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Abstract

A typical nearly orthogonal grid system is considered to solve the shallow water
equations along the head bay of Bengal. A pencil of straight lines at uniform angular
distance through a suitable origin, O at the mean sea level (MSL), are considered as a
system of grid lines. A system of concentric and uniformly distributed ellipses with
center at O is considered as the other system of grid lines. In order to solve the
shallow water equations numerically, a system of transformations is applied so that
the grid system in the transformed domain becomes rectangular one. Shallow water
equations are solved using appropriate initial and boundary conditions to estimate the
water level due to tide and surge. The typical grid system is found to be suitable in
incorporating the bending of the coastline and the island boundaries accurately in the
numerical scheme along the coast of Bangladesh.



Introduction

The Bay of Bengal is surrounded by the coasts from all sides except in the south
where there is open sea (Fig. 1). The coasts are curvilinear in nature and the bending
is very high along the coast of Bangladesh. Moreover, there are many small and big
islands in the offshore region of the Bangladesh coast. Representation of the
curvilinear boundaries of the coast as well as of the islands needs special attention
when a finite difference scheme is used in the solution process. In the stair step
models [1 - 4, 9, 12], the coastal and island boundaries are approximated along the
nearest finite difference gridlines of the numerical scheme and, so, the accuracy of a
stair step model depends, among others, on the grid size. If the grid size is not small,
the representation of the coastal boundaries is not accurate in the stair step models.
In order to incorporate the island boundaries and the coastline properly through stair
steps, it is necessary to consider a very fine grid resolution along the coastal belt and
offshore region, whereas this is unnecessary away from the coast. Consideration of
very fine resolution throughout the model area involves, unnecessarily, more
computer, memory and CPU time in the solution process and invites problem of
numerical instability. The computing time may be reduced if one use the nested
numerical scheme where a fine mesh scheme for the coastal area may be nested into
a coarse mesh scheme for the whole analysis area. In the model of Roy [12], a fine
mesh numerical scheme for the Meghna estuary was nested into a coarse mesh
scheme extending up to 15° N lat. In the fine mesh scheme all the major islands were
incorporated through proper stair step representation. This model was similar to that
of Johns et al [9] for the East Coast of India and the coast of Bangladesh.
On the other hand, in transformed coordinate models the curvilinear boundaries
(boundary fitted curves) are represented by functions of the independent variables of
the physical domain. Then appropriate transformations of coordinates are considered
so that the curvilinear boundaries become straight ones. As a result regular finite
difference techniques can be used in the transformed domain. For the bay of Bengal,
the transformed coordinate models are based on representing two opposite
boundaries as curvilinear and the rest two, generally along the open sea, as straight
ones [5 - 8, 10, 11]. But none of them incorporated any offshore islands. The main
difficulty in incorporating the islands was that, the whereabouts of their boundaries
were undetectable in the transformed domain. Considering the existence of many
small and big islands along the offshore region of Bangladesh, Roy [13] developed a
mathematical technique to incorporate islands of special shapes. Based on the
functions defined for two opposite curved boundaries of the analysis area, one
generalized function is derived to represent approximately two opposite boundaries
of each island. Then the transformation of a spatial coordinate was considered so that
the whole analysis area and the islands became rectangles in the transformed domain.
But the limitation of the transformed coordinate models is that, if we want to
incorporate the coastal and island boundaries accurately in the numerical scheme, the
grid size in the physical domain must be reduced.



It is evident from the above discussion that, the fine meshes are required near the
coast but it is unnecessary away from the coast and, in general, this may be achieved
through nested numerical scheme [12]. Considering the funnel shape of the Bay of
Bengal region, Roy et al [14] developed a Cylindrical Polar coordinates model which
ensures fine resolution near the coast and coarse resolution away from the coast by
using a single numerical scheme. By suitably locating the origin, say O, of the polar
coordinate system near the region, where fine details were required, it was found that
the accuracy in incorporating the boundaries in the numerical process is achieved
without nesting of fine and coarse mesh numerical schemes. In their study [14] the
orthogonal grid lines were considered along r = constants (concentric circular grid
lines) centered at O and 0 = constants (pencil of straight grid lines) through O and
thus the grid system appeared to be a unique one. There is no flexibility in changing
the shape of the curvilinear grid lines. But the representation of the boundary curves
through circular arcs (r = constants) may not be accurate when the radii are small.

In the present study the Cartesian coordinate system is considered where the origin,
O, is at (23° N, 90.25° L) in the mean sea level (MSL). A pencil of straight lines
through the origin, O, at uniform angular distance is considered as one system of grid
lines. A system of concentric and uniformly distributed ellipses with center at O and
of constant eccentricity is considered as the other system of grid lines. In order to
solve the shallow water equations numerically, a system of transformations is
applied so that the grid system in the transformed domain becomes rectangular one.
Shallow water equations are transformed into the new domain. In the transformed
domain the regular explicit finite difference scheme is used to solve the shallow
water equations using appropriate initial and boundary conditions to estimate the
water level due to tide and surge. This typical grid system is found to be suitable in
incorporating the bending of the coastline and the island boundaries with a
considerable accuracy in the numerical scheme. The flexibility in this grid system is
that by changing the eccentricity of the system of ellipses we can have an optimum
shape suitable for representing the coastal and island boundaries. It may be observed
that, as a particular case, the elliptic grid system becomes circular as the eccentricity
vanishes.

Mathematical Formulation

Vertically integrated shallow water equations

A system of rectangular Cartesian coordinate is used in which the origin, 0(23° N,
90.25° L), is on the undisturbed level of sea surface (MSL). Ox points towards the
south, Oy points towards the east and Oz is directed vertically upwards. The analysis
area (physical domain) is confined between y = ni\x and y = tmx along the positive
direction of x- axis where ni\ = tana and m,2 = tan/3, with a > 0 and /? < 0. The
displaced position of the sea surface and the position of the sea floor are considered



as z = £(x, y, t) and z = - h (x, y) respectively. The vertically integrated shallow water
equations given by Roy [12] are

Bt Bx ay

Bu Bu Bu . B£ rx cf u(u2+v2f2

— + u— + v fv = -e—— + (2)
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In the above equations u and v are the vertically integrated components given by

(u, v) = - — - (u,v)dz
C + h -h

where u and v are x and y components of the Reynolds averaged velocity.
Using Eq. (1) we may express the Eqs. (2 ) & (3) in the flux form and thus, Eqs. (1)
- (3) may be written as
BC Bu Bv n
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where («,v) = {C, + h) (u,v). In the last terms of (6) & (7) u and v are considered
for applying a semi-implicit numerical integration scheme by keeping them in the
advanced time level in the solution process. Further discussion about u and v will
follow in the section of numerical solution.

Boundary conditions

For a closed boundary the normal component of velocity is considered as zero. The
radiation type of boundary conditions are considered for open boundaries which
allow the disturbance created within the analysis area to go out of the area. The
boundary conditions are given by
vcosa-Hsin a = 0 or + (g/h)U2C at y = mix (8)

vcosP-usinP=0 or -(g/h)U2C at y = m2x ( 9 )

MCOS0 + vsm<f> = (g/h)V2C at the south boundary (10a)

For generating tide in the basin the southern open sea boundary condition is taken as
1/2C ~2(g/h)U2 a Sin[(27tt)/T + (p] (10b)



where a and <p denote respectively the prescribed amplitude and phase of the tidal
force and Tis the tidal period.

Generation of wind stress

The wind field over the analysis area is derived from the empirical formula given by
Jelesnianski [15]
Va=V0(r/Ryn for r<R (11)

= V0(R/r)112 for r>R
Radial and tangential components of wind stress are derived by
(rr,*e) = CDpa(u

2
a+v2

a)
V2(ua,va) (12)

Tx and Ty, the x and y component of wind stress are derived from tr and tg.

Grid generation

In general, the grids are generated depending upon the domain and the coordinate
system. For a model flow within a rectangular or square domain, it is natural to use
the Cartesian grids. For cylindrical or spherical domain we generally use cylindrical
or spherical grids. In case of complex coastlines we may use generalized curvilinear
grids or boundary-fitted grids. For relatively simple geometry, it is possible to
generate conformal or orthogonal grids. For most estuarine and coastal applications,
the coastal geometry is usually quite complex for which conformal or orthogonal
grids may not be generated. Generally, orthogonal or non-orthogonal curvilinear grid
generation is accomplished by solving partial differential equations [16-20].
Thompson et al [16] suggested the idea of coordinate transformation and producing
grids by solving two Poisson equations. Sheng [18] has employed the Poisson
equations to generate non-orthogonal grids. Bao et al [20] used transformations of
coordinates equation (elliptic equation) satisfying some characteristics of curvilinear
grids to produce mesh by using the variational method. Li the present study a system
of non-orthogonal grids are generated in a completely different way. It is based on
the intersection of two systems of lines defined by two equations. The study area is
bounded by the lines y = m\x and y = mix, through O (23° N, 90.25° L), and they are
inclined to the x- axis at angles a > 0 and jS < 0 respectively so that mi = tana and rm
= tanjS. The angle between y = m\x and y = m-ix are divided into, say, iNfe - 1 equal
angles, each equals Ad, by a pencil of straight lines given by
y = mx (13)
Thus we have a pencil of N2 straight grid lines through O including the bounding
lines. A system of concentric ellipses each with center at O, major axis along y-axis,
minor axis along x- axis and of constant eccentricity is given by

± + £ = i (14a)

r2 R2



with r2 = R2(l - e2), where e is the eccentricity of the system. The Eq. (15a) may
also be written as

x2 y2
 2

1 c2

with R2/r2 = 1/(1 - e2) = c2, where c> 1 is a constant so long e is constant and r is the
parameter representing the lengths of the semi-minor axes. We generate N\ ellipses
with r = (n.Ar) km where n = 0, 1, 2, 3, , N\-\. Here the ellipse with r = 0 is
considered for convenient application of finite difference scheme and N2 grid points
meet at O. However, there will be no computation at O and, so, there is no possibility
of numerical instability in the solution process. Thus we have a 2-D nearly
orthogonal grid system with ATi x iV2 grid points given by

\^r/^m2+c2, mcrl-yjnf+c2]. It may be noted that as e —> 0 the system of ellipses
approaches to a system of circles and the grid system approaches to an orthogonal
one. The grid system is shown in the Fig.2a

Transformation

In order to facilitate the numerical treatment in a rectangular computational grid
system, we introduce transformations based upon a new set of independent variable
r, 6 and t given by
* = rcos0, y = re sin 9 wherer>0 and f3<0< a (15a)

or equivalently
l+y2lc2, 0 = arc Um[y/(cx)] (15b)

These transformations transform the physical domain between y = m\x, y = m^x, and
the southern elliptic boundary into a rectangular one given by
0<r<K, P<0<a (16)

where K = (N\ -1) Ar, the semi minor axis for the southern elliptic boundary. Also,
the curvilinear grid system is transformed to a rectangular grid system given by r =
constant and 0 = constant in the r-9 domain. The grid system in the transformed
domain is shown in Fig2b. The Jacobean of transformation is given by

dx dy

\S —~
dr dr

cos 6 csin#

dx dy
-r-r -r-r - rs in0 rccost?
ou do

= re

and the operators for the derivatives are given by
d n d sin0 3 (17a)

— = cos0
dx dr r 30
8 1 ( . a d cos0 d "I (17b>

— = — sin0—- +
dy c[ dr r d9 j



Using the above transformation Eqs. (1) - (3) transform to the following equations:

dt dr

r r

36»

J
where
U = r[(ccosO)u + (sin0)v]
V = -(sin0)« + (ccos0)v
The boundary condition (8) - (10) transform to
V = 0 or-(g/h)1'2

V = 0 or(g/h)in

(18)

(19)

(20)

(21)

(22)

at 0 = P (23)

at 0 = a (24)

at r = K (no tide input) (25a)

U = K(g/h)l/2C -2K(g/h)1!2aSin[(2m)/T + <p] at r = K(tideinput)

Finite Differences Scheme and Numerical Solution

In order to incorporate the bending of the coastline and the offshore islands, the mesh
size should be small near the coastal belt whereas this is unnecessary away from the
coast. The choice of the present grid system ensures smaller meshes along the coastal
belt as well as the offshore islands region and larger meshes away from the coast. As
mentioned earlier the bounding lines of the physical domain is given by y = mix and
y = m2X where mi = tana and m% = tan/3. In the present study we consider a = 30°
and (3 = - 60°. The grid system is generated as the points of intersection of the pencil
of A?2 = 61 straight lines y = m x through O, including the above bounding lines, and
the system of JVj = 60 ellipses given by Eq. (14). In fact, we have considered a
uniform grid system where the angle between any two adjacent straight lines, given
by y = m x, is taken as A0 = 1.5° and the difference between the semi-minor axes of
any two adjacent ellipses, given by the Eq. (14), is taken as Ar = 10 km. Thus in the
computational scheme there are 60 x 61 grid points of which 61 grid points meet at



O. Since the origin O is at the land, no computation is done there and doesn't create
any computational instability. Though the angle between any two adjacent grid lines
is taken as constant (A6 = 1.5°), the elliptic arc distance between any two grid points
increases with the increase of r. Thus we have, actually, uneven resolution (small to
big) along the elliptic grid lines as we move away from the coast. The coastal and
island boundaries are approximated along the nearest grid lines. So, for more
accurate representation of coastal boundaries Ar must be reduced near the coast. This
may be achieved through a stretching transformation in the direction of r so that Ar
gradually increases as we go away from the coast and this work is in progress.

Let us define discrete coordinate points in the transformed domain by
r = n={i-l)Ar, i= 1,2, ,M
e=9j = (j-l)AG, 7 = 1 , 2 , ,N2

A sequence of time instant is given by
t = tk = kAt, k= 1,2,3,

In the computational domain we use staggered grid in which there are three distinct
types of computational points. With i even and 7 odd, the point is a £• point at which
£is computed. If i is odd and 7 is odd, the point is a u- point at which u is computed.
If 1 is even and 7 is even, the point is a v- point at which v is computed. Since iVi = 60
is even, there are £- points and v- points along the southern boundary. Similarly
along each of the boundary lines y = m\x and y = ni2X, there are £- points and u-
points. The coastal boundary is approximated either along the nearest odd elliptic
grid line (i.e. i = odd), so that we have only u- points on this part of the boundary or
along the nearest even straight grid line (i.e. 7 = even), so that we have only v- points
along that part of the boundary. Thus, the boundary of the coast is represented by
such a stair step that, at each segment there exists only that component of velocity
that is normal to the segment. This is done in order to ensure the vanishing of the
normal component of velocity at the boundary in the numerical scheme. The
governing Eqs. (18) - (20) and the boundary conditions (23) - (25) are discretised by
finite difference (forward in time and central in space) and are solved by
conditionally stable semi- implicit method using staggered grid as mentioned earlier.
For numerical stability, the velocity components in Eqs. (19) and (20) are modelled
in a semi-implicit manner. For example in the last term of Eq. (19) the time
discretization of u (u2 + v2) is done as uk+l (u2 + v2)k where the superscript k and k
+1 denote values at the present and advanced time levels respectively. Moreover, the
CFL criterion has been followed in order to ensure the stability of the numerical
scheme. Along the closed boundary, the normal component of the velocity is
considered as zero, and this is easily achieved through appropriate stair step
representation as mentioned earlier. The initial value of £, u, and v are taken as zero.
The time step is taken as 120s that ensures stability of the numerical scheme. In the
solution process, a uniform value of 0.0026 for the friction coefficient (Q) and
0.0028 for the drag coefficient (Co) are considered through out the physical domain.



The coast of Bangladesh is full of many big and small offshore islands with a very
high density around the Meghna estuary. It is possible to incorporate the small
islands by considering very fine resolution of grids in the numerical scheme. There
are some practical problems in considering very fine resolution viz. instability of the
numerical scheme, more computing time, and very high memory etc. In this study
since very high resolution is not ensured we are considering only two major islands
and they are Sandwip and Hatiya. Bhola is the biggest island and is located very
near to the coastline; so it is considered as a part of main land.

Results and Discussions

Analysis of the computed surge response

The model is applied to compute the water levels due to tide and surge associated
with a few tropical storms that hit the coast of Bangladesh. To analyze the result we
have chosen the storms of November 1970, December 1981, May 1985 with
maximum sustained anti-clock wise circulatory wind velocities of 62 m/s, 36 m/s and
42 m/s respectively. Table. 1 gives the history of the above-mentioned storms, the
data of which was received from the Bangladesh Meteorological Department
(BMD). The storm of 1970 is one of the severe storms of this century that hit the
coast of Bangladesh and is also favorable for high surge due to both wind intensity
and path of its movement [12]. So we give more stress on the 1970 storm data for
computation of results. Also we are considering two types of ocean depths viz.
uniform depth, and a representative variable depth for computing the water levels
due to tide and surge.

10



Table 1
History of the chosen storms

Date

09
10
10
11
12
12
12
13

Date

2205
2205
2205
2305
2305
2305
2405
2405
2405
2505
2505

Storm of 1970

Hour Lat. Long.

2200
0600
1800
1800
0600
1500
1800
0600

14.10
14.50
16.00
17.50
19.00
20.00
21.50
23.25

Storm of 1985

Hour

0000
0600
1800
0600
1200
1800
0900
1500
2100
0200
0800

Lat.

14.00
14.50
15.50
16.00
17.00
17.50
18.00
19.50
20.50
21.50
23.50

86
86
86
86
87
88
90
93 O

O
U

1
U

1
O

O
O

O
o

o
o

o
o

o
o

o

Long.

88.50
88.20
87.50
87.50
87.50
87.50
88.00
89.00
90.50
91.50
92.50

Date

0812
0812
0812
0912
0912
1012
1012
1012
1012
1112
1112

Storm

Hour

0100
0600
0900
0600
1800
0000
0900
1500
2100
0300
0900

of

]

13
14
14
16
17
18
19
20
21
21
22

1981

Lat.

.30

.00

.50

.00

.50

.50

.50

.00

.00

.80

.75

Long.

85
86
86
87
87
88
88
88
89
89
90

.25

.00

.20

.00

.00

.00

.50

.50

.00

.50

.00

The storm of November 1970 moved approximately northward and on 12 November
it gradually turned towards right and crossed the coast (land fall) of Bangladesh near
Chittagong (location 52) at early morning (approximately 0030 hrs) of 13 November
(Table 1). Figure 3 depicts the computed time series of surge levels associated with
1970 storm at different coastal locations for the representative variable depth
bathymetry. The water level at each location increases with time as the storm
approaches towards the coast and finally there is recession. At Hiron Point a strong
recession is occurred after 1800 hrs of November 12, earlier than in any other
location and about 6.5 hrs before land fall of the storm (Fig. 3a). The recession takes
place due to the backwash of water from the shore towards the sea. In fact, Hiron
Point is situated far left (west) of the storm path and so the direction of the anti-clock
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wise circulatory wind becomes southerly (i. e. towards the sea) at Hiron Point long
before the storm reaches the coast and thus driving the water towards the sea. The
recession reaches up to - 4.5 m at 0130 hrs of 13 November. It may be noticed that
the recession at Barisal, Bhola, and Char Jabbar began at approximately at 1900,
2000 and 2300 hours (Fig. 3a). Thus the beginning of recession delays as we proceed
towards east as is expected. At every location along the eastern part of the coast,
except Chittagong, the peak surge is attaining before the land fall time of the storm
(Fig. 3b). This is expected, as the circulatory wind intensity is highest along the coast
when the storm reaches near the coast. The maximum elevation varies between 3.5 m
(at Cox's Bazar) to 6.6 m (at Char Jabbar). At Chittagong the computed water level
increases up to 5.5 m before recession starts at 0100 of November 13, approximately
half an hour after the land fall (Fig. 3b). Since the storm crossed the coast just north
of Chittagong at approximately 0030 hrs, the wind over Chittagong, which is to right
of the path, must be very strong even after crossing the coast and that may be
responsible for peak elevation at 0100 hrs. The computation of water level is also
done to see the response of the model for uniform depth. It is found that the water
level is qualitatively similar to that computed for representative variable bathymetry
and it (water level) increases with the decrease of uniform depth (not shown). This is
true because, the amplitude of the long wave increases in shallow water. It may be
observed that, the coastal region between Barisal and Chittagong is vulnerable for
very high surge (Fig 3).

Analysis of the computed tide and tide-surge interaction

The shallow water model is designed for computing astronomical tide, surge, and
their non-linear interaction. Since the astronomical tide is a continuous process in the
sea, the surge due to tropical storms always interact with the astronomical tide. So
the pure tidal oscillation is the initial dynamical condition for interaction of tide and
surge. But the main difficulty in generating the tidal oscillation in the model
simulation process lies with its amplitude and phase. In the actual basin, different
constituents of tide interact among themselves and as a consequence there are diurnal
inequalities and non-periodicity of oscillation. Moreover, there is also variation of
tidal amplitude in the spring-neap cycle. The complexity of tidal phenomena is a
great constraint in generating actual tidal oscillation in the model simulation process.
It may also be noted that, the actual tidal oscillation has to be generated for each
storm period, which is always difficult and time consuming. Thus the dynamical
interaction of tide and surge may not always be feasible. Alternative way of
incorporating tidal oscillation with surge is to superimpose linearly the time series of
surge response obtained through model simulation with that of oscillation obtain
from tide table. In the tide table the tidal information is generally available, as high
and low values, four times a day in Bangladesh Tide Table. The time series of tidal
information is generated through a cubic spline interpolation method.

12



The tide is generated in the domain through the south open boundary condition (25b)
with appropriate values of a, T, and (p in absence of wind stress. It is observed that,
though there is variation in the tidal period in the head Bay of Bengal, the average
period is approximately of Mj tide and so we choose T = 12.4 hrs. By trial it is found
that (p = 0 is a good choice for Head Bay region. The information of the amplitude a
along the southern boundary is not available. We have chosen a = 0.6 m to test the
response of the model along the coastal belt (Figure 4). It is found that response is
exactly sinusoidal with the same period (12.4 hrs), which is expected. But the
computed amplitude at every location is higher than that in reality. This is because of
the fact that we have considered a = 0.6 ra everywhere on the south boundary, which
is not really true. About the phase it may be seen that Barisal, Bhola, and Char
Jabber are almost in the same phase of tidal oscillation (Fig. 4a), which may not be
true in reality. On the other hand the phase differences in the locations Hatiya,
Sandwip, Chittagong, and Cox's Bazar appears to be realistic. By providing
appropriate values of the amplitude a and phase f along the southern open sea
boundary, the model is expected to generate the actual tidal oscillation in the whole
basin. Further investigation on generating actual tidal oscillation is essential and is in
progress. Similar oscillations are observed for the simulation of the model using a
uniform depth of 30 m through out the physical domain (Fig 5).

Figure 6 shows the linear interaction of tide and computed surge associated with
November 1970 storm at Hatiya, Sandwip, Chittagong, and Cox's Bazar. The
maximum water level at Chittagong due to interaction is approximately 6.0 m.
According to the Bangladesh Meteorological Department (BMD), the estimated
water level at Chittagong is 6 to 9 meters. The storm approaches the coast during
high tide period at Chittagong and hence intensifies the water level due to
interaction. Almost similar feature is seen at Sandwip as because this very near to
Chittagong. Because of weak wind the surge response at each location is less when
the storm is away from the coast and the total water level is dominated by tidal
oscillation. On the other hand, because of very strong wind the water level is
dominated by surge when the storm approaches the cost.

Conclusion

In this study a new concept on grid generation has been developed which is very
useful in incorporating the coastal and island boundaries in the head Bay of Bengal.
This model should be simulated by using the authentic Oceanographic,
Meteorological and Geographic data to test its efficiency. This concept of grid
generation may further be extended to tackle more complicated boundaries as well as
offshore islands.
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Figure 1. Boundaries of the analysis area up to 18° N latitude and the locations at which results are
presented. Locations are 32 = Hiron Point, 39 = Barishal, 42 = Bhola, 46 = Char Jabbar (Noakhali),

44 = Hatiya (H), 50 = Sandwip (S), 52 = Chittagong, and 55 = Cox's Bazar
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Figure 2a. The grid system in the physical domain
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Figure 2b. The rectangular grid system in the computational domain
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Figure 3a. Computed time series of surge levels at the coastal locations Hiron Point (32), Barisal (39),
Bhola (42), and Char Jabbar (46) associated with November 1970 storm
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Figure 3b. Same as Fig 3a except at Hatiya (H), Sandwip (S), Chittagong (52), and Cox's Bazar (55)
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Figure 4a. Computed tidal oscillations at different coastal location
using the representative variable depth
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Figure 4b. Same as Fig 4a
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Figure 5a. Computed tidal oscillation at different locations using a uniform depth
of 30 m throughout the domain
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Figure 5b. Same as Fig 5a
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Figure 6. Water level due to computed tide and surge interaction at different locations
associated with November 1970 storm
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