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Abstract

The present thesis deals with the neutron noise arising in power reactor systems.
Generally, it can be divided into two major parts: first, neutron noise diagnostics, or more
specifically, novel methods and algorithms to monitor nuclear industrial reactors; and second,
contributions to neutron noise theory as applied to power reactor systems.

Neutron noise diagnostics is presented by two topics. The first one is a theoretical study
on the possibility to use a newly proposed current-flux (C/F) detector in Pressurised Water
Reactors (PWR) for the localisation of anomalies. The second topic concerns various methods
to detect guide tube impacting in Boiling Water Reactors (BWR). The significance of these
problems comes from the operational experience. The thesis describes a novel method to
localise vibrating control rods in a PWR by using only one C/F detector. Another novel method,
based on wavelet analysis, is put forward to detect impacting guide tubes in a BWR.

Neutron noise theory is developed for both Accelerator Driven Systems (ADS) and
traditional reactors. By design the accelerator-driven systems would operate in a subcritical
mode with a strong external source. This calls for a revision of many concepts and methods that
have been developed for traditional reactors and also it poses a number of new problems. As for
the latter, the thesis investigates the space-dependent neutron noise caused by a fluctuating
source. It is shown that the frequency-dependent spatial behaviour exhibits some new properties
that are different from those known in traditional critical systems. On the other hand, various
reactor physics approximations (point kinetic, adiabatic etc.) have not been defined yet for the
subcritical systems. In this respect the thesis presents a systematic formulation of the above
mentioned approximations as well as investigations of their properties.

Another important problem in neutron noise theory is the treatment of moving
boundaries. In this case one needs to redefine such common methods in reactor physics as point
kinetic and adiabatic approximations because various functions involved have different regions
of definition. The thesis presents one possible line of developing the general theory of linear
kinetics as applied to systems with varying size. It also develops further the Green's function
technique in two ways. First, the Green's function method is used to obtain an analytical
solution for the one-group model with constant parameters. Mathematically, the model is
described by an equation with inhomogeneous boundary condition. In addition, the absorber
model is proposed, which happens to be very useful in deriving, for example, the point reactor
and adiabatic approximation for the neutron noise due to oscillating boundaries. Second, the
Green's function method is developed to derive another analytical solution for the general
multi-group model with space-dependent parameters. This leads further to the generalised
multi-group absorber model, which, in turn, gives a generalisation of the point reactor and
adiabatic approximation for the multi-group model. Moreover, the general absober model
allows to develop further the adjoint function method to represent the neutron noise induced by
fluctuating boundaries in the multi-group diffusion theory.

Finally, the thesis investigates monotonicity properties of the effective multiplication
factor, keff, in particular it gives a formal proof to the nesting hypothesis, which states that kejj-
can only increase (or stay constant) in case of nesting, i.e. when adding extra volume to the
system.

Keywords: Accelerator Driven System, point reactor and adiabatic approximation, noise
diagnostics, fluctuating boundary, control rod vibrations, power spectra, localisation algorithm,
Green's function, adjoint function, nesting hypothesis.
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Chapter 1

Noise Analysis Concepts in Reactor Physics
Encyclopedia Britannica [Ref. 1] defines noise, for example in acoustics, as any

undesired sound, either one that is intrinsically objectionable or one that interferes with other
sounds that are being listened to. More generally in information theory, noise refers to those
random, unpredictable, and undesirable signals, or changes in signals, that mask the desired
information content. One can clearly see a negative attitude towards noise as something that
deteriorates the performance of a system or makes our measurements inaccurate. As a
consequence we are inclined to develop methods and devices to suppress (or eliminate) the
fluctuations as much as possible.

On the other hand fluctuations occur in a great variety of physical systems, not the least
in reactor physics. Moreover, modern science treats uncertainties in observable quantities as a
fundamental property of Nature. More specifically, it is a well known fact that all nuclear
processes obey statistical laws. Therefore the particle transport in nuclear reactors inherits
uncertainties. This can be utilised in a very useful manner because the state variables contain a
mean and a fluctuating component, and the fluctuating component carries very often as much
information and often even more about the system as the mean value. For example the noise can
be used to determine basic properties of the medium where the particle transport takes place, as
well as properties of different technological processes or dynamical properties such as reactivity
response and so on. Summarizing, one can say that noise analysis (or noise diagnostics) is a
useful tool because of its sensitivity and non-intrusive nature.

Noise analysis has been used successfully in reactor physics for about 50 years already. It
is commonly accepted to distinguish between "zero reactor noise" and "power reactor noise".
As one can guess from the terminology the former refers to zero-power reactors, i.e. systems
operating at such a low power that one can disregard the dependence of material properties on
the operational state of the reactor. In such systems the stochastic behaviour of the neutron
distribution comes from the very randomness of nuclear processes such as the type of the
nuclear reaction caused by a neutron-atom collision, the number of neutrons emitted during a
fission event, the time needed by an excited nucleus to release some extra energy and so on.
Thus, from the fluctuations,one can extract information about physical properties of the medium
such as the cross sections, the reactivity, the delayed neutron fraction etc.

In power reactors, i.e. the reactors working at a high level of power, in addition to the
intrinsic noise there are thermal and mechanical sources of noise like the temperature
dependence of medium properties, fluctuations in pressure, coolant flow, mechanical vibrations
of control and fuel rods, core barrel vibrations and so on. As a rule, this kind of noise is
dominant in power reactors as compared to the noise in zero-power reactors. Accordingly, by
monitoring this noise one can detect and even localise certain malfunctions in nuclear reactors,
beginnings of emergency processes and so on.

One very powerful and useful concept is the notion of the transfer function, which relates
the noise source to the induced noise and at the same time it is entirely determined by the
unperturbed system. In the theory of power reactor noise one usually assumes that the
perturbations (cross section fluctuations) are small enough to linearise the equations and
represent the induced noise as the convolution of a system transfer function and the noise
source. One of the main goals in the theory of power reactor noise is to find such a function.
Then, given the statistics of the noise source one can easily derive the statistics of the induced



noise, which is the purpose of the theory. Further information on noise and noise diagnostics
can be found in Refs. 4 and 5.

The relatively recently proposed accelerator-driven subcritical systems (ADS)
[Refs. 2, 3] have rapidly gained great interest in the scientific community because of the
following remarkable features:
• they would be inherently much safer than traditional critical systems;
• they would produce much less highly radioactive nuclear waste than traditional reactors;

• they would have access to a vast amount of fuel, i.e. Th, which is much in excess as

compared to the known resources of U.
A great challenge of ADS lies in the fact that many concepts and methods must be formulated
anew. For example in zero reactor noise as applied to traditional systems the noise source is
generally assumed to have Poisson statistics which is no longer true in ADS. Consequently,
zero noise in accelerator-driven systems has quite different properties as compared to that of
critical systems. Similarly, power reactor noise in ADS needs to be investigated, as well as the
question how the various reactor physics approximations are applicable for subcritical systems.



Chapter 2

Outline of Power Reactor Noise Theory

Let us restrict ourselves to the diffusion approximation with one energy group and one
delayed neutron group. Also we assume a homogeneous bare reactor with the flux vanishing at
the extrapolated boundary. Such a model demands less mathematical details and thus provides
a better insight into the subject. Generalisation to the multi-group model or other
approximations is quite apparent.

We begin with a critical reactor for which, to describe the system static behaviour in
accordance with our model, one needs to have space- and time-independent group constants D,
v l y and TLa. Then the equation governing the steady state is as follows

= 0

Pv2/<|»0(r)-A.C0(r) = 0

(1)

Here <|)0(r) and C0(r) are the static flux and the static precursor density respectively and rB

represents an arbitrary boundary point. Also we define the following quantities as

• £„, = v2y/Zu - infinite medium multiplication factor;

• p« = 1 - 1 / ^ -reactivity of the infinite medium;

• A = l/(i?v£y) - prompt neutron generation time;

• #o = ( v S / - Z a ) / Z ) - static buckling.

A perturbed system obeys the equations

dt

<t>(rB,0 = 0

r,t)-kC(r,t)

C(rB, 0 = 0
(2)

Here, the tilde sign marks the parameters (generally, space- and time-dependent) of the per-
turbed system. To derive linearised equations we apply the standard method of representing
time-dependent quantities as a sum of the mean value and a small fluctuating deviation as

<j>(r, 0 = <f>0(r) + 5<|>(r, t)

C(r, t) = C0(r) + 5C(r, /

vE/(r, 0 = vSy- + SvL/r, 0

±a(r, t) = Za + 8Sa(r, t)

Then we put (3) into the original equations (2), subtract the static equation (1), and finally
neglect second order terms.



For the traditional reactors the most commonly used model is to assume fluctuations only
in the absorption cross section E<,(r, t) = Zu + 5Za(r, t) which leads to the following
linearised equations

at

Eqns. (2) and (4) do not seem very complicated. But this is due to our simple
homogeneous model with one prompt and one delayed neutron group and without dependence
on energy. In practice one has to deal with much more complicated situations that pose a
challenge even for modern supercomputers, especially when one deals with inverse problems
resulting in necessity to solve equations like (4) repeatedly many times. One very useful method
to analyse these equations is to factorize the flux as [Refs. 6,7]

$(r,t) = P{t)y{r,t) (5)

In doing so one tends to put the dependence on t as much as possible into the amplitude factor
P(t) whereas the shape function \|/(r,r) represents a deviation from the static solution.

More quantitatively, one substitutes (5) into (2), then multiplies this by the static flux, also
one multiplies the static equation (1) by (5) and subtracts this from the previous result, finally
one integrates the difference over the whole reactor additionally demanding that

= 0 (6)

We may impose this restriction because we have just introduced two new functions instead of
only one. Generally, <(>0 is the critical adjoint flux, which however is equal to the direct critical
flux <))0 in our simple model. This is the usual way to derive the point kinetic equations

dt A(0

where the quantities C(t) and p(r) are as follows

jc(r, t)%{r)dV J5S« ( r ' '
C(t) = * — ; p(0 = -v- (8)

Eqs. (7) are exact so far, but we cannot solve them because p(t) involves the unknown shape
function. One can make useful approximations by introducing certain assumptions about the
shape function. The simplest one is to postulate that

V ( r , 0 = <(>o(r) or cf>(r,0 = P(t)%(r) (9)

This results in the point reactor approximation with



v 2 / .

It should be noted here that the normalisation condition in this case is fulfilled automatically.
A slightly more complicated approximation can be derived if one substitutes factorization

(5) into the time dependent equations (2) and neglects all time derivatives. Then the shape
function can be determined from the equation

) = 0 (11)

as the leading eigenfunction subject to the normalization condition (6). We just note here that
time enters the equation as a parameter only.

If we split the time dependent functions into mean values and fluctuations as

= l+8P(t) (12)

\|/(r,0 = <(>0(r) + 8v(r ,0

we obtain a linearised representation of the flux fluctuation by neglecting the quantity 8P8v[f as

5<t>(r, t) = 8/>(/)<|>o(r) + 8V(r, 0 (13)

This is another basic concept in reactor noise theory to think of the neutron noise as a sum of a
point reactor term and a space dependent term. Now we can say that in the point reactor
approximation we assume 8\|/ = 0, in the adiabatic approximation we determine the shape fluc-
tuation Si|/ as the deviation of the leading eigenfunction of (11) from the static flux.

Another very useful approach is to analyse the time dependent equations (2) or (4) in the
frequency domain by performing a Fourier transform which brings us to

V2S(b(r, co) + 52(co)S<b(r, co) = — ^ — < b n ( r ) (14)
u

where the frequency-dependent buckling is defined by

The function C70(co) is the well known zero reactor transfer function

1 (16)

r
JOO +

It immediately follows from the definition that G0((o) is unbounded when co tends to zero
that results in the following relationship:

£2(co-»0) = B\ (17)



The Green's function method gives the solution to (14) as

8<t>(r, co) = fc7(r, r', co)—" '*° %(r')dr' (18)

v

Here the Green's function is defined by the equation

V,G(r, r ' , co) + 52(co)G(r, r ' , co) = 8 ( r - r ' ) (19)

It is important to stress that the Green's function is completely determined by the unperturbed
system. This means that the transfer function is independent of the noise source, or in other
words, the neutron noise can be factorized (in the sense of operator theory) in terms of the
transfer function and the noise source.

If we know the Green's function for a particular reactor then formula (18) can be used in
two different ways:
• direct approach - given a noise source 8La we can calculate the induced noise 8<|) from (18);

• indirect approach - assuming S<)> to be known (for example from an experiment) we can
calculate the noise source 8Sfl by inverting equation (18).

Formally, inversion of (18) demands the noise be known everywhere in the reactor. In
practice however, the noise is measured only at a few spatial locations. One way to overcome
this difficulty is to find a mathematical model of the noise source which can be used in (18)
directly or indirectly. Very often the noise source may be approximated by an analytical
function, which depends on the position of the perturbation rp and a few unknown parameters.
Then, a few measurements of the noise define a system of equations, from which the unknown
parameters can be determined.

These principles can be applied, for example, to the problem of localising a vibrating rod
pin. It is very convenient to use here Feinberg-Galanin theory [Refs. 8, 9], according to which
the perturbation in the macroscopic absorption cross-section caused by the vibration of the
absorber is point-like and thus can be written as

8Ea(r, co) = y[8(r - rp - e(co)) - 8(r - rp)] (20)

where y is Galanin's constant (strength) of the rod. Then using the approximate formula

5Z f l(r,a>)«-Y(e(<D)-V)S(r-rp) (21)

which is precise up to the second order in s(oo), one has

r, oo) - - 1 | G ( r , r ' , co)<|>0(r')(£(co) • Vr,)8(r" - rp)dr' =

V (22)

In section 3.1 it will be shown in more detail how to apply this approach to one important prob-
lem of localising a vibrating control rod pin.



Chapter 3

Neutron Noise Diagnostics

3.1 Noise source localisation using neutron current in power reactors

The aim of the current section is to present a newly developed method to localise vibrating
control pins in PWR reactors using measurements at one point only. Earlier a localisation
method, which uses flux measurements at 3 different points, was successfully developed.

3.1.1 Mathematical model

Because the physical model in this case is essentially two dimensional, equation (22) now
reads as

8<|>(r, co) = Ig(a>) • V r ,[ G(r, r', co) • 4>0(r')]
r ' = r" (23)

= 1 [ Gx(r, i> co) • e,(<D) + Gy{r, rp, co) - e/to)]

Here the spatial displacement 8(co) (in frequency domain) becomes a vector with components
£x and £y, and new symbols are introduced as follows

*^ir[ > o-,)] (24)
and similarly for Gv .

Since the vibration components £x(<f>) and £y((n) are also unknown, one needs at least
3 neutron detectors at positions r ( , r2 and r 3 . Then, the neutron noise measured at these
positions is expressed by 3 equations of type (23). Two of them can be used to eliminate ex and
e in the third, and thus to create an identity called the "localisation equation". This latter is a
transcendental equation which contains the unknown rod position as its root. This is the
procedure that was used in [Refs. 10, 11]. In [Ref. 12], instead of an explicit inversion
algorithm, the simulated signals from three detectors were used to train a neural network to
identify the position of the vibrating rod from measured signals. Both methods were tested with
success on measurements taken at an operating plant with an excessively vibrating control rod
[Refs. 11,12].

However, there are situations when this approach needs to be revised. One such case is
illustrated in Fig. 1 where a thin rod produces a week perturbation such that the induced noise
has a small amplitude. Since the amplitude decays with increasing distance from the rod, the
effect of such a vibration can presumably be measured only in the very vicinity of the rod, i.e.
in the detector position in the same fuel assembly. Farther from the source, the background
noise and the noise from other sources exceeds the noise induced by the vibration and thus the
noise measured at such a point is of no use in the localisation or even detection process.

Instead of using three ordinary detectors, each measuring the scalar neutron noise, one can
alternatively measure the scalar neutron noise, say 5<j), and two radial components, 8JX and &Jy,
of the noise gradient (which is proportional to the neutron current in diffusion theory) at one
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Fig. 1. Horizontal cross section of a PWRfuel assembly, containing an instrument tube
for a movable detector and 24 control rod pins.

point. Since the current noise is a 2-D vector in this model, in which axial homogeneity is
assumed, then together with the scalar noise, one current/flux (C/F) noise measurement serves
3 independent quantities just as in the case of 3 neutron noise detectors.

In practice it is more appropriate to use the power spectra instead of Fourier transforms.
Likewise, instead of £x((o) and £y(oi) , the auto- and cross spectra Svv(co) , S (d>) , and
S (GO) of the displacement components are used as input source. Calculation of the neutron

noise auto- and cross-spectra requires explicit expressions for the displacement spectra ^ ( o o ) ,
Syy(<i>), and Sxy{(d). Simple expressions for them were derived from a model of random
pressure fluctuations as driving forces of the rod motion [Ref. 10]. It was found that the possible
variety of displacement component spectra can be parameterized by two variables, an ellipticity
(anisotropy) parameter k e [0,1 ] and the preferred direction of the vibration a e [0, %] .
Further details are found in Paper I.

3.1.2 Mathematical problem

Paper I formulates the mathematical problem in a compact form by using the notations

= (D2 • APSDH,APSD5J<,APSD5Jf
5J<,

c s ( c , , c2, , -D • (25)

Here, a and c stand for measured signals whereas * is not known. Paper I derives the equations

a = As c = C s (26)

where the corresponding 3x3 matrices are defined as follows

-.2 ,

A =

2GXG

2Gyxp
GyyPJ

c =

G G G G

*p yxP yP yyP

{GXG +GVG
*• X.. vt i V.. v

GXXGVX GXVGVV (GXXG +GVXG
xxp yxp xyp yyp v xxp yy yxp
XXGVX GXVGVV
xxp yxp xyp yyp

yxp

(27)



The matrices A and C depend on the positions of the detector Tj and the vibrating rod pin r^:

A = A(rd, rp) C = C(rd , rp) (28)

From Eq. (26) one concludes that signals a and c obey the following relations:

c = C(r J ;rp)-A~'(r</ , iy>-a a = A(rd,rp)-C'\rd,rp)-c (29)

where the position rp is unknown. This gives rise to the minimisation functions

fe(r') = , r1) * r') .a-e\; /a(r') = ||A(r,,, r1) • * r')c-a\\ (30)

These functions have an absolute minimum at the point r ' = tp. The unfolding procedure
thus consists of finding the global minimum of either the function fa(t') or the function
/ c ( r ' ) . This can be performed in two different ways:

• by applying a general minimisation algorithm to find a core position, corresponding to the
minimum, and then to chose the control rod pin nearest to this position as the vibrating one;

• by checking only the 24 possible pin locations (which are known in advance) and choosing
the one with which (30) yields a minimum.

3.1.3 Localisation method

At the first glance, the solution of the problem is quite straightforward because all one
needs to do is seemingly to apply a general minimisation algorithm for the function fa(r') or
/ c ( r ' ) . But this simple approach encounters serious difficulties when the conjugate gradient
method was used. Paper I explains in detail these difficulties and develops a different line of
attack which is based on a rather sophisticated mathematical analysis. Because of the
complexity the thesis touches upon some general ideas only. Paper I first proves the following
identities

(31)
det(A) = 2 • det(C)

det(C) = {Gx.Gxy. - Gy.Gxx.) • (Gx.Gyy. - GyGyx,) • (Gxy,Gyx, - Gxx.Gyy.)

This leads to a conclusion that, numerically, the functions / a ( r ' ) and / c ( r ' ) are equivalent.
In addition this enables us to find so called singularity curves, i.e. geometrical points at which
the matrices A(r(/, r ) and C(r(/, r ) become degenerate. Fig. 2 displays these curves.

• •
•

• • <

•
• <

\ • •

\ •
\ •

Fig, 2. Singularity curves
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Here, bold dots stand for control rod pins. It is precisely these singularity curves that make it
impractical to use fa(v') or / c ( r ' ) as minimisation functions. Further analysis showed that
relations (29) are in fact equivalent to the following nonlinear system of equations

Gxy-Gyx'~Gxx-Gyy'

GxyGyx'-Gxx~Gyy'

= const

= const

(32)

C1C3~C2«2

Finally Paper I proposes a new minimisation function p(x', y') defined as

p(x',y") = ^jPi(x',y') + p2(x', y') + p3(x', y') (33)

Here new functionsp\,pi, p% are given by

(x\ /) = c2f{(x\ y') -cJ2{x\ y')-ax

{x\ y') = Cj/^x1, y') -a2f2(x\ y')-c{ (34)

[Ps(x', y') = a3/1(x', y') - c3f2(x\ y') - c2

3.1.4 Numerical tests

The purpose of the numerical tests was to check the minimisation procedure by generating
simulated noise data. For numerical experiments the core has been represented by a 2-D
cylindrical model with a radius of R = 161.5 cm and the distance between fuel rod pins being
equal to 1.26 cm. Fig. 3 shows a quadrant of this model. Up to a factor, the static flux <|>0(r)
reads as <t>0(r) = J0(2.4048r/i?)

Y
R = 161.5

Detector

Fig. 3. A quadrant of the horizontal cross section of the core
A large number of neutron noise spectra have been generated, corresponding to various

control rod pin positions and vibration parameters. For a better simulation of a realistic case, a
"random" (i.e. background) noise was also added to the simulated signals. This noise was
assumed to have a Gaussian distribution. If there is no noise it is sufficient to solve Eqs. (32).
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In the presence of noise it is more practical to solve the equations by minimising an appropriate
function. Several minimisation function denoted here as //'-*, p^2\ p^3K p(ave) have been tried.
Table 1 shows outcomes of numerical experiments for different levels of background noise. To

Table 1.Efficiency of Different Algorithms in Localising
the Vibrating Control Rod Pin Correctly

Background Noise (%)

0

1

2

5

10

Efficiency (%)

Pil)

100

92.2

83.7

70.0

52.0

P(2)

100

92.3

84.1

67.9

52.4

PO)

100

99.6

98.0

91.8

79.4

(ave)

100

96.1

89.7

74.3

56.9

P

100

99.5

98.3

92.7

82.4

(com)

100

99.3

97.4

86.4

67.6

(com)that checks onlycomplete, we include here also a "combinatorial" minimisation function p
the predetermined 24 locations.

As Table 1. shows, the efficiency of all algorithms is quite satisfactory when non-
perturbed, "clean" signals are used, or when the level of the added noise is low. With a high
level of added noise, i.e. 5% or 10%, the performance is somewhat less satisfactory, but the
deterioration of the performance is not worse than in similar diagnostic methods, where the
same worsening of the performance was observed with added noise. The minimisation principle
based on the function p appears to be the most effective. It was also tested that if the singular
case k = 1 is included, the efficiency of the algorithms decreases. On the whole, the algorithm
elaborated by us seems to be suitable to solve the specific diagnostic problem.

3.2 Detection of impacting instrument tubes in BWR

3.2.1 Introduction

Discovering detector tube vibrations, and especially detecting impacting, has been of
interest since relatively long. There are several ways of identifying and quantifying impacting
from the signals of the vibrating detectors. They are based on the distortion of the phase between
two detectors, widening of the peak in the auto power spectral density (APSD) function
[Ref. 23] or increasing of the decay ratio (DR) associated with the vibration peak [Ref. 24],
distortion of the probability distribution function (PDF), and finally wavelet analysis.

Most of the methods are not absolute, rather relative and need access to data from the
same string before impacting. Widening of a peak, decreasing of the decay ratio, distortion of
the PDF are all, as the terminology discloses, methods that require a comparison to the impact-
ing-free data in order to detect impacting.

Wavelet analysis is one of the few methods, if not the only, which to a large degree is
absolute or calibration-free. It is based on a suggestion of Thie [Ref. 4] that each impacting of
a detector tube against the wall of a fuel assembly will induce short, damped oscillations of the
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fuel assembly itself, which then will contribute to the detector signal. High-frequency damped
oscillations of the fuel assembly will manifest themselves as spikes, and the task of detecting
impacting is then reduced to the task of detecting spikes in the signal. Such detection can be
performed with wavelet analysis. Nevertheless it has to be emphasised that the method is based
on a hypothesis, i.e. the high-frequency vibration of the fuel assembly on impacting, which is
difficult to verify experimentally. However, there exists some evidence that the hypothesis is
true [Ref. 17].

3*2.2 Description of the problem

Unit 2 at the Oskarshamn nuclear power plant suffered excessive instrument (or guide)
tube vibrations in the early 1990's. The guide tube vibrations reportedly caused wear and dam-
age to neighbouring fuel boxes. In two cases the vibrations led to the occurrence of big holes in
adjacent fuel boxes [Ref. 19]. Fig. 4 gives a visual explanation for the problem. The guide
tube, which is of about 1.8 cm in diameter and 380 cm in length, contains several neutron
detectors, also called Local Power Range Monitors (LPRM). The guide tubes are located in the
space between four fuel boxes. Since the long thin tube is fixed only at its ends, it performs free
vibrations when placed into the streaming water flowing around the string. The resonance fre-
quency is typically 2 to 3 Hz.

Instrument tube

Neutron detectors

uel box

Core support plate

iypass cooling hole
Fig. 4. An instrument tube between fuel boxes in the core

Fig. 5 shows the core cross section of Oskarshamn-2 BWR reactor that has totally 24 in-
core instrument tubes. They are numbered from left to right and from top to bottom. Also
Fig. 5 indicates two holes found in 1992 and 1994 during inspections [Ref. 19].
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The history of vibrations available includes 16 measurements with dates ranging from 1991-
Oct-21, when the guide tube vibration was first identified as a problem, until 1994-Nov-29, by
which time the problem was resolved. This period covers fuel cycles 17 (C-17) to fuel cycle 20
(C-20). In addition, there were three visual inspections. More information is found in [Ref. 19].

3.2.3 Physical model to detect impacting

The physical model of impacting is based on a suggestion of Thie [Ref. 4] that each
impacting of a detector tube against the wall of a fuel assembly will induce short, damped
oscillations of the fuel assembly itself, which will contribute to the detector signal. The situation
is illustrated in Fig. 6. According to the model we assume the detector signal to consist of:
• Stationary global neutron noise, N(t);
• Neutron noise coming from the mechanical vibrations of the detector, S(t), which is addi-

tionally supposed to be stationary;
• Neutron noise induced by impacting, T(t), which is additionally supposed to be transient.

(!••

N(t):

/ S(t) = ax(t):

T(t) = AX(t):

Global neutron noise

Detector string noise (Stationary)

Fuel box noise (Transient)

T(t): Total signal

Fig. 6. Physical model to detect impacting

Summing up the three components we arrive at the representation for the detector signal

(35)

3.2.4 Results with simulated data

Although the vibration in the X-Y plane is two-dimensional, no qualitative difference
was found between 1-D and 2-D simulations [Ref. 17]. Because of this fact, a simplified one-
dimensional simulation has been used in the current work to study the possibility to detect
impacting of a detector string against surrounding fuels boxes, as shown in Fig. 7.

H-
X-R O R

Fig. 7. One-dimensional model to detect impacting



14

Following [Ref. 20], we assume that both the detector guide tube and the fuel box may be
modelled by a damped oscillator with a random driving force. Exact formulas and definitions
are found in Paper II. Impacting is simulated by confining the detector string motion within
(-R,R). Whenever |*(/)|, in the course of simulation, exceeds R, the velocity x(t) is reversed,
i.e. x(t) —> -x(t), which models elastic reflection from an infinite mass without energy loss.
According to our model we assume that the neutron noise due to the mechanical vibration, S(t),
is linearly related to the displacement x(t).

Three simulated signals are shown in Fig. 8. The stationary component of the detector
signal, S(t), is shown in Fig. 8a), the transient component, T(t), is given in Fig. 8b), and finally,
the third plot, Fig. 8c), displays the total detector signal §(t). It should be noted here that the
amplitude of the fuel box signal, T(t), is 3 orders of magnitude smaller as compared to the
detector tube signal, S(t), and thus it is completely invisible in the total signal, ((>(/).

a) Detector string signal a*x(l) I = 3 Hz e = 2 3"'

b) fuel box sgnal A'X(I) FQ = 10 Hz e = 6 3" '

14
2

1

0

-1

C)ToL i Signal 8«t) =

lilt i l l

mmM|| ' M ' | |

a'x(t|

lllll

m

• A'X(|)

1 .

m

i.t.

,|

r

240 Hz

mmH
40 45

Fig. 8. Simulated signals
Wavelets, in contrast to Fourier analysis, have reportedly proved to be a powerful tool in

dealing with non-stationary data [Ref. 18]. One often speaks of approximations and details.
The approximations are the high-scale, low frequency components of the signal. The details
are the low-scale, high frequency components. At the most basic level, an arbitrary signal S(t)
is cast into a low-frequency, Aft), and a high-frequency, D(t), component as follows

S(t) = D(t); = HP{S(t)} (36)

An efficient technique to denoise the signal S(t) is to set a threshold x and disregard all details
that are under this barrier by setting D(t) to zero

D{t) = 0
D{t)

\D(t)\<T
\D(t)\>x

(37)

Applying recursively decomposition (36) to the details A(t), one obtains a general multi-level
wavelet decomposition into approximations and details as follows

S(t) = (38)
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Various wavelets available in MATLAB Wavelet Toolbox have been tried to identify
impact events from the simulated detector signal, <|>(0- A typical example is presented in
Fig. 9, the first row of which displays the first four members of the Daubechies wavelet family
with dbl being nothing else but the Haar function. For the sake of comparison the last row
reproduces impact events that are known in the course of simulation. Finally, rows Dl, D2, and
D3 display details of the first three levels evaluated by the corresponding wavelets.

-H4

-4-HH

20 30 40
Tims Is]

20 30 40 20 30 40
Time [s] Time [s]

Fig. 9. Examples of wavelet analysis

The other wavelet functions tried in this research give a similar picture, some of them
being more preferable while others being less suitable to detect impacting. In a sense, db4 was
found to be the best for our purposes.

3.2.5 Results with real data

To obtain reliable results we need to evaluate the global neutron noise N(t) in the detector sig-

nal <|>(/). Let / 0 and F o be eigenfrequencies of the detector string and the fuel box respec-

tively. By assumption, N(t) is white noise and F0>f0. Because of this, we derive the

following estimate

§Hp = HPf{S(t) + T(t) + N(t)} = HPf{N{t)} (39)

Here HPj\& a high-pass filter with the cut-off frequency / > F o . This allows us to evaluate

2
Var[4fHP\ (40)

and hence to set up the threshold % = aN in (37). In order to quantify the severity of impact-
ing, we define an impacting rate (IR) as the number of spikes per unit time of observation sur-
vived the wavelet threshold procedure (37). Typical examples of wavelet-filtered signals,
together with the IR values, are given in Fig. 10.
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IPRM8.1 0(931101 ( m = 1 1 . C-19) Wavotel filtered signai

IR = 0.140 Flow = 7.0 iK

0 100 200 300 0 100 200 300
"Dim Is] Timo Is]

Fig. 10. Wavelet analysis as applied to real signals

Fig. 11 summarises the results of the wavelet analysis performed for all the measure-
ments. Each individual subplot of Fig. 11 displays a distribution of the IR index over all 24
LPRM signals. The 25-th bar gives the water flow for comparison. The IR indicator is given
relative to the maximal value over all signals and all measurements. This maximal value was
found to be IR = 2.57 for detector tube 15 in measurement 13.

911021 (m= 1 C-17J 911209 (m = 2 C-17) 920407 (m = 3 C-17)
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Fig. 11. Results of wavelet analysis for all measurements

As one can see in Fig. 11, there is a strong dependence of the impacting rate on the water
flow that fully corresponds to our expectations. For example, water flow of 6.1 ton/s causes
small impacting in measurement 3 as contrast to measurement 4 with water flow of 7.2 ton/s.
The first construction improvement was made between cycle 18 (m=10) and cycle 19 (m=l 1).
As a result we can see a qualitative change in the behaviour of IR, measurements 7 to 10 as
compared to measurements 11 to 14. The second improvement was made between cycle 19
(m=14) and cycle 20 (m=15), once again this resulted in a dramatic change of the IR distribu-
tion, measurements 11 to 14 as contrast to measurements 15 and .16. Moreover, tube 7 had the
largest impacting rate before the first change in construction was made. This fully conforms to
the visual inspection RA2-92 [Ref. 19] that revealed a big hole in the neighbourhood of instru-
mentation tube 7. In the period of time between the first and second improvements, cycle 19,
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string 15 was found to show the most intense impacting, which perfectly agrees with the
inspection RA2-94 [Ref. 19] that discovered another large hole in a fuel box next to tube 15.

The overall correlation of the IR indicator with the reported damage was found to be 0.38
that is quite good as compared to other indicators. The comparison is given in Fig. 12 that
shows the IR index as the third best correlated indicator.

Coiretation of damage with curraiativa uvjices for C17

Cumtdative indices

Fig. 12. Wavelet analysis as compared to other impacting indicators

It is interesting to note that, firstly, kurtosis and ppl in the correlation function between the
upper and lower signals were found to be strongly anti-correlated with the reported damage;
secondly, the indicators embraced in the dashed rectangle have very little to say about impact-
ing; whereas thirdly, IR together with DR, va defined in [Ref. 19], and the area under the sec-
ond peak in APSD, ap2, are mostly correlated with the reported damage. It should be noted
however, that the impacting rate is the only indicator that practically needs no calibration prior
to the use. Some of the concluding remarks are as follows.

• A large measurement set, together with knowledge of occurrence and severity of impacting,
gave an outstanding opportunity to test the method of detecting impacts by wavelet meth-
ods;

• For heavy impacting, the wavelet analysis was found to be very effective of identifying and
quantifying impacting without the need of calibration to measurements with known impact-
ing or without impacting;

• For mild impacting, the performance of the wavelet method is not perfect, although fully
comparable with that of other methods;

• Further development and tests will be made with various types of wavelets as well as further
improvement of the threshold procedure and the way to estimate the impacting rate is
planned.
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Chapter 4

Neutron Noise and Kinetic Models for Subcritical Systems

This chapter develops the power reactor noise theory for accelerator driven systems.
These systems constitute a novel aspect in two ways. First, the spatial and frequency response
of a subcritical system may show properties that are different from those known in traditional
critical systems. Second, there is a potentially new source of fluctuations present, namely the
fluctuations (both in space and time) of the neutron source. Another point of interest in studies
of power reactor noise is how the various reactor physics approximations (point kinetic,
adiabatic etc.) are applicable. It turns out that there exist no systematic definition of the point
kinetic approximation for ADS, and no definition at all in use for the adiabatic approximation
for subcritical systems. This latter is actually not trivial and its construction for ADS is an
interesting task. Thus, the current chapter gives here a very brief systematic definition of both
approximations, and derives the point kinetic and adiabatic equations from the space- and time-
dependent diffusion equation. More details can be found in Paper III.

4.1 The formal solution

To obtain better insight we assume a bare homogeneous reactor operating in a subcritical
mode. Also we restrict ourselves to the one-group diffusion approximation with one group of
delayed neutrons. Then, using the usual boundary condition one can write the static equation
with a steady source as

fZ>V2<j>(r) + (vZ,-I,,)<|>(r) + .S'n(r) = 0
J i (41)

U(rB) = 0
In Eqn. (41), <j)(r) is the static flux and S0(r) is a static external source. This system is assumed
to be subcritical with a certain value of key < 1 or, equivalently, negative static reactivity p ,
which can be obtained from the eigenvalue equation

£>V2<|>0(r) + Q - £ - Za)<(»0(r) = 0 (42)

with the same boundary conditions. We assume now that the fluctuations of the flux are
induced by the temporal and spatial variations of the external source. As usual in noise theory,
one starts with the space- and time-dependent diffusion equations

C(rB, 0 = 0

It should be noted here that Eqn. (43) differs from (2) in two ways. First, it has an external source
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S(T,t), and second, §(Y) (only one argument) denotes a static flux corresponding to a static
source Srfr). Here the subscript "0" is omitted, indicating that <|>(r) is not the critical flux. We
now split up the time-dependent quantities into stationary values and small fluctuations, put this
splitting into (43), subtract the static equations and eliminate the fluctuations of the delayed
neutrons by a temporal Fourier-transform. Finally we obtain in the frequency domain the
following equation for the neutron noise

V2&Kr, co) + B2(co)8<Kr, co) + ^SS(r, co) = 0 (44)

The formal solution of (44) is given through the corresponding Green's function by

8<t>(r, co) = J(?(r, r', c o ) 8 ^ ' m W (45)

Here, the Green's function satisfies the equation

V2(7(r, r', co) + 52(co)G(r, r', co) + 8(r - r ' ) = 0 (46)

Unlike in critical reactors, G(r, r', co) is not divergent when co -> 0 because of (17).

4.2 Non-linearised kinetic approximations

In order to develop the reactor kinetic approximations one factorizes the space- and time-
dependent flux into an amplitude factor P(t) and a shape function Vf(T,t), as in (5), with the
normalisation condition (6). The critical adjoint flux <t>0(r) obeys the equation

DV2$+
0(r) + ̂ j-L - 20)<t)o(r) = 0 (47)

We shall also assume that before the perturbation started one had a stationary system with

>P(t=-oo) = p =1 (48)

The usual way of developing the kinetic approximations is to derive coupled equations for
Pit) and \|/(r, t). To this end, one has to substitute the flux factorization (5) into the time-
dependent equations (43), multiply by the critical adjoint flux <t>0(r), and integrate over the
reactor volume. One also multiplies the critical adjoint equation (47) by the shape function
\}f(r, t), integrates over the volume, and subtracts the two equations. This manipulation yields

Here, the following functions have been introduced:

( 5 0 )

In contrast to p(t) of Eq. (8), the reactivity p in (49) is the static subcriticality of the system.
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Because Q(t) does not involve the shape function \\f(T,t) and since P(t) depends linearly
on the source properties, the point kinetic equations can be solved by direct temporal Fourier
transform of Eqn. (49). Eliminating the delayed neutron precursors leads to the solution

P(a) = AGp(co)g(co) (51)

Paper III derives the zero-reactor transfer function Gp(co) of the subcritical system (also found
in [Ref. 5]) as

( 5 2 )

This function has a frequency dependence similar to that of the zero-reactor transfer function
Go(co) of (16) on the plateau with a break-point roughly independent on the magnitude of the

subcritical reactivity. On the other hand, its amplitude on the plateau is equal to 1/( |3- p) ,
and, most important, it does not diverge with vanishing frequency.

The point kinetic approximation actually means to assume \|/(r, t) = (j>(r) for all time
instants. According to this definition, the source-driven reactor behaves in a point-kinetic
manner as long as the flux shape does not deviate from that of the static flux.

To derive the adiabatic approximation, we re-write Eqn. (43) as

(53)

Introducing factorization (5) into (53) and neglecting all time derivatives leads to

(54)
J W(r')S(r', t)dr'

Here the weight function W(t) is defined by

(55)

f G(r, r')S(r', t)dr'
Vaj(

r' 0 = <t>o(r)<KrMr • J—r
J I W(r')S(r', t)dr'

4.3 Linearised kinetic approximations

Paper III derives the linearised kinetic equations, as usual, by splitting time-dependent
quantities into static values and small deviations, in particular Q{t) - QQ + $q(t). This yields

After some manipulations we arrive at the following equations for the deviations 5P and 8C

( 5 7 )
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The solution of (57) in the frequency domain is

5P(oo) = AGp((0)5q((0) (58)

Thus, for the point reactor approximation we have:

&|y(r ,w) = AGp(w)8?(a>)<|>(r) (59)

In the adiabatic approximation, the first term of the noise in the r.h.s. of (13) is still given
by (59), but we also have to calculate the adiabatic form of the fluctuation of the shape function,
8v(/ai/(r, co). Paper III derives the result as

&|/a(,(r, co) = JG(r,r')-<t>(r)
W{r')

J<Kr")4>o<r")<fr"
', <a)dr'

Thus finally we have

r, co) = r, co)

(60)

(61)

Fig. 13 shows the exact solution to the noise equation and the kinetic approximations for a
vibrating source.
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Fig. 13. The noise induced by a vibrating beam at various frequencies for kerr =0.99; Full
line - exact solution, broken line - point kinetic, dashed dot line - adiabatic
approximation. a)(n = 0.002 rad/s; b) co = 0.02; c) co = 20; d)<n= 100.

As one can see, the point kinetic approximation deteriorates, whereas the adiabatic approxima-
tion remains rather good even in the plateau region. Some reasons for this will be given later.
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4.4 Comparative study of kinetic approximations

Despite the fact that the theory of power reactor noise in subcritical systems has much in
common with that of ordinary critical reactors there are quite many differences including non-
trivial ones. This concerns both methodology (how to develop the theory) and the spatial
frequency behaviour of the noise itself. As for the latter, this difference somewhat vanishes
when the reactivity p approaches zero or in other words when a subcritical system comes closer
and closer to critical one.

In theory, the possibility of using the Green's technique in the static case is an immediate
and important difference compared to the traditional case of critical systems where the static
equation is an eigenvalue equation which is homogeneous and thus it cannot be solved by the
method of Green's function.

It is interesting to note that, in contrast to the traditional noise theory, no linearisation is
necessary to derive the general solution (45), which is thus valid to any amplitude of the noise
source fluctuations.

We also note another property of the noise induced by source fluctuations that follows
immediately from (45). Namely, in contrast to critical reactors, the amplitude of the noise does
not diverge with vanishing frequencies. Actually, if co tends to 0, the dynamic transfer function
G(r, r', oo) just reverts to the static Green's function G(r, r ' ) and (45) becomes

8<|>(r, co) - fG(r, r ')8S(r' , oo)dx' (62)

Paper III shows that unless the source fluctuations can be factorized

5S(r, (0) = 6/(co)5o(r) (63)

the spatial dependence of the noise will deviate from that of the static flux, even in the limit of
small frequencies. However, on the other hand, for cases when (63) is valid, the point kinetic
approximation is applicable over a larger frequency domain or larger domain of reactor
dimensions than its classical counterpart. Thus, in addition to system size and frequency, the
applicability of the point reactor approximation in ADS depends on also the space-time
structure of the perturbation, represented by the source fluctuations, and hence, the behaviour
will be different from that in traditional systems. Somewhat simplified, it may be stated that
since the point reactor approximation can work both better and worse than in traditional
systems, depending on source factorization properties, the applicability or usefulness of the
point reactor approximation in ADS and traditional systems is roughly comparable.

We have defined the point kinetic approximation by postulating

«>(r, /) = P(tMr) (64)

From the methodological point of view an alternative possibility would be to demand

r, 0 =

where <|>(r) is the static flux (subcritical flux with source) and <t>o(r) is the critical flux (system
eigenfunction). It is easy to show however that the only physically plausible and mathematically
consistent way to define the point reactor approximation is through Eqn. (64).

The definition of the adiabatic approximation for ADS is different from what one would
intuitively suggest. Since the system is now subcritical, the static equation (41) has always a
solution with a time-dependent source S(r, t) at any time instant t such that t is only a
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parameter and not a variable. It is tempting therefore to define the adiabatic approximation as a
solution to such a simple equation. However, it is easy to recognise that such a solution is poor.
Namely, one would then completely disregard the contribution from the delayed neutrons. This
is satisfactory only at low frequencies (co < A.). Another definition was thus given in Paper III.

It is also seen that, unlike in the traditional case of cross section fluctuations, the driving
force Q(t) can be calculated without knowledge of the shape function \|/(r, t). In noise theory
this independence is achieved by linearisation, such that it suffices to use the static flux or static
adjoint only when calculating the reactivity, but here one does not need to resort to linearisation.
In other words, P(t) depends linearly on the source properties, and its calculation does not
depend on what reactor kinetic approximation is used for the calculation of the shape function.

From (54) we see immediately an interesting feature of ADS. Namely, assume that the
perturbation only consists of a temporal change of the source strength 5(1% t) = f(t)S0(r)
with f(t) being an arbitrary function that fulfils f(t=-°°) = 1. Then from (54) one has

Vad((r, t) = Jc(r, r')S0(r')dr' = Vt (66)

Thus, in this case the adiabatic approximation is identical with the point kinetic approximation.
On the other hand, for source fluctuations that cannot be factorized in this manner, there

will be a non-zero (and possibly significant) contribution from the adiabatic approximation. In
such cases, as we have seen, the point reactor approximation does not become exact even in the
low frequency limit. Hence, it can be expected that the adiabatic approximation becomes
superior to the point kinetic approximation even at low frequencies. This is in contrast to the
case of critical systems where for any perturbation with a non-zero reactivity the point reactor
term becomes dominating at vanishing frequencies.

Summarizing the above one can compose the following comparative table:

Table 2: Comparative properties

Critical system

G (ml
(A ' a

L / c o + A J

GJ(£>) is divergent

when co —> 0

cx^r.coj is divergent
when co —> 0

Linearisation is needed to get

o(b = I G—<bnc/r

|<brt(r)8£ ( r , co)<|)A(r)£/r
ftnfrrt^ — •-

vS/-1 (j)o(r)((>0(r)<ft"

Subcritical system

1

/COFA + T - ^ T I ~ P
L fCO + A.J

Gpfcoj is non-divergent

when co —> 0

54>(r,co) is non-divergent
when co -> 0

No linearisation is needed to get

J D

1 ̂ ^(r, co)(j)n(r)6ft*



24

Chapter 5

Neutron Noise in Systems with Oscillating Boundaries
5.1 One-group homogeneous model

Here we present only a sketch of noise analysis as applied to systems with varying size.
A detailed treatment of this topic can be found in Paper IV and V. As is pointed out in Chapter
1, one of the general aims of noise theory is to establish a relationship between the neutron noise
and the noise source via a transfer function referring to the unperturbed system. Paper IV
explains why we consider only cases when the magnitude of the fluctuation of the boundary is
smaller than the extrapolation length.

Assuming a homogeneous critical reactor, which at rest occupies a volume Vo, we have
for the static flux in the one-group diffusion approximation

£>V2<i>0(r) + ( V z / - Za)<|>0(r) = 0

pvEj-<|)0(r)-A,C0(r) = 0

Paper IV shows that in the diffusion approximation an appropriate boundary condition for our
purpose consists of the flux vanishing at the extrapolated boundary such that

*o<r) . M 1 *) (68)
dn /

Here YB is an arbitrary point of the static boundary, / is the extrapolation length, and n is an
outward normal on the boundary. Accordingly, the space- and time-dependent neutron flux and
the precursor density obey the time-dependent one-group diffusion equations

(69)

together with the boundary condition given at the momentary boundary SM

r,0
dn I

(70)

Fig. 14 gives a visual explanation of the notation and defines the displacement e(rB,f) of the
momentary boundary relative to the static one.

Momentary Boundary 5M >- — __ ___

Static Boundary So • _ _ _ _ _ / ' / e ( r B , 0 N

\

Fig. 14. Time-dependent boundary condition
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Because <|>(r, t) and <|>0(r) are defined over different spatial regions we run into an
immediate difficulty when we try to define the point reactor approximation as usual by postu-
lating the relationship <j>(r, t) = P(/)cbo(r)

To alleviate this difficulty, Paper IV introduces a boundary condition on the static surface
5Q such that it becomes a simplified version of the exact condition

r, 0
dn z(vB,t)

, t) + i<t>(rs, t)z(rB, t) (71)

This boundary condition is equivalent to the case of a fixed boundary with a time-varying

extrapolation length of le(TB, t) = 1 + z(rB, t). Having fixed the boundary condition one can

use the traditional linearisation technique to derive linear frequency-dependent equations for
systems with fluctuating boundaries. We represent time-dependent quantities as static values
plus small deviations, put this splitting into the original system (69) and the boundary condition
(71), subtract the static equation (67), neglect the second order terms, and finally Fourier
transform the resulting equation. This yields in the end

V2o>(r, co) + 52(co)S<t)(r, co) = 0

, co)
dn

= - J64>(ra, co) + \$0(rB)£(rB, co)
r» l

(72)

Here B (co) is the frequency-dependent buckling. Paper IV proves that the solution to problem
(72) can be given through the Green's function belonging to the static system and defined as

dn

Then the solution reads as follows

dG(r, r\ co)

r, co) = - J G(r, rB, a)\
W l

,r',co) = 2j8(r-r ')

>, rr, co)

., ca)dS(rB)

(73)

(74)

Here 5 0 = dV0 is the static boundary. Paper IV derives the same solution, (74), if the steady-
state system, described by (67), is perturbed only in the absorption cross section as

8Z f l(r,0 with

5Sa(r,/) = - -2D8(f(r)-cMr,t) (75)

Here we suppose a certain function fir) to define the static boundary dV0 by / ( r ) = c. Rep-
resentation (75), which Paper IV proposes to call the absorber model, turns out to be very use-
ful in deriving important consequences. Let us assume, for example, that we study reactor
kinetics by introducing an amplitude factor P(t) and a shape function i|/(r,f) with a normalisa-
tion condition, similarly as in (5) and (6). Then the reactivity term in linear theory is given
[Ref. 7] by
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p(t) = - £» (76)

The absorber model allows us to obtain immediately a corresponding representation of the
reactivity associated with an oscillating boundary as

J s , t)dS(rB)

p(t) = *h (77)

By postulating the point kinetic approximation as v ( r , 0 = • W ) ' o n e derives easily
from (77) the reactivity term of the neutron noise in the point reactor approximation

J
PpriO = ^ (78)

Another useful application of the absorber model is the derivation of the reactivity term
in the adiabatic approximation as

I B, t)e(rB, t)dS(rB)

Here ya</(r, t) is the leading eigenfunction of the equation

DV\ad{r, t) + ̂ Ll - Sa(r, o)va«,(r, 0 = 0 (80)

In addition, a normalisation condition is imposed on Y0(/(
r> /) according to (6).

5.2 Multi-group non-homogeneous model

We now turn to a generalisation of the above results. Details are found in Paper V. One
possible area of application could be a treatment of the in-core noise induced by the core-barrel
in PWRs. Some examples of such a treatment are presented in Paper 4 or in Paper 9 mentioned
in the list of publications not included in this thesis.

The steady-state model for an inhomogeneous system in the multi-group diffusion
approximation, that generalises the one-group model (67), reads as
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V • s' = 0 g=

j=

(81)

Here all the symbols have their usual meaning. The static fluxes, <j>0 „, together with the static

precursor densities, Co • , as well as the group parameters, D8, lL8
a, and so on, are space-

dependent. The boundary condition of no incoming current in every group is defined by intro-

ducing the group extrapolation length, lg , as follows

(82)
dn

In the general case of the diffusion approximation, the space- and time-dependent neu-
tron flux and the precursor density obey the time-dependent multi-group equations

g

j=

• • ; i * G (83)

The exact boundary condition is given on the momentary boundary S^ by

(84)

The effective delayed neutron fraction in (83) is P = V" P • and the energy spectrum, %s, is

related to the prompt, %g, and delayed, xs-, spectra as

(85)

Arguing in the same manner as in Paper IV, one derives a simplified boundary condition on the
stationary boundary So as

r. 0
dn h

g
•,t) (86)

Equation (86) is the multi-group counterpart for the boundary condition (71). As in the one-
group model, we additionally benefit from the simplified boundary condition (86) by defining
the time-dependent group fluxes <t>g(r, t) over the static volume Vo.

To derive linearised equations one splits the time-dependent fluxes <|)«(r, t) into station-
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ary components <t>o,g(l") and small deviations 5<|)g(r, / ) . Next, one puts this splitting into the
time-dependent equations (83) and takes into consideration the steady-state equations (81).

Finally, one applies the Fourier transform to obtain equations in the frequency domain as

V • D

3o<b (r, co)

= 0

1
(87)

= - j-Hg(rB, co) + -<$>0 g(rB)e(rB, co)

r, * I*

In (87) a short-cut notation is introduced as follows

TJ
(88)

• iCO

Here, 8^ refers to the Kronecker delta function.
Equation (87) can be solved by the Green's function method. We define first the Green's

function, G(r', g' -» r, g;a>) = Gg,^g(r\ r;co) = G . _> , as a solution to the following sys-
tem of A Ĝ equations

(89)
g,g' = U...,NC

Here the gradient of the Green's function is VG . _̂  s V G(r', g' —> r, g;co). Paper V proves
the solution of (87) to be

5<j)g(r,co) = - 1 >&>*»;—L (90)

This is a direct generalisation of the one-group homogeneous representation (74) for the multi-
group non-homogeneous model. We can cast solution (90) into a compact form by represent-
ing the Green's function G(r', g'—>t, g;co) as a matrix Green's function, denoted as
G(r', r;co), with the entries G . _, and using the ordinary vector-matrix notation with the
following definitions

'8V ' V i" 0

; 6 =
0

(91)

Then solution (90) takes the form
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54>(r, (o) = - J G(rB, r;co) • l"2 • D(rB) • <D0(rs)e(rB, <o)dS(rB) (92)

This form of the general solution is as close as possible to the one-group homogeneous solu-
tion (74). Solution (90), or equivalently (92), represents the neutron noise 5<& in terms of a lin-
ear integral operator acting on the noise source 8 and entirely determined by the unperturbed
system.

Paper V proves that, mathematically, solution (90) is equivalent to introducing a fre-
quency-dependent absorption cross-section

Zf(r,a» = 2£(r) + 52£(r,a» (93)
with the pertubation in the absorption cross-section being equal to

5Zf (r, co) = - I / / ( r ) S ( / ( r ) - c)e(r, co) (94)

Switching back to the time domain one immediately obtains

Slf (r, /) = -I/)S(r)5(/(r) _ c )e(r, t) (95)

One may call (94) and (95) as the multi-group absorber model in the frequency and time
domains respectively. This is a direct generalisation of the one-group absorber model (75).

Now we turn to a generalisation of kinetic approximations for the multi-group model.
Following [Ref. 7] we start with the factorization principle as

<^(r, t) = P{t)v/g(r, t) (96)

Paper IV proves that in linear theory the normalisation condition can be given as an integration
over the static volume Vo. In the multi-group case it reads as

° (97)
va s 8

Here <(>0 is the adjoint function associated with the static critical system. If only the absorp-
tion cross section is perturbed, the reactivity term becomes [Ref. 7]

P(0 = -^j£82f(r,/)<|>^(r)Vg(r,0dr (98)

F(t) is usually given [Ref. 7] as

J X Z g ^ (99)
Ko g g'

By using the absorber representation (95) we immediately obtain a general relationship, within
the framework of linear theory, for the reactivity through the shape function and the noise
source as
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PC) = jjjj J ^ig(rB)\Dg(rB)^g(rB, t)E(rB, t)dS(rB)
dV0 i' S

The ordinary vector-matrix notation transforms (100) into a compact form of

PC) = D(rs) , t)e(rB, t)dS(rB)

(100)

(101)

Here the adjoint fluxes §0 are combined into a row-vector 4>Q • We may call (101) as a multi-
group non-homogeneous generalisation of the one-group homogeneous relationship (77).

The point reactor approximation postulates i|/ (r, t) = <j>0 ̂ ( r ) . This immediately gives
a generalised form of (78) for the reactivity term of the neutron noise induced by boundary
movements in the point reactor approximation as

P C ) = •$- f Y 4>J S{TB)\D\TB)% g(rB)e(rB, t)dS(rB) (102)
pravg ls

Here the factor F(t) in (100) assumes a form of the point reactor approximation

Fpr = (103)

Vo 8 g'

Similarly, in the adiabatic approximation the shape function is found as the leading eigenfunc-
tion of the equation

V • Dg(r) V4>f(r, 0 - Sf (r, o < (r, t) r, r)

§ (The shape functions §g (r, /) are subject to further normalisation according to (97) that brings
us to a generalisation of (79) as

P««*C) = T A - T f y ô

Here the factor Fa(i(t) reads as

Faa(t) =

(105)

(106)

g g

5 3 Adjoint function approach

It is convenient to combine the group fluxes <j>j,..., §N into a column-vector <t> of a direct
space, each element of which satisfies the boundary condition (82), and the adjoint group
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fluxes \|/ into a row-vector ¥ of an adjoint (dual) space with the same boundary condition
(82). This allows us to use the ordinary vector-matrix notation, for instance, as follows

?+-*=5>. * (107)

The ordinary scalar product reads now as

(T+,O) = f*P(r) ~~ (108)

Define now a perturbed system by introducing a time-dependent absorption cross section as

f f f r , 0 (109)

To establish a connection to the commonly used absorber model, Paper V first derives the line-
arised equations given by

(110)
(r, co)

dn B, co)

Following the notations of [Ref. 16] one can write equations (110) in an operator form as

L(r, co) • 5 $ = 5la • O0
 s 85 (111)

Here, the multi-group differential operator L(r, co) acting in the frequency domain can be
written symbolically as

L(r, co) = V • D(r)V + S(r, co) (112)

The new symbol S is a matrix with the entries S8 ~~>g. In addition, the following definitions
have been used

0 5E'N,a J

fo.i

[\NJ

(113)

One can define the dynamic adjoint function as a solution to the equation

«P+(r, r 0 , co) • L ( r , co) = ld(r, r 0 , co) ^ ( ^ , . . . , Z^ a ) (114)

Here a left multiplication that maps row-vectors onto each other is used with a component-
wise definition as
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(V • L)g = V • ̂  + J V " ^ (115)
4''

It is customary to assume Z^ be the group cross sections of a detector located around the point
r 0 . Then the following identity is true

(Ld, 5$) = f ? + L 8&dV = (?+ , 55) (116)

Since in most practical cases detectors used in noise measurements are sensitive to thermal
neutrons only, it is sufficient to calculate only the thermal noise. To be somewhat more general,
we define a point-like g-detector (i.e. a detector sensitive to the neutrons of the energy group g
only) as

o) = [I$l,...,I?JNa] = [0,...,o(r-r0),...,0]; I$g = 5(r-ro)Sf (117)

In this case, the corresponding adjoint function, as a solution to (114) with the right hand side
Ej(r, r 0 ) , becomes dependent on the parameter g and has components

*F*(r, r0, to) = [y+ ,(r, r0, co),..., ^ ^ ( r , r0, co)] (118)

in (116) one e
multi-group model as
By setting *F = *Pg in (116) one easily obtains the representation of the neutron noise in the

S<|)g(r0, co) = (% 55) = J X ^ s . s ' ^ ' r<>' c°)5zf (r ' m)^(r)dV(.r) (119)

Eq. (119) shows a certain advantage of the adjoint function approach over the Green's function
method if one needs almost exclusively the noise in one group, say g. In this case the Green's
function technique requires the knowledge of the NG components G • _> in contrast to the
NG components \jf . (g is fixed). The absorber model (94) immediately transforms (119) to
the following expression of the neutron noise induced by vibrating boundaries

5<y r0, co) = - J ] £ i ^ g,(rB, r0, ®)\Dg(rB)$Og.(rB)e(rB, a)dS{rB) (120)
dv0 g' g'

Once again one casts (120) into a compact form by using the diagonal matrices 1 and D
defined in (91). Then (120) becomes

64>g(r0, co) = - J ?*(rs, r0, co) • I"2 • D(rB) • O0(rs)e(rg, (o)dS(rB) (121)

Here again, we can state that solution (121) gives a representation of the neutron noise at a
detector location in terms of a linear integral operator belonging to the static system and the
noise source.
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Chapter 6

Monotonicity of &eff and the Nesting Hypothesis

The current chapter finds its origin in the investigation of the treatment of moving
boundaries for multiplying systems. One important practical problem puts the question, how
safe is the transportation of a solution tank of fissile material with a free surface? May the
system, because of distortion of the free surface, become more critical as compared to the one
being at rest? The common physical sense suggests the negative answer because it relies on the
following reasoning: if we increase the outer surface while preserving the volume we let more
neutrons leave the system, thus decreasing the criticality. It was surprising to find simple
examples when this is not the case. In doing so we restrict ourselves to the so-called rocking
surface problem [Ref. 21]. At first, examples were found numerically by using a Matlab code.
To support the numerical results we have constructed a lower estimate showing that indeed kejj-
may increase for certain configurations when the outer surface grows. The estimate is
essentially based on the physically obvious property that if we enlarge the system by adding an
extra volume, the criticality may only increase (nesting or monotonic property). Because no
formal proof of the nesting property has been found we felt called upon to prove the nesting
theorem rigorously. This can be done very easily in the one-speed diffusion approximation.
Luckily the proof has turned out expansible to the general case of the energy dependent
transport equation.

6.1 The rocking surface problem

Although one could envisage a variety of shapes for the surface, for simplicity we assume
that it is flat. Let us consider a simple problem in X-Y geometry illustrated by Fig. 15 where the
surface (upper side) is allowed to simply rock about a middle point A and 0 denotes the tilt
angle. We are going to investigate what happens to the effective multiplication factor kejy\{we
let the angle 0 vary from 0 to Qmax = arctan(2h/a).

We assume the one-speed diffusion model with space- and time-independent coefficients.

Tallness x = -
a

a "^ x

Fig. 15. Geometry of the model problem

Then &e^is found as the leading eigenvalue of the following equation
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(122)

We set D = 1 cm, Ea = 0.1 cm , and adjust vZ<such that the unperturbed system i.e. the
one with 9 = 0 becomes critical kejr = 1. By equating the material and geometrical bucklings for
the rectangular system we can express the fission cross section as

(,23,

6.2 Numerical experiments

Let a tallness factor t be defined as

T = h/a (124)

We first consider a "tall" system with a = 100 cm and h = 400 cm (t = 4). Relationship
(123) gives vSy= 0.1010cm"1.A Matlab code which applies the finite-difference method to find
keff as function of the tilt angle 9 produces an expected result shown in Fig. 16. A

Fig.A Tall System Rg.B Hat System
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- - t = 4
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I

1

(

1

|

1

1

•-• t =1 /4
T =• 0.5

- - x = 4

"* - - ^

20 40
Angle e[degj

Fig. 16. keff dependence on the angle for tall, flat, and medium systems,
Fig.C andFig.D display the same data on different scales

By swapping the base and height we keep the fission cross section unchanged, i.e. now
we have a = 400 cm, h = 100 cm (t = 114), and again v£y= 0.1010, but the ̂ behaviour changes
dramatically as it is seen in Fig. 16.B

It was found numerically that a system with a = 400 cm, h - 200.0305 cm (T=0.5001)

exhibits a non-monotonic behaviour ofkeffzs shown in Fig. 16.C. In this case the change in kejj-
is visible only on a very fine scale (change in keffis less than 2*10 ). Because of this we plotted
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ff vs- Q- F'S- 16.D reproduces the same plot as Fig. 16.C to conclude that practically kegio
the medium tall system is constant relative to the other systems.
Kff

6.3 An estimate for fteff

We construct now a simple proof to demonstrate that indeed A^-may be greater than /.
To this order let us consider a 2-D model which has a rectangular shape at rest with a width a
and a height h. Its free surface at rest is marked with the dashed line in Fig. 17. We adjust vEy
such that kejfdA rest is equal to unity, i.e. kefj(0) = 1. Let the free surface be tilted by the maximal
angle 9m. In this case the system takes a triangular form as shown in Fig. 17. We can construct
a lower bound for ke^Qm) by embedding a circle into the triangle, i.e kejj(Qm) > kest where kest

is the effective multiplication factor for the embedded circle.

=10006

300 350 400

Fig. 17 Lower bound by the embedded circle

The criticality condition for the circle is given by

= ^ =B
D

(125)

where p0 « 2.4048 is the first root of the Bessel function JQ(X) and R is the radius of the
embedded circle. R can be found by the general formula for any triangle with an area/f and sides
a, b, c as

R =

In our case this gives (as before, x = h/a)

R=

2A
a + b + c

(126)

(127)

Finally from (125) we have
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vZ,
(128)

By applying formulas (127) and (128) to our example with a = 400 cm, h = 100 cm, and
vZy = 0.1010 we obtain R = 76.39 cm and kest = 1.0006 that means ^ e m ) > 1.0006

6.4 Hugo van Dam's example

A nice analytical example is presented by Prof. Hugo van Dam [Ref. 22]. Let us assume
we have a bare cylidrical reactor with a radius R and a height H. The criticality condition in the
one-speed diffusion approximation is given by

vE,

D
(129)

Let us fix the reactor volume V. Then we have for the height H and the outer surface S

V -> i J V

H = —^; S = 2nR + 2%R • H = 2nR + —
TtR2 R

(130)

Fig. 18a) presents keg and the outer surface S as dependent on the radius R. It is tempting to
conclude that, when the radius R runs from zero to a point marked with the vertical line M, the
outer surface decreases taking its minimal value wheras keff increases reaching its maximal
value, and vice versa, when R runs farther S grows wheras keg drops off.

1000

5 6
Radius R

-500

3
O

0.94

Fig. 18. Outer surface and kejy dependence on radius R
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However, a closer look, Fig. 18b), reveals that these quantities take their extreme values at dif-
ferent points, in other words there is a region between the vertical lines A/$ and MK where keg
increases with enlarging outer surface.

6.5 Nesting theorem

In the current section we use notation introduced in [Ref. 7]. Also in the same manner we
single out the fission cross section as follows

O(r, E)f(r;Q\ E -» Q, E) =

= Cs(r, E)fs(r&, E -> U, E) + Gf(r, E<)YlnEL±H

Here, the bar over a symbol refers to a vector. We define a direct operator L that depends on a
parameter k as

+ f \os(r, E)fs(r;Q', E -» Q, E)<3>(r, Q.', E)dQ'dE' +

a (132)

+ - I I af(r, E) 4% O(r, O', E)dQ'dE

Then the effective multiplication factor £ together with the corresponding eigenfunction <5 is
defined as a positive eigenpair (k,<$>) such that

\L(k)<& = 0 /« F

|4>| _ _ = 0 o« S = dV
L In • r

Now let us assume that Vi c V2. Paper VI proves that k{<k2 where k\ and k2 are the
effective multiplication factors for V\ and V2 respectively.
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Conclusions

This thesis presents results of the investigation on neutron noise diagnostics and neutron noise
theory for both power reactors and systems with moving boundaries. Here, we briefly itemise
some of the major findings.
1) An explicit novel technique has been elaborated to localise a vibrating control rod pin in

PWR reactors by using only one current-flux detector, i.e. the detector that measures both
the scalar neutron noise and the fluctuations of the neutron current.

2) A novel calibration-free method, based on wavelet analysis, has been developed to detect
and quantify impacting of instrument tubes in BWR reactors from the measured neutron
noise of the vibrating detectors.

3) The thesis gives a systematic definition of the point kinetic and adiabatic approximations
for the source-driven subcritical systems. The noise induced by two basic perturbations, a
source of variable strength and a source of variable position, has been investigated.

4) Linear theory of the neutron noise induced by small vibrations of the reactor boundary has
been elaborated for the one-group homogeneous model.

5) The full space-dependent solution has been derived by using the Green's function.
6) The one-group absorber model has been proposed to treat the neutron noise due to small

but arbitrary boundary movements.
7) Formulae for the reactivity, the point kinetic and adiabatic approximations have been

obtained for the one-group homogeneous model.
8) Linear theory of the neutron noise induced by small vibrations of the reactor boundary has

been extended for the general multi-group non-homogeneous model.
9) The full space-dependent solution has been generalised for the multi-group non-homoge-

neous model.
10) The multi-group absorber model has been put forward to treat the neutron noise due to

fluctuating boundaries.
11) Formulae for the reactivity, the point kinetic and adiabatic approximations have been gen-

eralised for the multi-group non-homogeneous model.
12) Monotonicity properties of the effective multiplication factor have been investigated.
13) The nesting theorem has been proved for the general case of the transport equation.

Generally speaking, the principal purpose of neutron noise theory is to relate the neutron
noise, &(>, to the noise source, 5e, through a certain operator G that is traditionally called transfer
function. Symbolically, this can be written as follows

5<|> = G • 8e

The notion becomes of particular importance if we are able to meet the additional conditions
• G is entirely determined by the unperturbed system;
• G is a linear operator.
It is not always possible to obtain this exactly, but very often one can do it approximately. Lin-
ear theory, developed in this thesis first for the one-group homogeneous model, and then gener-
alised for the multi-group non-homogeneous model, derives such a transfer function in terms
of a liner integral operator with the kernel being equal to the Green's function belonging to the
static (unperturbed) system.

The above results have contributed both to the development of the theory of power reactor
noise in systems with novel characteristics (subcritical ADS and systems with non-constant
boundaries as well as to the development and application of practical neutron noise diagnostics
methods.
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It has been proposed that the fluctuations of the neu-
tron current, called the current noise, can be used in ad-
dition to the scalar noise in reactor diagnostic problems.
The possibility of the localization of a vibrating control
rod pin in a pressurized water reactor control assembly
is investigated by using the scalar neutron noise and the
two-dimensional radial current noise as measured at one
central point in the assembly. An explicit localization tech-
nique is elaborated in which the searched position is de-
termined as the absolute minimum of a minimization
function. The technique is investigated in numerical sim-
ulations. The results of the simulation tests show the po-
tential applicability of the method.

I. INTRODUCTION

Diagnostics of control rod vibrations using neutron
noise methods have been the subject of a number of stud-
ies and experiments.1"12 While the detection of vibra-
tions is relatively simple, the localization of a vibrating
control rod is much more complicated. The essence of
the localization method is an expression for the neutron
noise that consists of a convolution over the noise source,
represented by the vibrating rod, and the neutron physi-
cal transfer function of the system. To determine the noise
source parameters (rod location, vibration trajectory, etc.),

"Permanent address: Keldysh Institute of Applied Mathemat-
ics, Moscow, Russia.

tE-mail: arj@nephy.chalmers.se
^Current address: Swedish Nuclear Power Inspectorate SE-
10658 Stockholm, Sweden.

the expression for the neutron noise requires an inver-
sion (unfolding) procedure. Such a procedure was elab-
orated by Pazsit and Glockler, first by a traditional
localization procedure9"11 and then by a neural network
algorithm.12 Both algorithms were successfully tested with
simulated as well as real measurement data.

Recently, it was suggested that in many diagnostic
problems, the use of the neutron current, or just the gra-
dient of the flux, could enhance the possibilities of diag-
nostics, in particular detecting and locating anomalies.13'14

(Since in this work we will use only diffusion theory, the
flux gradient and the neutron current will be used as syn-
onyms. The neutron current will often be called simply
the current, which is not to be confused with the electric
current of an ordinary neutron detector. The latter notion
will not be used in this paper.) One such diagnostic case
concerns the vibrations of a control rod pin in a pressur-
ized water reactor (PWR). The situation is illustrated in
Fig. 1. According to operational experience, individual
pins such as the one indicated in the figure can execute
excessive vibrations that can lead to damage. Because of
the weakness of such a perturbation (thin rod), the in-
duced neutron noise has a small amplitude. Since the am-
plitude decays with increasing distance from the rod, the
effect of such a vibration can presumably be measured
only in the vicinity of the rod, i.e., in the detector posi-
tion in the same fuel assembly (Fig. 1). Farther from the
source, the background noise and the noise from other
sources exceed the noise induced by the vibration, and
thus the noise measured at such a point is of no use in the
localization or even the detection process.

If one also wants to locate such a vibrating pin within
the assembly, one needs to measure the noise at several
different spatial positions to perform localization. How-
ever, this means that in the present case there is only
one measuring position available close enough to the vi-
brating pin. If there is only one measurement position
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- Vibrating
control rod pin

O Fuel rod

9 Instrument tube (detector position)

6 Control rod pin

Fig. 1. Horizontal cross section of a pressurized water reactor fuel assembly, containing an instrument tube for a movable de-
tector and 24 control rod pins.

available, one can try to use the scalar flux and the two
radial components of the gradient of the induced noise.
By using these three quantities, measured at one radial
position by a combined current/flux (C/F) detector, the
localization may be possible. This requires the elabora-
tion of an algorithm, either traditional or based on neural
networks, with which the position of the vibrating pin
can be unfolded from the measured scalar and current
noise values. The subject of the present paper is the elab-
oration of such an algorithm together with an investiga-
tion of the feasibility of a suitable localization method
through simulation tests.

I I . GENERAL THEORY

The reactor model will be the same as in most of the
previous investigations.9"12 That is, one-group neutron
diffusion theory with one delayed neutron group is used
in a bare, homogeneous cylindrical reactor with an ex-
trapolated boundary at core radius R. The vibrations of
the control rod are described by a two-dimensional sto-
chastic trajectory around the equilibrium position rp such
that its momentary position will be given by rp + e(t),
where |e(r)| <£ R. According to the Feinberg-Galanin
theory,3-15 the perturbation in the macroscopic absorp-
tion cross section caused by the vibration of the absorber
can be written as

Sla(r, t) = y[8(r - rp - e(t)) - S(r - />)] , (1)

where y is Galanin's constant for the strength of the rod.

Using the weak absorber approximation, the neutron
noise induced by the vibrating rod can be written in the
frequency domain as9

8<t>(r,<o) = ^•e(a>)-Vrp{G(r,rp,a>)-<t>0(rp)}

where

GXp(r,rp,co) = —{G(r,r',a>)
dx'

(2)

, (3)

and similarly for Gyp(r,rp,a>). Here D is the diffusion
coefficient and G(r,r', <u) is the Green's function of the
dynamic equation for the neutron noise, defined by the
equation

r'w) + B2((o)G(r,r',co) = 8(r-r') , (4)

where

(5)

is the frequency-dependent buckling.9 More details on
the derivation of the noise equations as well as on the
notations can be found in Refs. 4, 5, 6, 9, and 10.

Since the vibration components ex(to) and ey{o)) are,
also unknown, one needs at least three neutron detectors,
at positions rlt r2, and r3. Then, the neutron noise
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measured at these positions is expressed by three equa-
tions of type (2). Two of them can be used to eliminate ev
and ey in the third and thus to create an identity called the
"localization equation." This is a transcendental equa-
tion that contains the unknown rod position as its root.
This is the procedure that was used in Refs. 10 and 11. In
Ref. 12, instead of an explicit inversion algorithm, the
simulated signals from three detectors were used to train
a neural network to identify the position of the vibrating
rod from measured signals. Both methods were tested with
success on measurements taken at an operating plant with
an excessively vibrating control rod."12

Instead of using three ordinary detectors, each mea-
suring the scalar noise, one can alternatively measure
the scalar noise and two radial components of the noise
gradient at one point. Since the current noise is a two-
dimensional vector in this model in which axial homo-
geneity is assumed, then together with the scalar noise,
one C/F noise measurement serves three independent
quantities, just as in the case of three neutron noise de-
tectors. Since we are using diffusion theory here, the
current is proportional to the gradient of the flux. (The
current noise is proportional to the gradient of the sca-
lar noise.)

On the practical side, one possibility of constructing
detectors measuring the components of the flux gradient
or the neutron current is the use of the recently devel-
oped thin fiber detectors with a scintillating tip.16"18 The
two horizontal components Jx and Jy of the flux gradient,
or the axial component J., can be flux measurements taken
at two points along the direction of the component, or
along a two-dimensional circle for the radial compo-
nents, as was demonstrated by Linde'n et al.14 and Shi-
roya et al.19 The two-dimensional horizontal components
of the real current can be measured by a directional screen-
ing of such a fiber detector with a Cd shield, as demon-
strated in Refs. 19 and 20.

In formulas, one C/F detector yields the measure-
ment of the following three quantities:

8<t>(r,a>) = j j {G,j,(r,rJ,,<»)-eJt(a>) + G,r(

SJ,(rM = ->

and

8Jy(r,a>) = -y{GyXf(r,rp,o>)-ex(a)

Here,

a2

bxbXr,
etc

(6)

(7)

(8)

(9)

Equations (6), (7), and (8) contain the same amount
of independent information on e t, ev, and rp, and, hence,
they can be used to construct a localization procedure, as
was the case with 5<£(r,<w) measured at three different
positions. With a C/F noise detector at a single point, the
diagnostics of a vibrating rod, in particular its localiza-
tion, is possible. This may be especially useful in the case
of the failure of a single control rod pin (see Fig. 1). The
neutron noise induced by the vibration of a single con-
trol pin is not likely to be determined outside the assem-
bly in which the pin is located; thus, it is essential to
perform the diagnostics by using a single measurement
position.

So far, the dynamic Green's function was only sym-
bolically denoted. To make formulas (6), (7), and (8)
concrete, we need to specify the core model and the
corresponding transfer function. The core model used
for the calculation of the Green's function will be based
on the so-called power reactor approximation; i.e., the
Green's function is defined through the Poisson-type
equation9:

V2G(r,r') (10)

As described in Refs. 9 and 10, this is a good approxi-
mation in power reactors with p^/p^l in the so-called
plateau frequency region, where Go(<o) ~ 1//3, and thus
B2{a>) ~ 0. In the two-dimensional cylindrical model,
this leads to the simple real analytical solution

(rr7R)2-2rr'cos<p

G(r,<p,r',<p' =

4 i r

where (r, <p) and (r', <p') are polar coordinates of the vec-
tors r and r' and R stands for the core radius.

In practice, however, it is not the Fourier transform
of the stationary random processes 8<j>(a)) and 8Jxy(r, to)
that is used, as Eqs. (6), (7), and (8) would indicate, since
the defining integral diverges. Instead, auto- and cross-
power spectra of the same quantities need to be used, since
they are defined as the Fourier transforms of the auto-
and cross-correlation functions of the corresponding
processes. Likewise, instead of ex{a>) and eJa>), the auto-
and cross spectra Sxc(a>), Sy>(<u), and 5̂ ,(<u) of the dis-
placement components need to be used as the input source.
Using the Wiener-Khinchin theorem, the auto-power spec-
tral density (APSD) and the cross-power spectral spectra
(CPSD) of the detector signals can be expressed from
Eqs. (6), (7), and (8) as

G2
pSn
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and

(13)

(14)

, (15)

, (16)

(o>) = y2{GXXpGyXpSxx + G^G^Sy,

+ (GXXpGyyp + GyXpGXyp)Sxy} . (17)

Equations (12) through (17) make use of the fact that both
the transfer function and the vibration cross spectra (18)
are real; thus, the notation of absolute values and com-
plex conjugates could be omitted.

Calculation of the neutron noise auto- and cross spec-
tra from Eqs. (12) through (17) requires explicit expres-
sions for the displacement spectra Sxc((u), S-yy(ai), and
Sxyiw). Simple expressions for these were derived from
a model of random pressure fluctuations as driving forces
of the rod motion.10 It was found that the possible va-
riety of displacement component spectra can be param-
etrized by two variables, an ellipticity (anisotropy)
parameter k £ [0,1] and the preferred direction of the
vibration or e [0, TT] , as

Six a 1 + jfccos2a ,

and

y oc 1 - k cos 2a ,

atic sin la (18)

At this point, the vibrations are assumed monochro-
matic, and all expressions are taken at a given frequency.
For an isotropic vibration, k — 0, while for a vibration
along a straight line, k = \. Between these two extreme
values, the amplitude distribution of the vibration is an
ellipse with the main axis lying in the direction a.

Figure 2 shows plots of the power spectra density
functions as calculated from Eqs. (12) through (17) for a

APSD, APSD APSD,

x10'

0.5

100
80

60 60 60 60 60 60

242

Fig. 2. Auto- and cross-power spectra density with a = ir/4 and k = 0.6.
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case with R = 161.5, xp = 80, yp = 80, a - it I A, and k =
0.6. These are the type of data that need to be used in a
localization procedure. The plots show only the noise in
the vicinity of the noise source as seen from the x and y
coordinates. The origin of the coordinate system is at the
core center.

III. FORMULATION OF THE LOCALIZATION PROBLEM

As was mentioned in Sec. II, both an explicit local-
ization algorithm as well as a neural network-based pro-
cedure have been used for localization in the past. The
conclusion was that in the case investigated in Refs. 11
and 12, the neural network-based procedure had signif-
icant advantages over the algorithmic one. Hence, orig-
inally it was thought that the neural network-based
method would be used for the unfolding of the rod posi-
tion from the measured spectra in the present case also.
A preliminary study showed, however, that the situation
regarding the advantages of the two methods is reversed
in the present case. The reason for the difference is the
much larger number of possible localization results (num-
ber of pins that can vibrate) in the present case. In the
previous study, the number of control rods out of which
the vibrating one had to be identified was 7, whereas in
the present case there are 24 possible control pin posi-
tions altogether. In such a case, the use of a neural net-
work becomes rather ineffective. Both the number of
output nodes of the network and the training set would
be excessively large, and thus the training would be very
time-consuming.

For this reason, an algorithmic localization proce-
dure was used. This procedure was, however, not iden-
tical with the one used in Ref. 11; rather, the principles
of a newer and more effective algorithm were applied
and adapted to the present problem. This newer proce-
dure was worked out recently in Forsmark21 in connec-
tion with the localization of a channel instability.

The algorithmic procedure can be described as fol-
lows. First, for further discussion it is convenient to in-
troduce the following notations:

a = (ai,a2,a3)
T

and

and

* s bi,s2,s3)
T = y2(Sia,Syr,Sv)

T . (19)

Here, a and c stand for measured (i.e., known) quanti-
ties, whereas s is not known. Then, Eqs. (12) through
(17) can be written as

a = As

= Cs , (20)

where the corresponding 3 X 3 matrices are defined as
follows:

A =

C =

Gl

GX

G ,

GXX

p G,>V) (GXp Gxyp + Gyp G^)

p Gyyp (GXp Gyyp + Gyp GyXp)

p Gyyp {GXXp Gyyp 4" Gy,p G^ )

(21)

The matrices A and C depend on the positions of the de-
tector and the vibrating rod pin:

and

A = A(rd,rp)

C = C(rd,rp) . (22)

From Eq. (20), one can see that signals a and c obey the
relationship

C(rd,rp)A
 l(rd,rp)-a . (23)

This equation contains only measured quantities and the
transfer functions that are also known functions of their
arguments. However, the position of the vibrating rod pin
is not known in general. Nevertheless, one can construct
the matrix C(rd,r')A~*(rd,r') for some point r' to see
how much the calculated vector C{rd,r')A~l{rj,r')-a
deviates from the real signal c. This gives rise to the min-
imization function

which has the absolute minimum at the point r' = rp.
Another minimization function can be easily intro-

duced if one notices that from Eq. (20) there follows an-
other relationship, similar to (23):

This leads to another minimization function:

(25)

(26)

which also has the absolute minimum at the point
r'=rp.

The unfolding procedure thus consists of finding the
global minimum of either the function/,(r') or the func-
tion fc(r'). This can be performed in two different ways:
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1. by applying a general minimization algorithm to
find a core position corresponding to the mini-
mum, and then choosing the control rod pin near-
est to this position as the vibrating one

2. by checking only the 24 possible control rod pin
locations (which are known in advance) and
choosing the one for which (24) or (26) yields a
minimum.

At first sight, the second alternative could appear
more attractive, since it requires much less computation.
However, earlier investigations by Pdzsit and Glockler"
show that only the first version leads to useful results,
and the second leads to a quite low success rate. The rea-
sons for this are discussed in Ref. 11 as well. This con-
clusion was verified in the present study also.

For this reason, we applied the first alternative in the
present work. It was found that the structure of the lin-
earization function in the present case is so complicated
that the search procedure needs to be improved to be-
come sufficiently effective. The reasons for the diffi-
culty will be demonstrated shortly. A large part of this
paper concerns the elaboration of such an effective lo-
calization technique. In Sec. V a quantitative test of the
algorithm is given.

IV. THE MINIMIZATION PROCEDURE

At first glance, the solution of the problem seems to
be quite straightforward; it appears that one simply needs
to apply a general minimization algorithm for the func-
tion fa{r') orfc(r'). But, this approach presented serious
difficulties when the gradient descent method was used.
Most often, only a local minimum was found.

The reason for this can be described as follows. First,
one can prove by direct calculations the following rela-
tionships for the matrices A and C:

det(A) = 2-detiQ

and

<*> yd) and particular coordinates of the vibrating pin
d ( )

det{C) = , - Gy.Gyx.

•-G- (27)

It should be noted that, generally speaking, each term in
representation (27) depends, through the Green's func-
tion, on the source position marked with the prime sign
(* ' , / ) and the detector position (x,y). Since the detec-
tor position is both known and fixed, whereas the source
position is neither known nor fixed, we shall consider
the detector location coordinates {x, y) as parameters and
the source location coordinates as variables. For the sake
of convenience, we omit indicating the parameters, and
often we do the same for the variables. In future studies,
we shall denote particular coordinates of the detector as

Representation (27) allows us to introduce functions
that are to play a major role in the following study:

and

F2 = F2(x\y') =

F3 = F3(x',y') = (28)

Figure 3 shows plots of these functions with the same
data as before. The aforementioned difficulties of apply-
ing a general minimization algorithm to the functions
fa(r') or fc(r') may arise from possible singularities in
the matrices A or C because these functions involve the
inversions of the matrices. This is indeed the case; more-
over, from this point of view the minimization functions
fa(r') and/c(r') are equally good (or bad) because of
the first relationship in (27).

To establish this fact, one needs to investigate the
functions Fu F2, and F3. It can be shown that these func-
tions possess the following properties:

1. The equation Fiix',y') = 0 defines a unique im-
plicit function / = y'ix') everywhere in the fuel
assembly.

2. The equation F2ix',y') = 0 defines a unique im-
plicit function x' - x'iy') everywhere in the fuel
assembly.

3. The function F3ix',y') = 0 is positive every-
where in the fuel assembly.

Figure 4 displays a plot of these implicit functions,
or, in other words, the singularity curves of matrices A
and C. In Fig. 4, the bold dots stand for control rod pins.
It is precisely these singularity curves that make it im-
practical to use/a(r ') or/c(r ') as minimization func-
tions. Namely, a search for the minimum, based on, for
example, a gradient descent method, will only find the
local minimum within the quadrant in which the search
started, which is not necessarily equal to the absolute
minimum.

Several other approaches are possible. One is based
on the following useful representation for the matrix
AC"1:

AC-' =

1/F3 0 0

0 1/F2 0

0 0 l/F

-F2 F, 0

- F 3 0 F,

0 F3 F2 J

(29)
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90

This representation is simpler than the representations of
CA"1 or A"1 or C"1. As was mentioned earlier, each
term in relationship (29) and the matrix itself depends on
the detector location (x, y) and the source point (*', y').

Using this representation, we can rewrite (25) in the
form of a system of three nonlinear equations:

(30)

If one regards the vectors a and c as given (exact) sig-
nals, then we can think of Eqs. (30) as a system to find
the location of the vibrating rod. These equations are not
divergent along the singularity curves, but they still have
a pole at the point x' = x = xd, y' = v = yd. To get rid of
this singularity, it is sufficient to divide Eqs. (30) by F3.
This holds because of the properties listed earlier and the
fact that function F$ tends to infinity more rapidly than
do functions F t and F2.

By dividing by F3 and introducing the following
notation,
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and

•F3(x',y')

F2(x',y')
(3D

we arrive at the following modified system of equations,

'Piix'.y') - c2fdx',y') - cJ2(x',y') - a, = 0

P2(x',y') = c3/,(x',/) - a2f2(x',y') - c, = 0

.ft(x'.y') -a s/ ,(x'.y') - c3/2(x',y') - c2 = 0 ,

(32)

where new fvaicti.onspi(Lx',y'),p2<.x',y'), andp3U',y')
are defined for further use. The functions /i and / 2 are
shown in Fig. 5.

From a mathematical point of view, it suffices to use
any two of Eqs. (32) to locate the vibrating rod. But, in

practice, it is very unlikely that the signals a and c are
known exactly. Because of this, one can hardly expect
that Eijs. (32) can be satisfied exactly, and it is more con-
venient to use some kind of minimization principle, for
instance, least squares:

p{x\y') = 4pUx\y

(33)

We would expect Eq. (33) to be more effective than
using only two of Eqs. (32) in the case where back-
ground noise and detection inaccuracies are involved.

It would be interesting to find out the nature of
Eqs. (32) because any two of them might be sufficient.
First, the linear dependence (or independence) of Eqs. (32)
is defined by whether the determinant of the matrix

c2 ci a,

c3 a2 c,
A3 c3 c 2 j

(34)

f,(x,y) Ux,y)
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Fig. 5. Functions/] and/2.
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is equal to 0 or not. By direct calculations, this determi-
nant can be proved to be 0 if vectors a and c satisfy (20)
for an arbitrary vector s.

For our purpose, it is useful to investigate the solu-
tion of each pair of Eqs. (32). The first possible system
and its solution using Cramer's rule can be written as
follows:

[c2/i - c,/2 = a, ^ (det-fi = deti

[C3/1 - "2/2 = c1 [det-f2 = det2
(35)

One can prove by direct calculations that if the vectors a
and c satisfy (20) and the vector s obeys (18), then the
expressions for det, deti. and det2 have the following form,
where the 0 superscript indicates the value of a corre-
sponding function at the location of the vibrating rod:

det = CiC3 - c2a2 = (si - SiS2)-F?F3°

h = c\ - ata2 = (si - SiS2)-(F?)2

= y4(*2-l)-(F1
0)2 ,

and

det2 = = (si -

(36)

Here we have made use of the following identity:

(37)

which is the elementary consequence of expressions (18)
and (19). Now it is easy to conclude that if k # 1 (i.e., the
rod in question does not vibrate strictly along some di-
rection), then the initial system of equations (35) is equiv-
alent to the following system:

c2-aia2 F,°

deh

The second possible system is as follows:

[c2fi - Cif2 = ai

(38)

f\ ~ c3f2 = c2 [det-f2 = det2 .
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(39)

Again, if the vectors a and c satisfy (20) and the vector s
obeys (18), then the expressions for det, det\, and det2

have the following form:

det = Cia3 — c2c3 = (s2 — i

= y4(*2-l)-F2°F? ,

^ ( • ^ - ^ • F p F , 0

det2 — c2 — a i d3
 = (s3 —

= y4Ofc2-l)-(F2
0)2 • (40)

Once more, if k ¥= 1, then the second possible system of
equations (39) is equivalent to the following system:

Fo

The third possible system is as follows:

\c3f\ ~ ^2/2 = <?i (det-fi = deti
\a3fi - c3/2 = c2 \det-f2 = det2 .

(41)

(42)

Under the same conditions as earlier, we can write the
following:

det = tx2 a3 — c3 — (si s2 — £3) • (F3)

= y4(l-/fc2)-(F3
0)2 •

deti — &2 c2 ~ C\ c3 = (si s2 - s3

= y4(l -kz)-F?F$ ,

and

det2 = = (Si S2 - i

(43)

This means, once again, that if k i= 1, then the third pos-
sible system of equations (42) is equivalent to the fol-
lowing system:

a2c2-cic3 _ F^^

F? .

a2a3 -

(44)
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YTo summarize, we can conclude that in fact we have only
one system of equations, R= 161.5

=/i°
(45)

which, because of its symmetrical form and clear mean-
ing, can be called canonical. Further, based on the de-
tected signals a and c, we have three different ways to
compute the right side: .

/ '0 —
1 -

A°=

c\-axa2

- c2a2

-a\C3

-c2a2

CiC2~ a2c2-
-c2c3

c2~axa3

a2a3-

c2c3-
— c2c3 a2a3 — i

(46)

Now it can be easily concluded from (36), (40), and
(43) that if k = 1, then all three equations of (32) are
linearly dependent and thus are reduced to only one equa-
tion. This means that in this case the general minimiza-
tion procedure cannot identify the unique solution at a
point; only as a curve passing through the vibrating rod
(if there is no background noise).

V. NUMERICAL TESTS

For numerical experiments, the core has been repre-
sented by the two-dimensional cylindrical model with the
radius R = 161.5 cm and a distance between fuel rod pins
equal to 1.26 cm. Figure 6 shows a quadrant of this model.
Omitting a constant factor, the static flux <f>o(r) can be
written as

4>o(.r) = . (47)

where /30 is the first zero of the Bessel function Jo(x).
A large number of neutron noise spectra have been

generated, corresponding to various control rod pin po-
sitions and vibration parameters. These latter should be
varied over all cases that may occur in the concrete re-
actor. For this purpose, the range of both k and a (k G
[0,1]; a G [0,ir]) has been divided into ten intervals,
giving the following discrete values for k and a: kt =
( ) ( ) l 2 l 0 l 2( ) ; / ( 7 ) ; , , , ; ; , , , ,
where Afc = ^ and Aa = ir/10.

The noise induced by each control rod and for each
discrete value for k and a has been calculated and was
used individually to test the proposed algorithm for de-
termining the position of the vibrating rod. Thus, the to-
tal number of investigated cases is Af = 24 • 10 • 11 = 2640.
For each of these N cases, N 6-vectors were calculated (3
APSDs + 3 CPSDs): y<n>, n = 1 N.

Detector

Fig. 6. A quadrant of the horizontal cross section of the core.

For a more realistic simulation, "random" (i.e., back-
ground) noise was also added to the simulated signals.
This procedure modifies the signals as

where g is the standard Gaussian random variable, which
is modeled by a random generator, and the parameter a
takes the following values: cr = 0 (no noise), 0.01 (1%),
0.02 (2%), 0.05 (5%), 0.1 (10%).

If there is no noise, it is sufficient to solve Eqs. (45)
with the right side calculated by one of the three expres-
sions of (46). In the presence of noise, these possibilities
are not equivalent, and, as was mentioned earlier, it is
more practical to solve the equations by minimizing an
appropriate function. So, we tried several minimizing
functions. To describe them, we introduce the following
notation for the different expressions to calculate the right
side of (46):

ci~
cxc3-

a2c2-

a2a3

axa2

-c2a2

-c2c3

-cl
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-c2c3

and

C2C3-
(48)

Then, different systems of equations and corresponding
minimizing functions are as follows:

(49)

where i stands for i = 1,2,3, and ave. The term ave means
an average right side, defined as follows:

and

Si

82 (50)

Another minimizing function p has already been defined
by (33). In each case, we first find a global minimum and
then the nearest rod pin. And finally, for comparison we
present results denoted by p (com) corresponding to the
"combinatorial" algorithm that checks only the locations
of control rod pins where the function fa{r') or/ c(r ' )
yields a minimum.

Table I shows outcomes of numerical experiments
for different values of parameter cr. As the table shows,
the efficiency of all algorithms is quite satisfactory when
nonperturbed, "clean" signals are used or when the level
of the added noise is low. With a high level of added noise,
5 or 10%, the performance is somewhat less satisfactory,
but the deterioration of the performance is not worse than
in similar diagnostic methods, where the same worsen-

TABLE I

Efficiency of Different Algorithms

Noise (%)

0
1
2
5

10

Efficiency (%)

Pm

100
92.2
83.7
70.0
52.0

pV

100
92.3
84.1
67.9
52.4

p »

100
99.6
98.0
91.8
79.4

100
96.1
89.7
74.3
56.9

P

100
99.5
98.3
92.7
82.4

p(com)

100
99.3
97.4
86.4
67.6

ing of the performance was observed with added noise.
The minimization principle based on (33) appears to be
the most effective. It was also shown that if the singular
case k = 1 is included, the efficiency of the algorithms
decreases.

VI. CONCLUSIONS AND FUTURE WORK

The present study shows that if the scalar noise and
the two components of the radial gradient of the noise
can be measured at one point, a localization of a vibrat-
ing control rod pin can be achieved. It was found that in
the present case, with a large number of possible vibrat-
ing pin positions, the algorithmic localization was more
effective than the one based on neural networks. It was
also seen that due to the complexity of the noise source,
i.e., a vibrating absorber, and the combined use of scalar
and current noise, the algorithmic localization procedure
was substantially more complicated to elaborate and ap-
ply than in the case of a channel instability and use of the
scalar noise only.

The advantage of the method, compared to the tra-
ditional method of using several ordinary (scalar flux)
neutron detectors, is that it requires only one measuring
position. In the case of a weak perturbation, such as the
vibration of a single absorber pin, the noise induced by
the vibrations can be measured only in the neighbor-
hood of the pin; at larger distances, the noise from other
sources and the background will dominate. In such cases,
it may not be possible to find more than one possible
position close enough to the suspected perturbation. The
disadvantages of this method are that the localization
(unfolding) algorithm becomes more complicated than
the traditional one, and that it requires a new type of
detector that is not yet available.

Practical application of the method therefore re-
quires the development of such a detector. Work is going
on in this direction.14'19'20 Also, application in inhomo-
geneous cores requires a core model, which leads to a
substantially more realistic dynamic transfer function than
the present very simple one. This conclusion was also
drawn in connection with the channel instability local-
ization study.21
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Detection of impacting of detector tubes, also called instrument strings, has been
a matter of interest both in Swedish and foreign BWRs. Although detection of the
vibrations is relatively simple, the discovery and quantifying of the severity of im-
pacting is far more complicated. There exists no single method that gives absolute
results without the need for calibration or comparison with reference measure-
ments.

Most known methods that were frequently applied in the past require comparison
with a reference, i.e., impacting-free state, such as the broadening of the peak, de-
creasing of the decay ratio, or distortion of the probability distribution function.
We describe a calibration-free method to detect and quantify impacting of instru-
ment tubes in BWR reactors. The method is tested on measurements, taken by GSE
Power Systems AB at the Swedish BWR Oskarshamn-2 during three fuel cycles.

Introduction

Discovering detector tube vibrations, and especially detecting impacting, has been
of interest since relatively long. There are several ways of identifying and quanti-
fying impacting from the signals of the vibrating detectors. These are based on the
distortion of the phase between two detectors, widening of the peak in the auto
power spectral density (APSD) function or increasing of the decay ratio (DR) as-
sociated with the vibration peak, distortion of the probability distribution function
(PDF), and finally wavelet analysis.

Most of the methods are not absolute, rather relative and need access to data from
the same string before impacting. Widening of a peak, decreasing of the decay ra-
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tio, distortion of the PDF are all, as the terminology discloses, methods that re-
quire a comparison to the impacting-free data in order to detect impacting.

Wavelet analysis is one of the few methods, if not the only, which to a large de-
gree is absolute or calibration-free. It is based on a suggestion of Thie [1] that each
impacting of a detector tube against the wall of a fuel assembly will induce short,
damped oscillations of the fuel assembly itself, which then will contribute to the
detector signal. High-frequency damped oscillations of the fuel assembly will
manifest themselves as spikes, and the task of detecting impacting is then reduced
to the task of detecting spikes in the signal. Such detection can be performed with
wavelet analysis. Nevertheless it has to be emphasised that the method is based on
a hypothesis, i.e. the high-frequency vibration of the fuel assembly on impacting,
which is difficult to verify experimentally. However, there exists some evidence
that the hypothesis is true [5].

We were given access to a large number of measurement data, taken by GSE
power systems at Oskarshamn-2 between 1991 and 1994 through an agreement
between GSE, SKI and Chalmers. A vibration monitoring system VIBMON [2,3],
installed by GSE at Oskarshamn, was used for data acquisition. In most cases
there is also information available on whether or not impacting occurred, and if so,
with what severity, through inspection of detector tube damage, which was per-
formed during refuelling. Such a set of data is invaluable for the test of an inde-
pendent method.

Description of the Problem

Unit 2 at the Oskarshamn nuclear power plant suffered excessive instrument (or
guide) tube vibrations in the early 1990's. The guide tube vibrations reportedly
caused wear and damage to neighbouring fuel boxes. In two cases the vibrations
lead to the occurrence of big holes in adjacent fuel boxes [3]. Fig. 1 gives a visual
explanation for the problem. The guide tube, which is of about 1.8 cm in diameter
and 380 cm in length, contains several neutron detectors, also called Local Power
Range Monitors (LPRM). The guide tubes are located in the space between four
fuel boxes. Since the long thin tube is fixed only at its ends, it performs free vibra-
tions when placed into the streaming water flowing around the string. The reso-
nance frequency is typically 2 to 3 Hz.
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0 = 1.8 cm
L = 380 cm
f"2-3 Hz

Instrument (Guide) Tube

(Detector String^

Neutron Detector-

-Fuel Box

Core Support Plate

Bypass Cooling Hole

Fig. 1. An instrument tube between fuel boxes in the core

Fig. 2 shows the core cross section of Oskarshamn-2 BWR reactor that has totally
24 in-core instrument guide tubes. They are numbered from left to right and from
top to bottom. Also Fig. 2 indicates two holes found in 1992 and 1994 during in-
spections.
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Fig. 2. The core map of Oskarshamn 2

The vibrations history is summarised in Fig. 3, which displays all the 16 meas-
urements with dates ranging from 1991-Oct-21 when the guide tube vibration was
first identified as a problem until 1994-Nov-29, by which time the problem was
resolved. This time period covers fuel cycles 17 (C-17) to fuel cycle 20 (C-20). In
addition, three visual inspections, designated as RA2-92, RA2-93, and RA2-94 are
indicated together with the most significant findings. More information is found in
[2,3]
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RA2-92
Hole in a box at LPRM-7
15 fuel boxes moved away
Cooling holes plugged

C-17
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n J- -X -X m d -J-

7 8 9 10 11 12 13 14 15 16
Measurement m

Fig. 3. Measurement history

Fig. 4 shows a part of the damage map in the neighbourhood of detector string 7
together with the wear scale graded 0 to 6. It should be noted that the grading was
done by visual inspection thus being not completely objective.

• 0: Nothing

LPRM-7

1:

2:

3:

4:

5:

6:

Hardly anything

Small marks

Some wear

Significant wear

Damage

Hole

Fig. 4. Experts' damage grading of visual inspection

To compress the information, all wear marks corresponding to the surrounding
fuel boxes were summed up to yield a total damage grade associated with a par-
ticular instrument tube. Fig. 5 displays the distribution of the total damage over
the core map and the LPRM index respectively.
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Fig. 5. Damage distribution of inspection RA2-92

Physical Model to Detect Vibrations

The physical quantity that allows us to identify mechanical vibrations of a neutron
detector is the neutron flux gradient at the detector position. In case of a non-zero
gradient, the vibrating detector moves between positions with different neutron
flux thus giving an output signal proportional to the mechanical oscillations. Of
course, in reality the detector vibrations are not monochromatic. In practice there-
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fore one applies spectral analysis to the detector signal to find the peak in the
APSD function corresponding to the mechanical vibrations. The whole scheme is
illustrated in Fig. 6.

Vibrating
guide tube

Detectoi

/'\\ Detector output signal

1 Mechanical vibrations

Fig. 6. Physical model to detect vibrations

It is worthwhile to notice the following two points. First, the existence of the flux
gradient is necessary for obtaining oscillations in the LPRM signals. Otherwise
there is no possibility of detecting the vibrations. Nevertheless, in practice the flux
gradient is seldom close to zero. Second, usually we do not know the flux gradient
and that prevents us from deducing the amplitude of mechanical vibrations via
spectral analysis.

Physical Model to Detect Impacting

The physical model of impacting is based on a suggestion of Thie [1] that each
impacting of a detector tube against the wall of a fuel assembly will induce short,
damped oscillations of the fuel assembly itself, which will contribute to the detec-
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tor signal. The situation is illustrated in Fig. 7. According to the model we assume
the detector signal to consist of:

• Stationary global neutron noise, N(t);

• Neutron noise coming from the mechanical vibrations of the detector, S(t),
which is additionally supposed to be stationary;

• Neutron noise induced by impacting, T(t), which is additionally supposed to
be transient.

Detector signal
(Stationary)

Total signal

Fig. 7. Physical model to detect impacting
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Summing up the three components we arrive at the representation for the detector
signal

Basic Definitions in Wavelet Analysis

According to the model, presented briefly above, the neutron detector signal con-
sists of a stationary process, which is perturbed by addition of a non-stationary
process on impacting. Wavelets, in contrast to Fourier analysis, have reportedly
proved to be a powerful tool in dealing with non-stationary data [4]. Very briefly,
wavelet analysis consists of breaking up a signal into shifted and scaled versions
of the original (mother) wavelet. More specifically, an arbitrary signal, S(t), is
cast into a double series

2X^,;(0 (2)

where the wavelet basis, yf/n y(Oj> is constructed by using solely the original

function y/{t)

One often speaks of approximations and details. The approximations are the high-
scale, low frequency components of the signal. The details are the low-scale, high
frequency components. At the most basic level, this looks as follows
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Fig. 8. Basic step in wavelet decomposition

This decomposition can be written as S(t) = A(t) + D(t). A very simple and

crude, but sometimes quite efficient de-noising method consists of neglecting de-

tails completely by setting D(t) = 0 . A more advanced method is to set a

threshold X and disregard all details that are under this barrier by setting D(t) to

zero

D(t) = -
\0 \D(t)\<t
[D(t) \D(t)\>z

(4)

In general, wavelet analysis gives a more flexible way of de-noising the signal by
recursively repeating the basic decomposition into approximations and details as
shown in Fig. 9.
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A2

Level 1

Level 2

Level 3

Fig. 9. Multi-level wavelet decomposition

The most general technique to filter the signal is to set different thresholds at dif-
ferent levels and afterwards to reconstruct the signal as

A . . . + 4 ( 0

One-Dimensional Model to Simulate Impacting

Although the vibration in the X-Y plane is two-dimensional, no qualitative differ-
ence was found between 1-D and 2-D simulations [5]. Because of this fact, a sim-
plified one-dimensional simulation has been used in the current work to study the
possibility to detect impacting of a detector string against surrounding fuels boxes,
as shown in Fig. 10.
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-R 0 R X
Fig. 10. One-dimensional model to detect impacting

Following [6], we assume that the damped oscillations of a detector guide tube
may be described by the equation

x(t) + 20x(t) + a>Zx(t) = f(t) (5)

with \x(t)) = 0 being the equilibrium position, 6 standing for the damping fac-

tor, andyf^ being a random driving force. It was found reasonable [6, 7] to model
the stochastic force fit) by a discrete series of impulses arriving at regular times
tn=n-At

(6)

where {rnj is a normal random variable with mean value fir = 0 and standard

deviation <7r = 1. The parameter Fc, also called the "force coefficient", de-
scribes the strength of the driving force. The pulse repetition frequency must be
chosen much higher than that of the oscillator, i.e.

At In

Impacting is simulated by confining the detector string motion within (-R,+R).

Whenever x(t)\, in the course of simulation, exceeds R, the velocity x(t) is re-

versed, i.e. x(t) —» -x(t), which models elastic reflection from an infinite mass

without energy loss. According to our model we assume that the neutron noise due

to the mechanical vibration, S(t), is linearly related to the displacement x(t), i.e.

= a-x{t).

The model, used in the current work, also involves the fuel box vibration that
obeys the equation
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2&X(t) + Q2
QX(t) = F(t) (7)

where the force F(t) is induced by impacting. At each impact, the detector tube

transfers a certain impulse, 2 / n | i ( 0 | . to the fuel rod. Thus, if the box/tube mass

ratio is M/m = k, then, at impacting, one has X = 2x/(k +1). This will lead to

the representation

K +1

with Tj. being the moments of impacting.

Once again, we assume the neutron noise caused by impacting to be proportional
to the displacement X(t), i.e. T(t) = A-X{t). Finally, the detector signal reads
as

(9)

Results with Simulated Data

Three simulated signals are shown in Fig. 11. The stationary component of the de-

tector signal, a-x(t), is shown in Fig. l la, the transient component,

T(t) = A-X(t),is given in Fig. 1 lb, and finally, the third plot, Fig. 1 lc, dis-

plays the total detector signal 0(t). It should be noted here that the amplitude of

the fuel box signal, T(t), is 2 orders of magnitude smaller as compared to the de-

tector tube signal, a • x(t), and thus it is completely invisible in the total signal,



14 Arzhanov and Pa"zsit
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Fig. 11. Simulated signals

Various wavelets available in MATLAB Wavelet Toolbox [8] have been tried to
identify impact events from the simulated detector signal, <p{t). A typical exam-
ple is presented in Fig. 12, the first row of which displays the first four members
of the Daubechies wavelet family with dbl being nothing else but the Haar func-
tion. For the sake of comparison the last row reproduces impact events that are
known in the course of simulation. Finally, rows Dl, D2, and D3 display details of
the first three levels evaluated by the corresponding wavelets.
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db1

20 30 40
Time [s]

db2

20 30 40
Time [s]

db3

20 30 40
Time [s]

db4

20 30 40
Time [s]

Fig. 12. Examples of wavelet analysis using different wavelets

The other wavelet functions tried in this research give a similar picture, some of
them being more preferable while others being less suitable to detect impacting. In
a sense, db4 was found to be the best for our purposes.

Results with real data

To obtain reliable results we need to evaluate the global neutron noise N(t) in the
detector signal

Let f0 and FQ be eigenfrequencies of the detector string and the fuel box respec-

tively. By assumption, N(t) is white noise and Fo> fQ. Because of this, we have
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=HPf{N+S+T] =HPf{N}+HPf{S+T] =HPf{N] (10)

if we choose f > FQ, where HP^ is a high-pass filter with a cut-off frequency /.

This allows us to evaluate

aHsVar[N(t)]»Var[tf(t)]

and hence to set up the threshold in (4) T = (JN .

In order to quantify the severity of impacting, we define an impacting rate (/R) as
the number of spikes per unit time of observation survived the wavelet threshold
procedure (4). Typical examples of wavelet-filtered signals, together with the IR
values, are given in Fig. 13.

LPRM8.1 Of 920603 (m » 7, C-17)

0 100 200 300

LPRM8.1 of 931101 (m = 11, C-19)

100 • 200
Time [s]

300

Wavelet filtered signal

1-51 IR = 0.875 Flow = 7.6 [ton/s]

1

100 200

Wavelet filtered signal

100 200
Time [s|

300

300

Fig. 13. Wavelet analysis as applied to real signals

Detector string 8 is known to be strongly impacting during cycle 17 (measurement
7) and less impacting during cycle 19 (measurement 11). Two factors have con-
tributed to this change. The first was an improvement in construction, which led to
a decrease of the turbulence of the coolant. The second is the decreased coolant
flow, from 7.6 to 7.0 ton/s. This experimental evidence agrees well with the piece
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of wavelet analysis presented in Fig. 13, which shows the IR indexes evaluated for
the upper sensor of string 8 (LPRM 8.1) for measurement 7, IR = 0.875, and for
measurement 11, IR = 0.140.

Fig. 14 summarises the results of the wavelet analysis performed for all the meas-
urements. Each individual subplot of Fig. 14 displays a distribution of the IR in-
dex over all 24 LPRM signals. The 25-th bar gives the water flow for comparison
reason. The IR indicator is given relative to the maximal value over all signals and
all measurements. This maximal value was found to be IR = 2.57 for detector tube
15 in measurement 13.

911021 (m=1 C-17) 911209 (m = 2 C-17) 920407 (m = 3 C-17) 920506 (m»4 C-17)

1 7 15 2 D F 1 7 15 2 D F 1 7 15 20 F 1 7 15 2 0 F
920518 (m = 5 C-17) 920526 (m = 6 C-17) 920603 (m = 7 TJ-17) 920616 (m = 8 &-17)

1

8
I 0.5c

n

19207^9

.1

(m1=59?

•L

-17)F

11

i
u.

'9303^9 (ml5t (mi51128-19F 19311?8 (mi51
1

(mlS1328-19? *9403?7 (ml
1

1 7 15 20 F 1 7 15 20 F 1 7 15 20 F 1 7 15 20 F
1-24:LPRM 26:Flow 1-24:LPRM 26:Flow 1 -241PRM 26:Flow 1-24:LPRM 26:Flow

Fig. 14. Results of wavelet analysis for all measurements

As one can see in Fig. 14, there is a strong dependence of the impacting rate on
the water flow that fully corresponds to our expectations. For example, water flow
of 6.1 ton/s causes small impacting in measurement 3 as contrast to measurement
4 with water flow of 7.2 ton/s.
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The first construction improvement was made between cycles 18 and 19. As a re-
sult we can see a qualitative change in the behaviour of IR, measurements 7 to 10
as compared to measurements 11 to 14. The second improvement was made be-
tween cycles 19 and 20, once again this resulted in a dramatic change of the IR
distribution, measurements 11 to 14 as contrast to measurements 15 and 16.
Moreover, tube 7 had the largest impacting rate before the first change in con-
struction was made. This fully conforms to the visual inspection RA2-92 that re-
vealed a big hole in the neighbourhood of instramentation tube 7. In the period of
time between the first and second improvements, cycle 19, string 15 was found to
show the most intense impacting, which perfectly agrees with the inspection RA2-
94 that discovered another large hole in a fuel box next to tube 15.

To take into account the cumulative nature of the damage due to impacting we in-
troduce a cumulative impacting rate index as a sum of corresponding indices dur-
ing the time of observation. Fig. 15 presents the distribution of the cumulative IR
evaluated for cycle 17 as compared to the total damage reported in the inspection
RA2-92.

Cumulative IR indax and damage for C17

Corn>lation(IR.Damage) . 0 . 3 3 I E D IR index I
I — Damage I

0. vvflfifi • I

Fig. 15. Cumulative impacting rate

The correlation of this indicator with the reported damage was found to be 0.38
that is quite good as compared to other indicators. The comparison is given in Fig.
16 that shows the IR index as the third best correlated indicator.
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Correlation of damage with cumulative Indices for C17

8 10
Cumulative indices

Fig. 16. Wavelet analysis as compared to other impacting indicators

Indicators displayed in Fig. 16 are as follows:
• mean - mean value;
• std - standard deviation;
• hurt - kurtosis;
• skew - skewness;
• DR - decay ratio;
• ppl -power (amplitude) of the first peak (peak 1) in APSD;
• apl - area under peak 1 in APSD;
• pp2 - power (amplitude) of the second peak (peak 2) in APSD;
• ap2 - area under peak 2 in APSD;
• pel - power (amplitude) of the first peak in the coherence function between

the signals of the upper and lower detectors;
• acl - area under the first peak 1 in coherence;
• pc2 - power (amplitude) of the second peak in the coherence function;
• ac2 - area under peak 2 in coherence;
• va - apparent vibration amplitude;
• IR - impacting rate.

The apparent vibration amplitude, va, is calculated by the formula proposed in [2]:

= 3.28-yJ(HPf(Sl)-HPf(S2))
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where S1 and S2 are signals of the upper and lower detectors, HPf is a high pass

filter with a cut-off frequency,/= 4 Hz-

It is interesting to note that, firstly, kurtosis and peak 1 in the correlation function
between the upper and lower signals were found to be strongly anti-correlated
with the reported damage; secondly, the indicators embraced in the dashed rectan-
gle have very little to say about impacting; whereas thirdly, IR together with DR,
va, and ap2 are mostly correlated with the reported damage.
It should be noted however, that the impacting rate is the only indicator that prac-
tically needs no calibration prior to the use. Let us consider, for example, the best-
correlated indicator, DR, which was calculated by, first, fitting an estimate of the
auto correlation function of the signal x(t)

CJ?) = E{[x(t)-M]-[x(t + T) -ju]}

to the parametric function

and, second, defining DR as

COS(2TTV

DR = e-x'v

Table 1. Comparison between IR and DR indicators in measurement 4

Upper
detector

Lower detec-
tor

Non-impacting tube, LPRM16

Damage 1 out of 15

IR = 0.017
DR = 0.299

IR = 0.017
DR = 0.354

Impacting tube, LPRM 12

Damage 15 out of 15

IR= 1.039
D/? = 6.6-108

IR = 0.652

DR = 0.366

It is seen from Table 1 that one has to know in advance the DR value correspond-
ing to a non-impacting tube, whereas IR is estimated close to zero in this situation.
As a matter of fact, it should be noted that sometimes the estimation of DR be-
comes unstable, such as the unrealistic value of 6.6 • 10 in Table 1.
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Conclusion

We itemise the conclusion as follows.

a) The large measurement set, together with knowledge of occurrence and se-
verity of impacting, gave an outstanding opportunity to test the method of
detecting impacts by wavelet methods;

b) For heavy impacting, the wavelet analysis was found to be very effective of
identifying and quantifying impacting without the need of calibration to
measurements with known impacting or without impacting;

c) For mild impacting, the performance of the wavelet method is not perfect, al-
though fully comparable with that of other methods;

d) Further development and tests will be made with various types of wavelets as
well as further improvement of the threshold procedure and the way to esti-
mate the cumulative impacting rate is planned.
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Abstract—The space-dependent neutron noise in a source-driven subcritical system is investigated. The noise is
induced by the fluctuations of the source (intensity or position). Besides of investigating the linearly exact
solutions in a 1-D system, the validity of the point kinetic and adiabatic approximations is also investigated. These
reactor physical approximations have actually not been denned in a consistent manner before for non-critical
systems, thus the present study also supplies the theory of such approximations in source-driven subcritical
systems. It is found that the applicability of these approximations depends, in addition to frequency of the
perturbation and system size, also on the space-time structure of the perturbation. Depending on whether or not
the source can be factorized what regards dependence on space and time (frequency), the domain of applicability
of the reactor physics approximations can be either wider or more restricted than in the traditional case. A
general trend is however, that for a given perturbation type the applicability of reactor kinetic approximations
increases with increasing system subcriticality. This is shown through both developing the general theory and
also through quantitative evaluation of concrete cases. © 1999 Elsevier Science Ltd. All rights reserved.

1. INTRODUCTION

Source-driven or accelerator-driven subcritical systems (Carminati et al. 1993; Rubbia et al. 1995; Andriamonje
et al., 1995) have been proposed relatively recently as future energy producing systems. Such systems, also called
as "Rubbia's energy amplifier", would operate in a subcritical mode, with a strong external neutron source, such
as a spallator, and could use fissionable/fertile material such as Th-232 as both target and breeding fuel. The
advantages of this type of reactor are that 1) it produces considerably less high-level waste as traditional systems
do, due to transmutation of actinides in the intense excess neutron field; 2) access to a vast amount of fuel which
is very much in excess compared to the known resources of U-235, and 3) it would be inherently safer that
today's traditional thermal reactors.

The physics aspects of such reactor concepts have already been studied quite extensively (Anon 1996; Rief
et al. 1996; Gudowski 1997; van Tuyle 1997; Lapenta and Ravetto, 1998). The focus at this stage is not yet on
operational characteristics, rather on construction of targets, accelerator aspects, core/fuel aspects, high energy
cross sections etc. Nevertheless, also the analysis of the dynamics of such systems has already been started and
various problems and scenarios have been studied (Lapenta and Ravetto 1998; Takahashi et al., 1998). A particu-
lar aspect of reactor kinetics and dynamics is the case of zero noise and power reactor noise. Accelerator-driven
subcritical systems (ADS) provide a challenging new scenario in which many questions need to be studied in a
new setting and need to be developed further.

Regarding zero noise, i.e. the fluctuations of the neutron number or detector counts in a low power system
due to the stochastic character of the transport, a new challenging factor of ADS lies in some new properties of
the source. In traditional systems, usually a start-up source with Poisson statistics is used. The known fluctuation-
based methods of measuring subcritical reactivity, i.e. the Feynman-alpha and Rossi-alpha formulae, were
derived with the assumption of a Poisson source. In future ADS, a spallation source will be used, whose statistics
is not Poisson, due to the fact that more than one neutron will be bom in each spallation event. Derivation of the
corresponding Feynman-alpha and Rossi-alpha formulae was achieved recently by Pazsit and Yamane in a series
of papers (Pazsit and Yamane 1998a, 1998b, 1999; Yamane and Pazsit 1998; Pazsit 1999). A similar study was

* Permanent address: Keldysh Institute of Applied Mathematics, Moscow, Russia
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performed by Behringer and Wydler (1998). It turned out that these methods are expected to work better in ADS
than in traditional systems, because the amplitude of the measured variance-to-mean ratio or the correlations is
enhanced, due to the presence of the multiple emission source.

Another interesting question is the spatial dynamic behaviour of ADS. Such investigations have already
been started (Rydin and Woosley 1997; Takahashi et al. 1998). However, in most cases, transient (i.e. non-sta-
tionary) behaviour was analysed such as reactor response following a step change of reactivity or accelerator cur-
rent (i.e. neutron source strength) etc. Analysis of stationary stochastic processes, i.e. reactor noise, has not yet
been performed in ADS.

Such power reactor noise investigations constitute the subject of the present paper. The frequency-depend-
ent spatial behaviour of the system will be explored through the study of some basic and representative concrete
cases. In this respect ADS constitute a novel aspect in two ways. First, the spatial frequency response of a subcrit-
ical system may show properties that are different from those known in traditional critical systems. Second, there
is a potentially new source of fluctuations present, namely the fluctuations (both in space and time) of the neutron
source. The effect of source fluctuations have properties that are different from those induced in traditional plants
through fluctuations of the cross sections (reactor material).

One point of interest in studies of power reactor noise is how the various reactor physics approximations
(point kinetic, adiabatic etc.) are applicable. It turns out that there exist no systematic definition of the point
kinetic approximation for ADS, and no definition at all in use for the adiabatic approximation for subcritical sys-
tems. This latter is actually not trivial and its construction for ADS is an interesting task. Thus one contribution of
the present paper is that we give here a systematic definition of both approximations, and derive the point kinetic
and adiabatic equations from the space-time dependent diffusion equation. Then, the concrete model problems
will be solved both exactly and via the point kinetic and adiabatic approximations. This way, the validity of these
approximations can also be investigated.

Since the goal of this paper is to develop methods and concepts, the reactor physics model used both in the
general part and in the quantitative investigations will be kept rather simple. For instance, a homogeneous core
will be assumed without distinguishing between target and core. Slowing down effects, which require many-
group or energy-dependent theory, which may also be important for the understanding for the dynamics of ADS,
are also neglected. A homogeneous core is a good approximation for cases when the target consists of the core
material as it appears in certain designs, and in certain planned low power experiments, but is not a good one for
systems with a separate target For a quantitative analysis of such systems, the model needs to be modified
accordingly. The qualitative conclusions of the present analysis will be certainly useful even for the understand-
ing and analysis of more complicated system. Extension of the present model for more realistic cases is planned.

2. GENERAL PRINCIPLES

2.1 General solutions

We will use one-group diffusion theory and one group of delayed neutrons. In this Section on general theory we
leave the notations on space-dependence fully three-dimensional, although in the concrete example we will treat
a one-dimensional slab reactor. Thus the static equation with a steady source is written as

V • DV<t>(r) + ( v S / - ZaMr) + SQ(r) = 0 (1)

with the usual diffusion theory boundary condition

HrB) = 0 (2)

where rB is any point on the boundary of the system. In Eqn. (1), <j>(r) is the static flux. Since it is not the criti-
cal flux, we omitted the usual zero subscript, in order to be able to distinguish it from the critical flux which one
would obtain from a criticality eigenvalue equation for the same system without the source. This conceptual crit-
ical flux will be needed later when defining the various reactor physical approximations. S0(r) is the external
source, and the other symbols have their usual meaning. Again, in the concrete example we shall assume a one-
dimensional delta-function steady source.

This system is assumed to be subcritical with a certain value of kea- < 1 or corresponding negative static
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reactivity p . The system subcriticality can be obtained from the eigenvalue equation

V-DV<t.0(r)+^-Sflj<t>0(r) = 0 (3)

We will find it convenient to solve eqn (1) with the Green's function technique, because it will give a possi-
bility to treat both the dynamic and the static case in a similar manner. The possibility of using this technique in
the static case is an immediate difference compared to the traditional case of critical systems where the static
equation is an eigenvalue equation such as (3) which is homogeneous and thus it cannot be solved by the method
of Green's function.

Hence we introduce the equation for the static Green's function as the solution of (1) where the source term
is replaced with the delta function 8(r - r') . Assuming hereafter, that the macroscopic cross-sections are homo-
geneous, we arrive at the definition of the Green's function as

V2G(r, r') + B2
0G(r, r') + g8 ( r - r') = 0 (4)

where

Bo =
 VlLZlz (5)

The reason for including the factor 1/D in (4) is to simplify the integral formulae used later which will include
the Green's function.

With the Green's function given by the solution of (4), the solution of (1) is written as

<Kr) = I G(r, r')S0{r')dr' (6)

We assume now that the fluctuations of the flux are induced by the temporal and spatial variations of the external
source. The case of flux fluctuations, induced by the fluctuations of the cross sections, will be treated in a sequel
to this paper. As usual in noise theory, one starts with the space-time dependent diffusion equations in the form

with the boundary conditions

HrB, t) = C(rB, t) = 0 (8)

We now split up the time-dependent quantities into stationary values and fluctuations, that is

(KM) = 4>(r) + 5(|)(r,O
C(r,t) = C(r) + 8C(r,f) (9)

S(r,t) = S0(r) + 8S(r,f)

Putting (9) into (7), subtracting the static equations and eliminating the fluctuations of the delayed neutrons by a
temporal Fourier-transform, one obtains in the frequency domain the following equation for the neutron noise:

V28<|>(r, to) + B2(o))8(|>(r, co) + ^S(r, co) = 0 (10)
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where now

The quantity GQ(CO) appearing in (11) is the usual zero reactor transfer function, which also appears in similar
equations of traditional noise theory. It is given as

(12)

!C0 + A.J

where all symbols have their usual meaning.
The above transfer function refers to a critical system. As we will see soon, the zero-reactor transfer func-

tion of a subcritical system will also appear in the paper, and it is important to have a proper distinction between
the two also regarding notations. Here we only note that the zero reactor transfer function of (12) diverges with
small frequencies. Thus,

B2(co=0) = BQ (13)

For a critical system this would mean that for vanishing frequencies, 5<j>(r, co) becomes proportional to G0(co),
i.e diverges. For the subcritical system no such divergence will occur.

Equation (10) can again be solved with the Green's function technique. The equation for the Green's func-
tion of (10) reads as

V2
rG(r, r', co) + B2(co)G(r, r\ co) + -=j8(r - r') = 0 (14)

and with (14), the solution of (10) is given as

8(j>(r, to) = I G(r, r', a>)8S(r', (O)dr' (15)

Equation (15) constitutes the formal solution of the problem, i.e. the expression of the noise induced by the
fluctuations of the external source. It is interesting to note that, in contrast to the traditional noise equations, no
linearisation was necessary to perform in order to arrive at (15), which is thus valid to any amplitude of the noise
source fluctuations. The reason is that fluctuations of the external noise, unlike fluctuations of the cross sections,,
are not parametric excitation.

Later on we shall investigate the properties of the noise induced by two basic types of source fluctuations
qualitatively and quantitatively. Here we just note one property of the noise induced by source fluctuations that
can be seen immediately from (15). Namely, that unlike in traditional (critical) reactors, the amplitude of the
noise does not diverge with vanishing frequencies. Actually, if co tends to 0, the dynamic transfer function
G(r, r', co) just reverts to the static Green's function G(r, r') of (4). Since, roughly expressed, in the critical case
the dominance of the point kinetic term, which is the basis of the point kinetic approximation, can be traced back
to the above described divergence of the response with vanishing frequency, it could be suspected that the validity
of the point kinetic approximation is more limited in ADS. This is indeed true in some sense (but, as we will see
later, not universally), since for co —> 0 (15) can be written as

&$(r, co) = $G(r, r')8S(r', w)dr' (16)

A comparison with (6) shows that unless one has 8S(r, co) <* Sa(r), i.e. the source fluctuations can be factorised
as

5S(r, to) = 8/((O)So(r) (17)
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the spatial dependence of the noise will deviate from that of the static flux, even in the limit of extremely small
frequencies. If the point kinetic approximation is defined as a factorisation of the response into a time- (fre-
quency) dependent factor and a spatial function whose space-dependence is the same as that of the static flux
(more details on that in the next Section), then this means that deviations from (17) will lead to deviation of the
noise from point kinetic behaviour. However, on the other hand, for cases when (17) is valid, we will find that the
point kinetic approximation is applicable over a larger frequency domain or larger domain of reactor dimensions
than its classical counterpart.

It is worth mentioning that the fact that the validity of reactor kinetic approximations depends also on the
spatio-temporal structure of the source, is not limited to subcritical systems. In the case of critical systems, if the
noise source is constant in space for all times or frequencies S(r, t) = C • / ( f ) , i.e. homogeneous in the whole
reactor, the point kinetic approximation remains exact at all frequencies. So space-time factorisation properties of
the source have consequences on the reactor behaviour in both critical and subcritical systems, but both the con-
ditions and the consequences are different in critical and subcritical systems, respectively.

Thus, in addition to system size and frequency, the applicability of the point reactor approximation in ADS
depends on also the space-time structure of the perturbation, represented by the source fluctuations and hence the
behaviour will be different from that in traditional systems. Somewhat simplified, it may be stated that since the
point reactor approximation can work both better and worse than in traditional systems, depending on source fac-
torisation properties, the applicability or usefulness of the point reactor approximation in ADS and traditional
systems is roughly comparable.

Before turning to the quantitative evaluation of (15) in concrete cases, we will below define the point
kinetic and adiabatic approximations more rigorously. Historically, these approximations were introduced into
reactor physics in order to make numerical solution of the dynamic diffusion or transport equations possible for
practical cases. Although this fact can be still valid to some extent, the significance of the reactor kinetic approx-
imations in this respect has decreased quite significantly with the increase of computer power and the efficiency
of the computing algorithms

There is however another reason why these approximations are useful. The advantage of obtaining the solu-
tion of a noise problem in the point kinetic and adiabatic approximations, i.e. composing the solution from one
term induced by reactivity fluctuations and the other one describing the distortion of the flux shape in a static
way, is that they are an excellent tool in interpreting and analysing the solution in simple intuitive physical terms.
Both the reactivity term and the static flux distortion term can be easily guessed with some intuition for any per-
turbation. The resulting noise can thus be interpreted in simple terms. This is why the point kinetic and adiabatic
approximations remain in use in noise theory. It is obviously worth to explore them in the noise theory of subcrit-
ical systems as well.

3. THE REACTOR KINETIC APPROXIMATIONS

3.1 General (non-linearised) theory

The reactor kinetic approximations are all based on a factorisation of the space-time dependent flux into an
amplitude factor and a shape function as follows (Henry 1958; Bell and Glasstone 1970). One writes

<j>(r, f) = P(t)y(.r, t) (18)

where P(t) is the amplitude function and \|/(r, t) the shape function. The idea is that any change in reactor
power should be represented by the amplitude factor, whereas deviations from the stationary flux shape be repre-
sented by the shape function \jf(r, t). To this order, and also to make the factorisation (18) unambiguous, one
requires the normalisation condition

dr = 0 (19)

Here, <j)J(r) is the critical adjoint function, obeying the equation
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(r) = 0 (20)

The dagger sign and zero subscript are meant to indicate that <t>o(r) is the adjoint of an eigenvalue equation, and
not the static flux (or adjoint) in the concrete system which is subcritical. As a comparison of (3) and (20) also
shows, since the one-group diffusion equation is self-adjoint, the critical adjoint is equal to the critical flux.
Hence the adjoint is only needed in an energy-dependent treatment. However, we keep the notation on the critical
adjoint in this paper, partly for easier generalisation of the present one-group treatment to energy-dependent
cases, and partly because it will help better distinguishing the actual flux in the subcritical system and the
(adjoint) eigenfunction of the reference critical system.

We shall also assume that at t - -°», i.e. before the perturbation started, one had a stationary system with

Hr, t = -« ) = <Kr) (21)

from which one has

P(f=-oo) = P 0 = i (22)

and

JV(r,t)«|>;(r)dr = j^r)^0[r)dr (23)

Since the critical adjoint <t>J(r) is undetermined to a constant factor, it is possible to normalise it such that

(24)

This would simplify many of the later formulae. However, in the general part of this paper we shall not specify
the normalisation, i.e. do not use (24), in order to maintain larger generality and also for easier comparison with
certain traditional formulae.

Equations (21) and (23) actually mean that we have already determined how the point kinetic approxima-
tion will be defined. Namely, deviations of the flux shape from that of the static (subcritical) flux will count as
deviation from the point kinetics, whereas all changes of power that do not alter the shape of the static flux will
count as point kinetic.

The reason why it is important to stress this point already here is that there appears to exist some confusion
in the literature regarding how the point reactor approximation should be defined. The possibility for the ambigu-
ity arises because in subcritical systems, one can choose either the static (subcritical) flux or the critical flux
(eigenfunction) as the flux shape for the point kinetic behaviour. This is possible since these two types of flux
functions are not identical in subcritical systems. In other words, one can define the point reactor approximation
either by stating that

<t>(r, f) = P(tMr) (25)

or by

<Kr, t) = P(t)<|>0(r) (26)

where <|>(r) is the static flux (subcritical flux with source) and <|>g(r) is the critical flux (system eigenfunction).
It appears as if in the literature the latter assumption is preferred for the definition of point reactor approximation.

It is easy to show however that the only physically plausible and mathematically consistent way to define
the point reactor approximation must be based on the definition of Eqn. (25), which will arise naturally from (21).
It is only in that case guaranteed that point kinetics has a chance to dominate at low frequencies, and it is only
then that one can obtain point kinetic equations for the amplitude function P(t) that agree with direct (intuitive)
derivations from space-independent cases.
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The usual way of developing the reactor physics approximations from (21) and (23) is to derive coupled
equations for P(t) and v(r , 0 • To this order, one has to substitute the flux factorisation (18) into the time-
dependent equations (7), multiply by the critical adjoint <j>o(r) and integrate over the volume of the reactor. One
also multiplies the critical adjoint equation (20) by y(r , t), integrates, and subtracts the two equations. This
manipulation will lead to the point kinetic equations for P(t) in the form

dt A
- (27)

dt A

Here, the following functions have been introduced:

f C(r, ml(r)dr
= V (28)

l
and

f S(r, t)i>l(r)dr
= T7 (29)

Furthermore, p is the static subcriticality of the system, defined as (ke^ - 1 )/ke^ , with ke^ being defined in (3)
or (20). We have intentionally selected the notation Q for the source when integrated with the critical adjoint so
that it becomes different from the notation of the source itself, in order to easily distinguish between the two
types. As we shall see later, the space-integrated source, and especially its fluctuation Sq, will play a role similar
to that of the reactivity in the linear point kinetic equations. Similar equations have been derived by Lapenta and
Ravetto (1998) and Rydin and Woosley (1997).

It is also seen that, unlike in the traditional case of cross section fluctuations, the driving force Q(t) can be
calculated without knowledge of the shape function \)/(r, t). In noise theory this independence is achieved by
linearisation, such that it suffices to use the static flux or static adjoint only when calculating the reactivity, but
here one does not need to resort to linearisation. Furthermore, similarly to the case of the exact equations (7) and
their solution for the fluctuating part, (10) and (15), no linearisation is necessary to solve (27), because it contains
the amplitude factor P(t) in a linear fashion. In other words, P(t) will depend linearly on the source properties,
and its calculation will not depend on what reactor kinetic approximation is used for the calculation of the shape
function.

Hence the point kinetic equations can be solved by direct temporal Fourier transform of Eqn. (27). Elimi-
nating the delayed neutron precursors leads to the frequency domain solution

P(co) = AGp(o))Q(co) (30)

Here Gp(co) is the zero-reactor transfer function of the subcritical system, given by

This function has a frequency dependence similar to that of the zero-reactor transfer function G0(co) of (12) on
the plateau with a break-point roughly independent on the magnitude of the subcritical reactivity. On the other
hand, its amplitude on the plateau is equal to 1/(|3 - p) , and, most important, it does not diverge with vanishing
frequency. The amplitude and phase of this function is shown in Fig. 1 for a few values of system subcriticality.

It is also worth mentioning that if Q(t) does not vanish with t -» ±°°, (30) will contain a function 5((O).
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This component will disappear when turning to fluctuations.
The equation for the shape function is more involved, and we shall here only treat two simple cases, i.e. the

determination of \|/(r, t) in the point kinetic and adiabatic approximations. The point kinetic approximation
actually means to assume

r, t) = (32)

for all time instants. Thus the space-time dependent flux is given by (25). According to this definition the reactor
behaves in a point-kinetic manner as long as the flux shape does not deviate from that of the static flux of the sub-
critical, source-driven reactor.

The definition of the adiabatic approximation for ADS is different from what one would intuitively suggest.
Since the system is now subcritical, the static equation (1) has always a solution <|)(r, t) with a time-dependent
source S(r, t) at any time instant t such that t is only a parameter and not a variable. It is tempting to define the
adiabatic approximation as determining §(r, t) from such a simple calculation.

However, it is easy to recognise that such a solution is very poor. Namely, one would then completely disre-
gard the contribution from the delayed neutrons. At low frequencies this solution would be exact, but with
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increasing frequencies (0)>X) the decrease of the amplitude due to the disappearing of the delayed neutrons
from the dynamic response would not be accounted for. Thus it is much more efficient to still use the factorisation
(18), determine the amplitude factor P(t) from the point kinetic equations, and determine the shape function
\|/(r, t) from a static equation by using the normalisation (19). This normalisation is not as trivial as in the case of
critical systems, where the shape function has to be determined from an eigenvalue equation and needs to be nor-
malised anyway. By the above described strategy the delayed neutrons (or their absence) are accounted for, even
if only with a simple space dependence.

Thus, for the definition of the adiabatic approximation, we re-write Eqn. (7) as

m±l = DvV,O + (vZrI,)«r, t)--f2 + S(M) (33)

Introducing the factorisation (18) into (33) and neglecting all time derivatives leads to the equation

r, t) + ̂ ^ = 0 (34)

Actually, eqn (34) can be further simplified. According to (19) or (23), the shape function needs to be properly
normalised. If we had not neglected time derivatives when going over from (33) to (34), this would have been
granted. However, due to the neglections of the time derivatives, the solution of (34) will not, in general, be prop-
erly normalized. Since the solution of (34) depends linearly on the last term (which is the inhomogeneous term in
the equation), we can replace the factor 1/P(f) with unity, since the normalisation will overrule the effect of it
anyway. Thus the adiabatic equation for the shape function will be

DV2Mfad{r, f) + ( v 2 / - 2 f l ) V a d ( r , t) + S(r, t) = 0 (35)

with the further condition that yad(r, t) must fulfil the normalisation condition (23).
This normalisation constant can easily be found in the time domain as follows. One writes the solution of

(35) as

arf(r, f) = c(t)JG(r, r')S(r', t)dr' (36)

where c(t) is the searched normalisation constant. Using also (6) and the normalisation condition (23), the nor-
malisation constant for the adiabatic shape function is obtained as

0 d r \w(r')S0(r')dr'
c(t) = . J . = 4 (37)

J <Hj(r)J dr'G(r, r')S(r', t) j W(r')S(r\
where the weight function W(r) is defined through

Combining (36) and (37) yields

. f G(r, r')S(r', t)dr'
Vad(r>f) = ^>o(rMr)dr • e (39>

J W(r')S(r\ t)dr'

From (39) we see immediately an interesting feature of ADS. Namely, assume that the perturbation only consists
of a temporal change of the source strength, with no change of the source spatial distribution. This can be
expressed as
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S(r, t) = f(t)S0(r) (40)

with / ( f ) being an arbitrary function that fulfils / ( f = - °°) = 1. Then from (39) one has

Vrifo 0 = JG(r, r')S0(O*-' = Hr) Vf (41)

Thus, in this case the adiabatic approximation is identical with the point kinetic approximation, i.e. there is no
adiabatic distortion of the flux shape. For such cases the adiabatic approximation does not give any extra contri-
bution to the point kinetic term. As we have seen before, at the same time the above source fluctuation type con-
stitutes the case when the point reactor approximation becomes applicable at low frequencies. Thus one can say
that in cases when the point reactor approximation works best, the adiabatic approximation does not give a con-
tribution to the solution, i.e. it is identical with the point kinetic solution.

On the other hand, for source fluctuations that do not fulfil (40), there will be a non-zero (and possibly sig-
nificant) contribution from the adiabatic approximation. In such cases, as we have seen, the point reactor approx-
imation does not become exact even in the low frequency limit. Hence, it can be expected that the adiabatic
approximation becomes superior to the point kinetic approximation even at low frequencies. This is in contrast to
the case of critical systems where for any perturbation with a non-zero reactivity the point reactor term becomes
dominating at vanishing frequencies.

The above general conclusions will be demonstrated quantitatively in concrete examples in the next Sec-
tion.

3.2 Linearised form of the reactor kinetic approximations

As mentioned several times before, there is no need to linearise the dynamic equations of neutron fluctuations in
an ADS, as long as the flux fluctuations are induced by fluctuations of the source properties. All equations, both
for the full noise or for its reactor kinetic approximations, are linear in the searched quantity. However, despite an
obvious lack for the need for linearisation what regards obtaining solutions, we still find it convenient to turn to
fluctuations and neglect higher order terms what regards the reactor kinetic approximations. One obvious diffi-
culty we saw earlier was that the solution of the point kinetic term could only be given in the frequency domain,
whereas that of the adiabatic approximation in the time domain only. A unified treatment in the frequency domain
requires linearisation.

There are even further reasons why treatment of fluctuations is beneficial. First, in practice it is mostly the
fluctuations, i.e. deviations from the stationary values, that are interesting. It is the fluctuations of the noise source
(in this case fluctuations of the external source) that are of diagnostic interest, and they do not have any influence
on the stationary flux values. Fluctuations of the source can only be unfolded from the deviation of the neutron
flux from its equilibrium value, i.e. the neutron noise.

Second, on the practical side, it is mostly power spectra of the fluctuating quantities that are investigated,
which require frequency analysis. Then, turning to linear noise expressions have several advantages. Elimination
of the mean value leads to expressions that are free of 8-function type singularities that are present e.g. in (30).
Second, without linearising, certain expressions, such as (36) or (39) of the adiabatic approximation, will contain
products of time dependent functions, whose Fourier-transform cannot be expressed by the Fourier-transform of
the factors in the product. Neglecting the product of the fluctuating (time-dependent) terms eliminates this prob-
lem. It can also be added that in case of periodic or band-limited perturbations (such as those arising from
mechanical vibrations) the higher order terms appear at higher harmonic modes. Thus their neglection does not
change the value of the noise at the fundamental frequency, which justifies the neglection further.

Thus we summarize here the results of the above definitions in the linearised case. We recall the former def-
initions of splitting up all time dependent quantities into mean values and fluctuations as

<|)(r, t) = <Kr) + 8<j>(r, t)
= l+SP(f) (42)

Using (42) in (18) and neglecting the second order terms yields the following expressions in the time and fre-
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quency domain:

5«r,r) = «Kr)-5P(t) + 8v<r,i)
• 8P(co) + 8y(r, a>)

We will also use the relationship

= Qn +8<?(r) (44)

where the definition of Qo and 8<j(f) follows from (9) and (29). Again, we used the notation 5q for the source
fluctuations on purpose such that it resembles to the reactivity. For later reference, we write out the definition of

in full as

f
=

8S(r,

In the point kinetic approximation the second term of the r.h.s. of (43) is zero. The first term, i.e. the point
kinetic term, can be readily obtained either from using (42) and (43) in (7), subtracting the static equations, and
doing the usual manipulations, or just using in (30) and using certain simple relationships between static quanti-
ties. In either case, we do not need to perform any linearisation, just subtract the mean value. For its reference
value we include here the point kinetic equations for 8P(f), since in future work only the fluctuations will be
used. Thus the equations read as

f! . •• (46)

= h
at A

The solution of (46) in the frequency domain is

8P(oo) = AGp(co)8ij(a)) (47)

and for the point kinetic approximation we have:

&|y(r, co) = AGp((o)8<7(co)(t)(r) (48)
Since 8P(i) has zero time average, expression (47) is free from singularities of the type 8((o).

A comparison with the traditional reactor kinetic formula for the neutron noise,

Sp(co) ~ - J- ? (49)
v 2 /

with expression (45) shows indeed the similarity between the integrated source fluctuation function 5iy(o)) and
the reactivity perturbation 8p(co). For this reason we shall call the source fluctuation function 89(0)) the "source
activity", to further enhance the similarity with real reactivity perturbations. The similarity concerns both the way
they are calculated and the way they appear in the noise formula. In particular, there exist "asymmetric" source
fluctuations 8S(r, t) which lead to zero source activity, but non-zero reactor noise. In the traditional case, a cen-
tral vibrating absorber in a symmetric reactor is such a case. We will treat a similar case for source perturbations
in the next Section.

In the adiabatic approximation, the first term of the noise in the r.h.s. of (43) is still given by (48), but we
also have to calculate the adiabatic form of the fluctuation of the shape function, hyai{r, (a). This can be
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obtained from (39) by using (9), linearising, subtracting the static flux according to (42) and subsequent Fourier-
transforming. The result is

5S(r', <o)dr' (50)

From (23) and (42) it also follows that the fluctuation of the shape function, 8\|/(r, to), and the critical adjoint
must be orthogonal, i.e.

J4>;(r)6y(r, a>)dr = 0 (51)
v

It is easy to confirm that the adiabatic shape function fluctuation of (50) fulfils this criterion. It is also easily seen
that for perturbations of the type (40), 8vai i(r,0)) = 0.

With (43), (48) and (50), the induced neutron noise in the adiabatic approximation can be written as

8<|)fl(j(r, to) = AGp((o)S<7((o)<t>(r) +

W(r>) 5S(r', m)dr' ( 5 2 )>J
In the next section, the spatial structure of the noise, as well as the applicability of the point kinetic and adiabatic
approximation, as functions of frequency and system subcriticality, will be investigated qualitatively and quanti-
tatively for two basic types of source fluctuations.

4. CALCULATION OF THE NOISE FOR TWO MODEL PERTURBATIONS

We shall investigate two model perturbations that represent two basic cases. They are physically possible to
occur, and they lead to quite different spatial structure of the noise. The differences will also be seen in the appli-
cability of the reactor kinetic approximation. For simplicity, we shall treat a one-dimensional case, but the results
are very easy to convert to higher dimensions by a simple change of the transfer function and that of the noise
source form.

We shall use a relatively large system that has also been used in studies of noise approximations in critical
systems. We assume a bare homogeneous system with boundaries at x = ±a. The system is described by the
material parameters D, 2fl, vi.,, p, X. The cross section data were taken, with modification, from Garis et al.
(1996). With these data the critical system size becomes 2a = 300 cm. For the different subcritical reactors the
macroscopic fission cross section was modified such that the desired subcriticality was achieved.

As mentioned already in the Introduction, this model represents a significant simplification of an ADS con-
struction, especially of the systems which are based on the concept of a separate, central target surrounded by a
cylindrical core. The model suits better designs without a separate target. In either case, the goal here is to gain
understanding and the results of the present analysis may be useful for the understanding of basic properties of
ADS in general.

In both cases, the static source will be represented by a spatial 5-function, corresponding to an infinitely
thin beam. A finite width beam would lead to qualitatively and quantitatively similar results, but to the expense of
considerably more complicated algebra and thus less insight. Formally, the static source is given by

S0(x) = S08(x-xp) (53)

where xp is the position of the beam impact point, i.e. the equilibrium source position. In this case the static

equation can be written as:
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0 = 0

l<K±a) = 0

The corresponding Green's function reads as:

1383

(54)

sin [B0(a-;«:')]• sin [B0(

DB0sin(2B0a)

sin[B0(a-x)]

DB0sin(2B0a)

x<x'

x>x'

(55)

where parameter Bo is defined by (5). Hence for the source term (53) the static flux can be expressed as:

= S0G(x,xp) (56)

The static flux for two different source positions, and four different subcriticalities, is shown in Fig. 2 and
Fig. 3. Although calculations were made by all four subcriticalities, in this paper only two extreme cases will be
discussed in the quantitative analysis below. A detailed study of several subcritical systems will be reported in an
internal report (Arzhanov 1999). The first system will be very close to critical, with kea = 0.9996, and the sec-
ond with a more significant degree of subcriticality, i.e. keff = 0.99. This latter will be referred to as a "highly
subcritical" system. Although in reality very likely much deeper subcriticalities may also be used, for our pur-
poses of demonstration the above subcriticality is sufficient enough.

In the case of one group diffusion theory, used in this paper, the adjoint critical flux coincides with the
direct critical one and is defined by the equation

= 0
(57)

4>J(±«) = 0

which has the solution to the precision of an arbitrary factor C:

vX, (58)

As mentioned earlier, it is convenient to choose the normalisation constant C so that:

W(x)SQ(x)dx = (59)

This is what will be used in the following throughout.
The dynamic Green's function corresponding to the Eqn (14) in the frequency domain has formally the

same expression as (55) with the parameter Bo being substituted with the B(co) of (11):
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Fig. 2. The static fluxes with a central source and four different subcriticalities.
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Fig. 3. The static fluxes with a non-central source and four different subcriticalities.

G(x, x\ (0) =

-x ' ) ] • sin[B(co)(a+x)]
DB(to)sin(2B((o)fl)

DB(co)sin(2B(a))<j)

Then, the following two perturbations are considered.

x<x'

x>x'
(60)
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4.1 Variable strength source (fluctuations of the accelerator current)

Physically, this case corresponds to a temporal variation of the beam current, either periodic or stochastic. For-
mally, it is represented by

S(x,t) = S(t)S(x-xp)

SS(x,t) = SS(t)S(x-xp) (61)

8S(t) = S ( r ) - S 0

Using (15) and Fourier-transform of (61) gives for the neutron noise in the frequency domain the solution

8<|>(x, m) = SS(co)G(x, xp, co) (62)

where 5S(co) is the Fourier transform of 8S(f) . In this case the exact dynamic transfer function corresponding
to amplitude fluctuations is defined by

(63)

This is one of the quantities that is plotted with the full line in the figures below.
The point kinetic solution is given by (48) and in this case it becomes

5<Kx, (0) = A • Gp(co) • v • 5S(co) • ̂ (,xp) • <j>(*) (64)

Then the point kinetic dynamic transfer function reads as

5<Lj.(x,<o)
(65)

This is the second quantity shown in the figures with the broken line.
As it was shown earlier, if the source fluctuation can be factorised into a time and a space dependent func-

tion such that the latter is equal to that of the static flux, the adiabatic approximation gives no contribution to the
point kinetic one, thus it is uninteresting. This is exactly the case with the perturbation treated here, see (53) and
(61). Hence, only the point kinetic approximation will be investigated here, and only for a central beam.

Quantitative results are shown in Figs (4). and (5). In both figures the solid lines represent the exact (full)
solutions and the broken lines are the solutions in the point kinetic approximation. The following values of fre-
quency were used: 0.002,0.02,20.0, and 100.0 rad/s.

Fig. 4 shows the space dependence of the noise in a system that is close to critical. At the two lowest fre-
quency values of 0.002 and 0.02 rad/s, the noise amplitude shape is very close to that of the static flux (see Fig.
2a), and the phase is nearly constant in the whole reactor, consequently the point kinetic approximation works
quite well. At the higher frequency values of 20 and 100 rad/sec, however, the noise becomes much more local-
ised, and the point reactor approximation breaks down. This is similar to the behaviour in critical systems. The
system used in these investigations is a large one ($„ = 0.1361), in which the point kinetic approximation
breaks down at plateau frequencies for a perturbation of the reactor oscillator type (Kosaly et al. 1977). Since the
system under investigation is close to critical, it behaves similarly to a critical one what regards the applicability
of the point kinetic approximation.

On the other hand, a definite difference between the above case and the noise in a critical system is that, as
derived earlier, the adiabatic approximation here does not yield any improvement compared to the point kinetic
approximation. This is a consequence of the fact that the noise source in the present case is represented by the
fluctuation of the external neutron source and not by the fluctuation of the cross sections. In the case of a critical
system with a noise source represented by cross section fluctuations, the adiabatic approximation gave some
improvement compared to the point kinetic one at plateau freuqencies in a large system (Kosaly et al. 1977).
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Fig. 5 shows the case of a subcritical system with appreciable subcriticality, fce»-=0.99. The static flux in
such a system deviates significantly from the cosine-shaped flux in a critical system (Fig. 2d). The noise ampli-
tude shape in this system is very similar to that of the static flux at all frequencies, and the phase is also relatively
constant. The conclusion is that in a subcritical system with such a subcriticality (or deeper), the response is basi-
cally point kinetic at all frequencies for the perturbation type considered, i.e. for the fluctuations of the source
strength (beam current) even in a large system. This is again a very definite difference compared to large critical
systems in which the point kinetic approximation breaks down for plateau frequencies. Although in a somewhat
different context, similar conclusions were drawn by Rydin and Woosley (1997) who called this property the
"source dominance" in ADS.

4.2 Variable position source (spatial oscillation of the accelerator beam)

This case corresponds to a spatial oscillation of the beam impact point. For a physically correct representation of
this phenomenon one would need at least two spatial dimensions, but here we sacrifice physical faithfulness for
the sake of better insight. Formally, this perturbation is represented as

and thus one has

S(x,t) = S08(x-xp-e(t))

8S(x,t) = S0{8(x-x-e(t))-S(x-x )} = - Soe(t)S'(x-x)

(66)

(67)

From (15) and (67) it follows that the full solution for the neutron noise can be expressed as:

(68)
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where e(co) is the Fourier transform of e(f). In this case the exact dynamic transfer function corresponding to
source position fluctuations is defined by

(69)

and the derivative of the Green's function reads as:

, x\ to) =

• sin[B((o)(g + x)}

Dsrn[2B(a>)«]

Dsin[2B(m)«]

The point kinetic term given by (48) takes the form:

x<x'

x>x'

(70)

x, co) = A • G (co) • v • So - e(a>) • -r-% (x ) - <»(*)

Then the point kinetic dynamic transfer function can be defined as follows:

6(CO)
- S o -

(71)

(72)

Using the given form of the perturbation, from (52) one obtains for the adiabatic approximation:
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&§nAx, w)
= -S0 • ,A • Gp<») • C ^ s i n g

(73)

J C 0 S ( ^ sin[B0(« ± x))dx

where the upper sign is valid for x < xp and the lower one otherwise.
The above case of the "vibrating beam" or vibrating source is more complicated than the variable strength

beam and thus it will be discussed by the help of several figures. Again, for comparison with the critical systems
and the noise induced by a vibrating absorber, we start with the case of kea = 0.9996, i.e. a nearly critical case,
and with a central beam (xp = 0). From (45) and (58) we see that in first order of the vibration amplitude, the
source activity in this case is equal to zero, thus there is no point reactor component present in the noise. The
point kinetic approximation is therefore never applicable in this case. Again we see a similarity with the noise in
a critical case induced with a central vibrating absorber which does not have any reactivity effect in first order of
the vibration amplitude. On the other hand, since the noise source is not factorized into the static source and a
time dependent function, the adiabatic approximation gives a non-zero contribution through the fluctuation of the
shape function.

Quantitative results are shown in Fig. 6 for the same four frequencies as in the previous subsection. Since
the point kinetic term is zero, only the full solution and the adiabatic approximation are shown in this figure. The
results show that at the two lowest frequency values, the adiabatic approximation works well, but it deteriorates at
plateau frequencies. This is again similar to the behaviour of the noise induced by a central vibrating absorber in
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a critical system. At opposite sides of the centre of the reactor, the noise has opposite phase. This behaviour is
known from the vibration induced noise in critical systems (Pazsit 1977).

Fig. 7 shows the same cases in the deep subcritical system. It is seen that the adiabatic approximation is
valid at all frequency values. This difference between the nearly critical and deeply subcritical system, what
regards the applicability of the adiabatic approximation, is similar to what we have seen in the previous subsec-
tion with the variable strength source and the point kinetic approximation. Summarising, one may state that
deeper subcriticality enhances the applicability of the reactor kinetic approximations (whichever is applicable in
the given case).

Figs 8 and 9 show the case of a non-central beam for the nearly critical and the deeply subcritical cases,
respectively. In this case the source activity is not zero, just as the reactivity effect of a non-central vibrating
absorber is not zero. Thus is this case there is a contribution from both the point kinetic term and from the fluctu-
ation of the shape function. Hence this case is the most interesting of all cases investigated in this paper from the
reactor physics point of view.

The results in Fig. 8, nearly critical system, show that at the lowest frequency, the amplitude of the point
reactor term is comparable with the space-dependent term. Since the latter has opposite phase at opposite sides of
the equilibrium source position, the amplitude of the noise is discontinuous at opposite sides of the source with a
relatively large break. The adiabatic approximation is quite good at this frequency, whereas the point kinetic one
is in significant error, since it cannot account for the discontinuity of the flux, caused by the presence of a signifi-
cant flux shape fluctuation. At higher frequencies, however, the contribution from the point kinetic term
decreases, and at the same time, the accuracy of the adiabatic approximation also deteriorates. Actually, the dete-
rioration of the adiabatic approximation is not as large as it may seem on the first sight on Figs. Fig. 8c-d. To real-
ise this, it is important to note that also the exact solution is discontinuous at x = xp. The amplitudes are equal at
the two sides, but the phases are opposite. The magnitude of discontinuity is very closely the same for the adia-
batic approximation and the exact solution. The overall tendency of deterioration of the point kinetic and adia-
batic approximations is in agreement with the behaviour in the nearly critical system of both the point kinetic
approximation for the variable strength source, Fig. 4, and the adiabatic approximation for a central vibrating
source, Fig. 6.
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The results in the deep subcritical system, Fig. 9, show that in that case the contribution from the point
kinetic term to the total solution is smaller than in the nearly critical system. The noise is out of phase at oppo-
sites sides of the source, and the break of the amplitude is much smaller, practically negligible. The decrease of
the point kinetic contribution depends primarily on the decrease of the amplitude of the zero reactor transfer
function at larger subcriticalities, see (31) and Fig. 1. From (31) we see that the amplitude of Gp((o) is about a
factor 2 smaller at plateau frequencies as that of GQ(G>) for keu=0.99, and Fig. 1 shows that the amplitude of
Gp(co) does not at all increase for extremely low frequencies. The amplitude of the space-dependent term in the
adiabatic approximation, eqn (73), on the other hand, increases with increasing subcriticality. As a result, the adi-
abatic approximation works relatively well for all frequency values. This again is in line with earlier observations
that comparing a nearly critical and deep subcritical system of the same size, the reactor kinetic approximations
work better in the deep subcritical system.

Finally, for further analysis possibilities, we show results in a different way for the vibrating source prob-
lem. The space dependence of the amplitude and the phase are shown for the plateau frequency of 20 rad/s at four
different equilibrium source positions in both the nearly critical and the deeply subcritical system in Figs 10 and
11. With increasing distance of the source position from the core centre, where the source activity is zero, a
monotonically increasing point reactor term is present in the noise. Again the same conclusions can be drawn
regarding the applicability of the adiabatic approximation as before.

5. CONCLUSIONS, FURTHER WORK

A systematic definition of the point kinetic and adiabatic approximations was given for source-driven subcritical
systems. The noise induced by two basic perturbations, one induced by a source (accelerator beam) of variable
strength, and one induced by a "vibrating" beam (whose impact point is oscillating) was calculated both exactly
and in the point kinetic and adiabatic approximations. It was found that despite the looser neutronic coupling
(shorter prompt neutron chain) in subcritical systems, the applicability of the reactor physical approximations is
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better than in critical systems. There are nevertheless quite significant differences between the behaviour in criti-
cal systems driven by parametric excitations (fluctuations of the cross sections) and in subcritical systems driven
by fluctuations of the external source regarding the individual approximations, i.e. the point kinetic approxima-
tion and the adiabatic correction. It was shown that if the driving force is the fluctuations of the source strength
whereas the source spatial distribution does not change, the adiabatic correction is zero and the point kinetic and
adiabatic approximations are identical. For other type of source fluctuations, i.e. when the fluctuating source spa-
tial distribution deviates from the static source distribution, the point kinetic term does not become dominating
even with vanishingly small frequencies. In such cases however the adiabatic approximation becomes asymptoti-
cally exact at low frequencies. Thus the applicability of the point kinetic and adiabatic approximations does not
follow exactly the same pattern as in the case of critical systems. These investigations contribute to the under-
standing of the dynamic behaviour of subcritical systems driven by a source.
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Abstract

The general theory of linear reactor kinetics and that of the induced neutron noise is developed for systems
with varying size, i.e. in which the position of the boundary fluctuates around a stationary value. The point kinetic
and adiabatic approximations are defined by a generalisation of the flux factorisation, and the full solution of the
general problem with an arbitrarily fluctuating boundary is given by the Green's function technique. The
correctness of the general solution is proven both generally, and also by considering the simple case of a 2-D
cylindrical reactor with a fluctuating radius, in which case a direct compact solution is possible. © 2000 Elsevier
Science Ltd. All rights reserved.

1. Introduction

Usually, time-dependent problems in reactor physics are treated in systems with fixed boundaries. This is
motivated by the fact that real systems have fixed boundaries, as well as that treatment of boundary conditions at
time-dependent boundaries are complicated and the corresponding problems are difficult to solve.

The treatment of moving boundaries has received some interest recently in connection with calculating the
neutron noise induced by the vibration of control rods. The basic problem there is actually to treat a moving
interface between two different pieces of material regions. For the treatment of small variations (vibrations) of the
boundary, there are several methods available, including perturbation methods as well as a recently developed
method of coordinate transformations (Sahni et al. 1999). These methods were first applied to the simpler case of
a slab reactor with one fixed and one varying boundary (Garis et al. 1996), then to the more complicated case of
a vibrating absorber rod (Sahni et al. 1999). In Garis et al. (1996), in addition, also the point kinetic and adiabatic
perturbations were investigated, including the question of whether the orthogonality integral, which complements
the flux factorisation ansatz in reactor kinetics, needs to be taken over the fixed (stationary) or the instantaneous
(varying) size. In Garis et al. (1996) it was found that a correct choice of the integration volume is essential for the
correctness of the adiabatic approximation. This point will be discussed in detail in this paper.

There exists however further incentive to study the case of neutron fluctuations induced by the fluctuations
of the boundary. First, there is an academic interest in' extending the formalism of reactor kinetics, including the
reactor kinetic approximations such as the point kinetic and adiabatic approximation, to cases when the system
boundary is not fixed. Second, there is also a practical reason. Namely, there exist a few different classes of
practical cases where treatment of a moving/fluctuating boundary is necessary. The first one is the case of the
enrichment/reprocessing plants, where a solution of fissile material is contained in a tank with a free surface. Any
addition or deduction of material will change the surface position. Even a perturbation of the free surface without
volume change (travelling or standing waves) can occur. The second case is the future accelerator driven
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subcritical systems (ADS) for which a molten salt type construction is one potential candidate. In such a reactor
again a free surface of a liquid core is conceivable. Finally, as the most important practical application, in current
pressurized water reactors, various types of core-barrel vibrations are known to occur. Out of these the so-called
shell-mode vibrations are a typical case of a system with a fluctuating boundary. Core-barrel vibrations have been
diagnosed so far through the ex-core neutron noise which is induced by the varying water thickness between the
outer core surface and the pressure vessel (Pazsit et al. 1998). However, the fluctuation of the boundary will also
induce in-core noise in the case of shell-mode vibrations. A theory of the induced in-core noise, together with its
measurement, will help diagnosing shell-mode vibrations of the core barrel.

In this paper a general solution of the noise equations is given for small, but arbitrary vibrations of the
surface of a (bare) system. First the flux factorisation into an amplitude and a shape function is postulated, and by
the help of this, the point kinetic equations as well as an expression for the reactivity and its perturbation theory
version are derived. Then the adiabatic approximation is derived. After that, the solution of the general space-
dependent case is given first as a generalisation of a 1-D formula from Garis et al. (1996), using the concept of the
Green's function. This generalisation is not trivial, because the Green's function actually belongs to a different
problem (with static boundary). The basis of the original 1-D formula is the replacement of the vibrating boundary
with a fluctuating absorbing layer at the boundary. The validity of this approach in 3-D is put onto a firm basis by
a formal proof. In addition, the correctness of the 3-D solution is proven with another formal proof. By this latter
proof it is shown that the solution indeed fulfils the defining equation and the boundary condition, despite the fact
that the Green's function satisfies different boundary conditions. As an illustration, the case of a 2-D bare
cylindrical reactor is treated with a fluctuating radius in the last section. This problem is solved both directly and
with the help of the Green's function. The two solutions are shown to be identical, also confirming the correctness
of the Green's function technique.

2. General theory

One basic problem in a system with a varying size, and especially when defining the reactor kinetic
equations, is that one needs to extend the validity of the static flux into a larger volume than in which it is originally
defined. It is intuitively clear that in order that the kinetic approximations be applicable, where a (static) reference
system and its flux plays a central role, the change of the system size must be quite moderate. We shall therefore
only consider cases when the magnitude of the fluctuation of the boundary is smaller than the extrapolation length.
Even then, requiring the vanishing of the flux at the extrapolated boundaries, and using the extrapolated
boundaries as the fluctuating ones, would mean that the continuation of the static flux to a larger volume leads to
negative static fluxes at the extrapolated boundary of the system with fluctuating size for boundary points that
move outbound from the equilibrium boundary. Likewise, the momentary time-dependent flux, which is supposed
to vanish at the momentary boundary, would need to be continued to the static boundary any time the boundary
moves inwards, leading also to the appearance of negative flux values. Although the occurring difficulties could
be eliminated such that all final results have a valid physical meaning, there is still the additional problem that the
boundary condition of vanishing flux prevents the application of simple perturbation formulae.

For these reasons, it is simpler to apply the boundary condition of no incoming current, leading to the
introduction of the extrapolation length / and the boundary condition

(1)

where rB is an arbitrary point of the boundary, / the extrapolation length, n is an outward normal on the boundary
and V (as well as V) stands for the gradient operator. As a rule we use the ordinary nabla symbol, but whenever
we want to underline the vector nature of the gradient operator (as in (1)), we use the underscore.

The flux is denoted as <j>(r, t) for the time-dependent case, and the boundary at the point r g on the surface
will fluctuate as rB + ne(rB, t), where t(rB, t) describes the fluctuation of the boundary. Keeping the boundary
condition of no incoming current also at the vibrating boundary, one will have

i>(rR + ne(rR, t), t)
n V ( j > ( r f ) l = - I i i , B' ' (2)

) I
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i\ - Sa)<t>0(r) = 0
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We assume that the space- and time-dependent neutron flux and the precursor density obey the time-dependent
one-group diffusion equations

I ( 4 )

[PvZ/(i>o(r)-A.Co(r) = 0
The boundary conditions of the static system are given by (1). Since the goal is the determination of the neutron
noise in a linear approximation, the time-dependent quantities in (3) will be split up into a static and a fluctuating
part, as usual:

C(r,f) = C0(r) + SC(r,t) (6)

The only peculiarity here is the fact that the time-dependent functions and the static functions, denoted with the
zero subscript, are defined over different regions. But this will be commented later. We shall now seek the solution
of the problem defined by (2) and (3), both in the full space-time dependent case and in the reactor kinetics
approximations.

For the kinetic approximations one needs the flux factorisation principle which reads as (Henry 1958; 1975)

<|>(r, t) = P(t)\(r(r, t) (7)

Again, since we will be seeking the solution for the fluctuating quantities, the amplitude function P(t) and the
shape function y(r, t) needs also to be split up as

P(t) = l+8P( f ) (8)

\(/(r, f) = <jjQ(r) + 5t)/(r, t) (9)

Combining (5) - (9) together yields an expression for the neutron noise §§(r, t) in terms of the fluctuation of the
amplitude and shape functions as

5(Kr, 4) = 8P(r)<|>0(r) + 8\|/(r, t) (10)

In order that the factorisation assumption be unambiguous, it needs to be complemented with a normalisation
condition. In the reactor physics literature this condition is written as (Bell and Glasstone 1970)

r,t)dV = 0 (11)
"v

Then the question arises whether in the case of a varying system size, this relationship needs to be used with a
static volume Vo or with the instantaneous, time-varying volume V(f). This question will be answered in the next
subsection.

2.1 The point kinetic approximation

In the point kinetic approximation it is assumed that the shape function is equal to the static flux at all times,
i.e.

( jy^r , t) = P(f)c|>0(r) (12)

and the purpose is to derive an equation for the amplitude factor P(t). In noise theory the same question concerns
the point kinetic form of the flux fluctuations, i.e.

8<jj_ k (r, f) = 8P(f)<5>0(r) (13)
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and the determination of 5P( t ) .

The derivation of the linearised point kinetic equation for the fluctuation of the shape function 8P(t) goes
as follows. One puts the factorisation (7) into (3), multiplies (3) with (j)0(r) and (4) with P(f)\y(r, t) and
integrates over the reactor volume. At this point a normalisation or orthogonality condition, mentioned in the
foregoing, needs to be utilized.

This orthogonality or normalisation condition, expressed for systems with constant size by (11), arises from
the need of the relationship

/ ^ = 0 (14)

which is necessary in order to arrive to the usual point kinetic equations.

At this point it does not matter whether we take the integral over the static reactor volume Vo or the
momentary (and thus time-dependent) volume V(t). Formally, the point kinetic equation for P(r) is not affected
by the choice of the domain of integration. For the point kinetic approximation and for the expression of the
reactivity, the integration volume in (14) can be either the static or the instantaneous volume.

The significance of the integration volume appears first when one wants to follow the usual formalism and
set

l ^ j J (15)

because then (14) could be simplified into the form (11), i.e.

= 0 (16)

The advantage of (16) is that it can be used to put the orthogonality integral into a more convenient and practical
form, namely

J<t>0(r)v(r, t)dV = J<t»o(r)dy (17)
V V

This latter expression is used e.g. when normalizing the shape function of the adiabatic approximation.

The identity (15) is however only valid for constant integration volumes Vo, because for a time-varying
integration domain one has

if J •0WV(r, t)dV = J •0(r)^v(r,i)dV+ f (t>0(rB)V(rB, tde(rB> t)dS(rB) (18)
V(t) V(t) S(t)

where rB is an arbitrary point on the boundary, S(t) is the bounding surface of the volume V(f), and e(rg, r) is
the space- and time-dependent displacement of the boundary at surface point rB into the direction of the surface
normal n(rB). It is obvious that using (18) in a form similar to (17) would result in a form completely unsuitable
for practical use. For small displacements of the boundary, the integration surface S(t) can be replaced with the
surface So of the static volume, but still the value of the normalization formula would be small. It is also seen that
the difference between using the static or the time dependent volume in the integral

j> (19)

is first order of the perturbation, and cannot be neglected.

Thus in order to be able to arrive to a manageable formalism but also to stay in line with physical
interpretation, we shall perform the integral over the static volume of the reference system in our formulae. This
choice will be touched upon once more when discussing the adiabatic approximation.

Performing now the integrals in (3) and (4) over the static volume, and subtracting (4) from (3) will then lead
to the usual point kinetic equations for P(t), i.e.
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(20)

(21)

(22)

Here, as usual, A = l/(ov2^), and

j$0(r)C(r,t)dV

The expression for the reactivity, as induced by the fluctuations of the boundary, is given as

D J [<|>0(r)V2V(r, t) - V ( r , t)V%(r)]dV

p(i) = -S> — (23)

The reactivity formula can be simplified further by applying the Green's theorem on the integral of the Laplacians.
One obtains

D J [<|»o(r)Vv(r, t) - y(r , t)Y<|)0(r)] • dS

p(t) = - i s (24)

where dS = ndS.

In (24) the effect of the moving boundary manifests itself in the time dependence of the shape function at
the boundary, which itself is determined by the boundary condition (2). For the shape function \|/(r, t) this can be
written as

' ^ (25)

However, in (24) both y(r , t) and Y\|/(r, t) are needed at the static boundary. To find connection with (25), we
expand both terms in a Taylor series using the general expansion formula, which is applicable for both vector and
scalar fields, if the series on the right hand side converges:

F(r + Ar)= £ ^ - I ^ F ( r ) (26)

Keeping only the first two terms in (26) we thus have for the function \|/:

¥ ( r B + en, t) = V(rB , t) + e(« • V)V(rB , t) + O(e2) (27)

A similar expansion formula needs to be employed on the gradient term V\|/(r, f), which appears on the l.h.s
of (25). There, however, we first assume that

VV(rB + En , f ) sY V ( r B , t ) (28)

then (25) becomes

B,0 e»-2v(rB,t)
^ 2,,f) = - ^ ° - " - ' g _ T V - f l , - , _ — ^yO,-, ( 2 9 )

Rearranging the terms in (29) we finally arrive at

(30)
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The physical meaning of the boundary condition (30) is very clear, it is equivalent to the case of a fixed boundary
with a time-varying extrapolation length as

l(rB,t) = l + e(rB,t) (31)

The use of step (28), and the resulting equation (30), can be justified and derived in more details as follows.
Applying the general formula (26) and keeping only the first two terms we can express the gradient of f as

+ en, 0 = VV(rB> t) + e(» • V)VV(rB , t) + O(s2) (32)

To evaluate the term n • V\|/(rB + en, f) it is convenient to introduce a local coordinate system with an
orthonormal basis {i,j, k} at the point rB such that i = n. Then we can write

which leads to the following expression for the normal derivative

^ ^ | (34)

It is intuitively clear, that locally in the vicinity of boundary, the solution behaves essentially in the same way as
in 1-D geometry. Of course this is true up to the validity of the diffusion approximation only. Therefore, excluding
pathological cases, it will be reasonable to assume that

dx
(35)

This is exactly the case for the one-dimensional geometries and for spherical or cylindrical homogeneous reactors.
Then, because the function \y in the frequency domain obeys the equation of the form

= 0, (36)

we can now express the second normal derivative (34) in terms of the buckling and the function itself as

n • (« • V)V\|T = *Mf = V2f = -B\ (37)
dx

This allows us to derive a modified boundary condition from (25) as follows

n • V\(r(rB + zn,t)~n- V\y(rB, t) - e B \i»(rB, t) =

B, t) en • Yy(rB , f) (38)

09)

I ~ I I

Grouping the relevant terms we finally have

2 2
Since one has IB « 1 in all practical cases, we see that equation (30) is a very good approximation of (39).

The one-dimensional form of (31) was used in Garis et al. (1996). Applying (30), the boundary condition
for \)/(r, t) takes the form

B't} • T"D1 '• B,t) (40)

and putting this into (24) yields
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(41)

By neglecting second order terms this expression can be finally simplified into

p(0 = -h n (42>

From (41) and (42) it is also seen that for small variations of the boundary, and using linear theory, it does not
matter whether the normalisation integral is taken over the static or the momentary volume what regards the
calculation of the reactivity. The reason is that due to (40), the numerator of (24) is already of the first order of the
perturbation. Thus a change of the volume of the order 6 would only give a second order contribution.

2.2 The adiabatic approximation

In the adiabatic approximation (Bell and Glasstone 1970; Kosaly et al. 1977), the shape function is
determined from a static equation such that

DV^ad(r,t) + (\i-^ad(r,t) = 0 (43)

with the same boundary conditions as before, i.e. eqn (25), and its linearised approximation, eqn (40). Since
Vfad(j, t) is a solution of a homogeneous equation, the criticality equation (43), it needs to be normalised.
According to the discussion earlier, the normalisation condition for the adiabatic shape function is expressed as

J *o( r)V«d(r, t)dV = J <\>2
0(r)dV (44)

After the adiabatic shape function is found, the adiabatic fluctuation of the shape function is determined as

(45)

and with this the neutron noise in the adiabatic approximation is given, from (10), as

S4,ad(r, t) = &Pmo(r) + 8yad(r, t) (46)

This can be converted into the frequency domain as

8<t»ad(r, co) = 5P(co)<t>0(r) + 8Va<J(r, co) (47)

The normalisation condition (44) is also equivalent to the orthogonality of the fundamental mode <t>0(r) and
the fluctuation of the adiabatic shape function 5yfllj(r, t), i.e.

f«>0(r)8yad(r,t)dV = 0 (48)

It can also be noted that in Garis et al. (1996), an alternative normalisation was used in the 1-D problem of the
vibrating boundary, namely

J Ur)Vad(r< t ) d v = J <\>l(r)dV (49)
V(t) V(t)

This relationship was determined largely heuristically, based on the observation that the condition

J QoWVaiir.ndV = ftfadV, (50)
V(t) Vo

which was tried first, gave incorrect results. Condition (50), on the other hand, was obtained from another incorrect
condition, namely from
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if J WVadto *)dv = ° (51)

As we have discussed it before, (51) is incorrect, and thus so is the relationship (50). The reason why (49) was
used with success in Garis et al. (1996) is that the difference between (49) and the correct (44) is of second order
in the perturbation parameter, and thus it can be neglected in a linear theory. This can be seen by deriving the
equivalent of (48) from (49), i.e.

J ^ r , t)dV = 0 = j <b0(r)8yad(r,t)dV + O(z2) (52)

2.3 The full space-dependent solution

In this case the flux factorisation (7) is not used. Instead, an equation is derived for the fluctuation 8<|>(r, t),
introduced in (5). Putting (5) and (6) into (3) and subtracting the static equation (4), after linearisation and
subtracting temporal Fourier-transform one arrives at the equation for the neutron noise 8§(r, t) as

V28<i>(r, co) + B2(<o)o>(>-, co) = 0 (53)

Here B (co) is the frequency-dependent buckling

( 5 4 )

with Go(o)) being the zero reactor transfer function.The notation is otherwise standard and more details can be
found in Garis et al. (1996).

Eqn (53) differs from the usual noise equations in which the time (frequency) dependence of the noise is
caused by a noise source, induced by the fluctuations of the cross sections (parametric excitation). In the present
case the reason for this dependence, or rather the reason for the existence of a frequency dependent noise, is the
time or frequency dependence of the boundary condition. This latter can be written for the noise, based on the same
assumptions as those used in connection with (25) and (28), as

n • Y8<|>(rs, f) = - ^f-1 + ^-z(rB> f) (55)

Note that because eqn (55) is a linearised equation referring to a small fluctuating quantity, a non-homogeneous
term, i.e. one that does not contain 80, is present, i.e. the last term on the r.h.s. of (55). Eqn (55) can be directly
Fourier-transformed, thus one obtains for the boundary condition in the frequency domain as

n • Y&Krj, a» = - TV f' ; + -^e(rB, a» (56)

' r
The space-dependent equation (53) with the boundary condition (56) will be solved by the Green's function

technique. In doing so, analogy will be taken with an earlier paper (Garis et al. 1996). In that paper it was shown
in a 1-D problem, even if implicitly, that the fluctuations of the boundary of a system with an amplitude e(t) (or
the fluctuations of the extrapolation length) are equivalent, as far as the induced neutron noise is considered, with
a perturbation represented by a thin absorber (a 8-function space dependence in the direction of the vibration) of
variable strength, placed at the static boundary. Thus the absorber is of the Galanin-type with a strength y related
to the vibration amplitude as

Y(t) = - D ^ 5 (57)
I2

With other words, the vibrating boundary can be substituted by a fluctuating absorption cross section with a
fluctuating part being equal to

f (58)



/. Pdzsit, V. Arzhanov. / Annals of Nuclear Energy 27 (2000) 1385-1398 1393

where xB is the static system boundary.

We now start with a generalization of (58) to three dimensions as

S?,(r,0=-5(/(r)-c)e(r,f)2 (59)

where the surface So = dVQ is described through a certain function j\r) as f(r) = c, which means that the 5 -
function in (59) picks up only the boundary r = rB.

This gives a temptation to rewrite the homogeneous equation (53) with the inhomogeneous boundary
condition (56) as an equation with an inhomogeneous right hand side and a homogeneous boundary condition. To
be both illustrative and general we start by formulating an original problem as

V2<K(r) + B2<E>(r) = 0

dn = (-«* + *)!„-
(60)

The question is whether it is possible to choose a right hand side, say g, such that the system

= g(r)

— =-a&\ ' m

has the same solution as (60), namely *F = <&. To answer this question first we multiply (61) with <E> and (60)
with ¥ , second we subtract these two equations, and finally we integrate the result over the volume giving the
relation

v V s ( 6 2 )

= -["VbdS = -\<S>bdS = f <&gdV
i i i °
S S V

Now it is clearly seen that the function g must be a product of -b and a function such that when integrating over
the volume V it picks up the surface S. This is precisely given by

g(r) = -6 ( r )S ( / ( r ) - c ) (63)

On the other hand the solution for (61) can be obtained through the Green's function corresponding to the system
(61) as

*(r) = T(r) = JG(r,r')g(r')dV(r') =
V ' (64)

r, r')b(r')8(f(r') - c)dV(r') = -$G(r, r')b(r')dS(r')
v s

Returning to the starting system (53), (56) we can write the solution as

8<Kr,G>) = -ifG(r,rB,a>)<|>o(rB)e(rB,co)<fS(rB). (65)

Here the corresponding Green's function is defined by the equation

V2
rG(r, r't a>) + B

and by the free surface static boundary condition

V2G(r, r', (O) + B2(co)G(r, r', (o) = S ( r - r ' ) (66)

G(rR, r', (O)
»-V rG(r,r ' )a0| = - B, (67)
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This is the general solution of the space-dependent problem. Shortly we will give an alternative derivation of it.
Here we just note that the full solution (65) reverts to the point kinetic one in the limit of low frequencies. This can
be shown by the known fact, obtained by a representation of the Green's function in form of an expansion with
respect to static eigenfunctions (Demaziere and PSzsit 2000)

r . , , <j>0(r)<j>0(r')G0(Q>)P
(j(r, r,co) = —

^ 2
( 6 g )

v
0)-»0

Putting this into the solution (65) it is seen that in the limit of vanishing frequencies one indeed obtains a point
kinetic formula, i.e.

(69)
<u—>U

where p(<0) is the Fourier transform of (42).

The proof that the solution (65) fulfils both eqn (53) and the boundary condition (56) can be given in a
general form. To do so we introduce first the following notation

L = V2 + B2(co); O(r) = 5<()(r, co)

_ (po(r)e(r, co) (70)

• = rB I

Then we can rewrite equation (53) together with the boundary condition (56) as

fL*(r) = 0 reV

JLB*(r) = &<r) reS^dV Vi)

which is a system with a homogeneous right hand side and an inhomogeneous boundary condition. It is interesting
to note that one can define a Green's function for such systems essentially in the same way as for the systems with
an inhomogeneous right hand side and a homogeneous boundary condition. This Green's function, often called the
Green's function of the second kind or the surface Green's function and denoted as Gs(r, r'), can be defined by
the equations

ILGAr, r') = 0 re V; feS
' , , , . , , . , . (72)

[LBGs(r, r ) = 6 s(r - r ) r,r• e S

where 8 s(r - r') stands for a surface Dirac's delta function, i.e. it is defined by

S s ( r - r ' ) = 0 r,r'e S r*r'

\§s(r-r')dS(r) = 1 r,r'e S ( 7 3 )

s

Then one can very easily verify that the function

<D(r) = JGs(r, r')b{r')dS(r') (74)
s

obeys the system of equations (71). The problem here is that it is not so easy to work with the surface delta function
and the surface Green's function respectively. The alternative is to express the solution of (71) through the ordinary
Green's function (Green's function of the first kind). It can be done as follows.

Let us introduce the ordinary Green's function associated with the system (71) as

|LG(r,r ' ) = 8 ( r - r ' ) r,r'eV

\LBG(r,r') = 0 reS r'sV (75)
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then on the one hand we have

<£(/) = jT 0(r)LG(r,r ')-G(r,r ')L<t>(r)]dV(r) (76)

because of (71) and (75). On the other hand using the Green's theorem it can be continued as

O(r') = jT *(r)V2G(j-,r1)-G(r,r1)V2*(r)~Uv(r) =

(77)
_ , rm cm i

= -JG(r, r')b(r)dS(r) = -JG(r\ r)b(r)dS(r)
s s

or rearranging the integration variables we finally arrive at

r, r')b(r')dS(r:) (78)
s

Comparing this formula with (74) one can also conclude that there exits a relationship between the Green's
functions of problem (71)

Gs(r, r') = -G(r, r') (79)

This proves the correctness of the solution (65) for the problem of the space-dependent neutron noise
induced by the vibration of the boundary.

3. Application to a concrete case

In what follows we consider the full solution (65) only and shall not consider the reactor kinetic
approximations. We shall calculate the neutron noise in a simple model, by way of a demonstration of the Green's
function technique. The problem considered will be basically one-dimensional, due to isotropy of the perturbation.
The more complicated case of in-core neutron noise induced by shell-mode vibrations of the core barrel, where
the problem is truly 2-D, will be treated in a sequel paper.

The model case will be a 2-D cylindrical bare system with a static radius J?Q. The noise will be induced by
the vibration of the radius R as

R(t) = R0 + e(t), (80)

without any azimuthal dependence. For this reason the problem is essentially one-dimensional, and both the static
flux and the noise will only depend on the radial co-ordinate r in a polar co-ordinate system r = (r, <p).

The static flux <t>o(r) obeys the equation

with the boundary condition

^ ,..x _ 0 0<r£RQ (81)

The solution of (81) is

ij>0(r) = AJo(Bor) (83)

where A is an arbitrary constant. The boundary condition (82) yields the criticality condition as

The dynamic problem in this case can actually also be solved directly, without the use of the Green's function.



1396 /. Pdzsit, V. Arzhanov. / Annals of Nuclear Energy 27 (2000) 1385-1398

Thus we shall first solve the noise equations directly, and then with the Green's function for the sake of
comparison.

The dynamic equation in this 2-D polar geometry with azimuthal symmetry reads as

W(r, co) + hy(r, co) + B2(co)8(|>(r, co) = 0 (85)

whose solution is

5<Kr,<D) = C/0(B(a))r) (86)

The constant C can be obtained by substituting (86) into the boundary condition (55). After some simple algebra
this gives the solution

Z[/o(B(co)J?o)-/B(co)/1(B(co)Ko)] (0"
This solution is in a complete analogy with the 1-D solution, eqn (33) in Garis et al. (1996), with the trivial
difference that in (87), the eigenfunctions of the 2-D Helmholtz operator, i.e. Bessel functions, appear instead of
the eigenfunctions of the 1-D Helmholtz operator, i.e. trigonometric functions.

The solution of the same problem with the Green's function technique is more complicated in the present
case. The reason is that the Green's function is not azimuthally symmetric, only its line integral on the perimeter
of the system, which is the neutron noise. Thus the use of the Green's function is not particularly advantageous
here. Its advantage appears when the perturbation, and thus also the neutron noise, do not possess azimuthal
symmetry.

The full solution of the 2-D equation for the Green's function can be given, by the method of the separation
of the variables, as an infinite sum of Bessel functions in the radial variable, multiplied by trigonometric function
in the azimuthal variable. Such an expansion is used e.g. in Garis and Pazsit (1998), although with different
boundary conditions. However, since in the present problem the Green's function will be integrated azimuthally,
only the azimuthally constant part of the expansion will remain.

This makes it possible to only determine the remaining term and to simplify the original, azimuthally non-
symmetric equation of the Green's function into

V2
rG(r, r\ co) + B2G(r, r\ co) = ^ ' p (88)

The boundary condition at r = Ro is

dG(r, r\ co)
dn

= -\G(r, r\ co) (89)

Due to (88), the solution will be sought separately for 0 < r < f and f < r <, Ro. The general solution can thus be
given as

G,(r, r',co) = C,(r')/0(B(co)r) 0 < r < r ' (90)

and

G2(r, r\ co) = C2(r')/o(B(co)r) + C3(r')ro(B(co)r) r' < r < Ro (91)

From the 2-D azimuthally symmetric form of (67) the solution is given as

5<t>{r, co) = —•? G(r, Ro, co)<!)0(?
1)e(to)d(p = - —T^G,(r, Rn, <n)§Jr)z(<o) (92)

I2 I I2

and thus

5<t>(r, co) = - e(co)—r-^Ci(Ko)/o(B(co)r) (93)
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The coefficients Cx-C^ can be obtained from the continuity of the Green's function at r = f as well as from the
jump of the derivative at r = t which is obtained from (88) and the boundary condition at r = Kg. One obtains
then the following three equations for the three unknowns:

C,/0(B(a»)r') - C2/0(B((o)r') - C3Y0(B(c>)r') = 0 (94)

C1/I(B(Q))r1)-C271(B(a))r')-C3yI(B(O))r') = - L (95)

and

= 0 (96)

Due to the inhomogeneous term in eqn (95), the above equation system has a determined solution. As (93) shows,
one only needs to determine the factor Cj(r). From (94)-(96) one obtains, with considerably more algebra than
before

C ( R ) ( 9 7 )C l ( R o ) = 2«R0[/0(B«D)JR0)-/B/1(B(a))i?0)]

and thus

n ' ; / [ / 0

This is identical with the result obtained from the direct solution, eqn (87).

4. Conclusions

The theory of neutron noise induced by small vibrations of the reactor boundary was elaborated. Formulae
for the reactivity, the point kinetic and adiabatic approximations as well as for the general space dependent
solution were derived. A concrete case of a 2-D cylindrical system with a vibrating radius was solved both directly
and with the Green's function technique.

It was shown that in order to keep consistency with the definitions of the reactor kinetic approximations
elaborated earlier for systems with constant size, the inner product functional must be defined via an integral over
the static volume of the system. This is also necessary in order to keep the previous separability of the noise into
a time- and a space dependent function in the point kinetic approximation, and in general, to keep the physical
meaning of the kinetic approximations.

It was also shown that in linear theory, the integral defining the reactivity can also be taken over the
momentary volume of the system, and in the normalization integral, the constant volume can be changed into the
momentary volume in first order of the perturbation if it is changed in all integrals simultaneously, i.e. also in the
integral over the square of the static flux.

The results obtained in this paper can be applied to several cases of practical interest. Examples of such are
solutions of multiplying material both in reprocessing plants and in molten salt type future accelerator driven
systems. A more relevant case of immediate practical interest is the calculation of the in-core neutron noise
induced by the shell-mode vibrations of the core barrel of a pressurized water reactor. Such vibrations have
hitherto been diagnosed by the ex-core neutron noise, but their diagnostics vie ex-core noise has several
limitations, as described in Pazsit et al. (1998). With a theoretical and quantitative study of the in-core neutron
noise the performance of the diagnostics could be increased. Such a study of the in-core neutron noise induced by
the shell-mode vibrations of the core-barrel will be a subject of a forthcoming publication.
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Abstract

The paper extends the one-group analysis of the neutron noise induced by
fluctuating boundaries (Pazsit and Arzhanov, 2000) to the general multi-group non-
homogeneous model. The full solution is given through the Green's function of the
static problem, the static flux, and a quantity describing the boundary movements. A
multi-group absorber model is proposed to represent the perturbation, which turns out
to be very useful, for instance, to derive the point reactor and adiabatic
approximations of the neutron noise arising from the oscillating boundaries. Finally,
an equivalent solution is given in terms of the adjoint function.

1. Introduction

The present paper concerns a theoretical study on the neutron noise induced by
fluctuating boundaries. Recently this topic has received some new interest, initially
because of the problem to localise vibrating control rods (Sahni et al., 1999). Several
other practical problems fall into this category, for instance a tank of liquid fissile
material with a free surface at enrichment or reprocessing plants. Even a perturbation
of the free surface without volume change (travelling or standing waves) may occur.
Besides the space and time dependent flux variations, even simpler quantities, such as
the time dependence of the reactivity, are of vital importance. Another example is the
molten salt type construction for the future accelerator driven systems. Finally,
various types of core barrel fluctuations have been diagnosed so far through the ex-
core neutron noise, which is induced by the varying water thickness between the outer
core surface and the pressure vessel (Pazsit et al., 1998). However, the fluctuation of
the boundary will also induce in-core noise in the case of shell-mode vibrations. For
the treatment of small variations (vibrations) of the boundary, there are several
methods available, which are all equivalent: a time-dependent extrapolation length at
the static boundary (Garis et al., 1996), the assumption of a time-varying absorbing
layer at the static boundary, and the recently developed method of coordinate
transformations (Sahni et al., 1999). The equivalence of these methods was first
proven for the simpler case of a slab reactor with one fixed and one varying boundary
(Garis et al., 1996), then for the more complicated case of a vibrating absorber rod
(Sahni et al., 1999). In addition, the point kinetic and adiabatic perturbations were also
developed and investigated in (Garis et al., 1996) and (Pazsit, Arzhanov, 2000).

The above investigation, however, all treated a specific, and geometrically simple
variation of the boundary. It is of interest to extend the theory to the general case of
arbitrary variations of the boundary. In (Pazsit, Arzhanov, 2000), hereafter referred to
as Paper I, such a theoretical analysis was given. However, the analysis relied on
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1) one energy group, one prompt and one average delayed neutron group
diffusion approximation;

2) homogeneous reactor model.
There is at least an academic interest in extending the formalism presented in

Paper I. In other words, what will happen if we drop the limitations? The paper
answers these questions giving another solution that generalises the original one for

1) multi-group diffusion model with several delayed neutron groups;
2) non-homogeneous reactor model.

In doing so, the paper proposes a multi-group absorber model, which states that,
mathematically, the problem is equivalent to placing an infinitely thin absorber of
varying strength onto the boundary surface.

The absorber model turns out to be very useful in extending the formalism of
reactor kinetics, including the reactor kinetic approximations such as the point reactor
and adiabatic approximations of the neutron noise induced by small but arbitrary
fluctuations of the boundary. In addition, the absorber model gives an opportunity to
obtain in an elegant way a representation of the neutron noise through the adjoint
function of the static problem. This is important for certain practical problems because
in energy dependent cases, such as the multi-group approximation, the adjoint
function approach has certain advantages over the Green's function method.

2. One-group homogeneous model

To facilitate reading we reproduce here very briefly the basic results given in
Paper I. Assuming a homogeneous critical reactor, which at rest occupies a volume
Vo, we have for the static flux in the one-group diffusion approximation

|DV^(r) + (^-Z.M,(r) = 0

[^E/^o(r)-2Co(r)=O
Here all the symbols have their usual meaning. This one-group steady state model is
known to be self-adjoint, i.e. (Z>0

+ = <pa. The original paper discusses why the boundary
condition of no incoming current is most appropriate in the case of moving
boundaries. This leads to the concept of the extrapolation length for the boundary
condition given on the static surface So = dV0 by

= —^0(rB) (2.2)

Here TB is a variable point running over the static boundary So and n is an outward
normal on the boundary. Fig. 1 explains the notation.

Linearly continued flux

Extrapolated
boundary

Fig. 1 Static boundary condition
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The space- and time-dependent neutron flux and the precursor density obey the
time-dependent one-group diffusion equations

v at
dC(r,t)

dt

together with the boundary condition given at the momentary boundary SM

1 w x
dn

(2.3)

(2.4)

Fig. 2 gives a visual explanation of the notation and defines the displacement
f(rs,f) of the momentary boundary relative to the static one.

Momentary boundary SM1

Static boundary Si
described by fir) = c

->-

Fig. 2 Time-dependent boundary condition

Because Q(r, t) and <pa (r) are defined over different spatial regions we run into an
immediate difficulty when we try to define the point reactor approximation as usual
by postulating the relationship

0(r,t) = P(t)</>o(r) (2.5)

To alleviate this difficulty, Paper I introduces a boundary condition on the static
surface So such that it becomes a simplified version of the exact condition

This boundary condition is equivalent to the case of a fixed boundary with a time-
varying extrapolation length of le(rs,t) = l + e(rB,r).

Having fixed the boundary condition one can use the traditional linearisation
technique to derive linear frequency-dependent equations for systems with fluctuating
boundaries. We put the splitting

k
into the original system (2.3) and the boundary condition (2.6), subtract the static
equation, neglect second order terms, and finally Fourier transform the resulting
equation. This yields in the end
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f V2<?(Z*(r, co) + B2 (co)S0(r, co) = 0

\dd<p(r,O})

[ dn
£*A/« / ^ , * J. / „ \ ^ / » ^*\ \-^-"Jj <po (rB)s(rB,a>)

Here JS2 (oi) is the frequency-dependent buckling

(2.9)

The factor B0
2 is nothing else but the static buckling

The frequency dependent buckling is defined through the zero reactor transfer
function given by

G0(co)=— l—-^ (2.11)
ico\ A + — - — I

ico + AJ
Here the following notation has been used

(2.12)

Paper I proves that the solution to problem (2.8) can be given through the Green's
function belonging to the static problem and defined as

f Z? Vr
2G(r, r', of) + D B2 (OJ)G(T, r', co) = 8(r - r')

3G(r,r» (2-13)
dn

Then the solution reads as follows

,co)^D^(rB)s(rB,co)dS(rB) (2.14)
l

Here 3V0 = So is the static boundary. The factor D is introduced into equation (2.13),
as compared to Paper I, in order to facilitate the comparison with the general results
that we derive later on. It is for the same reason that we include the scalar constants I
and D under the integral in (2.14) because / becomes a matrix and D is space-
dependent in the general case.

Paper I derives the same solution, (2.14), if the steady-state system, described by
(2.1), is perturbed only in the absorption cross section as 2fl —> Eo + SZa(r,t) with

5La(r,t) = ~DS(f(r)-c)e(r,t) (2.15)

Here we suppose a certain function fir) to define the static boundary dV0 by

/ ( r ) = c . Let us assume we study reactor kinetics by introducing the splitting

<p(r,t) = P(tMr,t) (2.16)
Then representation (2.15), also called the absorber model, allows us to obtain the
general representation of the reactivity in linear theory as
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By postulating the point kinetic approximation as y(r,t) = <pa ( r ) , one derives easily

from (2.17) the reactivity term of the neutron noise in the point reactor approximation

Here, in contrast to Paper I, (Z*o
2 is represented as <j>a • <p0 because in the multi-group

case one of these factors becomes $ , which in turn is not equal to <p0.

Another useful application of the absorber model is the derivation of the
reactivity term in the adiabatic approximation as

J A (r*)]r D^ {rB,t)e(rB,t)dS(rB)
(2.19)

'•(r)dV

Here y/ad{r,i) is the leading eigenfunction of the equation

DV 2y/ad (r,t) + \^-L- Za (r, t) L , (r, 0 = 0 (2.20)
v * )

In addition, a normalisation condition is imposed on yr^.

3. Multi-group non-homogeneous model

We now turn to the generalisation of the above results.

Static equations

The steady-state model for an inhomogeneous system in the multi-group
diffusion approximation, that generalises the one-group model (2.1), reads as

Here all the symbols have their usual meaning. The static fluxes, <pOg, together

with the static precursor densities, Coj , as well as the group parameters, DS ,S*, and
so on, are space-dependent. The boundary condition of no incoming current in every
group is defined by introducing the group extrapolation length, lg , as follows

an I,
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Dynamic equations

In the general case of the diffusion approximation, the space- and time-dependent
neutron flux and the precursor density obey the time-dependent multi-group equations

dt

(3.3)

The exact boundary condition is given on the momentary boundary Su by

= -—<l>g(ru,t) (3.4)
8

The effective fraction in (3.3) is /3 = ^ Pt and the energy spectrum, xg >is related to
j

the prompt, ^ , and delayed, %) . spectra as

• .£ =0-~ P)ZP
 + 2^PjXj (3-5)

y

Arguing in the same manner as in Paper I, one derives a simplified boundary
condition on the stationary boundary So as

dn

(3.6) is a multi-group counterpart for the boundary condition (2.6). As in the one-
group model, we additionally benefit from the simplified boundary condition (3.6) by
defining the time-dependent group fluxes <j>g (r,f) over the static volume Vo.

Linearised equations

To derive linearised equations one splits time-dependent quantities into stationary
components and small deviations as

(3.7)

Next, one puts splitting (3.7) into the time-dependent equations (3.3) and takes
into consideration the steady-state equations (3.1). This leads in the end to

dt - = v.

(3.8)

No linearisation has been made so far. It is only the boundary condition that needs to
be linearised. It becomes
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dn I YgX B' J l2T0'sX

This boundary condition is a generalised version of (2.8).

(3.9)

Frequency-dependent equations

Now it is easy to apply the Fourier transform to the linearised model to obtain
equations in the frequency domain

ico ^ - i -_>

v- ' t S S' +

(3-10)

Xs

Here, S0g are frequency-dependent and a new symbol, X?(co), is introduced as follows

where Xs is defined in (3.5). This allows us to rewrite equations (3.10) in a compact

form as

V • DsVSd + Y Ss'^g (co)8$. = 0

dS(/)AT,a)

dn

(3.12)

(3.12) is a multi-group analogue for (2.8). In addition, a short-cut notation was
introduced as follows

)

Here, SI refers to the Kronecker delta function.

+ Xs (co) • (3.13)

Full solution in frequency domain

Equation (3.12) can be solved by the Green's function method as follows. First,
we define the Green's function, G(r',g'—»r,g;co) = Gs.^g(r',r,co) = Gg,^s, as a

solution to the system of NQ equations

V • DgVG..^_ + Y S^'G^j = Si' • S(r - r')

(3.14)
g,g'=l,...,Nc

1

Here<J(r - r') is the Dirac delta function; and the gradient of the Green's function is
defined as

a— G{r\g'->r,g;co) (3.15)
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Second, we multiply the Green's function equations (3.14) by S(j>s and the neutron

noise equations (3.12) by Gg^g, subtract each other and sum over energy groups as

follows

<% x V • D* VG,._, + 2 S^G^j = <?/' • S(r - r')

V •

This leads to the following relationship
V •

=0

- r ' ) (3.16)

= 0
Third, we integrate (3.16) over the static reactor volume Vo and make use of the

following identity
<pV-DVy/-yN-DV<p = V-D(<pVy/-yN<p) (3.17)

By setting D = Ds, (p = d<j>g, y/= GgUg in (3.17) we obtain the relationship

= 1/0*05*,
dn

(3.18)
)\dS

Finally, we arrive at the solution by taking into account the boundary conditions
(3.12) and (3.14). Then (3.18) becomes

'^xB,g;co)^Ds{rB)<po^vB)s{rB,co)dS{ra) (3.19)

This is a direct generalisation of the one-group homogeneous representation (2.14) for
the multi-group non-homogeneous model. We can cast solution (3.19) into a compact
form by representing the Green's function G(r', g' —> rB,g\co) as a matrix Green's

function, denoted as G(r',r,&>), with the entries Gg._,s and using the ordinary vector-

matrix notation with the following definitions

(

t
\

t 1

—

u
flu'

in

0

0

D1

0

0

DN°

(3.20)

Then solution (3.19) takes the form

<?0>(r» = - |G(r ' , r s ,£y) - r 2 •6(r , ) .*0(r a)*(r s ,a /)dS(r i , ) (3.21)

This form of the general solution is as close as possible to the one-group
homogeneous solution (2.14).

(3.19), or equivalently (3.21), represents the neutron noise S<& in terms of a
linear integral operator acting on the noise source e and entirely determined by the
unperturbed system.



Absorber model

To establish a connection to the commonly used absorber model, in which one
studies a perturbed system by introducing a time-dependent absorption cross section

2a
s(r,f) = 2a

s(r) + <£*(r,0 (3.22)

we put representation (3.22) together with splitting (3.7) into the time-dependent
equations, (3.3), neglect second order terms and switch to the frequency domain. This
yields in the end

V • D* V<% + £ SsU* (c»)S<f>e. = SZSJO,S

dS0(r,co) (3.23)

dn

Acting essentially in the same manner as before, it is possible to show that the
solution to (3.23) is given by

Vo S

Here, the Green's function G(r', g' —> r, g;of) is the same as in (3.19). Solution (3.24)
reduces to (3.19) if we define the perturbation in the absorption cross section by

D(r)S(f(T)c)s(r,co) (3.25)
s

As was mentioned earlier, we suppose the static surface dV0 be described through the

equation / ( r ) = c. Switching back to the time domain one easily derives a

generalisation of the one-group absorbtion model (2.15) as

(3.26)

One may call representations (3.25) and (3.26) as the multi-group absorbtion model in
the frequency and time domains respectively.

Kinetic approximations

Following (Bell and Glasstone, 1979) we start with the factorisation principle as
^(r , f ) = i W s ( r , f ) (3.27)

Paper I proves that in linear theory the normalisation condition can be given as an
integration over the static volume Vo. In the multi-group case it reads as

Here ^0
+«(r) ^s the adjoint function associated with the static critical system. If only

the absorption cross section is perturbed, the reactivity term becomes (Bell and
Glasstone, 1979)

Pit) = - - J - frSLl(r,t)tis(r)vs(r,t)dV (3.29)

F(t) is usually given (Bell and Glasstone, 1979) as

(3.30)
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By using the absorber representation (3.26) we immediately obtain a general
relationship, within the framework of linear theory, for the reactivity through the
shape function and the noise source as

^ (3.31)

The ordinary vector-matrix notation transforms (3.31) into a compact form of

l(rB)-r* •D(rs)-V(rB,t)e(rB,t)dS(rB) (3.32)

Here the adjoint fluxes <p^s are combined into a row-vector O^ . We may call (3.32)

as a multi-group non-homogeneous generalisation of the one-group homogeneous
relationship (2.17).

The point reactor approximation postulates, y/g (r, /) = $, g (r) , which immediately

gives a generalised form of (2.18) for the reactivity term of the neutron noise induced
by boundary movements in the point reactor approximation as

(3.33)

Here the factor F(t) in (3.30) assumes a form of the point reactor approximation

(3.34)

Similarly, in the adiabatic approximation the shape function is found as the leading
eigenfunction of the equation

r(r,0-2*(r,f)<*g (r,/

1
""<# s

dn

•)<j>^ (r , t) +

z>;/(r,f) = O (3.35)

•=l,. . . ,-JVe

The shape functions ^ (r, /) are subject to further normalisation according to (3.28)

that brings us to a generalisation of (2.19) as

Here the factor F , (f) reads as

(3.36)

(3.37)
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4. Adjoint function representation

It is convenient to combine the group fluxes <t>{,...,<f)Na into a column-vector O

of a direct space and the adjoint group fluxes f*,...,y/^o into a row-vector M*+ of an

adjoint (dual) space. This allows us to use the ordinary vector-matrix notation, for
instance, as follows

The ordinary scalar product reads now as

(«F+, ®) = J V (r) • <l>(r)dV = J £ wl (r)fz>, (r)dV

(4.1)

(4.2)

Following the notations introduced in (Pazsit, 1992) one can write equations (3.23) in
an operator form as

L(r, a) • S<S> = Sta -®0=SS (4.3)

Here, the multi-group differential operator L(r,<2>) acting in the frequency domain
can be written symbolically as

>) (4.4)

The new symbol S is a matrix with the entries Ss^s. In addition, the following
definitions have been used

fSL\

0

0
(4.5)

Using the left vector-matrix multiplication one can define the dynamic adjoint
function as a solution to the equation

Y+(r ,r0 ,«) •£(r,a» = £, ( r , r0, a>) = (Zi,...,X*») (4.6)

It is customary to assume S* be the group cross sections of a detector located at

around the point r0. It is easy to derive the identity

= (<r,<?s) (4.7)

Since in most practical cases detectors used in noise measurement are sensitive to
thermal neutrons only, it is sufficient to calculate only the thermal noise. To be a bit
more general we define a point-like g-detector (i.e. a detector sensitive to the neutrons
of the energy group g only) as

S^r,r0)S[2*'1,Zf,...,2^] = [0,...,J(r-r0),...,0];£r' = 'J(r-r0)^ (4.8)
In this case, the corresponding adjoint function, as a solution to (4.6) with the right

hand side £* (r,r0), becomes dependent on the parameter g and has components

X (r, r0, (O) = \ffi (r, r0 ,<»),..., W+
s,No (r, r0, a»] (4.9)

By setting *F+ = H** in (4.7) one easily obtains the representation of the neutron noise

in the multi-group model as
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% ( ; ) l ^ g g (4.10)
v, s'

Eq. (4.10) shows a certain advantage of the adjoint function approach over the
Green's function method if one needs almost exclusively the noise in one group. In
this case the Green's function technique requires knowledge of the N% components
Gg'^s(r',r,co) in contrast to the NG components yf*s.(r,r0,a>). The absorber model

(3.25) immediately transforms (4.10) to the following expression of the neutron noise
induced by vibrating boundaries

K j ) (4.11)
dV0 S' V

Once again one casts (4.11) into a compact form by using the diagonal matrices 1 and

D defined in (3.20). Then (4.11) becomes
2i (4.12)

Here again, we can state that solution (4.12) gives a representation of the neutron
noise at a detector location in terms of a linear integral operator belonging to the static
system and the noise source.

5. Conclusion

Generally speaking, the principal purpose of neutron noise theory is to relate the
neutron noise S(/> to the noise source 8s through a certain operator G, which is
traditionally called the transfer function. Symbolically this can be written as

The notion becomes of particular importance if we are able to meet the conditions:

• G is entirely determined by the unperturbed system;

• G is a linear operator.
The present work gives such a representation of the neutron noise caused by small
boundary movements for the general non-homogeneous problem in the multi-group
diffusion approximation.

The absorber model is then proposed, since it turns out to be very useful, for
example, in deriving the point reactor and adiabatic approximations of the neutron
noise arising from fluctuating boundaries.
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Abstract

It was found that, contrary to expectations based on physical intuition, k^caxi both increase
and decrease when changing the shape of an initially regular critical system, while preserving its
volume. Physical intuition would only allow for a decrease of keS when the surface/volume ratio
increases. The unexpected behaviour of increasing fceff was found through numerical investiga-
tion. For a convincing demonstration of the possibility of the non-monotonic behaviour, a
simple geometrical proof was constructed. This latter proof, in turn, is based on the assumption
that keg can only increase (or stay constant) in the case of nesting, i.e. when adding extra
volume to a system. Since we found no formal proof of the nesting theorem for the general
case, we close the paper by a simple formal proof of the monotonic behaviour of keg by
nesting. © 2001 Elsevier Science Ltd. All rights reserved.

1. Introduction

An interesting problem in reactor physics, which recently attracts more and more
attention, is the treatment of moving boundaries (Sahni et al., 1999; Pazsit and
Arzhanov, 2000; Williams, 2000a). One particular example is the so-called rocking
surface problem (Williams, 2000a). For example, when transporting a solution tank
of fissile material one needs to know how safe this moving is. May the system
become more critical as compared to the one being at rest? The common physical
sense suggests the negative answer because it relies on the following reasoning, if we
increase the outer surface while preserving the volume we let more neutrons leave
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the system thus decreasing the criticality. It was surprising to find simple examples
when this is not the case.

The findings reported in this paper arise as a side-result of a larger work that will
be reported in a forthcoming communication (Arzhanov et al., to be published). It
has its origin in some works of the present authors on the effect of random geometry
on criticality (Williams, 2000b) and that of moving boundaries (Pazsit and Arzha-
nov, 2000). This latter work will report on the probability of the distribution of
reactivity for some distribution of the rocking surface. As a first step of that work,
the keS, as a function of the rocking angle, was calculated.

At first, examples were found numerically by using a Matlab code. To support the
numerical results we have constructed a lower estimate showing that indeed keg may
increase for certain configurations when the outer surface grows. The estimate is
essentially based on the physically obvious property that if we enlarge the system by
adding an extra volume, the criticality may only increase (nesting or monotonic
property). Because no formal proof of the nesting property has been found we felt
called upon to prove the nesting theorem rigorously. This can be done very easily in
one group diffusion approximation. Luckily the proof has turned out expansible to
the general case of the energy dependent transport equation.

2. The rocking surface problem

Although one could envisage a variety of shapes for the surface, for simplicity we
assume that it is flat. Let us consider a simple problem in X-Y geometry illustrated by
Fig. 1 where the surface (upper side) is allowed to simply rock about a middle point A
and 9 denotes the tilt angle. We are going to investigate what happens to the effective
multiplication factor keSif we let the angle 6 vary from 0 to 0max = arctan (2H/a).

We assume one group diffusion model with space and time independent coeffi-
cients. Then &eff is found as the leading eigenvalue of the following equation

<Kr)lr= 0

We set D = 1 cm, Ea = 0.1 cm"1, and adjust vSf such that the unperturbed system
i.e. the one with 9 = 0 becomes critical keg= 1- By equating the material and geome-
trical bucklings for the rectangular system we can express the fission cross section as

. (2)

3. Numerical experiments

Let the tallness factor x be defined as
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Fig. 1. Geometry of the model problem.

r^H/a (3)

We first consider a "tall" system with a = 100 cm and if=400 cm (T = 4). Rela-
tionship (2) gives vEf = 0.1010 cm"1. A Matlab code which applies the finite-dif-
ference method to find &eff as function of the tilt angle 9 produces an expected result
shown in Fig. 2A

By swapping the base and height we keep the fission cross section unchanged i.e.
now we have a = 400 cm, H = 100 cm (T = 1/4), and again v£f = 0.1010, but the keS

behaviour changes dramatically as it is seen in Fig. 2B.
It was found numerically that a system with a = 400 cm, H= 200.0305 cm

(T = 0.5001) exhibits a non-monotonic behaviour of keg as shown in Fig. 2C, in this
case the change in keS is visible only on a very fine scale (change in keS is less than
2x 10~6) because of this we plotted keff ~

l vs. 9. Fig. 2D reproduces the same plot as
Fig. 2C to conclude that practically keff for the middle tall system is constant relative
to the other systems..

4. An estimate for keff

We construct now a simple proof to demonstrate that indeed keS may be greater
than 1. To this order let us consider a 2-D model which has a rectangular shape at
rest with a width a and a height H. Its free surface at rest is marked with the dashed
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Fig. 2. fcefr Dependence on the angle for tall, flat, and middle systems, (C) and (D) display the same data
on different scales.

line in Fig. 3. We adjust vEf such that keg at rest is equal to unity, i.e. &eff(0) = 1. Let
the free surface be tilted by the maximal angle 9m. In this case the system takes a
triangular form as shown in Fig. 3. We can construct a lower bound for kee{dm) by
embedding a circle into the triangle, i.e. fceff(#m) > kest where kest is the effective
multiplication factor for the embedded circle.

The criticality condition for the circle is given by

(4)

where /3n ̂  2.4048 is the first root of the Bessel function JQ(X) and R is the radius of
the embedded circle. R can be found by the general formula for any triangle with an
area A and sides a, b, c as

2A
a + b + c

(5)

In our case this gives (as before, r = H/a)
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Finally from (4) we have

(6)

(7)

By applying formulas (6) and (7) to our example with a = 400 cm, i?= 100 cm, and
vSf = 0.1010 we obtain R = 76.39 cm and kest= 1.0006 that means keK(9m) > 1.0006.

5. Nesting theorem in the general case

In the current section we use notation introduced in (Bell and Glasstone, 1970).
Also in the same manner we single out the fission cross section as follows

<r(r, E')f(r; Q', E' -> Q, EJ = a,(r, E')fs(r; Q', E' -> Q, EJ.pt

^v(r,E' -> E)
(8)

We define a direct operator L that depends on a parameter k as

; Q'f E' -»• Q,
(9)
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Similarly, an adjoint operator V, that depends on a parameter k*, is defined by

Si, E -> £2', E'

(10)

Then the effective multiplication factor together with the corresponding eigen-
function $ is defined as a positive eigenpair (k, <J>) such that

\L(k)<i> = 0 in F

H*fi<o=° on 5 s 9 F ( }

Now let us assume that V\ c F2. We are going to prove that k\ <^k2 where kx and
fc2 are the effective multiplication factors for V\ and V2 respectively. We start by
stating that if Wf does not vanish everywhere in V\ then there exist positive eigen-
pairs in Vx and V2 such that (Bell and Glasstone, 1970)

Bki > 0 4>i > 0 such that L(ki)$i = 0 in Vx

3k2>0 4>2>0 such that L(k2)^2 = 0 in K2 (12)

Also there exists a positive adjoint eigenpair (Bell and Glasstone, 1970) such that

l = 0 in V2 and k\ = k2 (13)

In more detail this can be written as follows

= f \os{r,E')fs(r;&,E'

(14)

«• Vd>̂  + or*| = f f _ or,(r, £ ) / S ( F ; n , £ -» £2', £ ' )

«2J£'Jn' 4 -̂
(15)

Multiplying (14) by <$>2 and (15) by 4>i and then subtracting from each other we
obtain
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<S>\-{EQ for $ i ) - 4 > i •(£•£> for <t>j) gives Lhs = Rhs (16)

On the left-hand side we derive quite easily that

(17)

while on the right-hand side we have a more involved expression

[ os{r,E')fs(r\Q,',E' -> Q;E)^i(r,fi', E')dQ'dE'-

- 4>i (r, Q, E) I f crs(F, E)fs(r; Q, E -»• £2', £ ' ) * ^ r , fi', £")df2'd£"+

+ ^ * j ( r , Q,£) f f (7 f ( r ,E' ) v ( ? ; E ' ^ ^^(r, Q',E')d&dE'-

(18)

Let us represent symbolically Rhs through four terms as follows

Rhs = r 1 - r 2 + - / - r 3 - 7 i - r 4 (19)

Tx = *l(f, Q, E)jE,^,crs(r, E')fs(r; £2', £ ' -+ Q, £•)*!(r, «', £')d£2'd£'

T2 = *i(r, «, £•) J£,Jjyff,(r, £)/s(r; Q, £ - • «', £ ' )*j(r , £2', £")d^'d£'

r3 = *J(r, n , £•)J£ ,J> f(r, ^ ) v ( r > j g
4 7 r ^ ^<»>i (?, sJ'. E')dn'dE'

TA = * ! (r, £2, £ ) J£Ja,o-f(r, £) V(": ^ F ) <D (̂rt « ' , £')d£2'd£'

(20)

Then we integrate the both sides over the whole phase space for Vx as follows

f f f Lhs-drd£2d£= f [ f Rhs-drd6d£ (21)
iEJQJVi JEJUJVI

It is easy to verify that

f f f T1drdQdE= f f f T2drdQdE (22)
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Let us define a quantity A as shown in (23) then a straightforward integration
gives

A=\ [ [ T3-drdQdE = [ f [ T4-drdQdE =
JEJCIJVI JEJQJVX

= f f [ ([ f gf(F, E) v(-n E~* E -* <bJr, Q, EWJr, &, E'^d^'dE'^drdQdE

(23)

Consequently we have the following relationship

( Y - - 7 - V = f f f &-v(<i>i<i>f)-drdadE=B (24)

where (24) also introduces a quantity B. By applying the gradient theorem

[ V*(r)dr = f *(F)ndS (25)
J F Jar

we can represent term B as

B=\ [ 6-( [ v ( $ i ^ ) d r ) d ^ d £ ' = [ [ £2-j [ <E>i4>^5)d^d£' =

[ [ [ 4>i*Jn-£2dS'dndE= [ [ [ <E>i*jM-fidSd£2d£^0 (26)

because

*i|».S<o = ° (27)

Noting that quantity A is a positive constant we arrive at the final result

(28)

This shows that indeed with nesting the multiplication constant cannot decrease.

6. Conclusion

The examples presented in the paper show that enlargement of the outer surface
while keeping the volume constant does not necessarily lead to reduction in the cri-
ticality of a fissile system through increase of neutron leakage. From the theoretical
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point of view the explanation lies in the fact that it is not the outer surface but the
integral

f <I>dS (29)

that represents the leakage, and this quantity does not behave in a simple way. From
the practical point of view it is very important to account for this non-trivial effect of
the free surface for example when dealing with solutions of multiplying material
both in reprocessing plants and in molten salt type future accelerator driven systems.
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