extensible layers.

2. SIMPLIFIED MODELS

2.1. Introduction

Prediction of the response of an isolated structure to earthquake ground motions
requires a simplified model for the isolators that enables the efficient use of computer
processing time. The majority of the commercially available software currently used by
designers for predicting the response of conventional structures to seismic inputs has the
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facility to model the isolators either as a combination of springs and dashpots or as a
combination of elasto-plastic elements, he studies presented here discuss the source of the
non-linearity in the force-deformation behaviour of the isolators. It uses a curvilinear
hysteretic model to predict the response of a typical High Damping Rubber Bearing (HDRB)
to earthquakes at levels corresponding to the design level and much higher. These predictions
are used as a basis to identify the degree of reliability of the simpler models currently
available.

2.2. Non-linearity of High Damping Natural Rubbers (HDNR)

The use of reinforcing fillers, such as carbon black of small particle size, leads to non-linear
stress-strain behaviour in high damping natural rubber compounds. Figure 1 shows the
hysteresis loops for a typical HDNR compound when subjected to sinusoidal excitation in
simple shear. The non-elliptical form of these loops is a manifestation of the non-linear stress-
strain behaviour of the compound. The use of reinforcing fillers also leads to strain history
effects, as is seen by the difference between the two sets of loops. Departure from a
linear force response during a sinusoidal displacement at fixed amplitude may be
quantified by measuring the harmonic components of the response (Fig. 2). For amplitudes up
to 100-150% shear strain, the level of the third and fifth harmonics are relatively modest and
only when the strain amplitude is increased beyond this level do the higher harmonics become
stronger.
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FIG. 1. Shear stress-strain loops of a typical HDNR compound tested sinusoidally at 0.5Hz.
Top set - Sample tested at successively larger amplitudes. Bottom set - The same sample tested at
successively larger amplitudes with a 250% scragging strain interposed between each test.

Experimental results have shown that when a carbon-black filled vulcanizate is subjected to a
certain complex waveform, it can present a linear dynamic behaviour (Harris, 1987). Two
sinusoidal waveforms were superimposed, one with high amplitude and low frequency and the
other with high frequency and low amplitude. Using Fourier analysis to decompose the force
signal into its components, it was observed that whenever the frequencies or amplitudes of the
two sinusoidal inputs were such that there were no strain retractions due to the low amplitude
waveform, the stiffnesses associated with the inputs were equal. The non-linearity in the
dynamic behaviour of a carbon-black filled rubber thus appears to be a consequence of strain
retraction.

30



30

harmonic

O
fundamental

20

10

0.1 1.0 10
strain (%)

100 1000

FIG. 2. Amplitude of third and fifth harmonics of stress response as a percentage of first harmonic for
the same tests as used to generate the top set of loops in FIG. I.

Experiments have been performed to study more closely the extent to which HDNR can
be modelled linearly (Ahmadi et al., 1991). A test piece of HDNR was subjected to a shear-
displacement history representative of that experienced by an isolator during an earthquake,
and the resulting shear-force history was monitored. The chosen displacement history was
calculated by applying El Centro 1940 earthquake to a single degree-of-freedom mass on a
Kelvin model system with a natural frequency of 0.5Hz and damping 0.1 of critical, and
taking the difference between the ground and the mass displacements. The displacement
history obtained had a very strong component at the isolation frequency and approximated to a
modulated, 0.5Hz sinusoidal signal as anticipated theoretically (Housner, 1959) and observed
in shaking-table experiments (Derham and Thomas, 1980). The observed force signal
corresponding to the displacement history was first analysed by dividing the force level at
peaks (and troughs) by the corresponding peak displacements. The resulting stiffness values
were compared with 6th cycle stiffnesses obtained from standard sinusoidal tests. The two
sets of data were remarkably similar showing that the degree of non-linearity in the dynamic
behaviour of the material is retained during an earthquake. Nevertheless, the force response
history in this case is predicted quite well using a simple linear Kelvin model provided that
the parameters in the model are set appropriately.

Generally, for seismic isolation only the maximum forces, acceleration and
displacements are of interest to the designer. Therefore, if the modulus appropriate to the
maximum strain amplitude occurring during an earthquake is chosen, the linear Kelvin model
may be expected to give a reasonable prediction of the level of the peak force experienced by
the structure. Setting the modulus values involves an iterative procedure. For earthquakes
comparable to the design level earthquake, the response is usually obtained after one
integration run due to the relative insensitivity of the stiffness of the isolators to strain
amplitude at around the design level (i.e. 100%).
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For larger earthquakes (of the order of the maximum probable earthquake) linear
analysis becomes less reliable; moreover, the harmonics generated during the response by the
material non-linearity may have to be considered. A non-linear hysteretic model capable of
catering for the large strain non-linearity of HDNR may therefore be required.

2.3. Curvilinear hysteretic model

The model, a refinement of the multi-linear model described by Ahmadi et al. (1996)
describes the shear stress-strain behaviour of HDNR. In using the model to predict the
response of an isolation system to earthquakes, the assumption is made that the horizontal
force-deflection behaviour of the isolators is well described by the same model. It is based on
the observed stress-strain loop of the compound tested in simple shear at a frequency of 0.5Hz
and at the largest strain amplitude of interest; the loop after several cycles is the one taken.
The upper half of the model hysteresis loop (Fig. 3) partly follows the curve Xi and the lower
half the curve %2- The two curves are assumed to possess a centre of symmetry about the
origin, and are constructed from the observed hysteresis loops. The method of calculating the
retraction parts of the loop (the dashed lines in Fig. 3) and the stress response to an arbitrary
strain history is described below.

Shear strain 100%
Rubber cured 210 minutes at 120° C

FIG. 3. Schematic diagram of stress (t) - shear strain (y) loop envelope used in curvilinear hysteretic
model.
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During a general deflection-time history, a strain reversal may occur at any point such as A
within the model loop. For the case in which the strain changes from decreasing to increasing
(here the sign attached to the strain has to be taken into account) i.e. for loading, the amount e0

by which the stress at A falls below X\ (extrapolated to lower strains if necessary) is
considered. The loading path B is defined by the relation:

dx
dy dy

1 + G , —

o

+ L —
e
o

(1)
AT AT

where L = G2
Xy dx2

dy dy

and e is the amount by which the stress at strain y differs from that given by the curve Xi; Gi
and G2 are constants. If after reversing the direction of deformation the strain is decreasing,
the subscripts 1 and 2 are reversed in equation (1), and e0 and e are measured from the curve

Each strain reversal defines a new starting position. Both the retraction path from any
point such as C or D on the loop envelope, and the retraction parts of the loop envelope
beginning at the points E and F (the dashed lines in the figure) are assumed to be described by
equation (1). The model loop for an intermediate strain amplitude is determined from the
curves Xi and X2 and the retraction curves calculated from the appropriate strain reversal
points. The curve Xi between the points X and F is constructed from the corresponding section
of the observed hysteresis loop. The waisting of the observed loop is followed in determining
Xi to avoid overestimation of the damping. The points X and X' are chosen so that they are
outside the waisted part of the loop. The XY section of Xi and the corresponding section X'Y'
of %2 are straight lines of identical slope. Varying the magnitude of the slope provides fine
adjustment enabling the model loops to give the best representation of the strain amplitude
dependence of the loss factor. The parameters with the major influence on the magnitude of
the loss factor are Gi and G2. These are adjusted to give an area for the model loops as close
as possible to that of the observed loops. The lower strain amplitude loops (ymax typically less
than 150%), for which there is no significant upturn, are influenced primarily by Gi and the
higher strain ones by G2. For the observed loops shown in Fig. 4, the fitted values for Gi and
G2 are 0.9 and 4.5 respectively. Figures 5 and 6 show the variation of dynamic properties and
the ratio of the third and fifth harmonic to the fundamental in the sinusoidal stress response
with shear strain amplitude for both experimental data and predictions using the model. The
experimental loops and those predicted by the model are shown for 100 and 300% strain
amplitudes in Fig. 7.

The double shear test piece used to generate the observed loops in Fig. 4 was later
subjected to a history involving reversals within the main loop. The waveform was scaled for
each test so that the peak strain in the rubber was varied from 50% to 300%. The experimental
and predicted hysteresis loops are shown in Fig. 8 for peak strains in the rubber of 100 and
300%. The predicted behaviour agrees reasonably well with the observations, except that the
observed damping within the subsidiary loops is underestimated by the model. The
discrepancy suggests that some rate-dependent damping should be added to the model.
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/7G. ^. Observed shear stress-strain loops for a low stiffness HDNR compound tested sinusoidally at
0.5Hz at successively larger strain amplitudes from 20 to 300%. Six 300% strain amplitude cycles
followed by 1 minute pause were interposed between each strain test. \G \ at 100% — 0.46Mpa.
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FIG. 5. Variation of secant shear modulus \G*\ and tanSwith shear strain measured experimentally
(exp) and predicted using the curvilinear hysteretic model (mod) for the HDNR shown in FIG. 4.
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curvilinear model (mod), (bottom) Similar to (a) but for the fifth harmonic.

Strain

FIG. 7. The experimental hysteresis loops (-) for (a) 100% and (b) 300% shear strain
amplitude shown in FIG. 4 compared with those predicted by the curvilinear hysteretic model (- - -)
with Gj = 0.9 and G2 = 4.5.
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F/G. S. Experimental loops (-—-,) a«J loops calculated using the curvilinear hysteretic model for the
HDNR (- - - -). The testpiece was subjected to superimposed sinusoidal deformations. The peak shear
strains in the HDNR were (a) 100% and (b) 300%.

2.4. Results: Predicted response to earthquakes

2.4.1. Model parameters

The curvilinear model fitted to an intermediate modulus HDNR (|G*| = 0.64MPa at
100% shear strain 0.5Hz) whose stress-strain loops are similar to those shown in Fig. 4 is used
to predict the response of a rigid structure to large earthquakes. The horizontal force-
deformation behaviour of the isolators is assumed to be proportional to the HDNR stress-
strain behaviour as given by the model. The equation of motion is integrated numerically
using the instantaneous value of the restoring force from the model. The predictions of the
curvilinear hysteretic model are compared with those calculated using a linear spring and
dashpot (Kelvin viscoelastic) model for the HDNR and isolators. The linear parameters are
calculated based on the secant linearization method (Ahmadi et al., 1996).

The isolation systems analysed are such that they give a natural frequency of 0.5Hz at a
rubber shear strain of 100%; thus the secant stiffness at that rubber strain is 7i2M where M is
the mass of the isolated structure. The horizontal component earthquake records investigated
are El Centro (SOOE) and records derived from the Pacoima and Parkfield strong motions.
Those three records unsealed are each taken as design level earthquakes. For each, the peak
isolator displacement is calculated using the linear spring and dashpot model with the
parameters set for 100% rubber shear strain. By making the rubber thickness in the isolators
equal to that displacement, the latter corresponds to the 100% strain assumed in setting the
linear parameters.

2.4.2. Design level earthquakes

The response of the three isolators to the corresponding design level earthquake records
as calculated by the curvilinear hysteretic model is given in Tab. 1; included in the table are
the calculations using the linear model with the 100% strain parameters. It is apparent that at
the design level the linear (viscous damping) and curvilinear (hysteretic damping) calculations
differ by up to 15%; only in the case of El Centro are the linear values larger and thus
conservative (it is assumed in the discussion that the curvilinear (hysteretic damping) model
gives values closer to what would be observed).
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El Centra

1.34
131

1.54
151

1.20
112

Parkfield

0.99
105

0.93
90

1.00
104

Pacoir

0.77
82

0.72
69

0.79
83

TABLE 1. PEAK RESPONSES TO DESIGN LEVEL EARTHQUAKES

Peak responses to design level earthquakes

Responses Strong motion record

Curvilinear/hysteretic model
Acceleration ms"2

Displacement mm

Linear/viscous model
Acceleration ms"2

Displacement mm

Bilinear model
Acceleration ms"2

Displacement mm

2.4.3. Large earthquakes

The response of the three isolators to the corresponding earthquake records listed in
Tab. 1 but scaled by factors of 2 and 2.5 are given in Tab. 2. Calculations for the curvilinear
hysteretic and linear viscous models are presented. For the latter the secant parameters are
determined at the rubber shear strain corresponding to the maximum bearing displacement; an
iterative procedure is used to obtain a self-consistent result. For the intermediate stiffness
compound investigated here, the responses (both structural acceleration and bearing
displacement) to large earthquakes predicted by the linear model are smaller than the
predictions of the curvilinear model for all the records in Tab. 2. The linear model predictions
for the 2.5 x scaled El Centro record are very low the acceleration response being under-
predicted by nearly 40%. The response acceleration time-history calculated with the curviliner
model shows the stiffening of the isolator force-deflection characteristic to come strongly into
play for this record. Overall the results show that though linear calculations for large
earthquake inputs may generally be within 20% of non-linear ones, exceptions certainly exist,
and so linear analysis results need to be used with caution. The discrepancies are generally
only slightly higher than those found for a soft (less non-linear) HDNR compound (Ahmadi et
al., 1996), again suggesting that the difference in the way the damping is modelled as well as
the introduction of non-linearity in the force-deflection behaviour is important.

3. CHOICE OF A STRAIN ENERGY FUNCTION

3.1. Introduction

The stress-strain behaviour of high damping rubbers, commonly employed in seismic
isolation, is highly non-linear. Finite element modelling of an isolator requires an appropriate
choice of strain energy function which correctly described the non-linear behaviour over a
broad range of strains and types of deformation. Two types of function based on a Mooney-
Rivlin series and the Ogden strain energy function, are both commonly incorporated into finite
element codes. Also considered was an equation proposed by Gregory et al. (1997) which
could be utilised by Finite Element Analysis with the aid of a user subroutine. The
performance of these functions was assessed by examining the quality of fits to experimental
data for various types of deformation.
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El Centro

3.25
349

Strong motion

Parkfield

Scaling factor x 2

2.15
219

Pacoir

1.37
154

TABLE 2. PEAK RESPONSES TO EARTHQUAKES AT ABOVE DESIGN LEVEL

Peak responses to earthquakes at above design level

Responses

Curvilinear model

Acceleration ms"2

Displacement mm

Linear model

Acceleration ms"2

Displacement mm

Curvilinear model

Acceleration ms"
Displacement mm

Linear model

Acceleration ms"2

Displacement mm

3.22
336

6.52
453

1.70
185

Scaling factor x 2.5

3.66
265

1.23
135

2.00
183

4.02
382

2.90
242

3.2. Fit to 5-term Mooney Rivlin function (Rivlin & Saunders, 1951; Treloar, 1975)

The general form of the Mooney-Rivlin strain energy function is:

(2)

The MARC finite element package provides a 5-term truncation of equation (2):

W = C10 (I, - 3 ) + C01 (I2 - 3 ) + C u (I, -3)(I 2 - 3 ) + C^CI, - 3 ) 2 + C30 (It - 3 ) 3

where I] and h are the first and second strain invariants:

I] — A"! + AT2 + A

I2
 = A] A,, + A, A3 + A3 A"j

(3)

(4)
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where Xj are the principal stretches or extension ratios. Rivlin (1948) showed that the nominal
stress in tension or compression is given by:

aw 1 aw
Xa7

(5)

in simple shear, the shear stresses:

aw aw
+ai, ai,

(6)

and in pure shear, the nominal stress in the direction of extension is:

aw aw
ai 2 _

(7)

Figures 9a-c show the stress-strain data for the vulcanizate "BE64-750" tested in tension
and compression, simple shear and pure shear. On each plot two fitted curves using a five
term Mooney-Rivlin series (Cio, Coi,Cn, C20, C30) are shown. One curve is produced by only
using the experimental data shown in the plot and the other is produced by fitting the function
to the experimental data for all three modes of deformations. The curve fitting program is
supplied by MARC. This figures show that generally the agreement with the experimental
data is much better when the fit is to the one set of data rather than all three simultaneously. It
has to be remembered that the quality of fit may be weighted more towards one mode of
deformation, if, for instance, the number of data points in that mode is more than in the others.
The fit for pure shear (Fig. 9c) is perhaps the worst. It is very poor for both sets of curves.
That fitted to only the experimental data for pure shear (solid curve in the figure) oscillates
about the experimental curve and there is no region in which the quality of the fit is good.

By differentiating equation (3) and substituting, equations (5) (6) and (7) may be expressed
respectively as tension:

3C3 0(I1-3)2+^(C0 1+Cn (1,-3))

simple shear:

— = Cio + C01 + 2(Cn + C20) (Ii - 3) + 3C30(Ii - 3)2

2y

pure shear:

+ C01 + 2(Cn + C20) (Ii - 3) + 3C30(Ii - 3)2

(8)

(9)

(10)

Figure 10 shows plots of the left-hand sides of equations (8) to (10) against Ii — 3, obtained
both by fitting to a 5-term Mooney-Rivlin series and calculated from the experimental data.

39



experimental data

MARC fit to this data

MARC fit for all data

1.4

1.2

I 0.8

0.6

0.4

0.2 • s

/ I

•

1

i \

•

" expert nental dat

fit to this d

/ •

a

MARC fit for a I! geometries

I
0.2 0.4 0.6 0.8 1

shear strain
1.2 1.4 1.6

1.4

1.2

1

0.8

0.6

0.4

0.2

X* "

• X'
m /'

m /

H 11

• •

1 1

• •

1

•
• —

• e>

Wl

• - • >

/ .

cperimentaldata

ARC fit to this data

MARC fit for a II geometries

1 1

0.2 0.4 0.6 0.8

strain

1.2 1.4
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to experimental data: Mooney-Rivlin with C10, C01,Cn, C2o and C30.
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It is clear from Fig. 10b and c that, for shear, the fit of the Mooney-Rivlin series is poor. The
reason is that equations (9) and (10) are quadratic in (Ii - 3) and cannot follow the rapid
stiffening at low strains. The fit in tension (Fig. 10a) is better due to the higher degree of
freedom in equation (8) relative to equations (9) and (10).

The comparisons show that the Mooney-Rivlin function may not be flexible enough to model
material properties over a large range of deformations. Hence, the use of other forms of the
strain energy function may be more appropriate, particularly for cases where strains in the
rubber are small to intermediate.

3.3.3. Function of Ii only

Gregory (1979) has proposed the simplifying assumption that for filled rubbers W is a
function of Ii only. A 'modulus' (in simple shear, G and the other geometries referred to as H)
equal to twice the expression in square brackets in equations (5) to (7) can be calculated for all
the above types of deformation. On a plot of G or H against Ip3 the points should collapse
onto a single curve if the assumption of Gregory applies. It can be seen from Fig. 11 that this
is indeed the case, and G or H can be approximately equated to 2 3W/3I2. If this simplifying
assumption is made, experimental characterization of the material becomes straightforward as
the dependence of W on strain can be obtained from a single test in, say, uniaxial tension, thus
removing the need for a comprehensive range of deformations to be investigated.

Assuming W is a function of Ii only, Davis, De and Thomas (1994) proposed a strain energy
function of the form:

W =
2(l-n/2)U (11)

S-H

o
O

0

•

i i

FIG. 11. Comparison of modulus (G or H) calculated from data for various geometries: • tension;
m compression; A pure sure; • simple shear.
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The first term is able to model the marked softening with increasing strain seen at low strains.
The second term provides for stiffening at high strains. The constant, C, is incorporated to
ensure a finite value of the modulus at zero strain.

Gregory et al. (1997) modified the Davies et al function by allowing a variable power for the
second term to improve the flexibility of the fit at moderate strains:

w = ^ _ ( ! 3) + ( I 3 )
( 2 - n ) V l ' (2+m)V l '

It is possible to incorporate a constant, C, as for the Davies et al function if a finite modulus at
zero strain is required, for example when using FEA. This function was fitted to all
deformation modes simultaneously by expressing the data in the form shown in Fig. 11. By
differentiating equation (12), the relation:

2 ( f / 2 (13)

is obtained. A best fit of the right-hand side of equation (13) to the experimental points was
found with the aid of a commercial curve-fitting package. Weighting was applied to data
points to ensure all strains and types of deformation were of equal significance. The fit is
given in Fig. 12. A much better modelling of the strain softening at small strains is achieved
than was obtained with the Mooney-Rivlin function.

3.4. Fit to Ogden function

The Ogden strain energy function is given by (Ogden, 1972):

W = f -Bi- (\*> + A* + X* - 3) (14)

where |iii and 001 are not restricted to integral values.

Two or more terms are required to provide an adequate fit to the experimental data. The effect
of the choice of values for the coefficients has been discussed by Ogden (1972). Figure 13
shows a two-term fit to experimental data obtained in four modes of deformation and selected
to cover only moderate strains. Expressions were derived through differentiation of equation
(14) for the stress in each mode of deformation as a function of X. The fit was obtained by
considering one deformation mode initially (tension was chosen) and, following the procedure
outlined by Ogden, adjusting the values of the coefficients until a visual best fit was found.
These coefficients were then applied to the other deformation modes and further small
adjustments made, if necessary, to achieve a satisfactory fit to all deformations. A value of
cci<l is required to accommodate the strain softening effect at low strains, while a large 0C2
value models the upturn at high strains. \i\ and U2 control the magnitude and relative weight of
the two terms. It can be seen from Fig. 13 that the two-term Ogden function is unable to
provide enough curvature to enable a good fit to be obtained at small strains in any of the
geometries tested. Ogden recommended the introduction of a third term to accommodate the
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FIG. 12. Fit of equation (12) to experimental data obtained in (a) uniaxial tension/compression; (b)
simple shear; (c) pure shear; u experimental points; fit for A = 0.637MPa; n = 0.517MPa;
B = 0.0098MPa; m = 3.8Mpa.
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behaviour at large biaxial strains. Introducing a third term was not found to improve the poor
fit at low strains in the present work.

As stated, the fits presented in Fig. 13 were obtained by a simple method of inspection.
It was hoped that a quicker and more accurate best-fit could be determined with the aid of a
computerized curve fitting package. Difficulties were experienced; sometimes the algorithms
failed to converge, whereas on other occasions more than one solution, depending on the
initial values selected for the coefficients, was obtained. The curve-fitting package available
on MARC yielded unrealistic values for the coefficients. It appears that more sophisticated
non-linear curve fitting procedures such as the one proposed by Twizell and Ogden (1983) are
needed if this function is to be used to represent the hyperelastic behaviour of high damping
natural rubbers reliably over a large range of strains and be successfully implemented in finite
element packages.

3.5. Conclusions

Both the 5-term Mooney-Rivlin function and the two-term Ogden function give rather
poor fits to the experimental data, especially at small strains. A better fit is achieved with the
equation of Gregory, Muhr and Stephens which is a function of Ii only. However, this
equation is not currently available in commercial finite element codes and requires the use of
an appropriate subroutine.

4. TORSION OF A RUBBER CYLINDER - A BENCHMARK PROBLEM FOR FEA

4.1. Introduction

Predicting the force-deformation behaviour of elastomeric components by finite element
analysis (FEA) requires several steps, namely:

(a) Defining the FE model;
(b) Modelling the behaviour of the material;
(c) Solving the problem using a finite element code.

The first part of this section assesses the accuracy of steps (a) and (c) by comparing the FE
analysis with the analytical solution to a particular problem. The one chosen is the torsion of a
cylinder; though reasonably complex it is capable of analytical solution whether the strain-
energy function of the elastomer is expressed in terms of the strain invariants or expressed in
terms of the principal stretch ratios (Ogden & Chadwick, 1972). The comparison is not
concerned with the best choice of material model, and because the benchmark is an analytical
solution rather than experimental data the comparison is not influenced by the effectiveness of
the material model, the reliability of the material characterisation data, nor by the reliability of
force-deformation measurements on the cylinder. The form of the material model may
influence the accuracy of the finite element solver, and such an influence will be apparent in
the comparisons presented. Comparatively little work has been published to illustrate the level
of errors associated with the numerical analysis of elastomeric components. This is true for
not only the way in which the FE model is defined, but also the numerical integration results.
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(a) 2 -r

tensionand compression

shear strain

1.5

FIG. 13. Fit of two-term Ogden equation to experimental data. • experimental points; fit for
jUi = 7MPa, OC] = 0.22MPa, ji2 = 0.002Mpa, a2 - 6.9Mpa. (a) uniaxial tension/compression; (b) pure
shear; (c) simple shear.
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4.2. Theoretical background

Consider a circular solid cylinder of radius a and height 1. When the top of the cylinder
is rotated through an angle 0 (= V[/) with respect to the bottom surface, the cylinder height
being held fixed, the resulting state of strain in the cylinder is not homogeneous and varies
with radial position r. The shear strain (y) in an element at the position r is given by:

(15)

For a material deformed in simple shear:

X2 = — andA,3=l and y = X1 (16)

where ^ are the principal extension ratios at radius r. Therefore:

V ^
(17)

Rivlin (see Treloar (1975)) showed that the axial component of stress (tzz), the component of
the stress along the 0Z direction (teZ), the total couple (M) needed to produce the angular
rotation 0 and the axial load (N) required to maintain the height unchanged are given by:

2 J
(18)

aw aw
ai7+ai2_

N = -2%\\f- r3 + 2 tir
V Jo [dl dl2 J

M = 47ivi/ r3 +
YJo | a i

+ 2

aw
(19)

W is the strain energy function and Ii and I2 are strain invariants given by equations (4).

4.3. Strain energy functions

4.3.1. Mooney-Rivlin strain energy function

The general form of Mooney-Rivlin strain energy function is given by equation (2). In simple

shear %i = —, hence equations (4) with equations (15) and (16) gives:

^ (20)
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ABAQUS in its default state allows a five-terms form of equation (2):

W = C10(Ii - 3) + C0i(I2 - 3) + Cn(Ii - 3)(I2 - 3) + C20(Ii - 3)2 + C02(I2 - 3)2

l e a d i n g t ° : ^ = C 1 0 + (Cn + 2C20)vV

aw
ai,

2CO2)\|/
2r

Substituting equations (22) into equation (18) and (19) and integrating gives:

= V
r2-a

-"10 (Cn+2C20) 1 - ( C 1 1 + 2 C 0 2 » 2

= (C10 + C01)2x|/r + 4v)/3r3(Cn + C20 + C02)

M = 7n|/a4(C10 + C01 )+ YX1/ 3 (C H + C02 + C20)a

N=-^v i / 2 a 4 (C 1 0 +2C 0 1 ) - | v i / 4 (3C 1 1 + 2C 2 0 +4C 0 2 > f

(21)

(22)

(23)

(24)

4.3.2. Ogden strain energy function

The Ogden strain energy function is given by equation (14). Substituting A,3 = (for an

incompressible material, differentiating, and substituting X.2 = — , gives:

aw_

and (25)

aw _ ̂  , /. o.
oK2 i_i

Equation (25) is written in terms of dW/dXi and use of equations (18) and (19) require
expressions in terms ofdW/dXi. This is achieved by using the relationships:

aw
dXx

aw

aw
aix

aw

dX,

aix

•+

• +

aw
ai2

aw

ai2
dX,

ai2
(26)

dx2 aij
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to provide expressions for 9W/3li in terms of dWldXi where expressions for 9lj/3Xj may be
obtained by differentiating equations (3). The calculations are given in more detail in Fuller et
al., 1997.

4.4. Finite element analysis

A joint effort has been conducted between TARRC and Ricerca Polo Idraulico e
Strutturale, ENEL to compare the predictions of MARC and ABAQUS with each other and
the results of analytical calculations. MARC is used by the former and ABAQUS by the latter
institution.

4.4.1. Description of the problem

The FE problem is the torsional behaviour of a cylinder of rubber as analysed in Section
4.2. The variables of interest are the couple required to deform one end of the cylinder with
respect to the other through an angle 0, the axial force required to keep the height of the
cylinder constant, and the distributions of stresses tzz and teZ along the radius at one end of the
cylinder.

geometry of the cylinder diameter
height

1 unit of length
1 unit of length

3-D models were analysed; Fig. 14 shows two with differing mesh densities. The finer-mesh
model consists of dividing each element of the coarser model by 2 along the three orthogonal
axes, thereby increasing the number of elements 8-fold. Table 3 details the models used.

FIG. 14. FEA models showing coarse-mesh (Models 1,2,5) and refined-mesh (Model 3). (see TAB. 3).
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TABLE 3. DETAILS OF FEA MODELS

Details of FEA models

Model No.

1

2

3

4

5

MARC

Element type

84*

120**

84

-

-

No. of Elements

R

6

6

12

C

16

16

32

A

5

5

10

-

-

ABAQUS

Element type

C3D8H*

C3D8H

C3D8H

C3D8H

C3D20H

No. of Elements

R

6

6

12

8

6

C

16

16

32

32

16

A

5

15

10

15

5

R: radial
C: circumferential
A: axial full integration - Herman formulation
** reduced integration - Hermann formulation.

The nodes on the lower base of the cylinder were fully constrained. All the nodes on the
upper face of the cylinder were rigidly connected to an external node outside of the model. A
rotational deformation was applied to this external node while all the nodes on the upper face
were constrained in the axial (z) direction. The maximum angular deformation applied was
180°.

4.5. Material models

The rubber was modelled using two strain energy functions as detailed below. In both
cases the behaviour predicted from the analytical solution was also obtained by substituting
the coefficients of the strain energy function into the equations presented in Section 4.3. Thus
comparison of the FE and analytical solutions does not depend on the choice of material
model.

4.5.1. Mooney-Rivlin

ABAQUS coefficients used were Cio, Coi, Cn, C20 and Co2- MARC's standard function,
however, provides the user with Cio, Coi, Q i , C20 and C30. A subroutine UENERG allowing
user-defined strain energy functions was employed to define a function identical to that in
ABAQUS. The material modelled was a high damping natural rubber. The values of the
coefficients (in N/m ) were:

Cn
C20

C02

= 0.3344 x 106

= -0.008198 x 106

= -0.006334 x 106

= 0.02373 x 106

= 0.001235 x 106
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4.5.2. Ogden

A three-term Ogden strain energy function with the following coefficients was used:

Hi = 618030 fj.2= 1177.2 u3 = -9810

the |in being in units of N/m2. The shear modulus G in the limit of small deformations is
related to the parameters |an and 0^ by 2G = S(j.n0Cn, giving a value of G = 0.414MPa.

Ogden and Chadwick (1972) reported a good agreement between this three-term strain
energy function and the data of Treloar (1944) from experiments on vulcanized natural rubber
in simple tension, pure shear and equi-biaxial tension. This material model was therefore
chosen not only because of the availability of material characterization data in the literature
but also because Ogden and Chadwick's analytical solution to the problem of the torsion of an
elastomeric cylinder can be compared with that calculated from Rivlin's general solution.

4.6. Results & discussion

4.6.1. Mooney-Rivlin

Figures 15 and 16 show the FE predicted results (using ABAQUS and MARC
respectively) for the variation of the applied couple with the angle of twist and the axial load
required to keep the height of the cylinder constant as a function of angle of twist squared.
The analytical results predicted using equations (24) are also shown, together with vertical
lines representing 5% deviations from the predictions.

For both codes all models give results for the applied couple that are within 5% of the
analytical solution except where reduced integration solid elements were used (see Fig. 16).
The following remarks can be made from the analyses using ABAQUS. The predicted FE
results for Model 1 (the coarse-mesh model shown in Fig. 14) gives the largest deviation from
the analytical solution (-10-12%). However, changing the element model from C3D8H to
C3D20H, ie from 8-noded to 20-noded solid elements (Model 5), improves the degree of
accuracy substantially. Model 3 improves the accuracy of the results further. This is perhaps
expected since the number of elements is 8-fold larger. The results for Models 2 and 4 suggest
that the accuracy improves if the number of elements along either the axial or radial direction
is increased with respect to the coarse-mesh model. The best results for the axial load were
obtained for Model 3. The results predicted using MARC were within the 5% error margin for
the coarse-mesh model (Model 1 — Tab. 3) for both the applied couple and the axial load.

Figures 17 show the MARC predictions for the distribution of the axial stress (tzz) and
azimuthal stress (teZ) at the end face of the cylinder when 9 = 130°. The analytical solutions
were obtained using equation (23). The accuracy of the refined-mesh model prediction of the
axial stress distribution is less than that for the coarse-mesh model. This is puzzling and may
be related to the fact that the coarse model used the direct iterative solver whereas a sparse
iterative solver was used in the refined-mesh case.
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0 0.5 1 1.5 2 2.5

angle of twist (radians)

3.5

2 4 6 8

angle of twist squared (radians squared)

10

FIG. 15. Comparison ofABAQUS and analytical results for dependence of couple upon angle of twist
(upper plot) and axial load upon (angle of twist)' (lower plot. Material characterization using
truncated Rivlin series. Thick line is analytical results; ±5% deviation indicated. FEA results:
u Model 1; • Model 2; A Model 3; • Model 4; 0 Model 5; (see TAB. 3 for details).
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0 0.5 1 1.5 2 2.5

angle of twist (radians)

3.5

0 2 4 6 8

angle of twist squared (radians squared)

10

FIG. 16. Comparison of MARC and analytical results for dependence of couple upon angle of twist
(upper plot) and axial load upon (angle of twist)' (lower plot). Material characterization using
truncated using truncated Rivlin series. Thick line is analytical results; ±5% deviation indicated. FEA
results: • Model 1; • Model 2; (see TAB. 3 for details).
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0 0.2 0.4 0.6 0.8

fraction of radial distance from centre

0 0.2 0.4 0.6 0.8 1

fraction of radial distance from centre

FIG. 17. MARC predictions of stress distributions at the fixed end of a cylinder subjected to torsion
through an angle of twist of 130 and kept at constant height. Material characterization using
truncated Rivlin series, (a) axial stress; (b) tangential stress. Thick line, analytical results. +5%
deviation indicated; u coarse-mesh; • refined-mesh; (see TAB. 3 for details).

4.6.2. Ogden

Figures 18 and 19 show the FE results together with the analytical results. The analytical
results agree with those predicted by Ogden and Chadwick (1972). For both FE Codes the
applied couple results generally fall within 5% of the analytical solution.

The axial load results for Model 1 (coarse-mesh model) using ABAQUS give the largest
percentage error - as in the case for the comparisons based on the Mooney-Rivlin material
model. Interestingly, the MARC results for the coarse-mesh model are reasonable. The
refined-mesh model (Model 3) using MARC predicts the axial load very well; the results for
the couple are less accurate, but still easily within the 5% error band.
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0 0.5 1 1.5 2 2.5

angle of twist (radians)

3.5

0.25 T

0.2 ••

0.15 -•

0 . 1 ••

0.05 •-

0

0 2 4 6 8

angle of twist squared (radians squared)

10

FIG. 18. Comparison of ABAQUS and analytical results for the dependence of couple on angle of
twist (upper plot) and axial load on (angle of twist)2 (lower plot). Material characterization using an
Ogden function. Thick line, analytical results: m Model 1; • Model 2; • Model 3; • Model 4;(see
TAB. 3 for details).
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FIG. 19. Comparison of MARC and analytical results. • Model 1; • Model 2; 0 Model 3; Other
details as for FIG. 18.

5. FE ANALYSIS OF SEISMIC ISOLATORS: COMPARISON WITH EXPERIMENTAL
RESULTS

5.1. Introduction

This paper deals with the Finite Element Analysis of the test bearings and the
comparison of the predicted results with the experimental data. The bearings analysed were:

(a) ENEA High Damping Rubber Bearing (HDRB)
(b) CRIEPI Natural Rubber Bearing (NRB)
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(c) Korean High Damping Rubber Bearing (HDRB)
(d) CRffiPI Lead Rubber Bearing (LRB).

The FE analysis was carried out on a Silicon Graphic Indigo2-RISC4000 processor with
128MByte of RAM. The code used was MARC non-linear FE software supplied by MSC
Software Ltd. The isolators were mainly modelled in 3D. Due to the symmetry of the problem
only half of the bearings were modelled. The rubber layers were mainly modelled by three
layers of solid elements - element 84 which has eight nodes with Herrmann formulation and
full integration capability. The metal layers were modelled using shell elements with five
layers.

5.2. ENEA high damping rubber bearing

Figure 20 shows the geometrical data for the ENEA bearing. The material model for the
rubber was a five-term truncated Rivlin formulation provided by ENEL and ENEA. The
coefficients for the model were fitted to the test data for shear deformation up to 200%. This
corresponds to the maximum shear strain bearings tested. A bulk modulus of 2500MPa was
used. Figure 21a shows the predicted shear response of the bearing under 50kN compressive
load and subjected subsequently to a 200% shear deformation. There is a close agreement
between the predicted results and the experimental data. Figure 21b shows the compressive
response of the bearing to a load 11 times the working load for the bearing. The agreement
between the FE results and the experimental data is much better at lower loads.

Diameter of HDRB (mm) 125
Rubber Thickness (mm) 2.5
No. of Rubber Layers 12
Total Rubber Height (mm) 3 0
Shim Plate Thickness (mm) 1.0
No. of Shim Plates 11
Shape Factor 12

FIG. 20. Geometrical data for ENEA HDRB.

Further numerical investigations were carried out on three bearings. These all had the
same total height as those for ENEA HDRB but the number of rubber layers were different:
namely 6 layers of 5mm or 12 layers of 2.5mm or 24 layers of 1.25mm giving a total thickness
of 30mm. The material model used was that described above. Figure 22a shows the predicted
shear response of the bearings to the same conditions as for Fig. 20. It is apparent that the FE
results indicates that the shear stiffness of the lowest shape factor bearing (that with 6 rubber
layers) is stiffer than the other two bearings. The reason for this unexpected result is not clear
and further investigation is required. Figures 22b and c show the vertical deflection of the
bearings subjected first to a 50kN load and then to a 200% shear strain. The lowest shape
factor bearing shows the highest vertical deflection under the 50kN load (Fig. 22b) as
expected. However, the vertical deflection due to a subsequent shear deformation shows that
the height of the bearing will increase after the imposition of the shear load (Fig. 22c). This is
not the case for the 12 and 24 layer bearings. The reason for this unphysical behaviour has
been investigated and is discussed in Section 6.
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FIG. 21a. Shear deformation behaviour of the ENEA bearing.
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FIG. 21b. Vertical compressive load vs displacement of ENEA bearing.
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2 2.5

}. 22a. Force-deformation behaviour in shear for ENEA bearing, m high shape factor (24 layers);
• medium shape factor (12 layers); A low shape factor (6 layers).
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FIG. 22b. Vertical displacement of the ENEA bearing subjected to 50kN vertical load, m high shape
factor (24 layers); • medium shape factor (12 layers); A. low shape factor (6 layers).
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FIG. 22c. Vertical displacement of the ENEA bearing subjected to 50kN vertical load and 200% shear
strain (following 50kN vertical load). * high shape factor (24 layers); • medium shape factor
(12 layers); A. low shape factor (6 layers).

Geometric data:

Thickness of rubber sheet (mm)
Number of rubber layers
Total thickness of rubber layers (mm)
Thickness of steel plate (mm)
Number of steel plates
Diameter of rubber (mm)
Diameter of inner hole (mm)
Primary shape factor
Secondary shape factor

Specification:

Design vertical load (1/1.58 scale model of prototype 5OOtonf bearing)
Design vertical stress
Horizontal frequency fh
Vertical frequency fv
Shear modulus G of rubber

FIG. 23a. Data on natural rubber bearing.

5.7
25
142.5 (5.7 x 25)
3.1
24
1012
126
38.9
7.1

200tonf
25kgf/cm/cm
0.5Hz (Th = 2sec)
>20Hz
6kgf/cm/cm

5.3. CRIEPI Natural rubber bearing

Figures 23 a and b shows the geometrical data and the FE mesh for this bearing. The
Material model was suggested by Seki 1987, and was supplied by CRIEPI. This model was
implemented on MARC using UENERG user-defined subroutine. Figure 24 shows the shear
force-shear displacement for the bearing subjected to a pre-compressive load of 150tonf and
subjected to a shear deformation corresponding to 200% shear strain in the rubber. The
material was modelled as incompressible. The effect of changing the bulk modulus of the
rubber on the vertical and shear response of the bearing was also investigated. The values of
the bulk moduli used were 120, 250 and 2.5 x 106 tonf/cm2. The predicted shear response is
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independent of the value of the bulk modulus used. However there is a large discrepancy
between the vertical deflection as predicted using FEA under the 150tonf and those received
experimentally (see Fig. 25a). The reasons for this is not clear. Figure 25b shows the vertical
height of the bearing from when the shear deformation is applied. Again these results show
that when the bulk modulus for the rubber is set to low values the height of the bearing
increases following the application of the shear load. This is marginally improved when bulk
modulus (K) was equal to 250tonf/cm2.

FIG. 23b. FE Mesh,
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FIG. 24. Shear deformation behaviour ofCRIEPI-NRB.
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FIG. 25. Vertical displacement of the CRIEPI-NRB subjected to (a) shear strain followed by (b)
vertical load. The bulk moduli were m 1.2x W* kgf/cm2; • 2.5 x Iff kgf/cm2; • 2.5 x 109 kgf/cm2; —
experimental results.
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5.4. Korean high damping rubber bearing

Figure 26a and b show the geometrical and FE mesh for this bearing. Three forms of
strain energy functions were used to model the high damping natural rubber used to
manufacture his bearing. These were a five-term truncated Rivlin series (see equation 3), a
neo-Hookean and the strain energy function proposed by Gregory et al. (1997) (see Section
3.3). A series of tests were carried out to characterize the material for the FEA. These were
uni-axial tension, pure shear, uni-axial compression and bi-axial extension. Figures 27a-d
show the three strain energy functions fitted to the experimental data. The quality of the fit is
very good for all modes of deformations except that for the uni-axial tension tests. Figure 28
shows all the experimental data plotted in terms of modulus versus Ij-3 (see Section 3.3). All
of the data collapse on the same curve except that for the uni-axial tension data, suggesting the
presence of an artefact in the tension experiment. The values of the coefficients used for each
function are as follows:

= 0.814, COi = -0.168, C n = 0.0226, C20 = -0.02559, and,(a) truncated Rivlin
C30 = 0.0005;

(b) neo-Hookean G = 1.174;
(c) Gregory et al. A = 1.031, B = 0.028, n = 0.344, m = 3.322.

Total height
Rubber layer thickness (mm)
Steel plate thickness (mm)
No. of rubber layers
External diameter
Cover layer thickness (mm)
Internal diameter (mm)

200
1.2
1.6
29
156
3
19

FIG. 26a. Geometrical data for the Korean HDR.

FIG. 26b. Plan view of mesh used to model Korean HDRB.

63



(a)

0

(b)

0

(c)

0 0.1 0.2

strain
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(d)

FIG. 27. Stress-strain behaviour of rubber used for Korean high damping bearing, (a) uni-axial
tension, (b) pure shear, (c) uni-axial compression, (d) m experimental points; —fit to Gregory et al.
(1997); fit to neo-Hookean; fit to truncated Rivlin series.
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0

FIG. 28. Comparison of experimental data, presented in FIG. 27, assuming strain energy is a
function oflj only.
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tt*******
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FIG. 29. Force-deflection behaviour of Korean bearing under a compressive load of 50kN, followed
by a shear to 150% compared to predictions, (a) behaviour in shear, (b) vertical displacement.
• experiment; —- Gregory et al. (1997); neo-Hookean; truncated Rivlin series.
Note: in FIG. 29b experimental data is not included. —•—represents truncated Rivlin series.
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Figures 29a and b show the FE predicted behaviour of the bearing when subjected to an
initial vertical load of 50kN followed by a shear deformation of 150%. The experimental data
is also shown in Fig. 29a. The prediction using the Gregory et al. (1997) strain energy function
is much closer to the experimental data allow shear deflections than the other two functions.
However, the ranking is reversed at the higher end of the deflection axes. Figure 29b shows
the vertical displacement of the bearing for the initial compression load and the subsequent
shear deformation. There is generally good agreement between the predictions of the vertical
displacement for the first phase of the loading using all three material models. However for
the second phase, the vertical displacement predicted using the Gregory et al. (1997) strain
energy function was very different to the predictions using the other two models. There is no
change in the form of the curve around the point where the shear load is applied to the
bearing. This result is interesting and is now being investigated.

5. CRIEPI LEAD RUBBER BEARING

The Lead Rubber Bearing analysed was chosen so that the size of the lead core was
significant compared with the overall dimensions of the baring. This ensures that the
contribution of the lead core to the overall resisting force of the bearing is not masked by that
coming from the rubber layers. The dimensions of the bearing are as follows:

cm
Outer diameter 28
Inner diameter 7
Thickness of rubber layer 0.20
Number of rubber layers 23
Thickness of steel plates 0.16
Number of steel plates 22
Diameter of lead plug 70
Design vertical load 56.84tonf

The analysis of the LRB using a 3-D mesh proved to be very time consuming on the
RISC 4000 machine currently in use at TARRC. It was particularly slow due to the small
loading steps required in order to achieve convergence. The number of integration steps used
is an order of magnitude higher than those used in the analysis of rubber bearings without the
lead core.

The FE analysis of the whole of the bearing carried out at ENEL and ENEA showed that
the analysis of a single layer of the bearing can be used to predict the response of the bearing
by scaling up the results. It was therefore decided to analyse a single layer of the bearing.
Figure 5.30 shows the plan view of the mesh used to model the layer. The rubber layer is
modelled by 4 solid elements along the radial direction, 16 elements along the circumference
and 3 elements through its thickness. The lead core was modelled using 8 elements in its plan
and 3 through the thickness. The rubber layers were modelled using the Seki (1987) strain
energy function. After discussion with ENEL and ENEA, it was decided to assume an elastic-
perfectly plastic behaviour for the lead. The yield stress of the lead in shear was estimated to
be about 75kg/cm , giving a yield stress in tension of 130kg/cm based on Von Mises
criterion. The Young's modulus and Poisson's ratio used were 175000kg/cm2 and 0.44
respectively. The criteria chosen for the yield surfaces was Von Mises together with an
isotropic strain hardening rule. MARC does not allow the Tresca yield surface criteria.
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Figure 31 shows the FE predicted behaviour of the LRB in shear up to 200% strain. The
experimental loops for the 200% cyclic deformations under the design vertical load are also
shown. The FE solver did not converge on the initial retraction cycle beyond the 150% shear
strain, hence the presence of the discontinuous curves. The FE predicted behaviour appears to
agree reasonably well up to 150% shear strain. However, the predicted peak of the shear force
at 200% is about 15% higher than the experimental data.

FIG. 30. FE 3-D mesh for a single layer of LRB (plan view).
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FIG. 31. FE predicted behaviour of LRB in shear up to 200% strain.

6. PREDICTING THE STIFFNESS OF AN ISOLATOR UNDER COMPRESSION AND
SHEAR

6.1. Introduction

Finite element analysis provides a useful tool for predicting the behaviour of isolators
under service conditions. Initially, a three-dimensional finite element model of a thin disc,
bonded on both sides, was used. A small compression was applied, followed by a shear to

67



200% using a Mooney-Rivlin or Ogden strain energy function for the material. An unexpected
result of the analysis was that the height of the disc increased under large shear strains. The
details of the behaviour depended on both the strain energy function and finite element code.
The height increase was not observed experimentally. Prompted by these interesting results, a
more detailed analysis of the behaviour of rubber blocks under compressive and shear loads
was carried out using two-and three-dimensional models.

6.2. The role of the mesh density

A unit square block of rubber was modelled using a mesh with different numbers of
quadrilateral elements along each of its directions. The material model was neo-Hookean with
Cio=O.25. The block was subjected to an initial compressive load of 0.1 followed by a shear
deformation of 100% strain in the horizontal direction. Two other models, one a rectangular
block with one unit of length high and eight units wide, and the other of a unit cube were also
analysed in a similar manner. A typical deformed mesh for a 32 x 32 element model in plane
strain is shown in Fig. 32.

Figure 33 shows the change in the height of the square block after the imposition of the
compressive and shear deformation for different mesh densities. The compressive
displacement in the vertical direction is not strongly affected by the mesh density, except for
the very coarse meshes. However, the height drop during the shear phase is very sensitive to
the density of the mesh. An increase in the number of the elements in either direction affects
the predictions of the height drop. The prediction of the shear stiffiiess of the block, shown in
Figure 34, also indicates that the mesh density influences the shear response. The sensitivity
of the height drop and shear stiffness to the mesh density is due to the large distortions of the
mesh along and close to the free sides of the block. A finer mesh predicts more accurately the
deformation of these regions and hence their contribution to the overall stiffiiess of the block
(see Fig. 32).

FIG. 32. Deformed FE mesh showing distortion and bending of edge elements.
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FIG 33. Effect of mesh density on the height change of a unit block in plane stress. A load of 0.1,
followed by a shear of 1 was applied to a neo-Hookean material with C]0=0.25. Number of mesh
subdivisions across the width and the height respectively were: u 2,2; • 4,4; A 8,8; • 16,16.
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FIG. 34. Effect of mesh density on the apparent shear modulus of a unit block in plane stress
load of 0.1, followed by a shear of 1 was applied to a neo-Hookean material with CJO=0.25. Number
of mesh subdivisions across the width and the height respectively were: m 2,2; • 4,4; • 8,8; • 16,16;
+ 32, 32.

For higher shape factor blocks of rubber under compression and shear loads, it has been found
that providing the portion of the rubber outside the overlapping region between the top and
bottom surfaces of the pad are meshed reasonably finely the prediction of the change in the
height of the pad will be reasonably accurate.

6.3. The choice of the strain energy function

Rivlin (1948) derived a set of equations relating the stresses required to maintain a
block of rubber in simple shear. The differences between pairs of Cauchy stress for a simple
shear in the x-direction of a x-y plane are given by:
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Equations (27) and (28) indicate that in order to maintain the state of simple shear, as well as
the shear stress, two normal stresses on at least two pairs of the faces of the block must be
present. For the case of plane stress boundary condition (i.e. t^ = 0), the normal stress tyy and
the shear stress txx are given by:

81,
\ (29)

, awai7

Hence, the normal stress tyy in the direction orthogonal to the direction of shear is proportional
to the square of the shear strain and the first partial derivative of strain energy function with
respect to I2. Equations (27) to (29) indicate that the choice of the strain energy function is
important in predicting the magnitude of the normal stresses. Clearly, the response of a pad of
rubber to a compressive and shear load will depend on the boundary conditions and the extent
of its departure from a simple shear deformation. The results of an FE investigation on the
effect of the choice of the strain energy function on the prediction of shear and normal
response of a pad of rubber under combined compression and shear loadings is reported in the
remaining part of this section.

In order to avoid the use of meshes with large number of elements, it is advantageous to solve
the problem in two dimensions and assume that the behaviour in the third dimension
approximates sufficiently accurately to either plane strain or plane stress. Therefore, solutions
for cases in plane strain, plane stress and some 3-D cases were considered.

The main material models considered were neo-Hookean with Cio=O.25MPa and Mooney
with Cio=O.225 and Coi=O.O25MPa. An Ogden strain energy function was also used. The
parameters for this function were taken from Ogden (1972) fit to the stress-strain data of
Treloar. All three models give a shear modulus for the rubber of G=0.5MPa at around zero
strain.

Figures 35 and 36 show the mesh for the pad modelled as a 2-D and 3-D problem
respectively. The shape factor for the 2-D case was 1.83 and for the 3-D was 2. In order to
maximise the accuracy of the solution whilst avoiding excessively long computing times the
mesh density near the free edges was increased as much as possible while leaving a rather
coarse mesh in the central region of the pad. Figures 37 and 38 show the differences in the
predicted change in the height of the pad under an initial compressive load followed by a
shear deformation of 200% for both the plane strain and plane stress case. For the plane strain
case, the choice of the strain energy function has little effect on the predicted behaviour,
whereas for plane stress a much smaller height drop is predicted for the Mooney function (for
which a w / a t is positive) than for the neo-Hookean function for which aW/ai2=0. For the
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Ogden strain energy function the derivatives of the strain energy function with respect to Ii
and I2 were calculated from W(A.i, X2). Using equations given in Section 4.2, Fig. 39 shows
the variation of 9W/9li and dW/dh with strain for the Ogden function used in the analysis.
The height drop of the pad, modelled in 3-D, under a compression followed by a shear of
200% is shown in Figure 40. It is apparent that, as for the plane stress case examined earlier
(see Fig. 38), there is a considerable difference between the different strain energy functions
with a smaller height drop for material models with a positive rather than zero 3W/3I2 term.
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FIG. 35. 2-dimensional finite element mesh for measurement of the height drop of a block.

FIG. 36. 3-dimensional finite element mesh for measurement of the height drop of a block.
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FIG. 37. Comparison of neo-Hookean (CI0=0.25MPa) and Mooney (C10=0.225; Cm=0.025MPa)
models of the height of a bonded block in plane strain of initial height 6mm and length 22mm
subjected to a compressive load applied in 10 increments followed by a shear of 2 applied in a further
10 increments. • neo-Hookean, no compressive load; • neo-Hookean, 5kN compressive load; Lneo
Hookean, 1 OkN compressive load; • neo-Hookean, 15kN compressive load n Mooney, no compressive
load; 0 Mooney, 5kN compressive load; A Mooney, WkN compressive load; o Mooney, 15kN
compressive load.
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FIG. 38. Comparison of neo-Hookean and Mooney models of the height of a bonded block in plane
stress, u neo-Hookean, no compressive load; • neo-Hookean, 5kN compressive load; • neo-
Hookean, WkN compressive load; • neo-Hookean, 15kN compressive load; • Mooney, no
compressive load; 0 Mooney, 5kN compressive load; A Mooney, 1 OkN compressive load; o Mooney,
15kN compressive load.
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FIG. 39. Variation of dW/dli and dW/dL with Ij-3 for an Ogden type strain energy function with
! = 0.7455, as = 1.3, & = 0.00142, a2 = 5, Ms = -0.01183, a3 = -2.0; —dW/dh; dW/dh
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F/G. 40. Comparison of neo-Hookean and Mooney models of the height of a square block of height 1
and width 8, subjected to a compressive load of 6.4 followed by a shear strain of 2. u neo-Hookena,
C!0 = 0.25; • Mooney, C,o = 0.225, COI = 0.025; • Ogden, JUJ = 0.7455, a, = 1.3, /u2 = 0.00142, a2 = 5, ju
3 =-0.01183, a3 = -2.0.

Owing to the qualitative similarity between the 3-D and plane stress models, further
work was carried out in plane stress to avoid extensive computing times. Figure 41 shows the
prediction of a plane stress model. In addition to the three material models examined, an
additional Mooney model with negative 3W/3I2 was also included. This model has the same
shear modulus as the other Mooney material but the sign of its Coi term is negative.

Again, the predicted height drop is determined by the magnitude of 3W/3I2. For the two
materials where 3W/3I2 was positive, an increase (rather than a decrease) in the height of the
block was predicted. For the material with a negative dVJIdh an especially large drop in the
height was seen. It is also interesting that changing the sign of the Coi has not changed the
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predicted deflection during the first phase of the loading where only a compressive load is
being applied. Therefore the sign and the magnitude of the dW/dh term plays a significant
role in the prediction of the height change only during the shear phase. The effect of the strain
energy function is more pronounced in plane stress than for the 3-D model. This is expected
due to the lower constraint on lateral dimensional changes in plane stress.

U T

0 10 15 20 25

increment

FIG. 41. Effect of strain energy function on the height drop of a pad of length 8 and initial height 1 in
plane stress subjected to a compressive load of 0.8 followed by a shear strain of 2. m neo-Hookean,
Cw = 0.25; • Mooney, C10 = 0.225, Coi = 0.025; A Mooney, Cw = 0.275, Cm = -0.025; • Ogden
strain energy function with /ui - 0.7455; ax = 1.3, ju2 = 0.00142, a? = 5, ju3 - -0.01183,
a3 = -2.0.

5.6.4. Conclusions

The FEA revealed the following features for a layer of rubber under compression and shear.

(i) The height drop is very sensitive to mesh density, especially near the free edges of the
block. This effect is more pronounced for lower shape factor pads.

(ii) For an infinitely wide pad, the application of a compressive stress in the direction
orthogonal to the shear deformation is required to achieve a state of simple shear.
Otherwise there will be a gain in the height of the pad. The magnitude of this rise in the
height is approximately proportional to -y

However for a pad with finite width there will be a height drop under the action of the
combined compressive and shear loads due to the edge effect. Therefore the prediction
of the change in the height of the pad is a balance between the edge effects and the
normal stress required to keep the simple shear mode of deformation. The larger the d

or the shear strain the higher the contribution of the latter.
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This suggests that in choosing the form of the strain energy function, and also when
fitting the model to experimental data the magnitude of the dW/dh term plays an
important role in predicting the behaviour of the pad in the direction orthogonal to the
direction of the shear.

(iii) This study shows that a given material model may predict the behaviour of an
elastomeric component reasonably well along one loading direction yet be unreliable in
predicting the behaviour in another.

5.7. Compression stiffness of a rubber pad bonded between extensible layers

5.7.1. Theory

Kelly (1998) has derived an expression for the compression stiffness of an infinitely
long block of rubber sandwiched between two layers of an extensible material as shown in
Figure 11. The extensible reinforcement has a thickness of tf and Young's modulus of Ef.

The compressive modulus (Ec) of the pad is given by the following:

E = P t ^ E f t f (l tanhah) (30)
c AA t { ocb J

where P is the applied load, t is the thickness of the rubber layer, A is the cross-sectional area,
is the compressive deflection, b is the half width of the block and a is defined by:

a 2 =12G/E f t f t (31)

where G is the shear modulus of the rubber.

5.7.2. Finite element analysis of the pad

The block was modelled as a rectangle in plane strain. The symmetry of the problem
was exploited by modelling only half of the pad. The thickness of the rubber was 0.05 units of
length, modelled by 10 quadrilateral elements. The thickness of each layer of reinforcement
was 0.005, modelled using one element through its thickness. Blocks of shape factors of 1, 5,
10 and 20 were considered by using different numbers of elements across the width. The
central part of the block was modelled using elements of width 0.025. Elements near the edge
of the block were further subdivided. An example of the mesh for a block with the shape
factor of 10 is shown in Fig. 12. The rubber was modelled as a neo-Hookean material with a
shear modulus of 0.5MPa and a bulk modulus of 2500MPa. The reinforcement was modelled
as an isotropic material with a Poisson's ratio of 0.4 and a Young's modulus which was varied
to test the effects of different stiffnesses of reinforcement.

A compressive deflection of 0.001 was applied to the top reinforcing layer in
10 increments. Ec/4GS was obtained from the reaction force using equation (30) and plotted
as a function of 12a2b2 for comparison with the theory.
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The results are shown in Fig. 42. The finite element results for the pad with shape factor
1 predicted a much higher normalized stiffness than the theoretical results and have been
omitted from the graph for clarity.

The finite element analysis generally predicts higher normalized compression moduli
than Kelly's theory. This is to be expected for low shape factors, such as S=l, where the
difference between Kelly's (1998) approximation to the compression modulus for the
incompressible case; EC=4GS , differs significantly from the more accurate EC=4G(1+S2)
(Gent & Lindley, 1959). At higher shape factors, where this correction is unlikely to be
significant, the reasons for the difference are less clear.
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FIG. 42. Comparison of theory (Kelly, 1998) and finite element analysis for the compression stiffness
of a pad with extensible reinforcement. * FEA, shape factor = 20; • FEA, shape factor = 10; • FEA,
shape factor = 5; theory.
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